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HECKE MODULAR FORMS
AND
¢-HERMITE POLYNOMIALS

BY
D.M. BRESSOUDH

1. Introduction
In this paper we shall use a technique of L.J. Rogers, expansion in terms of
g-Hermite polynomials,

n

(1.1) A,(cosb|q) = go[':]cos(n - 2i)86,

where

-1

=1 (1-¢7)

is the Gaussian polynomial, to derive a number of identities which express a
summation of the form

(1.2) Y (_1)f(""")qQ(n,m)+L(n,m)
(n,m)eD

as a rational product of n-functions, where Q is a quadratic form, L is a linear
form and D € {(n, m) € Z X Z|Q(n, m) = 0}.
The most famous identity of this type is due to Jacobi [7, Theorem 357]:

(1.3) nl;ll(l _ qn)3 - i Z (_1)nq(n2+n)/2

m=—00 nx|mj

Y (-1)"2n + 1)g*m2,

n=0
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E. Hecke [8] described the effect of the transformation + — —1/7 on a class

of sums of the type given in (1.2) with ¢ = exp(2#it) and used this to prove
the following identity:

o0
(1_4) I‘I (1 _ qn)2 - E Z (_1)”+mq(n2—3m2+n+m)/2.
n>1

m=—c0 nx2\m|

More recently, V.G. Kac and D.H. Peterson [9] showed how to prove (1.4)
and similar results using affine Lie algebras. This in turn led G.E. Andrews [1]
to demonstrate how these identities can be derived by computing the constant
term in the series expansion of a certain infinite product by two very different
methods.

What should surprise no one familiar with the history of theta function
identities is that L.J. Rogers had stated and proved equation (1.4) back in 1894
[12, p. 323]. In fact, the derivation of (1.4) is almost a warm-up exercise before
the tackling of the more difficult derivation of the Rogers-Ramanujan identi-
ties. Rogers’ technique is philosophically close to that of Andrews as it also
involves computing a constant term by two very different methods. But his
starting point is different and the constant term he seeks is with respect to the
g-Hermite polynomials which Rogers was the first to study [10], [11], [12], [13]
and which have since received attention from G. Szegd [14], L. Carlitz [5], [6],
R. Askey and M. Ismail [2] and others.

We shall explain and exploit Rogers’ approach to equation (1.4) to obtain
the following general identities which involve formal sums in a completely

arbitrary sequence { f(m)}. For convenience, we shall use the rising g-factorial
notation (|gq| < 1):

(a; @)oo =TT(1 - ag’), iz0, (a;q)x=(—(‘;;—;,;;g-‘3—°)‘t, x €R.

We shall prove the following identities:

(1.5)
(4:9)% X 4™f(m)

m=0

) |m|
= Y X (-1)rtmgeiodmteeem2 ¥ (g7 ) (9™ ) kg f (K),
k=0

m=—o00 nx=2|m|
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(1.6)
(2 9) (4% ¢%) Eo(q; %) nq"f(m)

-3 C ~""”"“")/22(‘1 m 0)(a" 4),a7 (k).
(1.7) (4 0)(454%) e & (=45 9)2mg™f(m)

m>0

= Z E (_l)"+mq(n2—2m2+n+zm)/2

m=—o0 n>2|m|

|m|
X kZO(q‘z’”; 9*)(a*™; ¢%) vg>*f (k).

If in (1.5) we set f(0) = 1, f(m) = 0 for m > 1, we get equation (1.4). Jacobi’s
identity (1.3) will be shown in §3 to be equation (1.6) with f(m) set equal to
(g% 4"

Other corollaries of these identities will also be proved, all using Heine’s
summation [15; Corollary 2.4],

(a59) (b5 9)i( e \*_ (c/a59)(c/b; )
(18) ,Eo (¢; 9)i(c; q)k(ab) (¢; @)w(c/ab; q)o

its two finite corollaries in the form

(67" 9)e(d™ D ,_ (4" D m
(9 3 WD (L0

— (™ —m? 2 m/z(c '0; 4)
(=) G Dm

(@™ )@ D, (47™ QDm .
(1.10) kZO R CT ) CT )N

= (=c)"qm m/z(C(cqé)q:m_

(equation (1.10) is a restatement of (1.9) with ¢ replaced by g™, ¢ by ¢ 1), the
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g-binomial theorem [15, (2.2.1)},

(a5 9)i , (ax;9)o
(111) A O A CT )

and one of its corollaries,
a; _
(112 2% D () (23 g) (- g),
k>0 a9
+(=x12; q) o (ax'% q).,. ).

