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THE PRIME ELEMENT THEOREM IN ADDITIVE
ARITHMETIC SEMIGROUPS. 1

WEN-BIN ZHANG

1. Introduction

As is well known, the abstract prime number theorem for an algebraic function
field is proved in the context of an additive arithmetic semigroup since the concept of
the latter was introduced by Knopfmacher [7], [8]. Thus it is essentially a theorem
about prime elements in additive arithmetic semigroups.

We recall that an additive arithmetic semigroup G is, by definition, a free com-
mutative semigroup with identity element 1 such that G has a countable free gener-
ating set P of “primes” p and such that G admits an integer-valued degree mapping
9: G — N U {0} satisfying

(1) a(1) =0and d(p) > Oforall p € P,
(2) 9(ab) =9(a) +9(b) foralla, b € G, and
(3) the total number G (n) of elements of degree n in G is finite for each n > 0.

In [6], [11], abstract prime number theorems are proved under a variety of condi-
tions. The theorems assume mainly that

Gin)=Aq" +0(@q") asn— oo 1.1

with constants A > 0,¢ > l,and0 <v < |, and that the generating function Z*(y)
of G (n) has no zeros on the circle |y| = g~!, or assume that 0 < v < % in (1.1). Let
P (n) be the total number of primes of degree n in G. The theorems state that

P(n)=q"/n+ 0@’ asn— oo,
where v < 6 < 1, or, equivalently, that

Amy:= )Y ap)=) rPr)=q"+0@"™.
e rin

In [12], elementary proofs of the abstract prime number theorem are given.
Also, in [11], subject to the weak condition

G(n) = Ag"+ 0(q"n™")
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with the constant y > 1, an upper estimate P (n) < q"/n, or, equivalently, A (n) <
q" is proved. From the upper estimate, Chebyshev type estimates for ¥ (n) :=
S A(s),ie., ¢" <€ ¥(n) < g", can be deduced.

It is now interesting, by analogy with the theory of Beurling generalized prime
numbers [2], to investigate the prime element theorem and the upper estimate in
additive arithmetic semigroups in which the more general condition

G =" Y AP + 0™ (12)
v=1l
or
G(n) =q" zr:A.,n”"" +0(q"n™") (1.3)
v=1
is given, where p; < --- < p, and Ay, ..., A, are arbitrary real numbers, g >

1,op >0,A, > 0,0 <v < 1,and y > 1. In this case, a generalization of the
abstract prime number theorem (henceforth, PE.T.) states that P(n) ~ porg"n=t, or
equivalently, A(n) ~ p,q".

We recall that if f(n) and g(n) are two arithmetic functions defined for all non-
negative integers, the functions 4 (n) defined by setting

h(n) = Zf(k)g(n — k), n=0,1,2,...

k=0
is called the additive convolution of f and g and denoted by f * g. As in [10], an
operator L on all arithmetic function f is defined by setting
(L)) =nf@n), n=0,12,....

The arithmetic function G (n) is an elementary combinatorial function of P(n).
This can be expressed explicitly by

Z*(y) =Y Gy =[] —ymFom. (1.4)
n=0 =

m=1
From (1.4), we can deduce
(o] _ o0 _ 00 _
Amy" Y Gy =Y nGn)y".
=1 n=0

n n=1

This can be rewritten in an additive convolution version as
AxG =LG, (1.5)

an analog of Chebyshev’s identity in the classical prime number theory.
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Thus we are essentially dealing with two nonnegative arithmetic functions G (n)
and A (n), not necessarily integer-valued, which are related by (1.5). This considera-
tion leads to an investigation of a general formulation of the prime element theorem in
additive arithmetic semigroups. In this investigation, we shall release the constraint
g > 1 and assume that ¢ > 0 although results for ¢ > 1 are still of main interest.
As in [11], we shall only prove results for A(n). When P(n) is the main object of
interest, the results on A(n) can be easily converted to ones on P(n) (subject the
condition ¢ > 1, say) by using

P(n) = ZA(r)u(n/r)

rin

This is particularly true when we apply the results to prime elements in additive
arithmetic semigroups.

The present paper is the first part of the results of this investigation. In this paper,
we shall establish the PE.T. in Theorems 6.1, 6.2, and 6.4. The key to the PE.T.
is to determine the number of zeros of the generating function Z#(y) on the circle
|yl = q~'. We shall show in Theorem 4.1 that the “total number” of zeros of Z*#(y)
on the circle is at most p, in some sense. Thus, Theorems 6.2 and 4.1 are analogs
of Beurling’s Théorémes VI and II’ respectively [2]. Theorem 4.1 has a general
formulation in Theorem 4.2. In this theorem we shall depart from the framework of
additive arithmetic semigroups since the subject matter rather belongs to the theory of
holomorphic functions. The periodicity in 6 of the generating function Z*(re'), or,
in a different way, the periodicity in ¢ of the associated “zeta function” ¢ (o + it) :=
Z#(q=7~'"), shows a major divergence from the classical zeta functions and represents
new difficulties. Thus, our proof of Theorem 4.2 depends on a representation of the
solution set of a linear diophantine equation with real coefficients. As in the theory
of Beurling generalized prime numbers, we shall show in Example 6.5 that in case
pr > 1 even the hypothesis (1.2) with zero remainder term does not generally entail
the P.E.T. We remark that this example presents new arithmetic features in some sense
too.

Since this paper may be regarded as a continuation of [11], we shall continue the
same notations. In particular, the generating function Z*(y) is defined in (1.4).

The constant y in the remainder term of (1.3) determines the “degree” of smooth-
ness of Z*(y) on the circle |y| = ¢~!. It is subjected to different conditions through
this paper.

The author thanks Professor Warlimont for valuable comments and suggestions
which help to significantly clarify or simplify the original proofs in many places.

2. An equivalent form to the asymptotic expansion

The essential part of the asymptotic expansion (1.3) (or (1.2)) is the partial sum of
the terms with p, positive. In this section we shall introduce an equivalent form to
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the essential part in Lemma 2.1. This form is easy to deal with by using generating
function techniques. We shall work with it in most parts of this paper.
As usual, we define

x(x—1---x—n+1) . .
(x) - l » ifn>0; @.1)
n 1, otherwise
for real numbers x and nonnegative integers n.
LEMMA 2.1. Letpy, ..., p, be positive numberswithp; < --- < p,and Ay, ...,
A, be arbitrary real numbers.
(M) If p1, ..., pr are all integers then there exist positive integers 1) < +-- < T

with T, = p, and T, = p, — k for some nonnegative integer k such that

4 _ £ n+rt,—1
> A '=ZBM< : ) (2.2)
v=1 pn=1

where B; = A, (p, — D!

@) If p1, ..., pr are not all integers, then for any positive integer m there exist a
positive integer s = s(m), real numbers Ty < -+ < T; Witht, = p, and v, = p, — k
for some nonnegative integer k(< m + [p,] — 2) such that, asn — oo,

r S — 1
> An»'=3"B, (” G ) + 0™, 2.2)
v=1 u=1 n

where « = max{p, — [p,],v=1,...,r}, B; = A, T (0,), and T is the Euler gamma
Sfunction.

Equality (2.2); must be known. However we are unable to locate where this
occurs. As substitution, here we give a proof of it with the help of the next lemma.

