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ELEMENTARY GROUP EQUIVALENCE WITH THE
INTEGRAL LENGTH FUNCTION

BY
A.G. MYASNIKOV AND V.N. REMESLENNIKOV

In Memoriam W.W. Boone

The paper determines criteria of elementary equivalence for some classes of
free groups with operators and free products with the length function. The case
of a group with operators admitting rational coordinatization with a finite
basis is completely analyzed. They are polycyclic, solvable groups of finite rank
without torsion, and Chernikov groups. The concept of w-isomorphism of
groups intermediate between elementary equivalence and isomorphism is im-
portant for the aspects of elementary equivalence of groups with operators and
free product. It is proved that w-isomorphism of arbitrary groups of operators
is followed by the elementary equivalence of the respective free operator
groups (free products) with length function.

1. Groups with the length function

This section presents some information on free groups, free groups with
operators and free products which will be needed later.

1.1. Free groups and free products. The facts given below may be found,
for example, in [1]. Let G be a group, N = {0,1,2,...} be a set of positive
integers. The function | |: G —» N will be called a length function on the
group G if it satisfies the following conditions (for the sake of brevity, we let
d(x, y) = ¥(Ix| + ] = ™))

(Al) |x]=0ex=1,

(A2) x| = |x|,

(A3) d(x,y)z0,

(A4) d(x,y)zd(x,z2)=d(y, z) = d(x, 2),

(A5) d(x,y)+d(x"Ly ™)z x| =y =x=)p.
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Let F(X) be a free group with the basis X. If y = x;... x,, is an irreducible
expression for the element y € F(X) in the basis X, x*! € X, then the
number n = |y| is called the length of y, and d(x, y) is the length of the
largest coinciding end of the words x and y. Apparently y — |y| is a length
function on the group F(X) since it satisfies axioms (Al)-(AS5S) and, in
addition, satisfies:

(A6) x #1=|x| <|x?}.

Similarly, the free product 4 = A4, * - - - * 4, of arbitrary groups 4,,..., 4,,
is a group with a length function, if one considers the length |y| of the element
y € A to be the number of syllables n in the canonical expression y = a,... a,
where each 1 # a; is in one of the groups 4,,..., 4,,, with neighbouring
elements in different groups. The following theorems show that free groups and
free products are completely characterized by the presence of an integral length
function.

THEOREM 1 [1]. Let G be an arbitrary group with the length function
satisfying axiom (A6). Then G is a free group; here G could be imbedded in the
free group F(X) with the basis X so that the length function on G is the restriction
of the length function on F(X) with respect to the basis X.

THEOREM 2 [1]. Let G be an arbitrary group with the length function. Then G
can be imbedded in the free product A = A * --- % A, such that the length
function on G is the restriction of the length function on A with respect to the given
decomposition.

1.2. Free operator groups. For an arbitrary group 4 and a set of letters X
we will construct a free 4-operator group I'( X, A) with the basis X. Let X
be a set of symbols {x|x € X, a € A}; then F(X4) is a free group with the
basis X“. We determine the action 4 on F(X?) in the following way: for each
a € A the map x® - x%9, b,a € 4 is extended to automorphism ¢, of the
group F(X*); for the element u € F(X*) we set u® = u®. The group F(X4)
along with the action of 4 on F(X*) becomes a free 4-operator group with
the basis X. The group will be denoted by I'( X, 4).

For u € F(X*) the inverse to the element u® will be written in the form
u™% utt = {u*ae€ 4). If Uis a subset of F(X4), U4 =U, u*4
gp(U) is the subgroup of F(X*) generated by U (non-operator).

DEFINITION. Elements u, v € F(X*) will be called collinear if u = v*? for
some a € A, i.e., u € vtA,

The length function | | defined on F(X*) with respect to the basis X4 will
be called a length function on I'( X, 4).
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2. Model theory information

2.1. Multi-base models. Later we will constantly make use of the language
of multisorted predicate calculus of the first order (for example, see [2]). As
mentioned in Section 1, the presence of the length function is characteristic for
free groups and free products. Therefore in studying these objects by model
theory methods it seems natural to extend the language of group signature
introducing length function there. In exactly the same way, in considering
operator groups it is natural to take into account the structure of a group of
operators. Thus, with a free product of groups G = 4, * - - - * 4, we associate
a two-base model II(G) = (G, N;| |) where G is a group, N is a set of
positive integers with selected element 1, operation of addition and predicate
of order, and | | is a predicate selecting length function G — N.

With a group of I'(X, 4) we associate a three-base model

(X, 4) = (F(X*), 4, N;8,,] 1),

where F(X?), A are groups, N and | | are the same as in II(G) and §, is a
predicate selecting the action 4 on F(X4).

