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A CHARACTERIZATION OF CYLINDERLIKE SURFACES

CassaNDRA Cox

Introduction

In this paper we wish to characterize the rings whose spectra are cylinder-
like surfaces. We define these surfaces as follows.

DeriniTioN 1. A cylinderlike surface is an affine, rational, nonsingular
surface, T = Spec A4, over an algebraically closed field k of characteristic
zero having the properties that A* = k*, Pic T is torsion, and T contains a
nonempty subset U which is isomorphic to A! X C where C is a rational
curve. We will call a subset such as U a cylindrical open set.

Interest in these surfaces arose from a result of Miyanishi [M, Theorem 0],
which says that if T is a cylinderlike surface and Pic T = 0, then T = A?%. In
certain applications of this result it is clear that Pic T is torsion and the main
difficulty is to show that Pic T = 0. This led to the consideration of cylinder-
like surfaces. In general, Miyanishi’s theorem fails for these surfaces. In fact,
for any finite Abelian group G, there is a cylinderlike surface T with
Pic T = G. Theorem 4.1 of this paper gives an algebraic construction of such
a surface. We are interested in the number of ways in which T can be chosen
for any particular G.

In an attempt to answer this question, we have been considering a certain
type of fibration on a cylinderlike surface.

DeriNiTION 2. Suppose T = Spec A is a cylinderlike surface. We say that
a morphism k[x] — A gives a cylindrical fibration of T if for each a € k the
fibre defined by x — a is irreducible and if the complement of a finite set of
these fibres is a cylindrical open set.

One previously obtained result, which is due to Richard Swan and which
will be proved as Proposition 1.1 of this paper, says that if T = Spec A4 is a
cylinderlike surface, then there are «; € k, n; € Z*, and prime ideals P, of
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A such that

k[s,t]cAckl|s,t,— !
.l_[l(s_ai)
i=

and (s — ;) = P/. Thus,

T- UV((s—a;)) =Speck|s,t, — 1
T1(s - )
i=1

is a cylindrical open set and k[s] < A gives a cylindrical fibration of 7. We
wish to determine for which cylinderlike surfaces this cylindrical fibration is
unique. We hope that this will be useful in determining when two cylinderlike
surfaces are isomorphic. As a step toward this goal, this paper gives an
explicit description of the rings whose spectra are cylinderlike surfaces.

1. Preliminary results

This first section gives the proofs of several unpublished results of Richard
Swan and David Wright which will be used later in this paper.

ProrosiTion 1.1. Let T = Spec A be a cylinderlike surface and let U =
A! X C be an open cylindrical subset of T. Then there are a; € k, n; € %, and
height one prime ideals P; of A such that

k[s,t]cAck s,t,—,—i—— ,

i=l_ll(5 - a;)

U = Spec k s,t,——,——l—— ,

H(s - ;)
i=1

and

(s — o) = P

Proof [S]. By [1I, Theorem 2.15, p. 124], T is pure of codimension 1. Thus,
there are height one prime ideals P; such that T — U = U/_,V(P,). Since
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Pic T is torsion, there are a; € 4 such that (a,) = P/. Thus, for f = IT/_,a,,
we have T — U = V((f)) and U = Spec 4.

Since C is rational, we have C ¢ P'. By making C smaller if necessary we
may assume that C C Al. Then the argument above gives C = Spec B where
B = k[s,1/g(s)]. Thus, U = Spec Blt].

We now have 4, = Blt]. Let R=A N B. Since f € (Af)* = B*, we have
f€R and R;=A;NB;=A,N B = B. Replace ¢ by f"t so that t € 4.
Since A and B are normal, R is also normal. Thus, R is an intersection of
valuation rings of k(s). These are k[s—ll(s—l) and kl[s] ,,) where p is irre-
ducible. Since the intersection of all of these valuation rings is k, at least one
must be omitted from the intersection which forms R. Since k is alge-
braically closed, irreducible elements of k[s] are of the form s — a for
a € k. Replacing s by 1/s if necessary, we may assume that k[s‘l](s-:) is
omitted. If k[s],, is also omitted, then p € R* ¢ 4* = k*. Thus,

R= () klslp=k[s]

p irreducible

Since f € R, we may take f = IT/_ (s — a;) with (s — ;) = P/ Thus,

k[s,t] =R[t] cA cA;=Rf[t] =k|s,t,— !
i=l—[1(s - a;)

and

U = Spec k s,t,——,—l—— .

l—[(s )
i=1

ProrosiTioN 1.2 [W].  In Proposition 1.1, we have V(s — a;)) = Al and
we have B; € k such that t — B, € P,.

Proof. Since A* = k*, we have that k[s] C 4 induces a surjective mor-
phism 7: T — A! which, by a lemma of Miyanishi [M, Lemma 1] together
with the fact that Pic T is torsion, has the property that each fibre, when
reduced, is isomorphic to Al. Also, k[s, t] C A gives a birational morphism p:
T —» V = Spec k[s, t]. For i = 1,2,...,r, let L, be the fibre in V defined by
s — a;. Since 7: T — A! factors through V, p~'(L)) is a fibre of 7. Thus,

pHL) =V((s —a;)) = Al
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We also have that p is an isomorphism on U =T — U/_ V(s — ;). If
p(V((s — a;))) is not a point, then p is an isomorphism in a neighborhood of
V((s — a;)) and we may take

U=T- UV((s-a)).

