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ON THE L"/2.NORM OF SCALAR CURVATURE

MAN CHUN LEUNG

1. Introduction

Let M be a compact n-manifold without boundary. For a Riemannian metric
g on M, the curvature tensor, Ricci curvature tensor and scalar curvature of g are
denoted by R(g), Ric(g) and S(g), respectively. A natural and interesting problem
in Riemannian geometry is the relations between the topology of the manifold M
and curvatures of g. Often the topology of M would impose certain restrictions on
the behavior of curvatures of the metric g. The Gauss-Bonnet theorem provides a
beautiful relation in this direction. As complexity of the Gauss-Bonnet integrand
increases with dimension, it would be desirable to obtain simpler but not “sharp”
relations. Indeed, there have been many interests on L?-curvature pinching and
bounds on topological quantities by integral norms of curvatures. In this article, we
study some questions on obtaining lower bounds on L ?-norms of the Ricci curvature
and scalar curvature. There are some rather general and well-known problems: given
a compact n-manifold M, for a sufficiently large class of Riemannian metrics g on
M, are there positive lower bounds on

(1) Vol (M, g), provided K, > —1 orRic(g);j = —(n—1)g;j or S(g) = —n(n —
1), where K, is the sectional curvature of (M, g),

) [y 1S(®)|% dvg or

3) [, IRic(g)|? dvy?

We note that (2) and (3) are both scale invariant, while a lower bound on curvature is
required in (1) so that Vol (M, g) will not go to zero by scaling. As a flat torus would
not have positive lower bounds on (1), (2) and (3), some restrictions are needed on
the manifold M. Some suggestions are:

(a) M admits a locally symmetric metric of strictly negative sectional curvature;
(b) M admits an Einstein metric of negative sectional curvature;
(c) or simply M admits a metric of negative sectional curvature.

Recently, Besson, Courtois and Gallot [5], [6] have demonstrated that if (M, h)
is a compact hyperbolic n-manifold (n > 3), then for any Riemannian metric g on
M with Ric(g) > —(n — 1)g, one has Vol(M, g) > Vol (M, k) and equality holds if
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and only if (M, g) is isometric to (M, h). In this note, we mainly consider question
(2) and (3), under one of the conditions in (a), (b) or (¢) and with restrictions on the
choices of the Riemannian metric g by certain curvature assumptions or in certain
conformal classes. Our method is to investigate relations between the L?-norms of
scalar curvatures for different metrics with that of a standard metric.

The Gauss-Bonnet theorem for two-manifolds shows that if M is acompact surface
and 4 is a metric on M with constant negative curvature S(h) then

(1) ]|S(g)|dvgz/ \S(h)) dus.
M M

Let x (M) be the Euler characteristic of M. The Gauss-Bonnet theorem for higher
dimensions (n even) [16] states that

12 axM) = fM DD e@)E@RE@otir@ronyron) -

oeC, teC,
R(g)ri(n——l)a(n)toa(n—l)roa (n) dvg s

where ¢, is a dimension constant, C, is the set of all permutations on {1,2, ..., n}
and &(t) is the sign of t € C,. A decomposition of the curvature tensor gives

(1.3) R(Qiji = W(ijut + Z(8)iju + U(8)ijkis

where W (g) is the Weyl curvature tensor and

S(g)
(1.4) U(@iju = m(gikgjl - 8il&jk)
1
(1.5) Z(8)iju = p— 2(Z(g)ikgj1 +2(8)ji8ik — 2(Q)ugjk — 2(8)jk&i),
where z(g) is the trace-free Ricci tensor given by
. S(g)
(1.6) z(g)i; = Ric(g);j — ~;lg‘gij-
Letx € M and {ey, ..., e,} be an orthonormal basis for the tangent space of M above
x. We have
S(g)
U(Q)iju = n(-n—_l)(tsiijl —8udjr) atx.

If we apply (1.3), then at the point x we have

1.7 Z Z £(0)e(T)R(8)o(1)o@)t00(1)t002) * * * R(8)a(n—1)o(n)ro0 (n—1)r00 (n)

ogeC, teC,

=C,S(8)% + P(W(g)iju, Z(8)ijki» U(8)ijuis &ij)-
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where P is a certain polynomial function and C, is a constant that depends on #n only.
Putting (1.7) into the Gauss-Bonnet formula, we have

x (M)

f C,S()% dvg + / POW()iju0s Z(®)ijets U®)igats gi7) dvg
M M

/ C,S(g)? dvy + f P(W(g)ijus Z(&)iju» U8)ijurs 81;) dvgs
M M

where g’ is another Riemannian metric on M. In general, the above formula is too
. . . n
complicated to given effective bounds on L?2-norms of scalar curvatures.

THEOREM 1. Let (M, h) be a compact hyperbolic n-manifold with n being even.

(1) Let n = 4. For any conformally flat metric g on M, we have

/IS(g)I2dvg2/ IS(W)I* duy,
M M

and equality holds if and only if g is, up to a positive constant, isometric to h.
(2) Letn > 4. For any conformally flat metric g on M, we have

f IRic(g) |} dvg > ¢, f |Ric(h)l? du;,
M M
where c, is a positive constant that depends on n only.