LEMMA 2.2. Let p be a real number. There exist coefficients a, = ax(p), k =
0,1, ... such that:
(1) If p = 1 is a nonnegative integer then

] 1
+1-k +1—k
n1=k20ak(n n ):kéoak(nl_k ), n>1, (23)

where ag = 1! (0! = 1) and ay, are all integers.
(2) If p is not an integer then, for any nonnegative integer m,

nP = Zak (n +S B k) +0m ™Y as n— oo, 2.4)
k=0

where ag = I'(p + 1). The O-constant in (2.4) depends on p and m only.
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Proof. The identity (2.3) is a specific form of a well-known finite-difference
formula [3]. It is a representation of the integer-valued polynomial x' in terms of
integer-valued polynomials (x :k) [5]. Dividing both sides of (2.3) by n’ and
taking limits as n — oo, we obtain

1= Lo =1
=aoy; de,ap =1l

To prove (2.4), it is sufficient to show that there exist coefficients ¢, = cx(p) such
that, for any nonnegative integer m,

m
(n : p) = Zcm”"‘ +0@m ™) asn— oo 2.5)
k=0
with cog = 1/T'(p + 1). Then,
n+ m—1
n®=T(p+1) ( " p) =Y anllo+ Dn* ' + 0@ ™)
k=0

and (2.4) follows by induction on m.
We begin with the well-known formula

1 5 o\ -1
L(p)= e wﬂ(HE) e/,

It follows that
n+p\ _ 1+p)2+p)---(n+p)
n - n!
1 n o0 p -1
= —exp{p 1/k — 1+L) e% (26)
YPERD p{ (Z/ V) I1(+5)
We have [4]
n l m
—k y =logn + ;dkn'k +0m™™Y
and hence

exp {p (Z 1/k — y) l =n’exp [ d,'cn‘k + Op(n"”")] . 2.7
k=1 K

=1
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Also, we have

ﬁ (1+§)-le"/k = exp{ i (—log(1+%)+§)}

k=n+1

1l
[¢]
>
Le)
—
[Me
[Me
SIL
~Z
~~
El e
vﬁ
[S——

k=n+1 t=2
m+1 t 00
(=1 1 e
= exp[ ——t— ! E["‘Op,m(n l)]
k=n+1
= exp{z din~* + op,,,,(n-m-l)} (2.8)

since, by the Euler-MacLaurin summation formula [10],

00 1 m—t+1

Z P= Z c,sn—t_s+1+0(n—m_l).
k=n+1 5s=0

From (2.6), (2.7), and (2.8), we arrive at

n+p\ _ ro—k —-m—1
( . )_ ToTD +1) |1+Zc + Opm(n )}

m
= chn"”k + 0w
k=0

withcg = 1/T(p+1). O

Proof of Lemma 2.1. If py, ..., p, are all positive integers, we simply set p, — 1
in place of p in (2.3) and (2.2); follows directly.

If p, is not an integer, we set p, — 1 in place of p and replace m by m + [p,] — 2
in (2.4). We note that (2.4) is obviously true when m is a negative integer. Thus we
obtain

mt{p)-2 e
= Y g (” o —k 1) + O (n~toltpe=my (.9)
k=0 n
Then (2.2), follows from (2.3) and (2.10). O

3. The prime element theorem and zeros of the generating function

If Gin) < q"n? for some constant p, the power series Z:io G(n) y" converges
and hence Z*(y) is holomorphic in the disk |y| < g~ '.



PRIME ELEMENT THEOREM 251

THEOREM 3.1.  Suppose that G(n) < q"n® for some constant p. Then Z*(y)
has no zeros in the disk |y| < qg!

Proof. Let A#(y) be the generating function of A(n). From (1.5), we have
A(n) < AxG@m) = LG(n) < q"n**! since A(n) and G(n) are nonnegative.
Hence A#(y) is holomorphic in the disk |y| < g~'. Also, from (1.5),

d
—7#
y 2 »

2 = A*). 3.1
7°0) » 3.0

Thus, Z*#(y) has no zeros in the disk. O

Suppose that (1.3) holds with y > 1. Then without loss of generality, we may
assume p; = 0 in (1.3). From (1.3) and (2.2) with m = 2, we have

. 1
2'0) =3 Bug—w + Arloe(l - ay) + RO, (3.2)
u=1

where R(y) = Y 02, raq"y" with r, = O(n?) and
B=min{y,2 — 1, +[r,], u=1,...,5} > 1.

Thus Z*(y) has a continuous continuation on {y € C: |y| <¢~! and y #¢7!}.
Although Z*(y) has no zeros in the disk |y| < ¢!, it may have zeros on the circle
lyl = g~'. The connection of the PE.T. with the zeros of Z*#(y) on the circle
|yl = ¢! is of interest and is given in the following Theorems 3.2 and 3.4, which
are generalizations of Theorems 2.1 and 2.3 in [11] respectively.

THEOREM 3.2.  Suppose that (1.3) holds with y > 1. If A(n) ~ p,q" (PE.T)
then the generating function Z*(y) has no zeros on the circle |y| = q~ .

To prove Theorem 3.2, we need the following lemma.

LEMMA 3.3. Lett > 0and
[ ¢]
(1—gy)"log(1 —qy) =Y _ang"y", |yl<q™".

Then
an = Oc(n~"+<7 ! (3.3)

foranye > 0.



252 WEN-BIN ZHANG

Proof. 1t is easy to see that

1 1-2)° —
o (1 —2)"log(1 — 2) dz.
2 l2l=r zn+l

(3.4)

where 0 < r < 1. Forn > 1 + t, we can shift the integration contour in (3.4) to the
one consisting of the upper and lower edges of the cut of the complex plane along the
real axis from 1 to co. Then we have

o0 o0 —_
(x —D"(|log(x — 1|+ 1) (x =D 4+ (x -1
lax| <</1 xn+l dx <<6-/1 xntl

dx,

since |log(x — 1)| K¢ (x — 1)7¢ 4+ (x — 1)¢ for 1 < x < oo. Finally we have

00 —1)T—¢
f gﬁ-—dx:B(r—e+l,n—t+e)
1 X

_Te—e+DI'n—7+¢)
- Cn+1)

— 0€(n_t+€_l),

where B and I' are Euler’s beta and gamma functions. O

Proof of Theorem 3.2. Let D be the domain formed by cutting the complex plane
along the real axis from ¢g~! to co. If 7, is not an integer, the function

—— =exp{r,(log|1 — qy| + i arg(l — gy))}
assumes 1 at y = 0 and is the single-valued branch in D of the associated multiple-
valued function. We consider the function

Z(y) = (1—qy)"Z*(y)
s—1

= B, + Z B,(1—gy)"™™ + (1 —gy)"(A;log(1 —gy) + R(»)(3.5)
pn=1

where T = p, = t;, which has a continuous continuation to the circle |y| = q“. It

is sufficient to show that Z(y) has no zeros on |y| = ¢~!.

