ILLINOIS JOURNAL OF MATHEMATICS
Volume 33, Number 2, Summer 1989
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CALDERON-ZYGMUND METHOD OF ROTATIONS

BY
LuNG-KEE CHEN

1. Introduction and result
Let a,, i = 1,..., n, be positive numbers, 0 < a; < a, < --- < a,. Define

8x = (t%xy,...,t%%x,), t>0,

where x = (x,...,x,) €ER". Let r=a; + --- +a,. and v always denote a
unit vector,

v="(vy,...,0,) € 8",

and do(v) denote the Lebesgue measure on S”!. Let LP(LY(S" ')R"™)
denote mixed norm Lebesgue spaces. More precisely, if

ra PP
gl zoceey = gl ogs1y | ocany = [/Rn(fsn_llg(v’x)lq dﬂ(v)) dX] < o,

then we say g(v, x) € L?(LY). Define
1 rr
M,f(x) = sup 7 [ 1f(x - 8p)|at.
r>0 0

R. Fefferman [2] proved thatif a = --- = a, = 1 then M, f is bounded on
L?(L?), for p > 2n/n + 1. Further developments are found in [1] and [3].
In this paper, we prove the following theorem.

THEOREM. If f € LP(R"), then

1M Al ooy < ClIAN s
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provided
2(n—1+l) q(n—-1+2-)
n n
(1) 1<q$7 and ——2<pSoo,
n—1+—¢q
n
1
2(n—1+—)
-1
o  Alra) o, ey
n—1+;

Let f denote the Fourier transform of f, and f denote the corresponding
inverse Fourier transform. C will denote some constants which may depend
on n, p, a,,..., a, and may change at different occurrences.

2. Proof of the theorem

Let f > 0. It is clear that

M,f(x) = sup %frf(x — 8,v)dt <2supA, *f(x),
0 k

r>0

where
2
[ 2e(x)8(x) dx = [g(830)
R" 1

and k is integer. Let us define a family of operators {7} ,f },, where a is a
complex number. Let

(TEof) A (x) = [lexp(i(8y0) - x) dr(1 + 18x?) " f(x)

m (v, x) f(x).

Clearly T ,f(x) = A, * f(x). In order to prove the theorem, we need the
following three lemmas.

LeMMA 1. Ifn > Rea > —1/n then ||sup | T¢ f1 ll 212y < Clfll,-
LEMMA 2. Let 1 < p < 0. Then || M,fll 1»cy < CIIfll,-

LemMAa 3. If n>Rea>n—1 then ||supy| T f| | Lrczey < Clifll 5 for
l1<g<o,1<pc<oo.

Using the analytic interpolation theorem with Lemmas 1 and 3, we have
"va"LP(Lq) =< C”f”p9
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for

2(n—1+%) 2(n—1+;11-)
e <eP< T

Next, by interpolation between Lemma 2 and the trivial case, || M, f|| zo(1e) <
ClIfll 1=, for 1 < g < 00, we have || M, f|| 171y < C||f||P, ifl1<g<p<oo.
Therefore the theorem follows by applying the real interpolation theorem to
the above results.

Proof of Lemma 1. One takes a smooth function, p € C§°(R"), with
compact support and [p(x)dx = 1. Let

1
pi(x) = ’('2—,(717(82-"")-

Then
1/2
wpI Ty f) < (ZITEu —pie )+ MM - M,
k

where M,f is the Hardy-Littlewood maximal operators acting on the x;
variable. It is well-known that M,f is bounded on L?(R"). To prove that
sup, | T, f| is bounded on L*(L?), it is sufficient to show that

A 2
(11) Y[ Imu(v, x) = pi(x)[ do(v)
k sn 1
is bounded for every x € R". We claim that
f Im(v, x) — pp(x) [ do(v) < Cmin{|8x|?, |8yx| =@/ +2Re™}
N

By dilation invariance, we can assume k = 0. If |x| is near zero, my(v,0) =
p(0) =1, my(v, x) and p(x) are smooth functions. Therefore,

[mo(v, x) = p(x)| < Clx|.
It is clear that p(x) < 1/|x|'/". On the other hand, if |x| is large, then

mo(0, %) = [0 a1+ 1x7) "

2, —a2
=fe"(’)'fdt(1 + 1x|2) "
1
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where r(t) = (t4,...,t%)§ = (vyxy, . . ., v,X,. The last equality is bounded by
|£| —l/nlxl —Rea.