To each multi-base model IR there corresponds an ordinary model M * of
the first-order predicate calculus obtained from I by unifications of variables.
Speaking of model theory properties of It one can mean corresponding
properties of M *. And elementary equivalence of models M and N means
elementary equivalence of their unifications M * and N *.

2.2. Partial isomorphisms and elementary equivalence. Let % be an alge-
braic system of signature 2. A set of all the closed formulas of signature Q true
in 9 is called the theory of the system % and is denoted by Th(¥). Systems A
and B are elementarily equivalent (briefly % = B) if Th(2) = Th(B).

Let A and B be basic sets of systems % and B respectively. The injective
map ¢: X — B, X C A is called a partial isomorphism from U to B if for any
a,,...,a, € X the following conditions are fulfilled:

(1) If f is a symbol of operation from 2 then

f(al"' °o an—l) =a, Qf((p(al)""’ q)(an—l)) = (p(an)'
(2) If P is a predicate symbol from £ then

P(a;,...,a,) = P(9(ay),...,9(a,)).

The domain of definition X of the map ¢ will be denoted by dom ¢ and the
domain of values @(X) by Ime. If the set dom¢ is finite, the partial
isomorphism ¢ is called finite; if ¢ is a restriction of the partial isomorphism
¢, ¥ will be called a covering of ¢.
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The following criterion of elementary equivalence is valid (for example, see

(3D

THEOREM 3. Let N and B be systems of a finite signature. Then U = B iff
for any positive integer m there exist non-empty sets ¢;(m) € --- C ¢,,(m) of
partial isomorphisms from % to B with the following property:

(*) Ifpe€o¢(m),l <i<m, then for any a € A, b € B there exist cover-
ings Y, ¥, € ¢;,1(m) for ¢ with the property a € dom ¢, b € Im v,.

Note 1. Theorem 3 remains valid if the condition (#) is fulfilled only for
some infinite subset of positive integers.

Note 2. Let ¢;(m)< --- C ¢,(m) be a succession of sets of partial
isomorphisms satisfying (*). Then for any ¢ € ¢,(m) there exists a succession
of non-empty sets of partial isomorphisms ¢,(m, @) € - C ¢,(m, ¢) satis-
fying the condition (*), where each isomorphism from ¢,(m, @) is a covering
of ¢.

In fact, one may take the set ¢,(m, @) = {{ € ¢,(m)|y covers ¢}.

Note 3. For any positive integer m, let the systems % and B satisfy the
condition (*), and let A4, be an arbitrary finite subset of 4. Then for any m
there exists a succession ¢,(m, 4,) € -+ C ¢,,(m, Ay) of non-empty sets of
finite partial isomorphisms from % to B satisfying (*), where, for any
Y € ¢;(m, Ay) we have 4 C domy,1 <i < m.

In fact, let m, = |4,|; then for any m there exists ¢ € ¢,, (m + m;) such
that 4, € dom ¢. Now, it is sufficient to make use of Note 2 for the succession

$y(m) € -+ S ¢,(m) where ¢i(m) = ¢, ,(mo+m),1<i<m.

Note 4. Theorem 3 remains valid if % and B are multi-base models of
many-sorted logics of the first order predicates. For the proof, it is sufficient to
proceed to unified models A* and B* and make use of Theorem 3.

2.3. w-isomorphism. The following conception is central for the formu-
lation of basic results of the paper.

DEeFINITION. Systems % and B will be called w-isomorphic if for any
positive integer m there exist non-empty sets ¢,(m) & --+ C ¢,,(m) of finite
partial isomorphisms of % in B with the following property:

(**) For any ¢ € ¢;(m), 1 <i < m, and for any finite subsets X C 4,
Y c B there exist coverings ¥, ¥, € ¢,,,(m) for ¢ such that X C dom y,,
Y CImy,.
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It is clear that the notes following Theorem 3 hold if one replaces (*) by
(* ).

It is evident that w-isomorphic systems are elementarily equivalent. To study
the properties of w-isomorphic systems we need the concept of a restricted
type. Let m be a positive integer. The set of all formulas ¢(x,, ..., x,) whose
prenex normal form contains not more than m-blocks of quantifiers of the
same type (the so-called =9-, IT?- formulas) and which are true in % on a is
called the m-restricted type of a procession of elements a = (ay,...,a,)
from A.

PROPOSITION 1.  Let systems W and B be w-isomorphic. Then:
(1) The same restricted types are implemented in % and B.
(2) If A and B are finitely generated, then N and B are isomorphic.

Proof. Let the systems A and B be w-isomorphic, ¢ a formula given in the
prenex normal form, r(¢) the number of blocks of quantifiers of the same type
as in ¢. We prove by induction on r(¢) that for any ¢ € ¢,(m), i < m — r(¢),
and any procession @ = (ay,..., a,) from 4, a, € dom ¢, the formula ¢(a) is
true in A iff ¢(d) is true in B where b = (p(ay),...,9(a,),1 <k <n.