THEOREM 2. Let (M, h) be a compact hyperbolic n-manifold with n being even.
There exists a positive constant c, which depends on n only such that for any metric
g on M with non-positive sectional curvature we have

/ IS(g)I%dvgzc;f IS(h)|? dvy.
M M

Besson, Courtois and Gallot [4] have shown that if (M, g) is a compact Einstein
manifold with negative sectional curvature, then for any metric g’ in a neighborhood
of g, we have

(1.8) f 1S dvg = / 1S(9)1? dv,.
M M

In the proof of this result, they investigated the following.
(1) (1.8) holds whenever g’ is conformal to g; i.e., if g’ = Ui g for some smooth
function u > 0 and if S(g) is a negative constant, then we have

/IS(g’)ﬁdvg,z/ 1S(2)1% dv.
M M
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Then they used the second variation formula to investigate the local behavior of the
L"?-norm of S(g). Partially motivated by their results, we consider the change of

/ IS(g)|2 dv,  and f | Ric(g)|? dv,
M M

under Ricci flow and conformal change of metrics when S(g) is a positive constant .
The Ricci flow have been considered by Hamilton [11] and many other authors. It has
been proven to be very useful in deforming metrics into standard metrics, especially
when the original metric is close to a standard metric. For example, it has been shown
in [14] and [17] that the Ricci flow starting near a Einstein metric of negative sectional
curvature always converges to it. We obtain the following behaviors of L?-norms on
curvatures under the Ricci flow.

THEOREM 3. Let (M, g) be a compact Riemannian manifold with S(g) < 0. Let
&: be the Ricci flow starting at g. If S(g:) < O then

d .
— S 2 dv,, <0.
dthl (&)1 dvg, <
If we assume that the sectional curvature K, of g is suitably pinched
—l1-e<K;<-1+4¢€

for some € > 0 then

d . 1
E;/MlRlc(g,)lz dvg, < 0.

Under the above conditions, if the Ricci flow converges to a smooth metric g, on M
then

f 15(2) 1% dvg > f 1S(go)I dug,
M M

and

/ | Ric(g)|} dv, > / | Ric(g,)|? dv,.
M M

In particular, we provide an alternative proof to (1.8). In the last section, we
consider conformal change of metrics when the scalar curvature is positive. An
interesting question is whether Besson-Courtois-Gallot’s result holds for positive
scalar curvature: namely, if g’ is conformal to g and g has constant positive scalar
curvature, does the inequality

/IS(g’)l%dvg'z/ 1S(g)|* dvg
M M

hold?
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THEOREM 4. Let (M, g,) be an n-manifold with b*g > Ric (g) > a’g for some
positive numbers a and b. Then for any metric g = uégo, u > 0, we have

f|S<g)|%dvgzcn/ 1S(go)? dv,,.
M M

where ¢, is a positive constant that depends on a, b and n only. In general, ¢, < 1.
For the special cases that (i) g is an Einstein metric with positive scalar curvature
and g = uFi_Zg(,, u > 0, or (ii) (M, g) is a compact conformally flat manifold with
positive Ricci curvature and g, has constant positive sectional curvature then we
have

flS(g)l%dvgz/ 1S(8,)1% dvg,.
M M

2. Gauss-Bonnet formula

Given a compact n-manifold M with n > 4 and a Riemannian metric g on M, the
Weyl conformal curvature tensor can be defined by

W(@iju = R(®iju — Z(8)ijui — U()ijuis
where Z(g) and U (g) are defined in (1.4) and (1.5), respectively. Using the fact that

g"z(g)ij = 0 and g*g/' R(g):j;u = S(g), it is easy to show that g**g/' W (g);jxu = 0
and g*Wg);ju = 0. And we have

2.1 IR(@I* = W ()P +1Z(®)I* + U

A direct calculation shows that

25(g)?
22) U = 258
nin—1)
4 S(2)2
1Z(g))* = lz(g)]> and  |Ric(g)|® = |z(g)|* + S

(n—2)
In dimension four, the Gauss-Bonnet formula [3] takes the form

1
(2.3) X(M) = o— f (U@ = 1Z@F + W (@) dug,
T JIm

where x (M) is the Euler characteristic of M. Let i be a hyperbolic metric on M.
Then

— 1 2
2.4) x0n) = 2o [ st du,
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where S(h) = —4-3 = —12. Indimension bigger than or equal to four, a Riemannian
metric g is conformally flat if and only if W (g) = 0. Then (2.2), (2.3) and (2.4) show
that if g is any conformally flat metric on M, we have

f S(g)* dv, > / S(h)? duy,.
M M

Furthermore, equality holds if and only if z(g) = 0 and W(g) =0, i.e, (M, g) isa
hyperbolic metric. By the Mostow rigidity theorem, (M, g) is isometric to (M, h) up
to a positive constant.

THEOREM 2.5. Let (M, h) be a compact hyperbolic n-manifold and n > 4, n
even. For any conformally flat metric g on M, we have

/ | Ric(g)|? dvg > ¢, / | Ric(h)|? dv,,
M M
where c, is a positive constant that depends on n only.

Proof. As n > 4, the metric g is conformally flat if and only if W(g) = 0.
Therefore R(g) = Z(g) + U(g). Applying the Gauss-Bonnet theorem we have

X (M) = C(n) fM P(Z(g), U(g)) v,

where C(n) is a constant that depends on n only and P is a homogeneous polynomial
of degree n/2 in the components of Z(g) and U(g). There exist positive constants
C,C,Cy, ..., C%, which depend on » only, such that

(M) < fM(co|Z(g)i%+c.|Z(g)|%—'|U(g>|

+ GIZ@E U@+ + C3lU(»)I?) dv,.