Jj#i

Thus, we may assume that p(V((s — @;))) is a point corresponding to the
maximal ideal (s — a;, t — B;) and that ¢t — B, € P..

ProrosiTioN 1.3.  Suppose

k[s,t] A Ckl|s,t, ——t

n(s - a;)
i=1

with (s — a;) = P/ for some n; € Z*. Then there is z € A such that

1
kls,z] cAckls,z, ==—|.
H(s‘“i)

n;>1

Proof (adapted from [S]). Suppose n, = 1. Let a,, a,, ..., ay generate A.
There are nonnegative integers m; such that

. 1
(s — a))™a, € k|s,t, ——|.

H(s - a;)

i=2

We use induction on X ;m; to show that there is z € A such that

a;€k s,z,T——l———- forj=1,2,...,N.

.l—l (s —a;)
i=2
Let D be the divisor corresponding to P;. If m, > 0, then

s, t
(s - al)'nl‘h = "_‘——rg( )

l—l (s — o)
i=2
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with v,(g) > 0. Thus,
g(s,t) = (s —ay)g(s,t) + (¢t = B)go(?)

with v, (¢t — B) > 0. Since vp(s — a;) = n; = 1, we have that s — «; divides
t—pBin A. Let

’ t_B

= —.

Then ks, z’] € A and

1 |
l_.[(s_ai)
2

(s —a)™ 'a, €kl|s, 2,

Thus, = ,m; is reduced and there is z € 4 with

1

lj (s —a)

k[s,z] cA ckls,z,

ProrosiTioN 1.4. For T = Spec A in Proposition 13, PicT =
! ,Z/nZ.

Proof. Let U=T — U/_V({(s — ;) and let D; be the prime divisor
corresponding to P,. By [H, Prop. 6.5, p. 133] together with the fact that
Pic U = 0, we have that Pic T is generated by D, D,,...,D,.Let p: T -> V
= Spec k[s, t] be the morphism given by k[s, ¢] = A. Then p is an isomor-
phism from U to V — U/_ V(s — ;). Thus, if f € k(s,¢)* and if the
support of the divisor of f is contained in U/_,/((s — ;) in T, then the
support of the divisor of f is also contained in U[_V((s — ;) in V.
Therefore, f=TI/_(s — ;)% and the divisor of f is an element of
{nyDy,n,D,,...,n.D,). Thus,

<D1>D2,* D>

PicT = iDonD,.nDy - ]__[Z/nZ
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2. Divisibility by s — «;

Suppose that Spec A4 is a cylinderlike surface. Then we have

from Proposition 1.1. We begin the task of describing A4 by determining the
elements of k[s, t] which are divisible in 4 by s — «; for some particular i.
After a linear change of variable, we may assume that { = 1 and that
a; = 3; = 0 where B, is given by Proposition 1.2. For this section, we let P
denote the height one prime ideal containing s which is given by Proposition
1.1, and we let D denote the prime divisor corresponding to P. Then by
Proposition 1.2 we have s, € P and A/P = k[7] for some v € A.

We wish to define two finite sequences. The first is a sequence, u, =
t,u,,...,u,, of elements of k[s, t] with the properties

Jj—1
— i eg,J e; ;
Ujpr = UjT — A;s% l_llui"’
i=

and
vp(U+1) > vp(uf).

The u;’s are used to define the second sequence, vy, v,,...,v,, of elements
of A which ends with 4/P = k[@. Then, in Proposition 2.1, we will use
these two sequences to determine when an element f of k[s, ¢] is divisible in
A by sM,

First, we let

dy = vp(s) (2.1)

and
ul =1. (2.2)

Then we let d, = ged(dy, vp(uy), ny =dy/dy, my =vp(u)/d, and v, =
t™/s™. Since nwp(t) = nym,d; = mwp(s), the divisor of v, is effective so
that v, € 4.

Now we suppose that / € Z* and we assume that we have defined
djeZ " andv,eAforj=1,...,land u;,, € kls,t]for j=1,2,...,1 -1



A CHARACTERIZATION OF CYLINDERLIKE SURFACES 381

as follows. Let

d; = ged(d;_y, vp(w))), (2.3)
n; = %Zl, (2.4)

and
my = g 23)

J

Let a; ; = m;. Then, since gcd(nj, m;) = 1, we have that, for i = 1,2,...,j —
1, there are integers a; ; and b; ; with

0<b,<n (2.6)
such that
a;v1,; = a; ;n; — b, ;m,. (2.7)
We let a; = a, ; and let
j-1
by = gt — (2.8)
Then the use of induction on k together with (2.7) gives us

k-1
Ay j=@ayjnny...Ny_g — Z bi,jm,.niﬂ...nk_1 fork=1,2,...,]J.
i=1

Thus, by (2.1), (2.4), and (2.5) we have

i-1
UD(( Il u?i’j)u}lj) = vp(sY) (2.9)
i=1

so that the divisor of v; is effective and v; € 4. We also assume that, for
i=12,...,1—1,in A/P we have

U=y, € k*. (2.10)

Now let e} ; =m; for j = 1,2,...,L Then, for i = 1,2,...,j — 1, there are
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unique integers e; ; and e; ; with
O<e ;<m

such that

€iy1,j=¢€ ;n; +e m;.