On the one hand, the generating function A*(y) of the arithmetic function A (n)
satisfies

d
—Z*(»)

A (y) =y &

0 +yZ’(y), -1
Z*(y) l—qy ~ Z(y)

Iyl <gq
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Hence,

Z A
Z( )

As in the proof of Theorem 2.1 in [11], we then obtain

=Y (A(m) — 1g"y"
n=1

1Z(re’®)| = e7*(1 = rq)", (3.6)

where ¢ = c(¢) is a constant.
On the other hand, we have

A—gy) ™™ =) (I —nr“) (=D"g"y" 3.7

n=0

1y (P ) = n—t+g, -1\ _ a7t
n - n F(-t+71,—1)

= O(n e h (3.8)

and

asn — oo if T — 7, is not an integer. Also, we have

(=g RY) = (Z (;) (—1)"q"y") (Z rnq"y”> =Y ag"y", (39

n=0 n=0 n=0
where
Z( 1)k( )rn-k
k=0
p 0 k—'r 1 . n p )
_ e _ e
<n er( —— " k=u;z]+1 il K n7F 4071 (3.10)
since

e n—t—l
=D (n) )
as n — oo if T is not an integer. It follows, from (3.5), (3.7), (3.8), (3.3), (3.9), and
(3.10), that

o0
Zy) =) bug"y"

n=0
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with b, = O(n~%) and § = min{B, 1 + 7 — 7,_;} > 1. Hence,

. ; 1
1Z(r1e) — Z(re®)| < Y —(@r)" = @) < @ri—gn’ G

n=1

forO0<r <r; <gq !, byLemma2.2in[11].
Now suppose Theorem 3.2 is false and Z(g~'e’®) = 0. Then, letting r| = g~
(3.11), we would obtain

Lin

1Z(re®) < (1 —gr)*~".
Taking € = (6 — 1)/2 in (3.6), we would have
e™(1 —gr)® D2 < k1 —gqr)’,
or
e /K < (1—gn)®
this is certainly absurd for r sufficiently close to ¢g~!. O

Conversely, we have the following result which is a “conditional” prime element
theorem and an inverse of Theorem 3.2 in some sense.

THEOREM 3.4. Suppose that

2

o0 r
Y n?|Gmg™ =Y An”T!| < oo, (3.12)
n=1 v=Il

where py < --- < p,and Ay, ..., A, are arbitrary real numbers, p, =t > 0, A, >

1

0. If (1 — qy)* Z*(y) is continuous on the closed disk |y| < q~' and has no zero on

the circle |y| = q~! then

A(m) ~ p.q"  (PET).

Proof. Without loss of generality, we may assume p; > —% in (3.12). From
(3.12) and (2.2) with m = 3, we have

Z@y) = (1 —qy)"Z*y)
s—1

= B+ ) Bu(1—gy)" " +(1—qy)F
n=1

o0
x| Alog(l—gy)+ Y. AY n*7'g"y"+R() |,

_jlfpv<0 n=1
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where A = A, in case p, = 0 and A = 0 otherwise, and where
o0

r o0
Ry =) (G(n) -q"y Avn”v") Y Y gy
v=I n=0

n=1

with 7, = O(n~#) and B = min{3 — T, +[t.], u=1,...,s} > 2if p, are not all
integers and r, = 0 otherwise. Then, as in the proof of Theorem 3.2,

qy Z A -
Ay =1 n)y", <ql
N=TStIZ0 Z my",  Iyl<q
It suffices to show that
Z'(y) _
y"dy = o(q" 3.13)
/yl—r Z(y) y =o(q") (

asn — oo, where 0 < r < g~ .

The function Z(y) is continuous on the disk |y| < ¢~! and has no zeros there. For
ly| < ¢!, we have

Z(y) = ZB (t = 7)g(l — gy
P

—q(1 —gy)" '(Atlog(1 — gy) + HY)) + (1 — gy)"R'(¥),(3.14)

where

Hy)=r1t| Y A anv "Y'+ R() |+ A

_%Spv<0 n=1
3 A,,|: +Z((n+1)’°”—n"”)q }
_%5pv<0 n=1

To show (3.13), we first note that for 0 < v — 7, < 1, in a small neighborhood of
6 =0,

(1 — eio)r—r“—ll ~ |0|‘t—‘t,‘—l

as® — 0. Hence, [ (1—e'®)*~™~! d6 converges absolutely. We consider a contour
Cs. consisting of the part of the circle Cs: |y| = 8(< ¢~') which is outside the small
circle c.: |y — g~!| = €, and the part of the circle ¢, which is inside the circle C.

Then
f 4! —qy)""“'y_n dy =f a1 —qy)"”“'y_,, dy
yl=r Z(y) Cie Z(y)
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1

Upon letting § — ¢~ —, we obtain

_ -1, —1
/ (1—qgy) Y dy
Iyl=r Z(y)

—a(e) 1— 10 T— 1:,‘—1 )
(/ f ) ( _2 _ n=1,=i=10; 4o
- a(e) Z(q e”)

A—gy)™™ o
¢ ZO)

6

dy,

where a(€) and —a(€) are the arguments of intersection points above and below the
x-axis of ¢, with the circle [y| = g~ respectively, and where c. is the part of c,
inside the circle |y| = ¢~!. The modulus of the integrand of the last integral is

<n lq—l _ y|t—t,,—l — E‘t—‘(“—l.

Since T — 1, > 0, the last integral tends to zero as ¢ — 0. Letting ¢ — 0, we
conclude that

(1 __qy)t—tu—l o et .4 (1 _ eie)t—tﬂ—l o
—— y"dy=iq" —— "9 (3.15)
/l;l—r Z()’) Y Y 1 - Z(q_lelg)

Plainly, (3.15) holds for 1 < 7 — 7.
We then note that R(y) has a continuous continuation on the closed disk |y| < ¢~
Actually,

1

IR(re'®) — R(pe'?)|

IA

G(n) q ZA nP1

v=1

Ir* — p"|

o0
+D Il lr" = o

n=0
o0 r 2

< Zlnz Gn)g™ — X_;Avn”““ ((gr)" — (@p)")?
}: + Z Irall@r)" = (ap)"|

n=0

by the Cauchy—Schwarz inequality and hence |R(re®) — R(pe®)| — 0 uniformly
asr, p — g~'—. This implies the existence of the continuous continuation on the
circle |y| = g~'. Thus H(y) has a continuous continuation on the same disk too. An
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argument similar to the one deducing (3.15) shows that

1 —gy)"Y(Atrlog(l —gy) + H
/, , (1 —gy)" " (At log(l — gqy) (y))y_,, dy
yl=r

Z(y)
Pt i9yr—1 i0 —1,i6
. a1 (1 —e")"""(Arlog(l —e”)+ H(g7'€"")) i1y
- : de. (3.16
v Z(gTe") ¢ (316
We finally note that

4 [e.¢]
/ |Rl(rei9) _ R/(pei0)|2 de = ZanZan(rn—] _ pn-—-l)2 -0
- n=1

asr, p — q~!—. There exists a function F(0) € L,[—m, m] such that R'(re®) —

F(®)in Ly[—m, ) asr — g~ '. Thus,
(1—gre®)'R(re”) (1) F@®)

- - 3.17
Z(rela) Z(q—]elo) ( )
in Ly[—m,w]asr - g~ '—.
Now, from (3.14) to (3.17), we obtain
Z'(y) _,
——y "dy
~/|vy|=r Z(y)
b 4 1 s—1 . .
. n—1 iO\t—1,—1 i0\t—1
=iq f — -1~ 2 Bu(t —T)g(l — ") T —q(1 —€7)
- Z(g~'e") ; e

x (Atlog(l — €'®) + H(g'e"®)) + (1 — €¥)T F(6) ] e—i=10 g
=o(g"),
for the last integral tends to zero as n — oo by the Riemann-Lebesgue lemma. O

COROLLARY 3.5. Suppose that (1.3) holds with y > -23- If Z*(y) has no zeros on
the circle |y| = q~! then

A@m) ~ pq" (PET).
4. The total number of zeros of the generating function

The generating function Z*(y) has no zeros in the disk |y| < ¢g~! but may have
zeros on the circle |y| = g1, If g~1e?"% is a zero of Z*(y), the number

a(f) := sup {a: limsup(g~' — )| Z*(re*™%)| < oo} , 4.1,

r—q'-
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or equivalently, following Beurling [2],

1o Z#(reZﬂiO)
;g%, (4.2),

a(0) := liminf
-7

r~¢-'- " log(g

is called, by definition, the order of g~!e?"%¢.