Using (2.2) we have
|Ric(g)| = (n —2)/v/4(n — 2)|Z(g)|
and
|Ric(g)| > v(n — 1)/2|1U(Q)I;
we have

(M) sc/ | Ric()!? dv,.
M
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where C is a constant that depends on n only. For the hyperbolic metric #, we have
W(h) =0, Z(h) = 0 and | Ric(h)|?> = S(h)?/n. The Gauss-Bonnet theorem gives

Ix(M)| = C'(n) / IS(h)|% dvy, = C"(n) / | Ric(h)|? duy,
M M

where C’(n) and C” (n) are positive constants that depends on n only. Combining the
two formulas we have the result. [

THEOREM 2.6. Let (M, h) be a compact hyperbolic n-manifold of even dimen-
sion. There exists a positive constant c,, which depends on n only, such that for any
Riemannian metric g on M with nonpositive sectional curvature we have

/ S(g)%dvgzcn/ S(h)? duy,.
M M

W(h) = 0 and Z(h) = 0. The Gauss-Bonnet formula (1.2) gives

Proof. By (1.1), we may assume that n > 4. As h is a hyperbolic metric,

X (M) = f CoS()} dvn,
M

where C, is a non-zero constant that depends on n only (its value can be found by
applying the Gauss-Bonnet formula on S” and the fact that x ($") = 2 if n is even).
For the Riemannian metric g, making use of the fact that R(g) = W(g)+Z(g)+U (g),
the Gauss-Bonnet formula gives

x(M) = A(Cos(g)% + P(W(Qijkis Z()ijui> U(Q)ijut» 8ij)) dvg,

where P is a certain polynomial such that each term contain exactly n/2 terms of
W (8)jkiks Z(8)ijia or U(g)ijii. Therefore we have

X (M) < /M CIS@)1} dv, + /M \POW()ijats Z(8)ijuts U@ 81| dg.

From (2.1), |R(g)| = IW ()|, IR(8)| = |Z(g)| and |R(g)| > |U(g)|, there exists a
positive constant C, that depends on n only such that

|P(W(8)ijkrs Z(@)ijit» U(®)ijus 8i))| < CalR(R)I%.

Given a point x € M, we choose an orthonormal basis {ey, ..., e,} for the tangent
space of M above x. Let 0;; be the sectional curvature of the plane spanned by e; and
ej, i # j, with respect to the Riemannian metric g on M. Assume that 0;; < 0. We

may also assume that o), is the minimum of the sectional curvatures at the point x.
We have

1S()| =

E (7,']'

i)

> |oal.
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Let o (u, v) be the sectional curvature of the plane spanned by u and v in the tangent
space of M above x. Then [7] we have

1
R(®)iju = 6{4[0(61' +eneite)—ale+e,e + e

—2[o(ei,ej +ex) +olej,ei +e)+ole, e +e)+ale,e +e)l
+2lo(ei,e; +e) +olej, e +e) +olex, e +e)+ale,e +er)l
+oik + 0j; — 0i — oji}-

There exists a positive constant C’ which depends on n only, and with g;; = §;;, such
that we obtain

IR(@P =) RijuRiju < C'(o12)* < C'|S()I,

ijkl
and so
|P(W(8)ijkt» Z(&)ijur U®)ijur 8i)) < CaC'1S(9))2.
Thus
X(M) < (IC,| +ch')/M 15(g)1* d,.,
or

flsw)ﬁdvhscf 1S(9)1? dv,.
M M

where C = 1 4+ C,C'/|C,| is a positive constant that depends on n only. O

Remark. From the proof of the above theorem, one can replace the condition of
non-positive sectional curvature by a pinching condition that the absolute value of
sectional curvature of any 2-plane above a point x € M is lesser than or equal to
¢n)S(g)(x)|, a positive constant times the absolute value of the scalar curvature at that
point. Then we have

/ 1S(8)1? dvg > c’f IS(h)| dy,
M M
where ¢’ is now a constant that depends both on n and ¢,.

Remark. Itis easy to see that the same result in theorem 2.6 holds for conformally
flat metrics of nonpositive Ricci curvature.

The Gauss-Bonnet formula yields the following estimate on the L"/2-norm of
scalar curvature.
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LEMMA 2.7. For an even integer n bigger than two, let (M, g) be a compact
n-manifold with x (M) # 0. Then there exist positive constants 8, and €,, depending
on n, which can be chosen a priori such that if

[ Z()\ dv, <8 and f W(g)l} du, < e,
M M
then

f 1S(2)|% dvg > cp,
M

where ¢, is a positive constant that depends on n only.

Proof. As R(g) = W(g) + Z(g) + U(g), applying the Gauss-Bonnet theorem
we have

x (M) =C(n)/MP(W(g), Z(8), U(g)) dvg,

where C(n) is a non-zero constant that depends on n only and P is a homogeneous
polynomial of degree n/2 in the components of W(g), Z(g) and U(g). There exist
positive constants C,, C,, Cy, Cs, ... ., Cy and C(ny, ny, n3), which depend on n, nj,
nj and n3 only, such that

28) [x(M)| < fM(C(,IU(g)ﬁ

+ Y Counnany) fM U@ 1Z(@)I"™ W ()I"™) dv,

ny,hp,n3

+/M(cn|2(g)|% + izl W)l
+Clz@IE AW (P + -+ + C3IW(9)[?) dv,,

where ny, n,, and nj are positive integers such thatn, +ny, +n3 = n/2andn; < n/2.
For positive numbers s, #, p and g such that
1 1
s+t=E and —+—-=1,
2 P q

a calculation shows that if 1g = n/2, then we have sp = n/2 as well. Appling the
Holder’s inequality to (2.8) (twice to the terms with ny, ny, and n3), we have