= e,
2 J 1,5
Then the use of induction on k together with (2.12) gives us
k—1
!

i=1

Thus, by (2.1), (2.4), and (2.5), we have

i=1

j—1
)
We assume that for j = 1,2,...,/ — 1 there is A; € k* such that
j-1
vD(u]'.'f — Ajsc0 nu,‘?f’f‘) > vp(uf)
i=1
and we define

i-1
Con oy eo .
Ujpy = Ui — ;50 l_llui"’
im

€ ;=€ MMy Ny + e, ;mn; q...n_yfork=12,..

(2.11)

(2.12)

(2.13)

o

(2.14)

(2.15)

(2.16)

Induction on j together with (2.15) and (2.16) gives us that ¥/ u,0,(u;) <

vp(u;) whenever u; < n,. Thus, by (2.11) and (2.14),

e, ;> 0,

(2.17)

If A/P = k[v)], then the sequences end. Otherwise, the following lemmas
will allow us to continue the sequences by showing that v,= y, € k* and that

there is A, € k* such that

-1
n, _ e e; n
Up|upt — Ayseo! _l_llui”' > vp(u’)
=

so that we may define u, ., and, hence, d,,, and v, ;.



A CHARACTERIZATION OF CYLINDERLIKE SURFACES 383

LemMma 2.1.  Let f € kls, t]. Then f = L}_ &s*0T1i_ ut.i where &€ k*
and where the w; ; are nonnegative integers with Wi <n; fori=12,...,
-1

Proof. Consider I'1!_,u?% where o, € Z™"¢, Suppose j € {1,2,...,] — 1}
with o, > n; and 0; <n; fori=j+1,...,l - 1. Let re{j+1,...,1} such
that o+ 1 =n; for i=j+1,...,r — 1 and either 0, + 1 <n, or r=1

Induction on r — j together with (2.16) shows that

i=k+1

r—1 k-1 r—1
n; i Tp_ | — €, é; ag;
UpUF . oul = u, + )y Aeseox| T1 ”i”")( [T ui).
k=j i=1
Thus,

1 n )
[ur = 5 gt [Tute
i=1 k=1

i=1

where, for each k, u; , < o; and, by 211D, u, , <nm,fori=j+1,...,01 -1
Therefore, induction on o; and [ — j gives the result.

Lemma 2.2. Suppose that N and p, iy, ..., W, are integers with
vp(TTi_jut) = v(sN). Then there are integers v, v,,...,v, with u, = nw,
such that

!
[Tute
'=1N = [Tvr.
i=1

N

Proof. By (2.1), (2.4), and (2.5), we have Nnn,...n,d, =
Xi_iumn,....nd, Thus, induction on I —i together with (2.7) shows
that there are integers v; with

!
ny;, = p; — Z b; ;v;
j=i+1

and
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Thus, by (2.8),

al‘ld anl = M.
Lemma 2.3. In A/P, degv) < 1.

Proof. By Proposition 1.2 we have that 4/P = k[T] for some v € A.
Since, by Proposition 1.1,

we have that there is F € k[s, t] with

F
_ .
sMTT (s — a))™
i=2

U =

Since v & P, we have v, (F) = vp(s™). We write [T/_,(s — a)™ = sg(s) + a
with g € k[s] and « € k*. Then

UD(—I;- - au) =vp rsg(s)F > 0.
’ sMTT(s - ai)Mi
i=2

Thus F/s™ = ab in A/P and we may assume that v = F/s™.
Let

n !
F= ¥ gs*o [Tute
j=1 i=1

as in Lemma 2.1. Let

!
m = min {UD(S“OJ ]_[u,*""f)},
i i=1
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let

!
7= {0 ) = .
i

=1
and let

] l

Fy= Y &s*o [Tuterand Fy = ) &s#00 [Tut,

jer i=1 jel i=1

Induction on / shows that if j and k are elements of J with u, ; = u, ,, then
M;j=p; for i =0,1,...,1 — 1. Thus, for distinct elements j and k of J,
we may assume u, ; # i, .. Now F = Fy + F; with v,(F)) > m and v,(F)
= m.

If v,(F) = m, then, since v,(F) = vp(s™), we have

F.
UD(S—;{) > 0.

Thus, in A/P,

By Lemma 2.2, we have integers v, ; with o = £, ,&T1;_ 0} and with
nw, ;= m,; so that v, ;> 0. By (2.10), 0 = X, ,{;0;*/ for some {; € k*.
Therefore, deg®) = 1.