Let r(¢) = 0, i < m. Then ¢ is an atomic formula (i.e., ¢ does not contain
quantifiers). Consider the set F = { f,(a)} of all the terms contained in ¢(a).
It is sufficient to prove that

(1) (@) = £i(a) = f,(b) = £i(b)

for any f, f, € F. From the condition we find the covering ¢ € ¢,,,(m) for ¢
such that F C dom . Due to the partial isomorphism of ¢ equivalence (1) is
valid, consequently ¢(b) is true in B. Now assume that

o(a) = 3x¢,(%, a), r(¢y) <r(¢),i <m—r(o)

and ¢(a) is true in A. Then ¢,(c, a) is true in A for some procession ¢. Since
r(¢) = 1, i < m — 1, there exists a covering § € ¢,,,(m) for ¢ such that ¢ is
defined on elements from ¢. From the inequality r(¢;) < r(¢) we have
i +1 < m — r(¢,); hence by induction we get the formula ¢,(¢(¢), b), and
the formula 3x¢,(X, b) is also true in B. The case

¢(a) = Vx¢,(%, a)

is analyzed in the same way. Thus for any ¢ € ¢;(m) and any procession
a=(a,...,a,), a, € dom e, processions @ and b where b =
(p(ay), ..., p(a,)) satisfy the same formulas with the condition r(¢) < m — i.
Consequently for any number ¢ and procession a from A one can find the map
Y € ¢,(t + 3) such that the elements from a belong to dom ¢ and processions
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a, y(a) produce the same r-restricted type in % and B. Statement (1) is
proved.

Let us prove statement (2). Let 4, = {ay,...,a,}, By= {d,,...,d,} be
finite sets of generators of the systems 9 and B respectively. By the w-isomor-
phism of 9% and B there exists a partial isomorphism ¢ € ¢,(4) such that
Ay, € dome, and a covering Y € ¢3(4) for ¢ such that B, C Imy. Let
Y(a;) =b;,, 1 <i < k. The map ¢ can be extended to the map ¢: A —» B
according to the rule \[/ f(@) > f(b) where f is an arbitrary term of the
signature A, b = (b,,..., b,). By (1) we have

(@) = g(a) = f(b) = g(b)

for the arbitrary terms f and g. Consequently, the map v is correctly defined
and is a monomorphism from A to B. Moreover, according to construction,
B, € Imy soImy = B, ie., ¢ is an isomorphism. The proposition is proved.

From Proposition 1 it is evident that the property of w-isomorphism is
stronger than elementary equivalence and weaker than isomorphism. Let us
consider some examples. In the class of finitely generated abelian groups all the
three conceptions coincide [4]. But it is quite different for non-finitely gener-
ated abelian groups. For example, groups Z and Z & Q, the additive groups of
the integers and rationals, are elementary-equivalent [4], however they are not
w-isomorphic, since in Z, the 1-restricted type of any nonzero element from Q
is not implemented. In the class of nilpotent groups there are examples of
finitely generated groups which are elementarily equivalent but not isomorphic,
and hence not w-isomorphic [5], [6].

2.4. Regular definability. In studying elementary theories of algebraic sys-
tems the concept introduced in [7] of regular definability of one algebraic
system in another appears useful. This is due to the fact that though regular
definability is definability with constants, it possesses properties similar to
definability without constants.

First of all, let us recall the concept of relative definability (i.e., with
constants) of one algebraic system in another. Let % be an algebraic system of
signature =, B a system of signature A. Proceeding to predicates representing
signature operations in 9, the signature 2 may be considered to contain only
predicate symbols.

DErFINITION .  The system ¥ is relatively defined in 8 by means of a set of
formulas

= {A(%, 7), (%, 7", 72), ¥,(%, 7., §=)lo € >}
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of the signature A where X = (xy,...,x,), ' =(y{,..., yy), and a set of
constants b = (by,..., b,) from B (symbolically, A = (B, b)) if the follow-
ing conditions are fulfilled:
(1) Theset A ={a€ |%| |B = A(b, @)} is non-empty;
(2) The formula &(b, 7!, 7%) gives an equlvalence relation on A4 (the
equivalence class of the element a € A is denoted by [a])
(3) If o is a symbol of an s-ary predicate from Z, then ¢, = s and the
formula ¢ (b, 7',..., *) gives the predicate P, on the factor-set 4/
according to the rule

df - .
P,([a'],...,[a’]) = ¢,(b,a",...,a*), wherea'€ A4,1<i<s.

(4) The system ap(% by=(A/&; P,Jo € Z) is 1somorphlc to A.
The system (B, b) is called an interpretation of % in B and the isomor-
phism of the interpretation is the isomorphism u: % — (B, b).