2. Proof of (1.5)

Rogers’ g-Hermite polynomials, 4, = 4,(cos 8|q), can be defined by their
generating function:

(2.1) : I
. (rei0; q)oo(re_io; q)oo n=>0 (q’ q)”'

The representation given in (1.1) follows from (2.1) when each infinite product
of the left side is expanded as a power series in r. It is clear from the
representation given in (1.1) that 4, is a polynomial of exact degree » in cos 0
and thus two expansions in terms of the 4, are equal only if the corresponding
coefficients are equal. For this reason, if we can show two expansions in terms
of A, to be equal, then we can replace the 4, on each side by the same
arbitrary sequence without losing equality.

Rogers begins his study by establishing the expansion of cos n in terms of
{A,.} (see[12, p. 319] or [4, §2]):

(=1)'q%“2(1 - ¢") (g5 9) 1
2.2 2cosnf = noloiyg o Lo
(22) ) (59)i(q; q) n-2i n=2i
0<i<n/2,n>1,

where C(i,2) = i(i — 1)/2. He now considers the following classical theta
function identity, derived by partial fraction decomposition (see [1, Lemma 1]).

(2.3)

(q,Q)io _ i Z cosm0(—1)"+ch(”+1'2)""2/2.
(elo 1/2’ q) (e—:ﬂ 1/2’ q)oo m=—oc0 nx=|m|
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It follows from equation (2.1) that we also have

(qa q)2oo 2 nqn/z
24 -(q: A"
(2.4) (e10 12, q) (e-,o 172, q) (¢ q)wngo (1 9),

We now use equation (2.2) to expand the right hand side of (2.3) in terms of

{4.}):

(25 Y X cosm0(——1)”+”‘qC(n+1,2)—m’/2

m nz=|m|
= Z (=1)"gC+1D 4 E Z (_1)n+qu(n+1,2)—m2/2
n>0 m=1nzm
2 i C(i .
L (=D)'gP(1 = g")(@ Do

m=2i-

=0 (¢:9) (g5 q) m-2i

Equation (1.4) can now be obtained directly be equating the constant terms
with respect to { 4,,} in the right hand side of (2.4) and (2.5). To obtain (1.5),
we keep all of the 4,, with even subscripts:

(2.6)

Ay,9" n
(g:9)% ¥ 7225—- X (-1)"¢gc*1d
oom>0 (q’ q)2m n>0

+ Z Z (_1)”qC(n+1,2)-—2m2(1 _ q2m)

m>1n>2m
X i( 1)" C(i,2)( i+1. ) A2m—2i
i=0 7 $ 4 J2m-1- 2'(‘1; q)2m—2i
= Z (_1)”qC(n+1,2)
n>0
+ Z Z (__1)"+qu(n+l,2)—3m2/2—m/2(1 _q2m)
m>1n>2m

m—t+1. ( ) A
X 1 t C(1+1,2)— ,,,,(q ’ q) mq > 4) 2t
Eo( )'a T-a (@

= i Z (_1)"+qu(n+1,2)—3m2/2+m/2
m=—o00 n>2\m|

Im|

XY (g™ q)(¢4™; 9).4"'

2
t=0 (q; q)ZI.

Equation (1.5) now follows when 4,,, is replaced by (g; q),,,f(m).
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We list some simple corollaries of (1.5).
if f(m) =38, ,,

o0
(2.7) ($9)%= L XL (-1)rtmgtr-3mientmy/2,

m=—o nx2|m|

if f(m) = (¢; 9);,",

(2.8) ()= L L (=1)""mger-mienem/2,

m=—00 nx2|m|
if f(m) = (4% 4")2m = (& D@5 DY
(2.9 (4 9o {(47% 47 0 + (—4Y% 6/7).)