If vp(F) > m, then v, (F,) > m. We wish to choose 7, € Z"°"™ 50 that

1
m + Y vp(uf) = Nop(s)
i=1

for some N € Z. By (2.9), this can be done by fixing k € J, letting 7, =
ovp(s) + b, — m;y for i=1,2,...,1 -1, and letting 7, = opvp(s) + n;, —
., Where o; € Z is chosen so that 7, > 0. Let g = I'Tj_u]". Then v,(gF,)
> vp(g) + m = Nup(s). Therefore, in A/P, we have 0 = gF,/s". As above,

g—FO —Vi,j
= = L4
S jeJ

for some {; € k* and some nonnegative integers v, ; with nyy, ; =, ; + 7.
Thus, for distinct elements j and k& in J, since i, ; # u,; x, we have v, ; # v, ;.
By (2.9) we have v,# 0. Therefore, deg(v) = 0.
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Lemma 2.4. If degv) = 0 in A/P, then

-1
vplupt — Agsor TTuget) > vp(upt)

i=

for some A, € k*.

Proof. let F=F,+ F, and J be as in the proof of Lemma 2.3. Fix r

and p in J so that u;,, > pu;; and pu; , < p,; for all j €J. Then for j €J
we have

1 1
UD(SMO,j l—[uty"i,j) =m = UD(sILO,r l_‘[u#i,r).

i=1 i=1

Induction on ! — k together with (2.1), (2.4), (2.5), (2.12), and (2.13) gives us
that, for k = 1,2,...,1, there is an integer 7, ; with

ne| (o, j = Bo, )My - gy

k-1 1
+ Z (ﬂvi,j - Mi,r)mi"i+1-~nk—1 - Z e,k,iTi,j]
i=1 i=k+1

i
=My My, = Mg, t+ > ek,iTi,j]’
i=k+1
with
i
M, j= Mg, T+ h €, iTi,j — MiTk j»
i=k+1
and

i

Mo ;= Mo, + > €0, kTk, -
k=1

Since u;, > u,;; and ny > p, ; for k =1,2,...,1 — 1, the second equation
gives us 7, ; > 0. Since u; , < u,; we have 7, , > 7, ;. Thus, by (2.15) and
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(2.16), we have

Fy= T g TTup

jeJ

-1 7L -1 1 Tk,j 1
- Tgfsor ) oo TT (et =) g
jel i=1 = k k=1

-1 7L
(SMOr nuﬂ't r)ul"l r—MTLp Z g ( €o,1 l_-[ufi,l) (u;’l)fl’p—”’j + G(S, t)
i=1

jeJ

where {; € k* and v(G) > m. Since deg(v) = 0, we have, from the proof of
Lemma 2.3, that v,(F,) > m. Therefore,

-1 T
T S
i=1

jeJ
-1

>m — UD(SI"O,r l_-[u/'h r)u;"l r_nITlp) = UD(uII) lp

i=1

Thus, there must be A, € k* such that v,(u — A,;s¢o T2 us) > vy(ul).

The above lemmas allow us to form our sequences ug,u,,...,u; and
Uy, Uy, - .., U; as follows. Suppose that, for j = 1,2,...,/, we have deﬁned u;
and v; as in (2.2), (2.8), and (2.16). Then, by Lemma 23 deglw) <1in A /P
If deg(v,) = 1, then 4 /P = k[v], and the sequences end. If deg(v)) = 0, then
(2.10) is satisfied for v, and, by Lemma 2.4, (2.15) is satisfied for u,. Thus, we
can define u,,; to be ul — A;s°¢T1!Z1ué and, consequently, define d, .,
and v, so that the sequences continue.

LeMMA 2.5. There exists ¢ € Z* such that the sequence vy, 0,,...,U, ends
with A/P = k[E;].

Proof. Suppose that for j = 1,..., [, we have defined u; and v; as in 2.2),
(2.8), and (2.16). Let F = F, + F, and J be as in the proof of Lemma 2.3.
We must have u, ; > 0 for some j € J, for if not, then F, = EstoTTi uk
and, thus, v, (F,) = m < vp(F,). Therefore, UD(F ) = m and, as the proof of
Lemma 2.3, 0 = ¢[1:2107 where the v; are given by Lemma 2.2. By (2.10),
this contradicts the fact that A/P = k[u] Now since u, ; > 0 for some j, we
have that v,(u)) <m < vp(F). By (2.15), (2.16), and Lemma 2.4, the se-
quence uy,U,,...,u; has the property that v,(u;,,) > vp(u}y). Thus, the
sequence must end before vp(u,) > vp(F). If the sequence ends with u,
then by Lemma 2.3 and Lemma 2.4, we have deg(v,) = 1s0 4/P = k[v,].
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For the remainder of this section we will assume that g € Z* with
A/P = k[v_q].