DEFINITION.  If % = (B, b) and the set of constants b is empty, then we
say U is absolutely definable in B or definable without constants.
For the formula ¢ of the signature A we set

$(B) = {be |B|"IBE (b))}

(such sets are called formula definable).

DEeFINITION. The system ¥ is regularly definable in @B by a set of formulas
¢ and formulas ¢ of the signature A (symbolically % = ¢ (B, ¢)) if A is
relatively definable in B with the help of | and any set b € ¢(B).

It is evident that absolute definability implies regular definability and it, in
turn, implies relative definability. o

Let % = (B, ¢). The interpretation ¥ (b,b), b € ¢(B), will be denoted by
A(b) (for the sake of brevity).

DEFINITION. The arbitrary isomorphism 9 (b) — % (&), b, ¢ € ¢(B), will
be called the connecting isomorphism. Connecting isomorphisms of the inter-
pretation of A are formula definable in B if there exists a formula
Is(X, y, z,, Z,) of the signature A such that for any b,ce ¢(B) the formula
V(X, 7, b, @) defines in B some connecting isomorphism % (b) - A(Z).

Let us note a simple but convenient characteristic of absolute definability A
in B [7].
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PROPOSITION 2. Let W be regularly definable in B and let connecting
isomorphisms of the interpretation of N be formula definable in B. Then U is
absolutely definable in B.

If % = (B, b), define a complete formula enrichment %™ of the system A
in B (according to Morley’s conception) by adding all the predicates on
¥(%B, b) which are formula definable in B in the signature of %.

3. Formula predicates of the model I'( X, 4)

Let A be a group, X a set, I'(X, 4) = (F(X*), A, N) a three-base model
(see Section 2) corresponding to the free A-operator group F(X“) with the
length function | |: F(X4) - N. In this section we will determine formula
definability in T'(X, 4) of some predicates on F(X4), 4, N which are not
formula definable in their own signature in these systems.

The language of the model I'( X, 4) contains three types of variables; later
we will denote variables belonging to the group F(X4) by lower case letters
near the end of the Latin alphabet such as u,v,w,..., variables for 4 by
a, b,c,... and variables for N by k, I, m,... . We feel free to use the same
symbols to denote elements in F(X4), N, A respectively and write u® instead
of 8,(u, a).

3.1. Formula predicates on F(X4). Let us set

ar

Sy(u,v) = u(u=vu, & |v| =1& |u| = |uy| + 1),
at

Se(u,v)=3u(u=up&|v]| =1&|u| = |u| + 1),
dar

Sc(u, vy, v)= Juy, uy(u = upu, & oy =1& o, =1
&lu| = |uy| + |uy| +2).

The predicates Sy, Sk, S define in T'(X, 4) the first letter, the last letter, two
neighbouring letters, respectively, in the irreducible writing of the element
u € F(X*). Let us also set

dr
D(u, a) = Vo, v,(Sc(u, vy, v,) = vy = vf)
The validity of 2(u, a) in I'(X, A) means that

lul—1
u=uvs...v8"  forsome v, € X*4.
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LEMMA 1. The predicate

at
K(uy,...,u,) = elements are pairwise noncollinear

is formula definable in T'(X, A).

The proof follows from the equivalence

K(uy,...,u,) e Va( & (u,. * uf&u;l # uf))

1<i<j<n

LEMMA 2. For any positive integer m there exists a closed formula ¢,, of the
signature of the model T(X, A) such that ¢, is true on T'(X, A) iff the
cardinality | X| is m.

Proof. With the help of the formula K(u,, ..., u,) from Lemma 1 it is easy
to write down by a formula that the model T'( X, 4) possesses just m pairwise
noncollinear elements of length 1, a condition equivalent to | X| = m.

The lemma is proved.

3.2. Formula definable predicates on A

LEMMA 3. The predicates
Cla,b,m) S b =am,
af
Cy(a,b)=beaV={a"lne N},
ar
C,(a,b)=b € a”=gp(a)
are formula definable in T'(X, A).

The proof follows from the equivalences

C(a,b,m) e 3u, vy, v,(Ju| =m + 1& Sy (u, vy) & Sg(u, v,) &
&9(u, a) &v§ = v,),
Cy(a,b) & ImC(a, b, m),
Cy(a,b) « Cy(a,b) v Cy(a,b™?).
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LEMMA 4. The predicates
df . . e .
P_(a) = the order a is infinite,
df .
P(a, m) = the order a is equal to m

are formula definable in T'(X, A).
The proof follows from the equivalences

P (a) ® Vm # 0'C(a,1, m),
P(a,m) « C(a,1,m) &Vn(C(a,1,n) > m < n).

Elements ay, ..., a, € A4 are called linearly independent if
am...afn=1=m=--- =m,=0
for any positive integers m,, ..., m,.