=2 i Z (_1)”q(n2—2mz+n+m)/2;

m=—o00 n>2|m|

if f(m)=q"""2(¢"% ¢"*)3m= 4" O 4"% O

.2
(2.10) %{(qu; %), + (—qv4 q1/2)°°}

=2 f" z (_1)”q(n2—4m2+n+m)/2.

m=—o0 n=2|m|

To get the next two corollaries, it is convenient to leave the right side of (1.5)
in the form

L (-1 LT (<1)"ger s 4 gn)

n=0 m2>1n>2m

X i (a7 ) (q™; 9).q'f ().

t=0

We now make the following choices for f(m):
if f(m) = (4% )" = (¢ D (—¢ D"

o0
(211) (5 Dx(d5¢%) = L X (1) mgti-mtens2

m=—o00 n>2|m|
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if f(m) =(=1)"(¢% ¢»).' = (=D"(g; ) (—4 DL

3 4, .4 00
> q 00 5 ) n+m_(n“—4m°+n
(2.12) (4 )2(q2 zq ) - Y Y (—n)rtrmgr-amtens2,
(q > q )oo m=—o0 nx>2|m|

Equation (2.11) can also be found in [1, equ. (3.17)].

3. Proofs of (1.6) and (1.7)

The starting point is the following identity discovered by Rogers (see [11], p.
343; also see [3]):

(3.1)

(07; 9) o
i —i i —i = Hn u,qu,, Cosoq ’
(ne®; @) (re™ q) (ve™; q) o (ve™; q),, ,Eo (. 71g)4,(cos 61q)

where H,(p, v|q) satisfies

(3.2)

1
= H (p,v|q)x".
(15 4)a (75 4) ,EO (1 719)

We shall use two special cases of (3.1). First let p = r'/2, » = —r'/2, Then

n

H2n+1(r1/2’ —rl/zlq) = 0 and H2n(r1/2’ -rl/zlq) =

(g% 4%),
We thus get that
(=7 9o A,,(cos 8)g)r"
3.3 : - -y = :
N N (T R PUYON
If we set p = r, v = rq'/?, then
H,(r. rg"Iq) -
(r,r =
19 (@7 477,
and so (3.1) becomes
(3.4) (r’qg"% q) A4,(cos 8]q)r"

(re; ¢/2) (re™®; ¢, .50 (% ¢72),
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We now proceed exactly as in §2 with equation (2.1) replaced by either (3.3)
or (3.4). In equation (3.3) we set r = ¢ and then expand the left hand side
using (2.3) with g replaced by ¢2, § by 26:

(_q; q)oo
(3.5) (227 ¢7)_(¢e-%; 7).,

( 4 9)w Y Y cos2mb(- 1)n+m nt+n—m?

(43507 % o i
We use equation (2.2) to obtain an expansion in terms of {4,,}:

(3.6)
(=% Dw
(ge*?; 4%),,(ge™*

— (_q; q)oo { Z (_1)"qn2+n+ Z Z (_1)"'*"”qn2+n—m2

(qz; qz)i n>0 m>=1n>m

5 4%)

2 (=1)'¢°2(1 = ¢*") (g5 @)am-1-:
x A m—2i
,.go (95 9) (4 9)am-2 m2

- (g Q)w{ Y (_1)nqn2+n + Y ¥ (_1)n+mqn2+n—m2(1 - g*m)

(¢% ¢2)%,

n=0 m>1n>m
“ m+t 2 2 A2t
X Z (_1) qm /2-m/2+1t /2+t/2—ml(qm—t+ ; q)2' 1( ) }
t=0 95 9)2:
~459) n_n‘+n n _n‘+n— - m
=(_2£1_2L2{ T (=1)"g" "+ L X (=1)"grrmm (1 4 g™
(q > q )oo n>0 m>1n=>m

X Z( 1)'q /2riamm(gmmrtt ) (g™ q),(q O }
=(___2£1’_Z_)°_°_ i Z ( 1)" nt+n—m?/2+m/2
(q )oo m=—o0 nx|m|

|m|

Xgo(q ™ q).(q™; q);(qz‘q)

On the other hand, from equation (3.3) with r = g we see that

(-q¢; q) Ay,q"
(3.7 : £ |y Al
) @™ ) olae 7 )~ 5 T 0,
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Thus we obtain equation (1.6) by equating the right hand side of (3.6) and
(3.7), replacing 4,, by (g; ¢),,f(n) and multiplying each side by
- 2
(-4:9) (g% 4*)" = (g5 9)(4% 7).

We consider several choices for f(m):
if f(m) = 80.m’

(38)  ($9)w(9%9)w= L X (=1)"qCrmramma,

m=—o00 nx|m|

if f(m) = (¢; 9);,(¢"/% q);,; (multiply each side by 1 + ¢'/?),

o0
(3.9) (-9V%4)(¢5 9% = L L (=1)"""gwntm2(1 4+ ¢'72)

m=—00 n=|m|

= E qn2+n/2(1 + qn+1/2) = i qn2+n/2;

n=0 n=-—o

if f(m) =q"""*(q; 9, q"% ),

2
(qlz/;zqz)oo i Z (_1)"+mqn2-—m2+n+m/2.