LemMma 2.6. Let f € kls,t] and let f = X7 1&stoi T \uli as in Lemma
2.1. Then

vp(f) = m.in{vD(s“O,i li[uf‘f,f)}.

i=1
Proof. Let
q
m= min{vb(s“ovi ]—[u#",i)},
j

i=1

and let
q
J= {jluD(s"O,f l_[ulf‘i,f) = m}.
i=1

As in the proof of Lemma 2.3, we have g € k[s,t], N Z", {; € k*, and
distinct v; € Z"°"¢ such that v,(g) + m = UD(SN) and gf/sN = L, L,
Thus, gf/s™ # 0 and vp(f) = vp(s™N) — vp(g) =

ProposITION 2.1. Let f € kls,t] and let M € Z. Then f/s™ € A if and
only if f/s™ € k[I] where

q
[Tup q

I= i=;N 0S,U«i<nifori<q,05”q’andvD(nu#i)ZUD(SN) )

i=1

Proof. 1If z is an element of I, then the divisor of z is effective. Thus,
k[I1c A. If f/sM is an element of A, then v,(f) = vp(s™). Thus, f/sM
k[I]by Lemma 2.1 and Lemma 2.6.

The last lemma of this section gives an additional property of the sequence
Uiy Ugyevvs Uge

Lemma 2.7. Letq € Z* with A\P =klv,). Thenq > 1 and d,_, =

Proof. Let m be the ideal of A generated by P and v,. Since Spec 4 is
nonsingular and the subvariety V(P) has codimension one, we have that
V(P) has one local equation in a neighborhood of the point corresponding to
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m. Let the equation be x/y where x,y € A and y & m. Then vy(x) = 1.
Since PA,, = (x/y)A,,, there are elements z and w of 4 with w & m such
that s = (x/y)(z/w). By Proposition 1.1,

f and z = g

T r .
R; i
s"TT(s —a) sT1(s - a,)?
i= i=

X =

Since xz/s =yw & m, we have vp(fg) = vpy(s®*2*Y). As in the proof of
Lemma 2.3, there is &« € k* such that, in A\ P,

% __aR
N

T GRFO+1C
Let
n q D q
f= Z fjsﬂo’j l__[u#i'j and g= Z {ks"O,k nuf"i,k
j=1 i=1 k=1 i=1

as in Lemma 2.6. Let
! l
M, = min {UD(S”OJ l_[u,*‘i’f)}, M, = min {UD(SU""‘ ]_[u;’i»k)},
J i=1 k i=1

! !
J = {jlvD(s“°~i nu{r‘i,i) = Ml} and K= {klvD(s"O’k ]—[ug’i’k) = Mz}-
i=1

i=1

Then as in the proof of Lemma 2.3, for j €J and k € K we have v; , €
Znonneg With anj,k = #l,] + O'I’k and With

«| &l

_ —Vjk
= Y 6,0,
jel,kekK

Since xz/s & m, we must have v; , = 0 for some j € J and k € K. Thus, for
this j, we have u, ; = 0 and

-1
1 =wvp(x) =vp(f) —vp(s") = UD(S'LO’j_R ql—[u#‘*").
i=1

Since, by Proposition 1.3, we may assume vp(s) > 1, we must have g > 1.
Also, by (2.1), (2.4), and (2.5), we have that d,_, divides v,(s) and d,_,
divides vj,(u;) for i = 1,2,...,4 — 1. Thus, d,_; = 1.
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3. Construction of a ring with a cylinderlike spectrum

In the previous section we began with a cylinderlike surface, Spec A4, and
found a subset I of k[s, ¢,1/s] with the property that f/s € A4 if and only
if f/s™ € k[I]. In this section we wish to define a finite subset J of
kls, t,1/s] with the property that Spec k[J] is a cylinderlike surface. To
define J, we wish to form a sequence, u;, u,,...,u,, of elements of kls, t]
and a sequence, vy, V,,...,0,, of elements of k[s,¢,1/s] which have the
properties of the two sequences of section 2. We begin with an integer g with
a>1 A58, €k*; and dy, 0}, @,,...,w, € Z*. We want to de-
fine J so that there is a prime divisor D on Spec k[J] with v,(s) = d, and
vp(u;) = w; and so that u;,, = u} — A;s Tl lufii for some nj, ¢, ; €
Z"°"°¢,_ Thus, from Proposition 1.3, (2.15), and Lemma 2.7, we require that

dy> 1 (3.1)

and that if, for j = 1,2,..., g, we let

d; = ged(d;_y, »;), (3.2)
di_
nj = iil 5 (3'3)
and
w;
then
Wiy > N, (3.5)
and
d,_,=1 (3.6)

Given these conditions, by (3.2), (3.3), and (3.4), we have, for i = 1,2,...,
j — 1, that ged(n;, m;) = 1. Thus, we may define integers e;; and ¢; ; as in
(2.11), (2.12), and (2.13). As in (2.14),

j—1
i=1
and, as in (2.17),

e ;> 0. (3.8)