In this section, we shall prove the following theorem which gives the “total number”
of zeros of Z*(y). This theorem is an analog of Beurling’s Théoréme II’ [2]; the latter
is a generalization of a theorem of Hadamard.

THEOREM 4.1. Suppose that (1.3) holds with y > 1. The “total number” of
zeros of Z*(y) on the circle |y| = q~! is at most T = p, in the sense that

o (%) +2 ) a@® <t (4.2),

0<9<%

or
2 Z a@) <t 4.2);
0<9<%

according as —q~" is or is not a zero of Z*(y), where the summation is taken over

all zeros of Z*(y) on the upper half of the circle |y| = q~".

Remark. The upper bound of the total number of zeros given in (4.2) is best

possible as Example 4.1 in [11] and Examples 6.5 and 6.7 of this paper show. We

note that o(3) is the order of zero —g~".

We shall first prove the following general formulation of Theorem 4.1 and then
Theorem 4.1 follows directly.

THEOREM 4.2. Let f(z) be a function continuous on {z € C: |z] < 1 and 7 # 1}
and holomorphic in the disk |z| < 1. Suppose that f(z) has no zeros in the disk and

log fz) =Y azt,  lzl<1 (4.3)
k=1

with coefficients c;, > 0 and that, for some constant T > 0,
lim f(r)(1-r)’ 4.4)
r—>1—

exists and is positive. Let 0 < 0 < --- < 6; < 1 be arbitrary. Then

k 2mif;

.. log|f(re®™™)]

1 f———— <7 4.5
1’35'3 log(l—r) ~— ¢ @.5)
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The following proof of Theorem 4.2 is a simplification of the author’s original
proof of Theorem 4.1 due to suggestions of Warlimont.

We begin with the representation of the solution set of the diophantine equation
by + -+ ab = m.

LEMMA 43. Given 0 = (61,...,6) € REwith0 < 6) < -+ < 6 < 1
arbitrary, let

S=250):={a=(,....0) € Z*: (a,0) € Z}) 4.6)
where (a,0) = o106y + - - - + 6. If S # {0} then there exist a positive integer m < k
(m is the “dimension” of S) and a matrix C = C(0) € M(m x k, Q) of rank m such

that

S=(BC: BeZ™}.

Proof. We consider two possible cases separately.

Case I. The equation «;0; + - - - + ax6; = z has no solutions in Z* for all z €
Z,7 # 0. Then the homogeneous equation «;0; + --- + ax6; = 0 has non-zero
solutions. We consider a maximal subset of elements linearly independent over Q of
the set {6y, ..., 6¢}. Upon changing the subscripts, we may assume {6, ..., 0} is
such a subset. Then! < k. There exista;, € Q,t =1,...,l,s=1+1,...,ksuch
that

041 = ay41,161 + -+ + ap1,01,

@mn
O = ar161 4+ + a6

Ifa € S, then

0 = 161+ -+ by

= (a1 + i@y + -+ ora )0 + -+ (o0 o + -+ akar)o;.

It follows that

ap +ogpray + o Fogag = 0,

a+oypap + -+ ogagy = 0,
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and hence
Q) = —0414141,1 =+ — Qa1
o) = —0414141,0 — ** — Qklg,l-
Letm =k —1,
—an v —aipy 1o 0
C =
—ayy o+ —agg 0 - 1

and then S = {BC: B € Z™}.
Case II. The equation &0 + - - - 4+ a0 = z has solutions in Z* for some z €
Z,z #0. Thentheset M = {z: 0 < z = («, 0) for some o € S} is non-empty. Let

zo =min{z: z € M}anda® = (@), ..., Q) € S such that a¥6; + - - - + a6 = zo.
We claim that, for each & € Z¥, @ € S if and only if there exist t € Z and n =
M1, ..., nk) € Z¥ such that @ = ra® + 5 and

moér+ -+ b =0

and that if o € S the representation o = ta® + 7 is unique. Actually, if o18; + - - - +
b =0thena = 0a® + pwithn =a. fa0, +---+ a6 =z € Zand z # 0,
then z = tzo for some ¢t € Z. Otherwise, z = tzo +r witht,r € Zand 0 < r < zg.
Then o’ = o — ta® € ZF and

(,0) =z—tzg=r.

This contradicts the definition of zg. Thus z = 79 and n = « — ta® satisfies
(n, 6) = 0. Plainly, ¢ and n are unique and the claims hold.

Now, if the homogeneous equation a6 + - - - + ¢ = 0 has only the solution
©,...,0) € Zthenn = O0Oand @ = ta®. Letm = 1,C = o and then § =
{BC: B €Z}.

Thus we may assume that the homogeneous equation «16; + - - - + a6 = 0 has
non-zero solutions in Z*. Then, as in Case I, we may assume that {9, ..., 6;} be
a maximal subset of elements linearly independent over Q of the set {6, ..., 6}
and that there exist a;;,t = 1,...,l,5s = 1+ 1,...,k such that (4.7) hold. Let
m=k—1+1and

0 0 0 0
o) o ey gy O
=411t —Ail 1 e 0

_ak,l cee _ak,l 0 ce 1
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and then S = {BC: B € Z™}. Finally, it is easy to show that the rank of C is
m=k—-I1+1. 0O

We now turn to the proof of Theorem 4.2.
Forx = (xi,...,x) € R,y = (n1,..., i) € RY, we set ||x|| = max,<j< |x;|
and (x, y) = x1y1+- - -+x¢ yx. Let K be apositive integer. We consider the inequality
2

0<|> e =" n(a K)cos(a, x) (4.8)

1eNk aeZk
[JE2

where o = (e, ..., ;) and

@k = 3 1 0, if lloe| > X, “o)
n(a, = = . .
, [T (K = o), if llall < K.

Y/
<k
1=I'=a

When k = 1, this inequality reduces to the one in [1],

K-1
0<K+ Z 2(K — 1) cos(ix).
=1

Using the inequality (4.8), we can give a more direct proof of the theorem of Beurling
mentioned before. Here we shall utilize (4.8) to prove Theorem 4.2.

Proof of Theorem4.2. Letx = 2nn(6,,...,6) withn € N in (4.8). We multi-
ply both sides of (4.8) by c¢,r" and sum up over n. Then we obtain, from (4.3), for
O<r<l,

0 < ) n(e, K)log|f(re?™ )]

aeZk

= | ) n@K) |logf(r)+ Y n(a K)log|f(re?™ ). (4.10)

aeZk aeZk
(@8)eZ (@0)¢Z

It follows that

1 2mi{a,0) 1
3 e, k) BLCEON S ok | 2BLD
weZk log(1 —r) acZk log =

(@6)¢Z (@.0)eZ

Let
N@,K):= Y n@K)=)Y n@K),

aeZk aes
(a.0)eZ
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where S is defined in (4.6), and

Ni©®.K):= Y n@K)=Y n@K), j=1,..k (4.12)

aelk aeSs;
(@.0)-6;€Z

where
S;=5;0):={aeZ (0,0)—6;€Z), j=1,... k.
We note that S, S;, j =1, ..., k are mutually disjoint and that
Si={a+e:aes}, j=1,...,k,

where e; is the jth vector of the standard basis of R*. From (4.11), we have

k 7i6; 27i e,
ZNJ'(G, K) log| f (re®™i%)| Py n(o, K) log|f(re?™ )| _log £(r)