2.9) |x(M)1sc:,fM|U(g)|%dvg

+ 3 Cnnama) (/M|U(g)|%dvg)”"‘ (/ |Z(g)\%dvg)'"2
ny,na,n3 M
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x (f |W<g)|%dvg)q"’ +c(,/ 1Z(g)|% dv,
M M
+C (/ |Z(g)|%dvg>"' (f ‘W(gn%dvg)'” 4o
M M
+Cy (f |Z(g>t%dvg)"§" (/ |W<g)|%dvg)"%"
M M

+C§/ W (g)]? dv,
M

where

PnisTnys Gnss  Pls---s pi—1 and  qi,...,qz;

are positive constants specifed in the Holder’s inequality. If we choose §, and ¢,
(which depend on C,, Cy, ..., Cy2, i.e., depend on n only) sufficiently small so that

/|Z(g)|%dvgsan and f!W(g)ﬁdvgsen
M M

then

c,,f 1Z(9)]} dvg + €y (f |Z(g)|%dvg)"' (f sW(g>|%dvg)q' o
M M M
o (/ |Z(g)|%'dvg)”%" (f |W(g)|%dvg)qg"
M M

n 1
+C%/ [W(g)l?dvg < =,
M 2

and the fact that
25(g)?

2 _
U@ =~

(2.9) gives

n 1
f 1S(8)]7 dvg > 2¢, <|X(M)| - 5) > Cn,
M

as x (M) # 0 and hence |x(M)| > 1. Here ¢, is a positive constant that depends on
nonly. O

COROLLARY 2.10. Foran even integer n bigger than two, let (M, g) be a compact
Einstein n-manifold with Ric(g) = £(n — 1)g. If x(M) # 0 and

n 1
w 2d <
an @IF dvy = 5
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then Vol(M, g) > ¢',, where C z is the same constant as in (2.9) and c’,, is a positive

constant that depends on n only.
Proof. As (M, g) is an Einstein manifold, we have Z(g) = 0. Therefore in (2.9),

the terms involving Z(g) vanish and we just need
/ W@ dv, < —
v

to conclude that
f 1S(8)1% dvg > cy.
M

Using the fact that
1S(@) =n(n —1)
O

for an Einstein manifold with Ric(g) = (n — 1)g, we obtain the result.
For an even integer n bigger than two, let (M, g) be a compact

COROLLARY 2.11.
positive number &, which depends on n only, such that if

f IW(2)|? dv, < &,
M

then g has constant positive sectional curvature. In the case n = 4, we can drop the

Einstein n-manifold with Ric(g) = (n — 1)g and x (M) # 0. Then there exists a

assumption that x (M) # 0.
Proof. Ifwetakee, < 1/(2Cy), then Corollary (2.9) shows that Vol (M, g) > c),

for some positive constant ¢, that depends on n only. A resultin [15] shows that there
exists a positive constant ¢, which depends on n only, such that if

f [W(g)|? dvg < ¢/ Vol(M, g),
M
We can take ¢,

then g is a metric of constant sectional curvature one.
1/(2Cy)}. If n = 4, then the Gauss-Bonnet formula for an Einstein metric

min{c,c;,,
has the form
1
X (M) = W/ U@+ W(@)P) du,.
e JMm

O

It follows that x (M) # 0 if Ric(g) = (n — 1)g.
Remark. Similar pinching results are obtained in [12] and [9].
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3. Ricci curvature flow

Let (M, g,) be a compact Riemannian manifold. In this section we consider the
Ricci curvature flow

3 288
G.1) 3_f = _2g(g) — 225

8 g0) = g,,

where z(g) = Ric(g) — [S(g)/n]g is the trace free Ricci tensor as in Section 1 and

S S(8) dvg

fM dv,

The Ricci curvature flow has been studied extensively by Hamilton, Huisken, Marg-
erin, Nishikawa, Shi, Ye, and many others in respect to the questions of long time
existence and convergence; we refer to [17] for comprehensive references. It has
been shown that if (M, k) is a compact Einstein manifold of strictly negative sec-
tional curvature, then there exists an open neighborhood of 4 in the space of smooth
metrics with C*°-norm such that each metric g, in that open neighborhood converges
to & under the Ricci curvature flow (3.1) [14], [17]. Furthermore, we can choose an
open neighborhood such that the Ricci curvature remains negative during the Ricci
curvature flow.

55(8) = S(g) —

LEMMA 3.2. For n > 4, let M be a compact n-manifold. Let g be a solution
to the Ricci curvature flow equation (3.1) on the time interval (0,t'), where t' may
equal infinity. Assume that lim,_,, g = g’ is a smooth Riemannian metric on M. If
S(g) < O0fort € (0,t), then

d n
—f [S(g)2 dvg <0 forall te(0,1).
dt M

Hence

f 1S(g0)1? vy, > / 1S(g)14 du,.
M M

Proof. From (3.1) (see [11], [16]) we have

2
(3.3) % = AS(g) +2lz* + %S(g).

As z(g) is trace-free, we have

1 d
(3.4) (dvy) = Etrg (d_f) dvg = —85(g).
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Therefore

d n _ n %_11 4 ’
= /M 1S(e)1% dv, = [M 2IS@IF S 1S@ dvg + /M 15(9)1% (dvy)

_[n s (_d
— /M 15 ( dlS(g)) dv,

- /M 1S(g)|2(8S(g))dv,  (as S(g) < 0)

" 288
fM §|S(g)|r‘ (—AS(g)—2|z|2 - ~———-(—g-)-S(g)) dv,

n

- f 1S(8)12 (85(g)) dv,
M

- _fM (%) (% - 1) IS@IE2 v ISP

—2/ 21813 "z dvg <0,
2
as —AS(g) = AlS(g)]. O

THEOREM 3.5 [4]. For n > 4, let (M, h) be a compact Einstein n-manifold of
strictly negative sectional curvature. Then there exists an open neighborhood of h in
the space of smooth metrics on M with C*-norm such that for any metric g in the
open neighborhood,

/|S(g>l%dvng IS(h)|% duy,.
M M

Proof. The existence of such an open neighborhood of 4 for which the the Ricci
curvature flow (3.1) converges to & is shown in [17]. Furthermore, we may choose the
open neighborhood such that the scalar curvature remains negative during the Ricci
curvature flow. Then we can apply Lemma 3.2.