LEMMA 5. The predicate

df
I(a,,...,a,) =ay,..., a, are linearly independent in A
is formula definable in T( X, A).

Proof. The formula sought is of the form

i=1

n n
vb,,..., b,,( _&1Cz(a,., b,.)&(bl...b,, =1- &b, = 1))
fe=
The lemma is proved.

Let ya be the {x € A|x" € gp(a) for some n € N }-isolater subgroup gp(a)
in A. It is evident that Va is a set of all the elements from A dependent on a.

LEMMA 6. The predicate
dt
Cola,b)=b € ja

is formula definable in T'( X, A).
The proof follows from the equivalence

Cola, b) = I(a, b)
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Let p be a prime number. The p-height 4 ,(a) of an element a € 4 is oo if
the equation x?” = g is solvable in the group A4 for any positive integer m.

LEMMA 7. Let the group A have an element of infinite order. Then the
predicate

dar
H,(a, p)=h,(a) = o
is formula definable in T (X, A).

Proof. In the forthcoming Proposition 3, it is proved that each recursively
enumerable predicate is definable in the model I'(X, A), in particular the
predicate deg(p, m) signifying that p is a prime number with degree m.
Consequently,

H_(a, p) « Vmdeg(p, m) - IxC(x, a, m),
which proves the lemma.

3.3. Formula predicates on N

LemMA 8. Let the group A have an element of infinite order. Then the
predicate

prod(k, I, m) g m equals the product of k by |

is formula definable in T(X, A).

Proof. Let k, [ > 2 be arbitrary positive integers, x = X *4, g an element
of infinite order in 4. Let us set v = x¢*"" ... x%""" and consider an element
in the group F(X4) of the form

(1) w=xPx® ... x"

Then the condition m = kl is equal to the condition |w| = m. In fact,
lv| =1-1, |w| = k(I = 1) + k = ki. The existence of the element w, |w| =
m, of form (1) in the group F(X*) is equivalent to the validity in T'(X, 4) of
some formula ¢(k, [, m) which will be constructed in the proof of the lemma.

Let us first determine the formula definability of some auxiliary predicates.
The formula

6.(x, y,a,k) = 3b(y = x*&C(a, b, k)),
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where C(a, b, k) is the predicate from Lemma 3, is valid in the model I'( X, 4)
iff y = x%. Validity in I'(X, 4) of the formula

. df . .
¢2(W, U1, Uy, X, @, 1, j= Sc(lev 02)&4’1(3‘1”1’ a, ')&4’1(3" Uy, a, i)

where S.(w,w;,w,) is a formula from 3.1, means that v, and v, are
neighbouring letters in the irreducible expression w and v; = x%, v, = x%.
Validity in T'( X, 4) of the formula

af
¢o3(w, a,x,k, 1) =V, vy, 1, j(¢,(w, vy, 0,, X, a,i, j)

s>(isk->j=k+1)&(k<i<k+I-1-j=i+1))

&Iw, (w = x°w, & |w| = |w;| + 1),
where SH(w, x%) is the predlcate from 3.1, , guarantees that the 1rrekdu01ble
expression begins w1th x“, that each entry x?%,i < k, is followed by x* , and

that each entry x¢ is followed by x4 if k+1<i<k+ /-1 Validity in
T'(X, A) of the formula

oa(v, a, %, k, 1) = (o] = 1 — 1&D(v, a) & 3vy(Sy (0o, v)
&¢1(x9 Uo, a, k + 1)))’

where 2 (u, v) is a formula from 3.1, implies that v = x<*"" ... x&"""

. Validity
in T'(X, A) of the formula

dat
os(w, vy, 0, x,a,k, 1) =3w,w,0(v,| =1& |0y =1&
w = woo0,w, &w| = |wi| + |wy| + 2 + |v| &¢s(v, a, x, k, 1))

states that v; and v, are length 1 and the irreducible expression w contains a
subword of the form v,vv,. Similarly the formula ¢g;(w, vy, wy, x, a, k, ) is
constructed which states that v,ow; is a subword of irreducible expression w,
and the length w, is arbitrary. Finally, the formula

o,(w, x,a,k,1) L Yo, vy, i(9s(w, vy, 0,5, x,a, k, 1) &
61(x,v,a,i)&i <k > ¢(x,0y,a,i+ 1) &V, w,
(¢6(W’ U]a wl’ X, a, ks l) &¢1(x) vl) a, k) - lwll = 0))

implies that the irreducible expression w contains either the entries x%ox™
i < k, or x*v and this entry is the end of the word w.
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Now it is evident that the desired formula is of the form

o(k, 1, m) a4 Aw, x,a(jw| =m&|x| =1&p,(a) &
o3(w,a,x, k,1)&d,(w, x,a,k,1)).