This critical estimate for my(v, x) is obtained by the Van der Corput’s lemma

(see [4], age 1257). Without loss of generality, we can assume |x;| =
max{|x;|,..., |x,|}. Itis clear that |x| ~ |x;]|. So,

Imo(v, x)| < Clog|x| |~ x| ~Ree.

Hence,

Ln—llmO(v’x)lzd"(v) < |x|_2Re“/ 1do(v)

forfxl|<1

+ |mo(v, x)|* do(v)

jog)x||>1
—1-2Rea Noi—2Rea [1 -2/n
< Clx| + C'|x| fm (i for]) ™" do,
X

< C|XI —(2/n+2Rea)

Hence, we proved the claim. Note that |8,x| = |§,X| where X =
(I%1]5- -5 |x,]). It is clear that |§,X| = 0, |§,X] = oo if # = o0, |X| # 0 and
|8,%| is an increasing function of ¢. Therefore for every x € R” — {0} there
exist kg, jo, 1 < j, < n such that

|x,| /2K < 2%

foreveryi=1,...,nand 1 < |x,| /2%0% < 2%, Changing index in the sum
in (1.1) from k to k + k, it is sufficient to assume that |x,| < 2% and
1 < |x;| < 2% for some j. Therefore,

j;,,_Jmk(U, x) = po(x)|* do(v) < C min{2+8, 2~ kv@/n+2Rea)y
where B, y are positive. Hence,
A 2
Z/;n_llmk(v’x) = Pi(x)| do(v) < o0
P

for every x € R", if Rea > —1/n. Lemma 1 is proved.
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Before proving Lemma 2, we need the following lemma.
LeMMA 4. Suppose ||supi|A * f| || Loty < CIA 1o

(1) Suppose 1/2 — 1/p, = 1/2q. For arbitrary functions u,(v, x) on S"~!
X R", define the operators L, by

Lyu, = fzuk(v, x + 8,0) dt.
1
Then the following vector-valued inequality holds:

(g

<C
Lpo(LY)

1/2
(Z|Lk“k|2)
k

L2(S" M || Lro(r™)

(I) Suppose |1/2 — 1/py|l = 1/2q and {g,}¥-, are arbitrary functions

defined only on R". Then we have the same inequality as in (I), namely

<C

Lpo(Ll)

(Sieesr)”

(zk:|gk|2)1/2

Po

Proof of Lemma 4. (I) Since p, > 2, there exists a positive function,
h € LI(R"), with unit norm, such that

=/,

(1) < C/f{k‘,Lk(uk)zdo(u)h(x) dx

(i) e

Ll(sn*l)

122
(Zizw)
k

LPo(L!)

= Cf [Zuiv. )80 h(y) do(0) dy

12 |2
0 < cfl(z ) | supla, = ai
k L®(v) o k LY
12
< fl( Ziw?) ,
k L2 |l pg

where the inequalities (1) and (2) are established by Holder’s inequality.
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(II) By (I), the vector valued inequality holds if p, > 2. On the other hand,
if po <2,1/py+ 1/p;=1 then

1,2
(ZlAk * gk|2)
k

- supL"Ln_l§Ak*gk(x)uk(u, x) do(v) dx

LPo(LY)

= supffzk:gk(x)Lkuk(v, x) do(v) dx

® < s f(S1g) (Sl 0F) | e
k o)
@ ssup||<z|gk|2)m||m||(mum)‘”
k LPo(IYy
(5) <|(Zigu®)”]..

where the supremum is taken over all indicated {u, }, with the unit norm in
L7 (L*®(1?)). The inequalities (3) and (4) follow by Holder’s inequality, and
the inequality (5) is supported by (I). Lemma 4 is proved.