~ N@O,K) log(l—r) 4 NO.K) logl-r) = logit’
a;SU(u;;I L)
4.13)
We note that, from (4.4),
1
lim 8 f(lr) =1
r—>1- log =

and that

2mi (o, 0)
fim inf 28/ e

>0
r—1- log(1 —r) -

for (o, 8) & Z since f(z) is continuous on {z € C: |z] < 1, z # 1}. It follows, from
(4.13), that

k 2mi6;
Nj@,K). . . .1
S NOK) LBl D]

—_— 4.14
= N(6, K) r—oi1- log(l -r) ( )
We claim that
N;0, K) -1 ,
~ =1 s = 1, Loy K. 4.1
NG@.K) + O(K™) J k 4.15)

Actually, if S = {0}, from (4.9) we have
N@,K)=n(0,K) = K*

and

N;®,K) =n(ej, K) = K¥"'(K —1).
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If § # {0}, by Lemma 4.3, there exists a matrix C = C(0) € M(m x k, Q) of rank
m > O such that § = {8C: B € Z™}. We note that

Y 13 K"
IIZE'II:K

: k
since | BCIl < 18I 2272, X)) lcij|. Hence

k
NOE.K)= Y []K -18Ci) >0 K™

pelm j=1
IBCl<K

where C; is the jth column of C. Also,

k
NO.K) = 3 (1‘[<K—|ﬁcj|))<k—lﬂc,~+u>

m i=l

Be .
1BC+ej <K i#j

N@©, K) + O(K™*1y, j=1,... k.

Thus the claim holds.
Now, (4.5) follows from (4.14) and (4.15) by letting K — oo on the left-hand side
of (4.14). 0O

Proof of Theorem 4.1.  We consider f(z) := Z*(g~'z). Then, from (3.5),

Z(g™'2)

TO=a

where Z(g~'7) is continuous on the disk |z| < 1 and holomorphic in the disk |z| < 1
and Z(qg~') = B; = A,T'(r) > 0. It follows that

lim f(r)(1 - ' =2Zg"H>0.
Also, it is easy to see that, from (3.1),

o =
log f(z) =logZ*(g™'2) = ) -k—l lz| <1
k=1

and (4.3) holds with ¢, = ¢ *A(k)k~! > 0. Thus (4.2) follows from Theorem 4.2.
(]
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5. The orders of zeros of the generating function

If y > 1+ 7 then the orders of zeros of the generating function Z*(y) are positive
integers as the following theorem shows. This theorem is an analog of a result of
Beurling [2] and its proof follows the general idea of Beurling too. It is essentially
best possible as Example 5.4 will show.

THEOREM 5.1. Let g~ '¢*™® be a zero of Z*(y) with order o = «a(8) where
0<6<1.

(1) If (1.3) holds with y > 1 then @ > min{l, y — 1}.

(2) If (1.3) holds with y > 1 + «, in particular, if 6 # % and (1.3) holds with
y>1+3o0rifo = % and (1.3) holds with y > 1 + t then « is a positive integer.
Moreover,

Z#(re271i0) (__1)

o
1 — #() o, —1 2ni6
,_13;9._ (q-—l _ r)ae27riot9 - a! Z (q € ) # 0

and Z*(y)/(q~'e**% — y)* is continuous on {y: |y| < q~ !, |y —q~'e*%| < 6}‘for
some € > 0.

As in Section 4, we shall prove a general formulation of Theorem 5.1 in the
following theorem and then Theorem 5.1 follows directly.

THEOREM 5.2. Let f(z) = S(z) + R(z) where S(z) is holomorphic in the disk
|z] < 1 and

00
R@) =) r", 2l <1

n=0
withr, = O(n™7). . .
(1) Suppose that S(z) is also holomorphic in a neighborhood of ¢***® and e**% is
azeroof f(2). If y > 1 then

@ =a@) =sup(p: (1 —r)P|f(re™ )| < 1)
satisfies @ > min{l, y — 1}.

(2) Furthermore, suppose that S(z) is continuous on {z: |z| <1 andz # 1} and
for some constant T > 0,

lil’}‘l_ S —r)F

exists and is positive, and that f(z) # 0 in the disk |z| < 1 and

o0
log f(z) =) ez, 2l <1
k=|
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with coefficients ¢, > 0. If y > 1+ «, in particular, if 0 < 6 < 1,0 # % and

y>1+35orifo = % and y > 1 + 1, then « is a positive integer. Moreover,

2mif
lim fre ). = (
r—>1- (1 — r)ae2ma0

—1)® ,
a,) @) #£0 5.1)
and f(z)/(e*™® — 2)* is continuous on {z: |z| < 1, |z —e*™®| < €} with some € > 0.

Proof of Theorem 5.2. To prove (1), we note that the function R(z) is continuous
on the disk |z| < 1. Hence

| f(re® ) = |f(re¥ %) — f(e¥?)|
= [(S(re”®) — S(e¥™)) + (R(re”™?) — R(e*"))|
< A=r)+0=r) Y 274y n7

I<n<M n=M
< A=-n+A =M 4 ML
Let M = (1 — r)~!. Then we obtain
fre™) < A=)+ 1 -r)h <1 —rymettr-l

and ¢ > min{1, y — 1} follows.

To prove (2), without loss of generality, we may assume that y is not an integer.
We have to show that « is an integer. Suppose on the contrary that « is not an integer.
Then, from the definition of «,

|frei®)]

lim =0 (5.2)

s S TRRT:
for all integers k < «.
We note that all derivatives f*(z),k < y — 1, are continuous on {z: |z| <
1, |z — ™| < €} for some € > 0. Hence, for 1 < k < y — 1, we have the Taylor
formula

k-1

f(re27”0) — Z mf(n)(e27119)e27nr19(r _ l)n
n=1 """
1 r . .
+ (k 1)' f f(k) (te27r19)e27‘nk0 (r _ t)k—l dt. (5.3)
-D'J
Moreover, if k = [y] — 1, then
If(k)(teZNiG) _ f(k)(62ni9)| = |(S(k) (te27ri9) _ S(k)(e27(i€)) + (R(k)(te2ni0)

_ R(k)(eZItiG))l
< (I=n+0 ="M< a-nrt,
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since
[o o]
lR(k)(teZHiO) _ R(k)(eZHiG)| — Zrnn(n _ 1) . (n —k + l)eZHi(n—k)G(l _ tn—k)
n=k
< (1-1) Z n—y+k+l + Zn-—y+k

k<n<M n>M
< (1- t)M—y+k+2 + M—y+k+l
< A== -

with M = (1 —¢)~!. Hence, if k = [y] — 1, the last term of (5.3) equals
1 . )
Ff(k)(eZJTIO)e271lk9(r _ l)k + 0((1 _ r)y—l)

and we obtain

[yl-1
f(re27n'9) — Z %f(n)(eZTrie)eﬁtine(r _ 1)n + 0((1 _ r)y—l). (5.4)

n=1

Since ¢ < y — 1, from (5.2) and (5.4), we obtain, by induction,

F™ (%) = 0, for 1<n<[a] (5.5)
Now, from (5.4) and (5.5), if [@] < [y] — 1 then
|f (re*™ )|
1 — et <1
and if [@] = [y] — 1 then
|f (re®™)]
m < 1.

This implies that « > min{[e] 4 1, ¥ — 1} which contradicts ¢« < y — 1. Therefore,
o must be a positive integer.