THEOREM 3.6. Forn > 4, let (M, h) be a compact hyperbolic n-manifold. Then
there exists an open neighborhood of h in the space of smooth metrics on M with

C-norm such that for any metric g, in the open neighborhood, if g is a solution to
the Ricci curvature flow (3.1) with initial condition g,, then

d . .
E/M |Ric(g)|Z dv, < 0.
Proof. As |Ric(g)|?> = |z(g)|* + S(g)?/n, we have

d . n d . n
Z; (Ric@?) = E(|Rxc(g>|2)4)



ON THE ["/2-NORM OF SCALAR CURVATURE 619
n . n_ d .
= Z(|R1c<g)|2)<4 l>—|Rlc(g)|2
n " S(g)?
= Z(Ric(@)) "= (| @PF + =8 )
We have (see [17])
0 2 2 2 4 2
EIZ(g)I = Alz(g)I” — 2| v z(8)| +4Rm(Z(g))-Z(g)+;«SS(g)IZ(g)I,

where Rm(2(g)) - 2(g) = g g g ¢" R(8)ijuz(g)in2(g);v. From (3.3) we have

Il

a 4
§|S|2 28(g)AS(g) +4S(g)lz(g)1* + ZSS(g)Su;)Z

4
AIS@@IF 2| v IS@II* +4S(®)lz(9)* + ;aS(g)S(g)z,

as S(g) < 0 and Au? = 2uAu + 2| v u|?. Therefore

d n n
o f | Ric(g)|® dv, = f 21 Ric())E D (Alz(g) P — 21 v 2(2)
t Ju u 4
4
+ 4Rm(z(g)) - z(g) + ;as<g)|z(g)|2
1 4
+ ;(A|S(g)|2 =2l v ISP + ZS(g)|z<g)|2

2
n 485( ) (g)
n

- / | Ric(g)28S(g) dv,
M
- [ 4G- 1) (IRic(2))* 2 (-] v Rie(g)!
2 4
+4Rm(2(9)) - 2(8) = ~| v IS()II* + ;s<g)|z(g>|2) dvg,

as Alz(g)> + 1 AIS(9)> = A|Ric(g)[*. Therefore 4 [, |Ric(g)|? dv, < 0 if we
can show that

1
Rm(z(g)) - 2(g) + ZS(gnz(g)P <o0.

LEMMA 3.7. There exists a positive constant € which depends on n only (n > 4)
such that if (M, g) is a compact Riemannian n-manifold with sectional curvature K
satisfying —1 —e < K < —1 + ¢, then

nRm(z(g)) - z(g) + S(g)|z(g)I* < 0.
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Proof. We show the case n = 4 first. Let x € M. Choose an orthonormal basis
{e1, ez, e3, e4} for the tangent space above x such that, at the point x,

8ij = (S,’j and Z(g),'j = A.,'S,'j forl < i, Jj =< 4.

Let o;; be the sectional curvature of the plane spanned by e; and e;. Then, at the point
xeM,

Rm(z(g)) - 2(g) = R(2)ijuz(g)in2(8)jrg" g" g g"

= Z R(8)ijij2(8)iiz(g)j;
i#j

= ZO’,‘j}»,’)\j.

i#j
Therefore

4Rm(2(2)) - 2(8) + S@I2(Q)®) = 4 _oyhikj+ Y0y (A] + 45+ 23+ A3

i%i i#i
= Y 0ij(Aik; + A7 + 23 + A3 + 2D,
i%)
‘We need to show that
(3.8) > 0y @ain; + AT+ A3+ A3 +23) <0.

i#]
Assume that —1 —€ < 0;; < —1+€forl <i, j <4. Then
(3.9) o1p@rAr + A2+ 22+ 224+ A2) + o3a(@hshs + A2+ A3+ AT+ 1D)

= —2[(A + A2)2 + (A3 + M0)?)
+ 0(E)[4(Mra + Ashg) + 207 + A% + A2 + D).

And

(3.10)  o13@Aids + AT+ A3 + A3 + 1) 4+ o1a@hids + AT+ A3+ A+ AD)
+023(4hahs + AT + A3+ A3+ AD + 02 (@hoda + AT + A3+ A3+ AY)
=—[20A3 + (M +A3)7 A + A5+ 20k + 0 + AP + A5+ 23
+2h23 + (g + A3)” + AT+ A% + 2A0ha Az + Aa)” + AT + 23]
+0(€)[4(MA3 + Ahg + A3 + Aoha + A2+ 243 + A3+ D]

Since

—[(+22)2F (s +A) 22 A+ A a4 FAahe)] = —[(0 +A2) + (s +Aa) 12,
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we add (3.9) and (3.10) together to obtain

(B.11) 012(@rA2 + A3 + 23 + A3+ 4D + 034(@hshg + A3+ A3 + 23 +4D)
+013(AAs + A2 + A2+ A3 + A1) + o1a@rirg + 23+ A3 + A2+ 2D
+023(4hahs + A2 + A3 + A2 + 2D + 0 (@hahs + A2+ A3+ 23 +23)

=— [\ + A2+ A3+ 1) + (4 22)7 + (s + 1a)” + O + A3)°
+ 4+ 2%+ (g + A0 4+ (a2 + A4)2 + 200 + A5 + A3 +4D)]
+ O()[4(M 1Az + Ashg + AjA3 + Adg + AoAs + Aahy)
+6(+A3+ A3 +2D]1<0.