The proof of Lemma 2 follows the ideas of J. Duoandikoetexa and J. L.
Rubio de Francia [5], but in this lemma, we need to consider the extra
L}(S" Y-norm. We will use the same notation as in the proof of Lemma 1.
The proof of Lemma 2 will be obtained by induction.

Proof of Lemma 2. We separate the proof into two parts: the boundedness
on L*(L') in the first part, and the boundness on L?(L!) in the second part.

Part 1. 1t is enough to show

< ClAll-

L2(x)

[suptacs 1]

LMNv)
If n =1, it is clear that

Ay *f< CMf.
Suppose that for n — 1 dimensions, sup,|A,* f| is bounded on

L>(LN(S""?), R"™ 1), n > 2. In n dimensions, let v = (v',v,) € S"~! where
v = (vy,...,0,_1), and x = (x’, x,) € R", where x’ € R""!, and 8’ =
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(t%q, ..., t%1p,_;). Let

Al f(x) = /lzf(x' — 8,10, x,,) dt.

We claim that sup,|A% ! * f(x)| is bounded on L2(L'(S""!), R"). Let us
make a change of variables for v, v € S""1. Let do,_, denote the Lebesgue
measure on S”" 2. Since

| sup 1422 1
k

1S,

L2(1Y)

Lo [ 1 = (=82 b, ) a

2 1/2
dx]

oo 0o

xdo, ,(£)(1 - s2)" % 4s

I

Xdon~2(£)

2 12
dx’dx,,] (1-582)"""gs.

After a change of variables for x, (ie., x’ > (1 — $)2x’, x, = x,), we let
fs(x,x,) = 1@ = 827, x,).
By the induction hypothesis, the term in parentheses is bounded on
LZ(Ll(S""z), Rn—l)
for almost every x, € R. Therefore, the last inequality is not bigger then
S sl (1 = 890~ 57 as.

Then we change variables again. The inequality above becomes

1 (n=3)/2
J 111 = 8777 ds < Cifla,
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if n > 2. Therefore, we have

(2.1) < Ciifll»

LZ(R")

|suptare

Ll(sn—l)

Let p be a smooth function in R, (this p is different from the p in Lemma 1),
p € CP(R), and [p(x)dx = 1. Let

1 x
pi(x) = %P(%)~
Let

(& tep)ef= |

2
R‘/; f(x, - 82"tU” Xp — yn)Pk(yn) dtdyn'

Let us write

Arf<|Benf— (M7 @ p)*fl+ sup| " % M, f,
where M, is the Hardy-Littlewood maximal operator acting on x, variable.
From (2.1) the second term of the right hand side of the above inequality is

bounded on L2(L'). On the other hand, the first term is dominated by the
square function,

"
G(f)=(;IAk*f—(A';:‘@pk)*flz) :

To show G(f) is bounded on L?(L!), by the Minkowski’s inequality and the
Plancherel’s theorem, it is sufficient to show that

J[VpILNEES

1/2
~ R (v, ) p (2%, ) | (2, x) [ dx’dx,,) do(v)

is bounded by C||f}|,. Since
IAk(U’ x) - A';«:“l(vl’ xl)ﬁ(zka"xn) I

f 2exp(ix82k,v) — exp(ix'8y,v") p(2*%x,,) dt
1

< f 2|f:xp(ix,,v,,2k“"t"") - f)(2k“~x,,)|dt
1

< C|2kax,p,| + C'|2%x,| < C|2kenx,|.
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On the other hand, as in the proof for Lemma 1, using the Van der Corput’s
lemma, and p(x) < 1/|x|, we have, if |2%%x | is large,

lAk(v, x) = A (v, x’)ﬁ(2’“‘"x,,)| < Cl¢|7Vm + |2kanx, | 71

< C|2kanx p,| "/
where ¢ = (2kx,v,,...,2%%x p,). Hence, we get

2.2)
|A(v, x) = M Y0, x7) pi(x,) | < Clo,l =" min{2%%n|x, |, |2%4nx,| =1/}

So
E184(0, %) = B (o', %) pulxa) [ < Cloy =7,
k
Hence G(f) is bounded on L2(L!), if n > 2. That is to say
(2.3) |swlacen] . <cis..
k X1