The lemma is proved.

PROPOSITION 3. Let the group A have an element of infinite order. Then each
recursively enumerable predicate on N is formula definable in T( X, A).

Proof. According to Lemma 8 the system A4"= (N;0,1, +, -, < ), where -
is multiplication in N, is formula definable in I'( X, 4). In its turn, the system
Z=(Z;0,1, +, -) is formula definable in 4". It is known that each recursive
predicate on N is Diophantine (see [8)), i.e., formula definable in the system 2
and, consequently, in the model A4".

The proposition is proved.

4. Groups of operators admitting rational coordinatization

4.1. Determination of rational coordinatization. Let A be a group, a € 4,
r=m/n € Q. Let a™/" denote an arbitrary solution of the equation x" = a™
in the group 4.

DEFINITION. A procession of elements ¢ = (c;,...,¢,), ¢; € 4, is called a
pseudo-base of group A, if each element a € 4 admits a (not necessarily
unique) decomposition of the form

(1) a=ch@ " t(a)eQ

Elements ¢,(a) are called the coordinates of a with respect to the pseudo-
base ¢. In the general case, the procession of the coordinates t(a) =
(t,(a),..., t,(a)) for the element a is not uniquely defined; moreover, by
virtue of the non-uniqueness of the solution of the equation x” = a™ in the
group A, there may hypothetically occur a case where a # b € A with t(a) =
t(b).

Let T(A,C) C Q" be a set of all the processions of coordinates of all the
elements 4 by the base ¢, or a subset of this set satisfying some conditions of
the form: #,(a) belongs to some fixed finite subset Q. On the set T(A4, ¢) we
introduce the following relation &

@) &(s,r) S 3ae A(s = t(a) &r = t(a))
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The relation &, is reflexive, symmetric but a priori non-transitive. Let us
denote by [t(a)] the set of all elements from 7(4, ¢) in the relation &, with
t(a).

DErFINITION. The group A admits rational coordinatization if there exists a
pseudo-base ¢ of the group 4 such that &, is a relation of equivalence and the
map b — [t(b)], b € A, is a bijection.

LEMMA 9. A class of groups admitting rational coordinatization is closed with
respect to extensions, finite direct products and homomorphic images.
The proof is evident.

PROPOSITION. The following classes of groups admit rational coordinatiza-
tion.

(1) finite,

(2) quasi-cyclic,

(3) abelian torsion-free,

(4) polycyclic,

(5) torsion-free solvable groups of finite rank,

(6) Cernikov groups, i.e., finite extensions of a direct product of quasi-cyclic
groups.

Proof. In cases (1)—(4) the coordinatization is evident. In case (5) (see [9]),
the group 4 has a subnormal series of subgroups 4 > 4, > -+ >4,=1
such that 4/4, is finite and the factors A4,/4,,, are abelian torsion-free
groups of rank 1. Then, by Lemma 9, (5) follows from (1) and (3). In case (6)
the proof also follows by Lemma 9 from (2) and (1).

The proposition is proved.

COROLLARY. Solvable Min- and Max-groups admit rational coordinatization.
In fact, solvable Max-groups are polycyclic and Min-groups are Cernikov
groups.

4.2. Definability 4 in NM. Let N™ be a complete formula enrichment of
the model A"= (N; +,0,1) in I'(X, A). To each rational number r =
(=1)%m/n, 8 € {0,1}, m,n € N, n #+ 0, we associate the ordered triple of
numbers A(r) = (8, m, n), and conversely, to each (8, m, n) from the set

Q(N)={(8,m,n)6 € {0,1},m,n€ N,n + 0}

there corresponds the rational number r(\) = (—1)°m/n.
The set Q(N) is obviously definable in the model N,
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LEMMA 10. Leta€ A,c € A", F, 5§ € Q(N)". Then the predicates

L\ df
B(¢) = ¢ is a pseudo-base A,
ooy Of
Cf(a,c, 7) = F is a procession of the coordi-
nates of a with respect
to c,
oy df -
T(7,c) =re€ T(4,¢),
N . _ _ -
&(r,5,¢)=F,5€ T(A,c) and &4(F,5),
df
BR(C) = ¢ is a pseudo-base of A giving
the rational coordinatization
of A
are formula definable in T'( X, A).

Proof. Let C(c, b, m) be a formula from Lemma 3 defining the equality
b = ¢™. Then the formula

Y,(c, b, 1) g—{ 3b,,c¢,C(c,c;,, m) & C(b, by, n) & (8§ =0 —> ¢; = b,)
&(8=1-¢ =b7t),
where r = (8, m, n) € Q(N) indicates that b = ¢”. Consequently, the formula
¢, (a, & 7) = 3by, ..., b,,(a = bl...b,,&ié\pl(ci, b, r,.))
defines the predicate Cf(a, c, 7) in I'( X, A).