The last inequality holds if we choose € to be small, as the term (A2 + A3 + A% + 13)

will dominate all the terms with €. We can explicitly choose € = 1/4. As 0;; = 0,
the remaining six terms in (3.8) is in fact the same as in (3.11). Hence

4Rm(z(g)) - 2(8) + S(®)lz(g)* < 0.

For n > 4, the proof is similar but more complicated. Choose an orthonormal basis
for the tangent space above x € M such that z(g);; = A;6;; for1 <i,j < n. We
need to show that

Z oy (nAidj + AT+ -+ A2 +A2) <0.
i<jI<i,j<n
By induction, we may assume that there exists a positive number c,_; such that
Yo oyl DAk AT 4+ A
i<j,1<i,j<n-1

< —Cu W4+ 22D

O(e)( o n +A%+---+A§_l)

i<j1<i,j<n—1
Then
Z oijlnAid; + A3 4+ A2 +22)
i<j1<i,j<n—1
n—1Hmn-2) 32

< =i+ A D M- > "

i<j,1<i,j<n—1
+0(e)< > Aix,+xf+-~-+xﬁ_,+x3>
i<j,1<i,j<n—1

Inthe sum ), . i.,_; AiAj, each A; appears n — 2 times for | <i <n —1. We
have -

Z O (AN + AT+ A2+ AD)

i<j,I<i,j<n
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n—1Dn-2)
NI ey ERRRE P LA EE Y VYR — A2
i<j,1<i,j<n—1
—(d + A A D)
— Motk + A7+ AL D)
+0@C Y MA A+ A2 A
i<j<i,j<n
=—Cn—1()»%+-~-+)»5_,)— Z )‘i)‘j—”()\l)»n'i"""i‘)»n-l)»n)
i<j,1<i,j<n—1
n—1)n-—-2
—(=DAI+- A2 — [(—%Hn— 1)]x§
+0EOC Y Ah A A A
i<j1<i,j<n
2 2 1 1
=_C"_1()\'l +“'+)"n—l)_ Z ‘2‘)‘«,+)\.,)\1+§)\7

i<j1<i,j<n—1

n n
= 2O A2 = nCad 4 k) = (5) (= DA

+0(e)( > )\,-A,+x%+~-+xﬁ_l+xﬁ)

i<j,1<i,j<n

1
=~ G+ A ) — SO+ 22)* = (As + M)’

1 1
Ex,? + Aidj + 5Af)

i<j,1<i, j<n—1,3, ))#(,2) (

n n n n n_,
- (B e (G- B bl
— (MA Ay + 0o, + (0 — 2)A3h, + RAgA, + -+ -+ RA_1Ay)

[Gu-n )

+0(e)< > Aixj+x%+---+xﬁ,l+xﬁ).

i<j,1<i,j<n

‘We have

1
SO+ 22+ (A3 4 An)% + V2 A3 + Aidy 4 AoAs + Aaky)

1 1 2
= (EM + EM*—M +)»,,> .
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Therefore

Z oij(nhidj + AT + -+ A2 +A2)

i<j,1<i,j<n

2
< =42~ (f J—12+K3+A)
1 2
- > S0 +2)
i<j,1<i,j<n-1,3,j)#(1,2),(1,3),(2,3)
1 1
— (22 = (V2= Dans + 543
2 2
1, 1,
—|54- (V2 = rahs + 543
n
(%x+ )\2+( — 1) M54 +2A3 )
[( )AIA,, (1 — V2D hahy 4 (1 — 2D A3k, + nhahn + - - + MAntAn)
[( )(n— 1) — ])\5+0(e)( 3 A,~A,+A%+--~+A§_l+x,2,)
i<j,1<i,j<n

2
S =i+ A +AD) - (7:)»1 + sz + 23 +x4)
- > L
i<j1=i,j=n—1,0,/)#(1,2),(1,3),2,3)
V2-1
—=5— 1 =29+ (2 +49)’]

[(A 4 A% + (o + A2

— /2
- %mg F A 4 (g 4 A — zf

+0(e)( > A,~A,~+A%+---+Aﬁ_l+xﬁ),

i<j1<i,j<n
where in the last inequality ¢, is a positive constant. Therefore

Y oylnhid AT+ 22+ 22

i<j\<ij<n

<=M+ AL+ A

+O(e)( > A,~A,-+A%+---+A5_,+A3,).

i<j,1<i,j<n
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Hence we can choose € sufficiently small so that

D oymhidy A4+ A2 +2D) <0.

i<j,1<i,j<n

By induction, we have finished the proof foralln > 4. O

Proof of Theorem 3.6 continued. 'We may choose an open neighborhood of &
such that the sectional curvatures of all the metrics in the open neighborhood is
sufficiently pinched. As shown in [17], curvature pinching is preserved during the
Ricci curvature flow. Therefore we can apply Lemma 3.7 to finish the proof.

Remark. We may apply Lemma 3.7 to show theorem 3 in the introduction.

4. Conformal changes of metrics

We begin with the following lemma (cf. [4]), which says that among all conformal
metrics, the ones with constant nonpositive scalar curvatures have minimal L % -norms
of scalar curvatures. The result has been proved in [4]. For the sake of completeness
we present a proof here, using a different scalar curvature equation.