Finally, since « is a positive integer and ¢ < y — 1, (5.1) follows from (5.4).
Moreover, for z in {z: |z| < 1, |z — 2"®| < €} with some € > 0, we have the Taylor
formula

k—1

1 . )
fl@ = Z ;;f(n)(ehne)(z _ 827”9)”
1
+(k D1 f FO1 = 1)e?™ 4 17)(z — 2™ OY(1 — 1)L dt
-D!'J

with k = [y] — 1 and the continuity of f(z)/(e?*® — z)* follows. O
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Proof of Theorem 5.1. Without loss of generality, we may assume that p; >

—y + 1in (1.3). Let f(z) := Z*(g~'z). Then, from (1.3) and (2.2) with m >
y + max{p, — [p,],v=1,...,r}, we can write

f@) =S+ R(@),

where the function

S@ = ZB,L +Alog<1—z)+2ck2 o el <1
k=2 n=1
witht < -+ <1, Tt =17 >0,A = A,incase p, = 0,Cy = A, in case
pv = —k + 1 and where the function
o0
R@) =) ra"
n=0

withr, = O(n™7). Itis easy to show, by induction, that Z,fil z"n~* is holomorphic
in the domain D formed by cutting the complex plane along the real axis from 1 to
oo. Hence so is S(z). Moreover, plainly,

lim S(r)(1 —r)* = B, = A,T(r) > 0.

Thus f(z) satisfies the hypotheses of Theorem 5.2 and Theorem 5.1 follows directly.
O

Theorem 5.1 or Theorem 5.2 has the following immediate consequence.
COROLLARY 5.3. I[f0O<7t <landy > 1+ 5 then for0 <6 < 1,0 # %,
Z*(g~'e¥ %) £ 0 (or F(e¥™1%) # 0).
Ify > 1 + 1 then Z*(y) (or f(2)) has no zeros on the circle |yl = ¢~ (Jz] = 1).
The following example shows that a(%) may not be integral if (1.3) holds with
y < 1 + 7 and hence the result in Theorem 5.1 is essentially best possible in some

sense.

EXAMPLE 5.4. Let k and m be arbitrary positive integers such that m > 4k. We
setq =m?, o = (=12, and

Ay =q"k+ D" k+a~1), n=12,....



268 WEN-BIN ZHANG

Then A (n) are all positive integers. We have P(1) = A(l) > Oand, forn > 2,
P() = Y A@u@m/r)=Am - Y A@)

rin l<r<n/2
2%
> ¢"(l-a)—2k Y ¢ =q"* Iq(l —a) - —q}
I<r<n/2 g-1
> ¢"?@2m — 1 — 4k) > 0.

Thus P(n) are all positive integers too.
It is easy to see that

d

— 7
y & ) — Aty = N4y kta-Day
Z*(y) 1—gy 1+qy
and hence
(1 +qy)k—l+a »
M) = ———, Iyl <
Y (1— gy y=q
which has a zero y = —g~! with non-integral order k — 1 + .
Then we have
_ 1 1 k—14+a n 1 k—14a
Gy = (tqy) kdy=q./ (J:z) "z
278 Jiyi=r, Y"1 — qy) 271 Jig=r 27711 = 2)
where 0 < r; < g~!,0 < r < 1, and hence
- sin(k — 1 +a)r [~ |14 x|k~ 1+
=g" dxt, 5.6
Gn) =gq [Pk(n)+ - ‘/;00 X+ (1 — x)k X (.6)
where
1 k—14a
P,(n) = Res d+2)

k+oa—1 n+l1 k
— Z 2k+a—] (_l)mz—m — Z Avnv—l
I4+m=k—1 m l v=1

with Ay = 1/(k — 1)! > 0. The integral in (5.6), denoted by /, equals

( 1)n+] /oo vk—l+ot dv
o (IT+vy @24k

o0 vk—l+a
I = ——dv.
1 /0 (]+v)n+l+k v
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Then

2*n <1 <1
since 2 + v < 2(1 + v) for v > 0. We have
_Tk+a)F(n+1-a)

I, = Bk+a,n+1—a)

Frn+k+1)
n @+De@tk-DI-0)2-a)---(n —a)
" sinarw (n+k)!
14 (a+1)-~(a+k—1)n_k_a

sinamw ra-ow) ’

where B and I" are Euler’s beta and gamma functions. Therefore
_ k
Gm) =) _ An"'+ 0w,
v=1

In this example, T = k. Forany y < 1 + t = 1 + k, we can choose m sufficiently
large so that k + « > y. Then (1.3) holds with y < 1 + t and Z*(y) has a zero at
y = —q~! with non-integral order.

6. A generalization of the abstract prime number theorem

The key to establishing the abstract prime number theorem is to show that the
generating function Z*(y) has no zeros on the circle |y| = g~!. For0 < 7 < 1, from
Corollary 5.3, Z*(y) has no zeros on the circle |y| = ¢! provided that y > 1 + .
Thus, the following theorem follows directly from Corollaries 5.3 and 3.5.

THEOREM 6.1. If (1.3) holds with t = p, < 1 and y > 3, then A(n) ~ ©q"
(PE.T).

However, for T > 1, the Examples 6.5 and 6.7 show that, in the general case,
even a zero remainder of G () does not guarantee that Z*(y) is nonvanishing. Thus,
the following theorem is our best knowledge about A () in the general case. This
theorem together with Theorem 6.1 is an analog of Beurling’s generalization of the
classical prime number theorem.

THEOREM 6.2. For t = p, > 1, the hypothesis
r
Gin) =q" Z A,nP!
v=I1

does not generally entail A(n) ~ tq". However, for t > 1:
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(1) If the condition (1.3) holds with y > 1+t then there exist a nonnegative integer
kwithk < [(t + 1)/2], k real numbers 0y, ...,6, with0 < 0, < --- < 6 < 1/2,

and k positive integers ay, . . . , &y such that
_ k=1
Am) =4q" (T -2 Zav cos2nml, — (—1)"ay + 0(1)) 6.1)
v=1
and
k—1
a+2) o <Ir] 6.2)
v=1

if 6, = 1/2 or such that

k
Am) =q" (r —2) a,cos2nmd, + 0(1)) (6.3)
v=1
and
k
2) e, <I1] 6.4)
v=1
ifor < 1/2.

(2) If the generating function Z*(y) of G (n) has no zero at y = —q~ ' and (1.3)
holds with y > 1+ % then (6.3) and (6.4) hold with k < [t/2].

Remark. Wenote thatg~'e*?"% v =1, ..., kare zeros of Z*(y). In particular,
if Z*(y) has no zeros on the circle |y| = ¢~! thenk = O and A(n) ~ tq" asn — oo.
However, this result is weaker than Theorem 3.4.

Proof. 'We shall give only the proof of (1). The proof of (2) is almost the same.
Without loss of generality, we may assume that 14t < y < [t]+2. By Theorem 5.1,
the generating function Z*(y) has at most [7] zeros on the circle |y| = g~

Assume the case that —g~! is one of its zero. Then Z*(y) has 2k — 1 distinct
zeros ¢ et y =1,...k—1,and —¢~' with0 < 6; < --- < 6, = 1/2. By
Theorem 5.1, the orders «, of g ~'e?*/% are all positive integers. Hence, 2k — 1 < ,
i.e. k <[(r + 1)/2], and (6.2) holds.