J
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We let
u, =t (3.9)
and, for j = 1,2,...,9 — 1, we define
j-1
Ujpg = uji — A;soi I_I ushi (3.10)

i=1

so that u; € k[s,t]. For j=1,2,...,q — 1 we let a; ;=m; and for i =
1,2,...,j — 1, we define integers a, ;, and b, ; as in (2.6) and (2.7) and we let
a; = a, ;. Then as in (2.9), we have

j—1
Z:l b, jw; + njw; = a;d,. (3.11)
im
Now we define
j-1
(T o
i=1
by = S (3.12)
and
udo
W= <a - (3.13)

Thus, v; and w; are elements of k[s, ¢,1/s]. By (3.1), (3.2) and (3.6) there is
an integer p with 0 <p < g such that d,=1and d;,> 1for i =0,1,...,
p — 1. Let ¢; and c] be the unique integers with

0<c,<nm (3.14)
such that, if ¢},,, = —1, then ¢, = cjn; — ¢;m; and let ¢, = cj. Then as
in (2.9)

p
Y ciw; = cody + 1. (3.15)

1

It

i

We now define

p
[ Tus
_ =1

s€o

(3.16)
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so that x is also an element of k[s, ¢,1/s]. Finally, we let

Q={jeZll <j<gqandn;* 1} (3.17)
and we define

T={s,t,x,0,} U {v;,w;.,lj € Q}. (3.18)

LEmMma 3.1. Let M€ Z and for i =1,2,...,q, let p; € 2"t with
Y mw; >Md, Let vi =YX ,u,0; — Md,. Then there are integers v; with
v, = u, such that

a
I_[ uj q

=1 A
—— =x"] o
s i=1

Furthermore, if i &€ ), then v,=p,; and if vo=0 and p,=0 for i =j,
j+1l,...,q,thenv,=0 fori=j,j+1,...,q.

Proof. Let p,c; € Zbe asin (3.15 and, for i=p +1,p+2,...,q, let
¢; = 0. Then by (3.15), we have

a
Y (= voc)w; = v + Mdy — vo(cody + 1) = do(M — vcy).
i=1

Induction on g — i together with (3.3), (3.4), (2.7), and the fact that m; = a; ;
shows that there are »; € Z such that

i—1
j=1

q
+ Y vi(a, n; — b, ;m;) =nn,...n (M — vyco)
j=it+1

and
q
nv; = (k; = voc;) — 2 bi,j”j
j=i+1
and

q
Z V]al’] = M - Voco.
j=1
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Thus, by (3.12) and (3.16),

a
q [Tut

) b i=1
xvo ] oy = M
i=1 s

Also, from above, ¢, = 0 and by (3.3) and (3.6) we have n, =1 so that
v, = p,. Similarly, if i < g and i & Q, then by (3.17) n, = 1 so by (2.6) and
(3.14) we have b, ; = 0 and ¢; = 0 so that v; = u,. If vy = 0 and u; = 0 for
i=j,j+1,...,q, then induction on g — i shows that v, =0 for i =,
j+1,...,q.

LemMma 3.2. Let J be given by (3.18). Then 1/s & k[J].

Proof. By (3.9), by (3.11) and (3.12), by (3.13), by (3.15) and (3.16), and by
(3.18) we have that the elements of J are all of the form

q
i
I_Iui‘
i=1
oM

with M € Z, p; € Z"°"¢, and L_,u;w; > Md,. Thus, the elements of k[J]
are all of the form f/s™ where

q

R
f=x gisho [ Tupes
Jj=1

i=1

with w; ; € Z"°"¢, [ € k* and, for each j,u,;dy+ X, 0, = Md,.
An argument similar to the one used in Lemma 2.1 together with (3.5) shows
that we may assume u, ; <n; for i =1,2,...,q — 1. By (3.8), (3.9), and
(3.10), we have

q q

[Tutei=1t7—sg(s,t) where ;= Y} u; nn,...n,_,.
i=1 i=1

Induction on i shows that if 7, = 7, then u; ; = u,; , fori = 1,2,..., q. Thus,
if f=s", then N > M. Therefore, 1/s & k[J].

ProrosiTioN 3.1.  Let J be given by (3.18) and let B = k[J]. Then Spec B
is nonsingular and the divisor of s is dyD for some prime divisor D. Also, if
i € O, then v, is not an element of any maximal ideal of B which contains s.
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Proof. Since B,,, = k[s,t,1/s], we have that Spec B is nonsingular at
any point of Spec B — V(s). Let P be a height one prime ideal containing s.
We wish to find a set of generators for P. Let [ be the least element of ). By
(2.6), (2.11), and (3.17), we have b, ,=e;, ;=0 for i =1,2,...,/ - 1 and,
thus, by (3.12), (3.9), and (3.10), we have

-1 g
sS4y, = ul = (t -y /\,.seﬂ,i) .
i=1

Since a,, = m, > 0, we have, by (2.6) and (2.7), that a;, = a; , > 0. There-
fore, by (3.8), t € P.
Forj=1,2,...,q,let

Q= (i eQli <j}. (3.19)