Therefore, the predicates B(c), T(r, ¢), &(r, 5, ¢) are defined respectively by
the formulas

¢B(E) ‘i_f Vaa;d)cf(a’ ’_'1 E),
df
¢T(F’ E) = aa¢cf(a’ ;9 5)9
df
(7, 5,8) = 3a(o,(a,7,¢) &e,(a,¢,5)

Consequently, with the help of formulas ¢,(7, ¢) and ¢,(7, 5, ¢), the fact that
&, is an equivalence relation on T(4, ¢) is obviously expressible by a formula
¢,(7, ©) in the language of the model I'( X, A4). In the same way, bijection of
the map ¢,: a = [t(a)] from 4 in T(A, ¢)/&; may be written by a formula
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Y 4(¢). Thus, the formula

0r(E) = ¥2(2) &4 (8) &¥,4(¢)

defines the predicate BR(¢) in I'( X, A).
The lemma is proved.

PROPOSITION 5. Let the group A admit rational coordinatization. Then A is
formula definable in N™.

Proof. Let us use the notation from Lemma 10. Let ¢ be an arbitrary
pseudo-base, setting rational coordinatization in 4. In the factor-set
T(A, ¢)/¢&; = T, we define a multiplication o by

- _qdf 3 _
[Ale[R] = ["3] = day, a,, asi‘i‘l‘bcf(av ¢, ri)&(ala2 = 03)

It is evident that J; = (T} o) is a group, and the map @;: a — [#(a)] is an
isomorphism 4 — 7, of groups defined by the formula ¢.,(a, ¢, 7). Since the
set B of all pseudo-bases setting rational coordinatization in A is formula
definable in T'(X, A4), the group A4 is regularly definable in N™, Moreover,
since the connecting isomorphisms

Qo907 T3>, ¢,deB

are also formula definable in I'(X, A), then by Proposition 2 from 2.4 the
group 4 is formula definable in N* without constants.
The proposition is proved.

5. Elementary equivalence of groups with the length function

5.1. Sufficient conditions.

THEOREM 4. Let X, Y be sets, and let A, B be groups. If the cardinalities of
X and Y are either equal or infinite and the groups A and B are w-isomorphic,
then T'(X, A) = T'(Y, B).

Proof. Let the cardinalities | X| and | Y| be either equal or infinite, and let
groups A and B be w-isomorphic. In other words, for any positive integer M
there exists a succession of non-empty sets

(4) A(m) c --- A, (m)

of finite partial isomorphisms 4 and B satisfying the condition (* *) from 2.3.
Let us prove that I'(X, 4) = I'(Y, B). To this end, by Theorem 3, it is
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sufficient to construct for any positive integer m a succession of non-empty
sets

¢(m) C -+ C ¢,(m)
of finite partial isomorphisms from I'( X, 4) to I'(Y, B) satisfying the condi-

tion ( *). As mentioned above, each partial isomorphism ¢: T'( X, 4) = I'(Y, B)
represents the triple of partial isomorphisms (¢, ¢,, ¢;) where

¢.: F(X1) > F(Y®),9,: A > B,p;: N> N

adjusted with respect to predicates of length and the action of operator groups.
Let

X=(x5,..0, %), 7=, s %)y X, #F x4,y #y, fork #j

be arbitrary processions (of the same length) of elements from X, Y respec-
tively; let 8 € A,(m). Assume

X; 5= {xfla € domd,1 <j<s)
The map
xf = yiO, xte X;
is extended to the monomorphism

AE,)‘/J: gP(X;,a) - F(Y?).

Let us denote by ¢; the set of restrictions of monomorphisms of the form
As 5,5 On arbitrary finite subsets, and let

¢y (m) = U Ps-
del;(m)
It is evident that ¢,;(m) € --- C ¢,,(m) is a succession of non-empty sets

of finite partial isomorphisms from F(X“) to F(Y®). Let ¢,; be the set of
restrictions of the identity map N — N on finite subsets of cardinality < i.
Finally we set

¢:(m) = {(%, 8’ P)|‘Ps € ¢8’8 € Ai(m)’ 4 € ¢3i}

By construction, ¢,(m) € - C ¢,(m) is a succession of non-empty sets of
partial isomorphisms I'(X, 4) in I'(Y, B). Let us prove that it satisfies the
condition (*). Let

o= (98,8,p) €ed;(m), i<m,



352 A.G. MYASNIKOV AND V.N. REMESLENNIKOV

be arbitrary. If n € N there obviously exists an extension of ¢ to a covering
Y € ¢;.1(m) with n € domy since the isomorphism ¢z preserves length
therefore it is sufficient to take the covering p € ¢5;,,; for p such that
u € dom g and assume ¢ = (95,0, ). If a € 4 there exists a covering
8 € A,,,(m) for & such that a € dom §; in this case