Let

Z*()(1 —gy)°
k—1

(1 +qy)°’k l—[(] — qyez”i"V)“"(l _ qye—ZniG‘,)a,,

v=I]

F(y) = (6.5)
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Then F (y) is holomorphic in the disk |y| < ¢~! and, by Theorem 5.1, is continuous
on the disk |y| < ¢! and has no zeros there. Hence

k—1 270, —2mi6
# qy qgye qye ’
Ay =t Z“"< e, T —2;11'0”)
v=1

I—qy 1 —gye 1 —gye
F/
Sty qy y (y).
1+qgy F(y)
Therefore,

k—1 ’
< 1 Fy) _
An)y=q"|{1—-2) a,cos2nnb, — (=", +——,/ ——y"dy (6.6)

q ( ; i ) Foyt P

where 0 < r < g~!. It remains to show that the last integral, denoted by 1, is o(g").

We note that F’(y) is continuous up to the circle |y| = g~! except at points £¢q !
and g ~'e*?% y = 1,...,k — 1. Consider a contour Cs . comprising the parts of
the circle Cs: |y| = 8 (< g~') which are outside all small circles cy: |y —g~!| =
€,Coi |y —q ¥ = ¢e,c_ |y —q e = ¢,v=1,...,k—1, and
ce: ly+g~"' =€, and the parts of these small circles which are inside the circle Cs.
Then we can shift the integration contour of I to Cs . and obtain

F'(y) _
= — vy dy. 6.7
/c Fo)°»
Upon letting § — g~ !—, we obtain
F'(y) _
= f FO) on gy, 6.8
. F(y)y y (6.8)

where the contour C is comprised in much the same way as Cs . but with the circle
ly| = ¢~" in place of Cs.
We claim that, in a small neighborhood of yo = g~ 'e* or g~le "% v =
1,...,k,
[F' 0] < |y = yol? 717172 (6.9)
holds. To be concrete, we consider yo = g ~'e?*/%; a similar argument applies to the
case yo = ¢~ 'e#"% It suffices to show that, in the neighborhood,

da( 7'
dy (1 _ qye——271i0.,)ot‘J

and then the claim follows plainly. Actually, in the neighborhood,

<L |y — yolr 7172,

1
'y = ZPo0+ 2000 -y + -+ SZ' D@y =y

(m—1)

1 Y #(m) _ o ym—1
+———(m_1)!/y‘I Z""wu)(y — u) du
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where m = [t] and |y|, |y;] < ¢~'. Upon letting y; — yo, we obtain

Z*m=D (yg) (y — yo)™ !

) = 28D (y0)(y — yo)* - -
270 = 727000 — )" + Ml

1 Y #(m) _ ym—1
o | 2o - au,

Yo

where a = a,, since Z*(yg) = - - = Z*@~D(y) = 0. Then

1 1
Z*y) = &—,Z*‘“’(yo)(y —y0)* + -+ ml#‘””(yo)(y - yo)"

y
o1 ). E = ZE 00 - W)™ du.
t Y Yo

d(_ Z'o
dy (1 _ qye-—2ni0v)ot

1 d 1
— (e lp _ e (1
¢ )y"{ (y)+(m—1>!dy<(y—yo>“

+

Thus

«f (Z*™ () — Z¥™ (yo)) (v — uy™! du)} , (610

Yo

where P(y) is a polynomial in y. The derivative on the right-hand side of (6.10)
equals

y
T [ @™ = 27 )0 - " du
- Yo
m=1 [ wm #(m) m=2
o =" ), (Z""™ ) — Z""™ (yo))(y — w)"* du. 6.11)

By integration by substitution, the first integral in (6.11) equals
fo (29 30+ 100 = 300) — 24 ) (1 — "3 — o) d
and hence its modulus is
< ly =yl fol =" dr <y — yol” 7,

since

|Z*™ (yo + 1 (y — y0)) — Z*™ (yo)| <K It (y — yo)¥ ™!,
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which can be shown as we did in the proof of Theorem 5.2. Similarly, the modulus
of the second integral in (6.11) is

<y —yol" ™2

It follows that, in a small neighborhood of y = g~'e?"%,

d( 20
dy (1 _ qye—ZniG.,)a

from (6.10) and (6.11).
Now, since y > 1+ 1,[t]+2 —y < 1, from (6.9),

F'(y) _, f F'(y) _,
—_ dy, —_ d 0
/c; Fo’ P LLFe? YT

Ly =yl 2 K |y = yolr 2

as €; — 0, where ¢|, and ¢’ are the parts of ¢, and c_, inside the circle |y| = q!
respectively. Upon letting €; — 0 on the right-hand side of (6.8), we reach

F'(y) _
I = ——=y"dy, 6.12
fcq, Fo? P ©12)

where C,, comprises the part of the circle |y| = g~! which is outside the small circle
co: |y — g~ !| = €, and the part of ¢y which is inside the circle [y| = ¢!.
Finally, in a small neighborhood of y = g1,
F) _Z'o) 2O
Fo) zZy oW’
where Z(y) := (1 — qy)* Z*(y) and

k—1
Q) = (1 +gy)™ [ (1 — gye*®)™ (1 — gye~2mi% ).

v=1

Note that Q(y) is holomorphic and nonvanishing in the neighborhood. Also, note
that, from (1.3) and (2.2) with m = 3,

s—1
Z(») = Bi+ ) Bu(1—gy) % + (1 —qy)"
u=1
0 qnyn
nk

t
x (A log(1 —gy) + Y _ Ck

k=2 n=1

+ R(y)) ,

where R(y) = Y o2 raq"y" withr, = O(n~P) and B > 2, is continuous and has no
zeroson {y: |y| < ¢!, |y—q~!| < n}forsome n > 0. Thus, an argument involving
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Z (y) similar to the one setting up (3.15) and (3.16) in the proof of Theorem 3.4 shows
that, upon letting €9 — 0 in (6.12),

T E(g-1e0)
I=ig"" / FQ e o0 g, 6.13)
—-x F(g7'e")
where F'(q~'e’’) € L[—m, ). Hence I = o(g") for the integral in (6.13) tends to
zero as n — oo by the Riemann-Lebesgue lemma. This proves the theorem in the

case that y = —g~! is a zero of Z#(y).

Similarly, we can prove the theorem in the case that y = —¢g~! is not a zero of
Z*y). O

The following corollary is an immediate consequence of Theorem 6.2.

COROLLARY 6.3. If1 < 1t < 2 and if the condition (1.3) holds withy > 1+ t,
then

AM)=q"t—(=D"+o(1)) or g"(x+o(1)

1

depending upon whether —q~" is or is not a zero of Z*(y).

f‘roof. Since 1 < t < 2, the number k in Theorem 6.2 is 0 or 1. _If k
0, A(n) = q"(t +0o(1)). If k = 1, then §; = 1/2 and «; = 1, and hence A(n)
"t —(=D)"+o(1)). O

([l

If p1, ..., p, are all positive integers and g > 1, the remainder terms in (6.1) and
(6.3) can be improved.

THEOREM 6.4. If

,
Gm)=q"Y_ An* "'+ 0(q™) (6.14)

v=1
holds with constant q > 1, positive integers ky < --- < k,, constant Ay, ..., A,_|

and A, > 0, and constant v < 1, then

-1
An)=q" (k —2) a,cos2nmf, — (—1)"%) + 0(g"™)
v=1
or
_ 1
A(n)=q" <k -2 a,cos 2nn0\,) + 0(@g"")
v=1
for some u with v < u < 1, where k = k, and l is a nonnegative integer with
I < [(k + 1)/2]. In particular, if the generating function Z*(y) has no zeros on the
circle |y| = g~ ! thenl = 0 and

A(n) = kq" + O(g"").
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Remark. Theorem 6.4 may give rise to the problem of determining the quantity
u more precisely in terms of v. However, in the general case, there is not too much
we can say about this, as we know from [11].