If i & Q;, then by (2.6), (2.11), (3.14), and (3.17) we have e, ; = b, ; = ¢; = 0.
Now we use induction to show that, for j € Q, there is y; € k* such that
v; — v; € P. With [ remaining as the least element of (2, we have, by (3.5),
(3 D, and (3.11), that w,,, > n,w, = ey ,d, = a,d,. Thus, by (3.10), (3.12),
and (3.13) we have

d
nr— \,s%\70 dy
dy _ [ W IS _ (%1 _ -
(UI—.)‘I) _(——-——-— = = g@i+1 lowH_leP_

s s

Thus, v, — A, € Pandwe let vy, = A,. For j = 1,2,..., g, we have, by Lemma
3.1 and by (3.7) and (3.11), that there are integers o; ; and p, ; such that

[T upertens
%— = il;s[;,.v‘? (3.20)
and
LT ufobe
?Q— = L1 vr (3.21)

Suppose that j € Q with j > I. Then, by (3.10), (3.12), and (3.13), we have

dy
( 11 uf’i’i)( KEDWL | ue'f)
do i€Q; i€,
(o2, T - a.

ieQ; s

= swj+1~njw,( l"[ Uip[’j)wj+l'

ieQ;
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For i € Q;, the induction hypothesis gives us y; € k* with v, — v, € P.
Thus, v; & P and so

dy
ieQ)

Therefore,

v; — v, €P wherey; =\ T] v € k*.

ieQ;

Now suppose j & ) and j # q. Let r be an integer with r > j such that
n,=1fork=j,j+1,...,r — 1 and either r € Q or r = q so that v, €J
by (3.18). Then, by (3.19), Q, = Q; for k =j,...,r and, by (3.10),

U, =u; — Z/\ €0k ]_Iue'k

ieQ
By Lemma 3.1 and (3.15), there are integers 7; such that

IT e

i€,

el B 7
codo+1 IT o

s i€Q,,

Thus, by (3.16), x% = sIl;cq , vi" and, since v; & P, we have x € P.
Let o; ; be given by (3.20). gI‘hen by Lemma 3 1, and by (3.12), (3.13), and
3.7, there are v, j.x € L with v, ;. > 0 such that

( I uf’f’f)(u + ZA seok [T ugi
i€ ieq;

U] = Saj

=xV0,j,r( l_Ivi"i,j‘r) vrir + Z A X70ik l_[l)"uk+/\ nu"tl

ieq; k=j+1 ie(;

Since, for i € Q) j» there is no maximal ideal which contains both s and v;, we
have that v; is regular on Spec B and, hence, v; € B. Also, since x € P and
v; —v; € P for i € Q;, we have v; — y; € P where y; = AT, c o v € k*.
Thus, for j = 1,2,...,q — 1, v; is not in any maximal ideal containing s.

By Lemma 3.1 and (3.13), for j = 1,2,..., q, there are integers M; ; such
that

w, = [Jors (3.22)
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so that w; is regular on .SpecB and w; € B. Also, for j # g, we have
w; — 8; € P where §; = I'l/_yy/"si € k*. Let 8, = I'l,c qyf** where the p, ,
are given by (3.21). By (3.3) and (3.6), we have n, = 1 so that, by (3.12),
(3.13), and (3.21), we have

bdo — 8w, = wq(igv{’i-q -5,) eP. (3.23)

If g — 1€ Q,let I be the ideal generated by
{s, t,x,vjo - 8qwq} U {Uj —ylie Q} U {w].+1 —8,.4lj € Qq_l}.

If g—1¢&Q, let I be the ideal of B generated by {s,¢,x} U {v; — v,
Wii1 — 8,411/ € Q). In either case, I C P and, by (3.18), B/I = k[v,] so that
I is a height one prime ideal. Thus, I = P.

Now, to show that Spec B is nonsingular at any point of V(s), we let m be
a maximal ideal containing P. Since v; € m for i < g, we have, by Lemma
3.1 and (3.9), that s and ¢ are elements of (x)B,,. By (3.10), (3.12), and (3.20),
we have, for j = 1,2,...,q — 1, that

b
( Il ui”’)uj+1

ieQ;
- | I =
Uj A] Ui bl = saj
ieqQ;

which is in (x)B,, by (3.5), (3.11), and Lemma 3.1. Using induction, we have
v; — v; € (x)B,,. Thus, by (3.22), w; — 8, € (x)B,, and, by (3.23), Ujo - 8w,
€ (x)B,,. Therefore, PB,, = (x)B,,.

Since B/P = k[v,], and PB,, = (x)B,,, we have mB,, = (x,v, — {)B,, for
some { € k. Let / = mB,,. Then dim(#/m?*) <2 = dim B,,. Therefore,
Spec B is nonsingular at the point corresponding to m. Since PBp = (x)Bp
and since, by Lemma 3.1, there are integers 6, such that s = x“I,_ v
with v; € P, we have that the divisor of s is dy,D where D is the prime
divisor corresponding to P.