= (‘Pﬁa 8, P‘) € ¢i+1(m)

is a covering for ¢ and a € domy. Now let u = x/1...x% € F(X*1). By
property (* *) one can select a covenng de A, (m) for 8 such that
a,,...,a, € dom$§. By construction, ¢ is a restriction of some monomor-
phism Az, 5.5 On the finite subset U C gp( Xz ;). Let us extend the procession X
by adding (arbltranly) to the right-hand 51de new different letters from the set
{xj1,.--» X5} not occurring in x. The procession obtained will be denoted by
x,. Since the cardinalities of X and Y are either equal or infinite, in a similar
way, the procession y can be extended on the right-hand side by different
letters from Y to some procession Z. Let ¢z be the restriction of the
monomorphism Ay ; 5 on the finite subset U U {u}. Then the partial isomor-
phism

¥ = ((pﬁ’ 8’ "") € ¢i+l(m)

is a covering for ¢, where u € domy. Thus, for any m the succession
¢,(m)C --- C ¢,(m) satisfies condition (*), so I'(X, 4) = I'(Y, B). The
theorem is proved.

To conclude, let us give an example of groups 4 and B such that 4 = B
but, for any set X, I'(X, A) # I'(X, B).

Let A =7Z, B=17 & Q where Z,Q are the additive groups of the ring of
integers and the rational numbers. According to Szmielev’s theorem [4],
A = B. Note that for any prime number p in the group A4 there are no
elements of infinite p-height, but there are these elements in the group B.
According to Lemma 7, the predicate h,(a) = oo is formula definable in
I'(X, A) and T'(X, B). Consequently, I'( X, 4) # I'(X, B).

5.2. Elementary equivalence in groups of operators admitting rational
coordinatization.

THEOREM 5. Let X and Y be sets, A and B groups, A admitting rational
coordinatization. Then T'(X, A) = I'(Y, B) iff the cardinalities of X and Y are
either equal or infinite and groups A and B are isomorphic.

Proof. Let I'(X, A) = I'(Y, B). By Lemma 2, the cardinalities | X| and | Y|
are either equal or infinite. Let us prove that 4 = B. Let N, and Ny be
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formula enrichments of N in I'( X, 4) and I'(Y, B) respectively. By hypothe-
sis, the group A4 allows rational coordinatization; consequently, by Proposition
5, A is absolutely definable in N,. Let A = (N,) (see 2.4) where

¥ = {4(%), 8(%, ), ¢(%, 5, 2)}

is the set of formulas defining 4 in N,. Isomorphism of the interpretation u:
A — Y(N,) is defined in T'(X, 4) by the formula

Is(a, 7) = 32BR (&) & Cf (a, 7, ©),

where Cf, BR are given in Lemma 10. Then the very fact that any formula ¢
defines in N, a group ¥(N,) and the formula Is(a, 7) defines isomorphism g is
expressed in the language I'( X, 4) by means of a certain closed formula which
will be denoted by ¢,. Thus the validity of ¢, in I'(Y, B) follows from
T'(X, A) = T(Y, B), and from the construction of ¢, we see that any formula
Y defines in I'(Y, B) on N, some group ¥ (Np) isomorphic to B. Let us prove
that formulas A(X), £(X, y) and ¢(X, y, z) define the same predicates in N,
and in Np, i.e., Y(Ng) = Y(N,). In fact, let #(x) be an arbitrary formula of
the model T'( X, 4) defining in N, some set of processions R. Each procession
m € N" is formula definable in (N; +,0,1); therefore, in the model I'( X, 4),
hence in I'(Y, B), the system of closed formulas

{R(m),"R(k)|\Vm € R Vk & R}

is true, guaranteeing that the formula %(x) defines the same predicate both in
I'(X, A) and T'(Y, B) on N. Thus, the groups ¥ (N,) and ¥ (Np), and hence
the groups 4 and B, are isomorphic.

The theorem is proved.

6. Elementary equivalence of free products with the length function

By a simple modification in the proofs, the results of Sections 3, 4, 5 for free
operator groups may be extended to free products of groups with a length
function.

Let G = 4, * A,, H = B, * B, be free products of groups, II(G) and II(H)
respective two-base models from 2.1.

THEOREM 6. If the groups A,, B, and A,, B, are pairwise w-isomorphic,
then 11(G) = 11(H).

THEOREM 7. Let the groups A, and A, allow rational coordinatization. Then
II(G) = II(H) iff, after a suitable enumeration of the factors, A, = B, A, =
B,.
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Let us also note that the conditions 4, = B; and 4, = B, are not sufficient
for II(G) =TI(H). In fact Z = Z & Q (see 5.1.) but II(Z+Z) # [I(Z*(Z &
Q).
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