LEMMA 4.1. Let M be a compact n-manifold withn > 3 and g be a Riemannian
metric on M with constant nonpositive scalar curvature. Then for any metric g’ that
is conformal to g, we have

f 1S(gH1E dvg = f 1S(g)1% du,.
M M
where equality holds if and only if g’ = cg for some positive constant ¢

Proof. Letg = U g’ with u > 0. If S(g’) is the scalar curvature of the metric
g, then

(4.2) CoNu — S(ghu = —S(g)ur3,

where C, = 4(n — 1)/(n — 2) and A’ is the Laplacian for the metric g’. Multiplying
(4.2) by u and then integrating by parts we have

~C, f | v ul2 dvg — f S dvg = [S(g)l f u dug
M M M
= |S(g)| Vol(M, g),

as S(g) is a nonpositive constant. Therefore

@3) - fM S dvy = 1S(g)| Vol(M, g),
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and equality holds if and only if u is a constant. Using Holder’s inequality we obtain

n

2 n=2
(/ IS(g’)I%dvg) (f u dvg/) z—f S(g"u* dvg.
M M M

Combine with (4.3) to obtain

(/ 1S(g"1? dvg’)” (Vol(M, )% > |5(g)] Vol(M, ).
M

That is,
f 1S(g"1% dvy = |S(g)]? Vol(M, g) = f IS(&)I? dv,. =
M M
For a Riemannian metric g on a compact manifold M, the Yamabe invariant is
defined as
oD [ v uldvg + [, Reu® dv,

(fyy 1172 dvg) ™+

It is known that the Yamabe invariant for the standard unit sphere is equal to the best
constant for the Sobolev inequality on R” (Theorem 3.3 of [13]); i.e.,

(4.4) Q(M, g)=infl |ueC°°(M),u¢0}.

0(S", g) = n(n — Ny,

where w, is the volume of the unit n-sphere.
Lemma (4.1) does not hold in general for constant positive scalar curvature. How-
ever, for Einstein metrics with positive scalar curvature we have the following result.

LEMMA 4.5. Forn > 3,let (M, g,) be a compact Einstein manifold with positive
scalar curvature. Then for any metric g that is conformal to g,, we have

/ IS(g)]7 dv, > / 1S(g0)1% dv,, .
M M

Proof.  As the scalar curvature of (M, g,) is positive, we have Q(M, g,) > 0. If
2
QO(M, g,) < n(n — 1w, , then there is a smooth positive function u such that
=D [, 1 v ul?dv, +fM Rou dvg
Sy lu|2 dvg)=

and the metric u g, has constant positive scalar curvature. Obata’s theorem A
implies that u is a positive constant and

QM, g,) =

4/(n=2)

Q(M, g,) = n(n — 1) Vol(M, g,) 7.
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The same relation holds of the standard n-sphere. (4.4) gives the inequality

n=2

n

n - l
4.6) n(n — 1) Vol(M, g,)* (/ || dvgo) < 41’—f |V ul®du,,
M n—2Ju

+ / Rgo u2 dvgo ’
M

4

foru € C*(M).Letg =u2g,, u > 0. We have

n—1 142

“.7 4 2A,,u — S(go)u = —S(gu~2,

where A, is the Laplacian for (S”, g,). Multiplying (4.7) by u and then integrating
by parts we obtain

n—1 u
“8)  4— f | v ul® dvg, + f S(go)u® dvg, = f S(g)ui dv,,.
M M M

Applying the Holder’s inequality and the inequality (4.6) we have

2 n=2
(/M|S(g)|%uf+’zdu&,) (/MufT"zdv&,)

[n(n — 1) Vol(M, g,)7]™" (f 1S(g)|? dvg)
M

n—1
< (2 [ rvuran s [ dan).
So from (4.8) we obtain

—1
42 / | v ul® dv,, + f S(g)u? dvg,
n — 2 M M

IA

/ S(g)u"%"2 dvg,
M

n

IA

< [n(n — 1) Vol(M, g,)*1"" (/ N d”g)
M
n—1
X (4’—1——_—2-jl;lvu|2dvga +[‘4u2dvg(}) .

n

[n(n — 1) Vol(M, g,)7]”" (/ IS(g)I%dUg) z 1,
M

‘We must have

or
f 1S(g)|? dvg > [n(n — 112 Vol(M, go)=/ 1S(g0)1? dvg,,
M M

as S(g,) =nrn-—1). 0O
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COROLLARY 4.9.  For any metric g on S" that is conformal to g, and with S(g) <
n(n — 1), we have Vol (5", g) > Vol (§", g,)

PROPOSITION 4.10. Let (M, g) be an n-manifold with b*g > Ric (g) > a*g for
4
some positive numbers a and b. Then for any metric g = u—2g, u > 0, we have

/ |S(g/)|%dvg’ ch/ IS(g)I%dvg,
M M
where c, is a positive constant that depends on a, b and n only.