4. A characterization of cylinderlike surfaces

In this section we combine the results of the previous two sections to give
an explicit description of the rings whose spectra are cylinderlike surfaces.

THEOREM 4.1. Let k be an algebraically closed field of characteristic zero.
Spec A is a cylinderlike surface over k if and only if A = k[J] where J is a
subset of frac(k[s,t]) defined as follows. Let r € Z" and for i = 1,2,...,r,
let a,B;, €k with a;# a; for i +j; let q;€ZL with q;>1; let Ay,
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AyireesAy €k andlet dy 0, ;0,45 .., 0, ; € L™ such that, for each
i, and for] =1,2,...,q;, we have that A ,,do,,, and w; ; satisfy (3.1), (3.5),
and (3.6). For each i, let u;,=t—B; and for j=1,2,...,q; define
U; ;U W X; and J; as in (3.10), (3.12), (3.13), (3.16), and (3.18) using
s — a; instead of s. Define J to be Uj[_\J. In this case PicSpec A =
;_,z/d,;Z.

Proof. Suppose that J is defined as above and that A4 = k[J]. Let
T = Spec A. Then T is an affine, rational surface over k. Note that J, C
kls,t,1/s — a;). Let f=TI/_(s — ;). Since A C k[s,t,1/f], we have that
T contains the open cylindrical subset

U=T-V((f)) =Speck[s,t,1/f].

Let A; = k[J;]and let f; =T1,,,(s — «)). By Lemma 3.2, 1 /(s — a,) & 4,.
Thus, 1/(s — a,) & (4)f;, = Af, and so 1/(s — «;) &€ A. Therefore,
A* = k*.

To show that T is nonsingular, let f=TII/_,(s — ;) as before. Since
Ay = kls,t,1/f], we have that T is nonsingular on T — Ui V(s — a)).
Again, let

A;=k[J] and f;=TI(s —a)).

Jj#i

Let T, = Spec A,. Since 4, cA c A, =(A,);, we have a morphism p;:
T — T, which is an 1somorphlsm from T V({( f,)) to T, — V((f,)). By Propo-
sition 3. 1, T; is nonsingular and the divisor of s — a; on T; is d,;C; for some
prime divisor C.OnT,

V((S - O‘i)) N V((f;)) =0

so T is nonsingular at any point of V((s — «;)) and the divisor of s — a; on T
is d,;D; for some prime divisor D; on T. Thus, by Proposition 1.4, Pic T =
11;_1Z/d, ;Z. Therefore, T is a cylinderlike surface.

Conversely, suppose that Spec A is a cylinderlike surface. Let r € Z* be
given by Proposition 1.1 and, for i = 1,2,...,r, let «a;, B; € k be given by
Proposition 1.1 and Proposition 1.2, respectively. Let P, be the prime ideal
given by Proposition 1.1 and let D, be the prime divisor corresponding to P;.
For i =1,2,...,r, let d;; = vp(s — @) and let w, ; = vp(t — B;). For each
i, we have q; € Z with g; > 1 given by Lemma 2.5; we have a sequence,
Uy, =1t—PBily;... U, ;» of elements of k[s,t] given by (2.16) and the
discussion following Lemma 2.4; and we have a sequence, Uy ;, Uy 5+ -5 Vg, is
of elements of A gwen by (2.8) and such that 4/P = k[?] by Lemma 2.5.
Let Ay ;s Ay --5 Ay, ; be the elements of k* given by (2. 15) and Lemma 2.4
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and, for j = 1,2,..., g, let o, vD(uJ ) € Z". By Proposition 1.3, we may
assume that the d0 ; satisfy (3 1) For each i, we have, by (2.15), (2.16), and
Lemma 2.4, that the w; ; satisfy (3.5) and we have, by Lemma 2.7, that the

d,_, ; satisfy (3.6). Thus we may define J as in the statement of the theorem.
Let

Li=y——7|0<wu; <n,forj<g;,0<p,, and

> vp((s — ai)N)

4i
M
up| TTut

~~——

for i = 1,2,...,r. By Proposition 2.1, f(s,t)/(s — a)™ € A if and only if
fGs,t)/(s — a)™ € k[L]. By (3.9), by (3.11) and (3.12), by (3.13), by (3.15)
and (3.16), and by (3.18), J; C I,. Thus, k[J] C A4.

Let I = U]_,I;. By Proposition 1.1, an element of A4 has the form

f(s,0)
H(S —a)™

We have

fsn) 1 f(s.1)
I —a)™ 7 (s -a)™ ' TT(s - )™

f(s.1)
(s =a) I (s —a)™

for r > 1. Thus, induction on r and on M, and M, shows that A C k[I]. Let
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be an element of /;. By Lemma 3.1, there are integers 7; with 7, Ty 2 0 such
that

z =sz°( Il U;:ii)

jeQ;

where, for each i, Q; is given by (3.17). By Proposition 3.1, there are no
maximal ideals containing both s — «; and v;,. Thus, z is regular on
Spec k[J] and, hence, z € k[J]. Therefore, A = k[J].
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