Part 2. Now, we start to prove that sup,|A, * f| is bounded onL?(L!),
1 < p < o0, again, via in duction argument at dimension n. As above, when
n =1, sup,|A, * f| < CM(f). Suppose that for dimension n — 1,

< Clifllprre-1ys 1 <p < 0.
LP(R"™1)

[supta,«n]

Ll(sn—2)

(Note that

(2.4)

< ClifMl o rry-

LP(R™)

| supias e 1
k

Ll(sn—-l)

by the same proof as in (2.1) of part 1)
Let us consider a partition of unity on (0, 00). That is, there exists a function
h € C{°(R) supported in [27%,2%] and such that & jh(2""ft) = 1. Define

SHx', x,) = h(2)x,]) f(x', x,).
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Then

1/2
sup|d, * f] < Ak—A'r‘wk)*flz) +sup|(A";l®pk)*f|

(
(2.5) s§(§|( — AT p,) +,(f|)/2
sup (&% ® p, )+ f|.

k

By (2.4) the second term of the last inequality is bounded on L?(L'). Let

1/2
=(Zk‘,|( - A 1®Pk +kfl)

First, let us compute the L2(L')-norm of T;f. We have

TNl 2y < "” Tl r2¢zny (s 1)
< Z/ f A
k Rn—l 1/2a,,<|20,,(j+k)xn|<2a,,

, 12
X|f(x', x,)| dx, dx’)

A A 2
k(Ua X) - A';c l(v » X )pk(xn)l

Ll(Sn—l)

From (2.2), we have

. —a i a i\l/n
(2.6) 1Tl 20y < € min{27%7, (2%) 7" I,

Next, applying (2.3) and (2.4) (just with p = 2) to Lemma 4 (II) (let g, =
S;+1f), and using the classical Littlewood-Paley theorem and the vector
valued maximal operators, we have

1/2

< Clifll

LPo(Ll)

(E’C‘.IA/‘* j+kf|2)

and

1/2
< Clifll 5>

Po

(Sl o p0)- st

< c|(Zims.n?)

LPo(LY)
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where |1/2 — 1/p,| = 1/4. Hence

I Tl Lroczy < Clifll -
Interpolation between above inequality and (2.6), yields
(2.7) ITfl oy < € min{27 7, 25/ Y]],

where |1/p —1/2| <1/4 and 0 < e <1, & depending on p. Hence, from
(2.5), we have

(2.8)
| supia, = 7
k

s” sup I(A’L‘l ® pk)*f|” + ZII I}f“u(u) < C||f||p,
k Ly

Lr(LY

if |1/p — 1/2| < 1/4. Again, applying (2.8) to Lemma 4 (II), finding the new
range of p of inequality (2.7) and repeating the procedure as above, we
conclude that (2.8) holds if 1 < p < 0. Lemma 2 is proved.

Proof of Lemma 3. If n > Rea > 0. Let G* denote the Bessel potentials,
(See [6], page 132). Then

G(y) =1+ PP
and let

Gi(y) = (1 + 18912) "2

Then
Tef (<) = [*f f(x =y = 820)G2(y) dy
= [ S = 823) [[G(y ~ 80) dt .
R" 1

It is well known that G*(x) is controlled by

1

——|x|"““°‘ as |x| =0
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and is rapidly decreasing as |x| — co. Therefore, [2G*(y — 8,v) dt is domi-
nated by

Xpyi<c Xiy>1
f Iy 8U|n Read C,l In+1

Since v = (vy,...,v,) € S"7!, there exists v;, say v, such that v? > 1/n. So
the integration term is not bigger then

fz Xiyj<c dt
1 |y1 _ talvlln—Rea :

It is easy to see that if n — 1 < Re a < n, the above integral is bounded by a
constant which doesn’t depend on v € §"~!. Hence Ty, f(x) < CMf(x).
Lemma 3 is proved.
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