Proof. For the smooth positive function u, the Sobolev inequality on (M, g) [1]
gives

@.11) (f unzT"Zdvg)z < (Vol(M, g))" 7 [w,, (/ |vu|2dvg)i
M M
(o)
M

where = Diam (M, g)/«, and o,, a, are positive constants that depend on n only.
As Ric(g) > a’g, Myers’ theorem gives Diam (M, g) < mw+/n — 1/a. Therefore
there exists a positive constant C(n, a), which depends on n and a only, such that

n=2

(4.12)(] us dvg)T < C(n,a) (Vol(M, g))~+ (f |vu|2dvg+/ uZdUg).
M M M

In the proof of Lemma (4.5), if we use the inequality (4.12) instead of (4.6), we obtain

—1
42 f|vu|2dvg+f S(g)u? dv,
n—2 M M

< C(n,a) ([ 1S(g)|? dvg>" (Vol(M,g))_% (/ | v u)? dv, +/ u? dvg).
M M M

As S(g) > na?, we must have

; " 4n—1
C(n,a>(f |S(g')|fdvg/) (Vol(M,g))'%zmin{———(" ’,na2},
M (n—-2)
or
f’s(g/”%d”g’zf 1S(2)1% dvg,
M M
where
min {4T—(n"__21)) , na?}

C(n, a, b) = W—
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We have made use of the fact that S(g) < nb?. C(n, a, b) is a positive constant that
depends onn,a and b only. 0O

Hamilton has introduced the following normalized Yamabe flow (scalar curvature
flow), similar to the Ricci curvature flow:

g, _
(4.13) a—i = G(g) — S(&))gr

where s(g;) = f w S(&1) dvg, / Vol(M, g;). The Yamabe flow has been used by Hamil-
ton, B. Chow [8], and R. Ye [ 18] to obtain constant scalar curvature metrics on various
situations. As in Section 3, we consider the change of the L3 -norm on scalar curva-
tures along the Yamabe flow.

LEMMA 4.14. Let (M, g,) be a compact Riemannian n-manifold with n > 4.
Assume that (M, g,) has positive scalar curvature. If g, is a solution to the Yamabe
flow (4.13) with initial metric g,, then

d 2
I /M 1S(g1)1? dvg, <0,
and equality holds at time t if and only if g, has constant scalar curvature.

Proof. 1t is more convenient to consider the unnormalized Yamabe flow

98

(4.15) o

= —S5(8)8:-

One can rescale in time for the solutions of (4.15) to obtain corresponding solutions of
(4.13) [8], [17]. Under the flow (4.13), the evolution equation for the scalar curvature
[8] is

o]
5 5(8) = (1= DAS(e) + S(gn)?.

It follows from the maximal principle that if g, has positive scalar curvature, then
S(g:;) > 0 for all t+ > 0. Under the normalized Yamabe flow (4.13), the evolution
equation for the scalar curvature [18] is

]
4.16) é—tS(gt) =(n—1AS(g) + S(g)(S(g) — 5(g)),
and

1 d _
4.17) (dvg) = ztrg(f)dvg = %(s(g,) — 5(g1)).
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Therefore we have
d z _ n %—12
- /M 1S(g01} dvg, = fM 55(80)i ! = S(g) dv
+ /M Z5HGe) — SN dv, @ S@ >0
_ /M 28(8)17!1(n — DAS(g) + S(8)(S(8) — 5(e ) dvg
+ / 254G (e — S d,
M

— | 2(2_ 82 2
= /Mz(z 1) S(e)#72 v S(@) dv,, <0,

and equality holds if and only if S(g,) is aconstant. O

Let (M, g) be a compact conformally flat manifold with positive Ricci curvature.
The Yamabe flow (4.6) with initial metric g is known to converge to a constant
curvature metric g, as ¢t — 0o [8]. Applying the above lemma we have the following.

THEOREM 4.18. Let (M, g) be a compact conformally flat manifold with positive
Ricci curvature. Then

(4.19) [ 1s@itav = [ 15t du,.
M M
where g, has constant positive sectional curvature.

Remark. As the Ricci curvature of (M, g) is positive, it is bounded from below
by a positive constant. Hence the fundamental group is finite by Myer’s theorem. The
universal covering of M is then conformally equivalent to the standard n-sphere S"
under the development map. Because a finite group of conformal transformations of
the S” is conjugate to a group of isometrics of $”, we see that the metric g is conformal
to a metric of g, of constant positive sectional curvature. Proposition (4.10) provides
a not so sharp lower bound on the L%-norm on S (g).

We note that there exists a family of metrics on §” for n > 3 with LZ-norms
on the scalar curvatures concentrate around one point. For any € > 0, the family of

functions
n—2
) € ). xer
Ue(x) = —— , X ,
¢ €2 + |x|?

satisfy the equation

nt2
Aot +n(n —Dul™ =0,
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where A, is the Laplacian for R" with the standard flat metric §;;. That is, the

4
metric g, = ul?s; ; has scalar curvature equal to n(n — 2). Let & : §" — R”
be the sterographic projection which sends the north pole to infinity. Using the fact
that d((0,0,...0,1),y) ~ 1/{®(y)|, where (0,0, .., 0, 1) is the north pole of S",
y € 8"\ (0,0,...,0,1) and d is the distance on S”, the pull back of the family of
metrics g, by ®, denoted by g., on S”, is a family of nonsingular metrics on S”".
Then @ : (5" \ (0,0, ..0, 1), g&) — (R", g,.¢) is an isometry. The scalar curvature
of (5", g¢) equals n(n — 2). And

1S(ge)|? dvg,

[n(n —2)1% du,,,
Sll Rn

= [ [n(n —2)17ul” dv,
Rll

n € "
= /n[n(n - 2)]2 (m) dv,
00 1 " n—1
= c,,/o (—1+r2) r"~dr,

where ¢, = [n(n — 2)]%Z Vol(§" ") and r = |x|/€,x € R". Ase€ — 0, Li-norms
on the scalar curvatures concentrate around the south pole; i.e., there exist a positive
constant C,, such that

f 1S(801% dvg, = C,
Sn

forall 1 > € > 0 while if O is any open neighborhood of the south pole, then
f IS@)Edu, >0 as €~ 0.
S"\O

While as € — oo, the integral concentrates around the north pole.
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