Proof. From (6.14) and (2.2),, we have

Z'y) = Z KT =gy T RO

where 7, are all positive integers, 1) < -+ < 7, and 7, = k, = k, and where R(y) is
holomorphic in the disk |y| < g~. Thus, (1 —gy)*Z*(y) is holomorphic in the same
disk and hence so is the function F(y) defined in (6.5). Since F(y) has no zeros in
the disk |y| < g~!, there exists some constant u’ with v < u’ < 1 such that F(y) has
no zeros in the disk |y| < g% If we shift the integration path in the formula (6.6)
to a circle with r = g™, where 4’ < u < 1, then we arrive at the conclusion. [

We conclude our discussion by giving the examples mentioned at the beginning
of this section. These examples are of independent interest, though they are artificial
constructions.

EXAMPLE 6.5. We consider an additive arithmetic semigroup with G(n)and P(n)
given as follows. Let (x,y,z) = (ay,by,cy),v = 1,2,... be solutions of the
diophantine equation x? + y? = z? such that

(a,,b,)=1, 1<a,<b,<c,, c1<crp<---.

Let 6, be given by cos6, = b,/c,,0 < 6 < % Then the 6, are all different. We set
q= l—[u 1 cv and

; 1 k .
P(n) =~ > (22(1 — cosré,)q ) un/r), n=12,...,

rin v=1

where u is the Mobius function. Then

k
Am)=Y rP(r)=2) (1 —cosnb,)q".

rln v=1

Thus, the P.E.T. does not hold since ZLI cosn, has nolimitas n — 00. Actually,
on the one hand, an application of Dirichlet’s approximation theorem implies that

k
lim sup Z cosnb, = k.

n—oo p=1
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On the other hand, it is easy to see that cos n6; has no limit as » — oo and hence

k
lim inf Z cosnb, < k.
v=1

n—>oo

It is easy to see that

d

d—;Z*(y) o  k
y=Z— = A'(») =) 2) (1 —cosnb,)g"y"
Z (}’) n=1 v=l
B i 2qy e qy e P qy
= 2. 1 —qy 1— eie.,qy 1-— e——ieuqy
2k k it e~
_ _2kqy ‘Z( @, ey )
l—gqy & \1-e€%qy 1—e"®qy
Hence
2y = iz = e™a) 0 = e"*qy)
(1 —gy)*
which has 2k zeros y = g~ le*®, v =1, ..., k.
Let
o0
Z'y) =) Gmy"
n=0
and

(1 —efgy)(1 —e®gy) & - .
(qu_qy)z D _3N"Gum)y", v=1,....k

Then G, (0) = 1 and

n=0

cy—b,

G,(n) =2(1 —cosB,)ng" =2

ng", n=12,... (6.15)

are positive integers and so is
G(n) = Gy * - - x Gy(n).

We can show, by induction on k, that

2k
Gy=q"Y An"", n=12,... (6.16)
v=1
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and hence the “remainder term” of G(n) is zero. Actually, for k = 1, from (6.15),
(6.16) is certainly true. Now, suppose

2h
Gl*...*éh(n)=qnzcvnv_l, n=12,....

Then, from (6.15),
Gix -+ % Gy * Gpp1(n) = (G % -+ - % Gp) x Gpy1(n)

=q" {chn"‘l +20h+1 B (ZC Zm" 1(n—m)+n)}.(6.17)

=1 Ch+1

We note that
n—1 n—1 —
Zm""(n —m) =n Zm"" - Zm"
m=1 m=1 =

1
= E(Bu(n) — B,(1)) = ——=(By+1(n) — B,+1(1)),
v v+1

where By (x) is the kth Bernoulli polynomial of degree & [9], [10]. Hence

n—1

Y omin—m) = Q)
m=1
where Q(x) is a polynomial of degree v + 1 with the leading coefficient (v(v + 1))~
It follows that
2(h+1)

Gi*-+ % Gp*Gpp(n) =q" Z A"

v=1
with
2h+1 h+1 cy — bv
Cr+D!J o
We shall show that P(n) is actually a positive integer. To this end, we first show
that P (n) is positive. It suffices to show that

D (1 —cosrb,)g un/r) >0, v=1,...k

rin

Arnty =

We note that sinn6, # 0 since
b . n *n
(Ll'nla_") = Iml—n(au —ib,)"
C
v v

Elﬂ — (B)ar 2 + -, if n is odd,
'Elff ( Yor~la, (3)b”‘3 34+..0, ifniseven,

sinn6, = Im
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and (a,, b,) = 1. Hence 1 — cosn6, > 0. We have
1, . n 1
1 —cosnb, = —(c, —Re(b, +ia,)")>—, n=12,...
e e
since ¢, — Re(b, +ia,)" € Z. We conclude that
> (1 —cosr,)g u(n/r) = (1—cosnb)g" -2 Y ¢
rin l<r<n/2
2ql+n/2
q—1

3n/4 _ > q3n/4 _ 4qn/2 >0

since ¢ > 5*.
It remains to show that P (n) € Z. This can be done directly through an elementary

argument. Letn = p®m where p is an ordinary prime number, > 1,and (p, m) = 1.
Then

Pon = 13 Ao (%) = = SR — A (%),
rim

rin p*m
It suffices to show that [-\(p“r) — ]\(p“"r) =0 (mod p*). If p|g, this is trivial.
Otherwise, (p, ¢) = 1, and this can be shown by computation based on a well-known
theorem of Euler [5]. The computation of this proof is lengthy by comparison with
the following argument suggested by Warlimont. Thus we shall prove the following
proposition and then the assertion P (1) € Z follows.

PROPOSITION 6.6. Let the sequences a(n) and b(m) be formally related by

o0 o0
1+ Y amye" =[Ja -,
n=1 m=1
Then a(n) € Z for all n if and only if b(m) € Z for all m.

Proof. Assume that a(n) € Z for all n. We shall prove, by induction, that
b(m) € Z for all m. The implication of the opposite direction is trivial.
Actually, we first have

o0
1+ Za(n)t" = 1= VA 4c2+..)
n=1

A+b)t+-- YA +ct? +--)
1+b()t+---.
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Therefore b(1) = a(1) € Z. Then, assume b(m) € Z for 1 < m < k. We have

o) k—1
(1 + Za(n)t”) l—[(l _ tm)b(m) = (1- tk)_b(k)(l +dtk+1 o9
n=1 m=1

(L+bE)t* + - )1 +dtk 4.0
14+ byt +---.

The left-hand side is the product of two power series with integer coefficients and
hence is itself a power series with integer coefficients. Therefore, b(k) € Z. O

Now, to show that P(n) € Z, we simply take a(n) = G(n) and b(m) = P(m) and
note that G(n) € Z,n > 1.

EXAMPLE 6.7. Consider
- 1 k
P(n) = - Z 22(1 —cosrf,)+ 1) q " um/r)
rln v=1
where 8,, v = 1, ..., k and g are defined in Example 6.5. Then,

[T, = e®qy)(1 — e®qy)

20 = (1 —gqy)*+!

Similarly, consider

k
P(n) = % Z (2 2(1 —cosrf,) +1— (—1)’) q un/r).

rin v=1

Then

(1+ g0 [l (1 — e%qy)(1 — e~*qy)
(1 — gy)2k+T .

Using the facts given in Example 6.5, we can show that in both cases P (n) and G (n)
are both positive integers and

Z'y) =

_ 2Ue+1
Gn)=q" Z An” L
y=1
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