(3.10) Sl e
(q ’ q)oo m=—o00 nx|m|

For the following corollaries, we use (1.6) with the right side in the form

E (_1)"qn2+n+ Z E (_1)"q(2n2—m2+2n—m)/2(1 + qm)

n>0 m>1n=m

X i‘ (a7 q).(a™; q).q'f(2).

t=0
We now make the following choices for f(m):
if f(m) = (¢% ¢*)u' = (@ D' (- ¢ D3

(3.11) (¢% qz)::o = i Y (_1)"qn2+n =¥ (-1)"(2n + 1)gm*n:

m=—o00 nx|mj n>0

if f(m)=(=1D"(¢%¢»,'=D"(g DN ~¢ D,

. 2 4, 4\2 %)
(312) (¢ q)ozo(qz,zq Jo . $ ¥ (qyrgree
(4% 4%)% m=—co nxim|
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Equation (3.9) is also a consequence of the Jacobi triple product identity [15,
(2.2.10)]. Equation (3.11) is the Jacobi identity (1.3) with ¢ replaced by g2
Equation (3.8) is interesting in view of (2.11).

Now, starting with equation (3.4) we derive (1.7). We set r = ¢'/* and
expand the left hand side using (2.3):

(4:9)
(3.13) (g7%", ql/z)w(q:;‘e—w; 9,

— (q; q)°° e _1\rtm _(n+n—m?)/4
= 2 Y Y cosmb(-1)"""q .
(4% 4"*) o m=— o0 n2imi

From equation (3.4) with r = ¢g'/* we also have

(g;9) A4,q9"*
(3.14) ,. - -y ‘
(q1/4e 0; ql/Z)w(q1/4e 0; ql/Z)w "0 (q1/2’ q1/2)n

Exactly as before, we expand cos m6 in terms of { 4,} using equation (2.3)
and then compare the coefficients of the 4, with n even to obtain

(4% 4%, A,,q9""*
(=4"% 4"%)  nz0 (6% 6%),

- i E (_1)”+’”q(n2+n)/4—m2/2+m/2

m=—o00 n>2|mj|

(3.15)

Im|

XY (g™ q9) (9™ q), Aud.
= (45 9)2

Equation (1.7) is obtained when A4,, is replaced by (g; q),,f(¢) and then q is
replaced by ¢? throughout. We give corollaries of equation (1.7):
if f(m) =8, ,,

o0
(3.16) (¢ 9)wld:¢Y)= L L (=17 "gtimzetenvam/

m=—o0 nx2|m|
if f(m)=(g; 9)2nm = (4% ¢, (¢; ¢*),;} (multiply each side by 1 — ¢),
(317) (g q)oo{(ql/z; g2 (1 +¢2) + (—¢% ¢)°(1 - ql/z)}

=2 Y X (-1)"gumrm(q - g)

m=—o0 n>2|m|

=2 i (_1)”qn2/2+n/2—[n/2].

n=—oo
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For the following corollaries, we use (1.7) with the right side in the form

E (_1)”q(n2+n)/2+ Z E (_1)”+mq(n2——2m2+n—-2m)/2(1 +q2m)

n=0 m>=1n>2m

X Zo(q‘z’”; q*) (¢*™; 4*) ,4*f(1).

We now make the following choices for f(m):
if f(m) = (g% ¢M)' (4% 4P,

. 4, 4 00
(3.18) (q; q)?.(qz’ q )oo _ Z Z (_1)n+mq(n2+n)/2
(q » 4 )oo m=—o0 n=2|m|
— Z (_1)"+[”/2]q(n2+n)/2;
n=0

if f(m) = (=1D"(q% ¢ (—4% q»),%

. )3 4, 4 )
(319) (q’ q);o(qzazq )oo _ 2 Z (—1)"+mq(n1—4m2+")/2_
(4% 9%)w m=—c0 n>2\m|

Equations (3.17) and (3.18) are also consequences of the Jacobi triple product
identity [15, (2.2.10)]. Equation (3.16) makes an interesting companion to
(2.11), and equation (3.19) is, of course, the same as equation (2.12).
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