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SOLUTIONS TO THE QUANTUM YANG-BAXTER
EQUATION HAVING CERTAIN BIALGEBRAS AS THEIR
REDUCED FRT CONSTRUCTION

LARRY LAMBE AND DAVID E. RADFORD

Suppose that M is a finite-dimensional vector space over a field k and that R: M ®
M — M ® M is solution to the quantum Yang-Baxter equation(QYBE). The FRT
construction [3] is a bialgebra A(R) associated with R in a natural way. There is a
quotient of the FRT construction, referred to as the reduced FRT construction and
denoted by Z?R/), which seems rather useful in computation [11]. The bialgebra
A(R) is Hopf algebra only when M = (0), whereas the bialgebra Z(\R/) may very
well be a Hopf algebra.

Given a bialgebra A over the field k, a natural question to ask is for which solutions

R to the quantum Yang-Baxter equation is A =~ ZFRS as bialgebras. The question
suggests a way of going about classifying and studying solutions to the quantum
Yang-Baxter equation.

In this paper we consider three classes of bialgebras as reduced FRT constructions:
the semigroup algebras k[S] of semigroups S over &, the universal enveloping algebras
U (L) of finite-dimensional abelian Lie algebras over k when k has characteristic 0,
and the class of finite-dimensional Hopf algebras over k.

The first two classes provide an interesting contrast. The polynomial algebra
kl[xi, ..., x,] in commuting indeterminants xy, ..., x, is the underlying algebra of
U(L), when Dim L = r, and is also the underlying algebra of k[S], when S is the
free commutative semigroup on r generators. For the enveloping algebra, one has

Ax)=1Q0x;+x; ®1
forall 1 <i < r and for the semigroup algebra, one has
Axi) = x; @ xi

foralll <i <r.
We show that every finite-dimensional Hopf algebra H over k is the reduced FRT
construction for some solution to the QYBE. This is not difficult to prove and is very
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interesting theoretically. As one might suspect, the quantum double D(H) of H is
instrumental in the construction of such a solution.
A special case (r = 1) of Corollary 1 was found during the preparation of [7] and
inspired this paper. This special case was presented by the first author in [5].
Throughout this paper & is a field.

1. Preliminaries

In this section we discuss basic definitions and results used in this paper. We
assume that the reader has some familiarity with the theory of coalgebras and related
structures. A good general reference is [14] from which we draw freely. Other books
on Hopf algebras adequate for our purposes are [1] and [9].

Let U and V be vector spaces over the field k. We use the notation f: U — V to
denote a linear map f from U to V. Composition of linear maps will be denoted by
juxtaposition. We will omit the subscript k from the familiar notations Homy (U, V),
End,(U),and U ®; V.

Let « € Hom (U, k) = U* be a linear functional on U. We denote the image
of u € U under « by (a, u) or a(u). Suppose that I/ is a subspace of U*. Then
Ut = {u € U|U@u) = (0)} is a subspace of U. We say that I/ is a dense subspace
of U* if U+ = (0). Suppose that { is a dense subspace of U* and let V be a finite-
dimensional subspace of U. Then for a given B € U* there exists an « € U such that
aly = Bly, where y |y denotes the restriction of y € U*to V.

Various notions of rank will be useful tous. If f: U — V is linear thenrank f =
DimIm f has the usual meaning. If § is a subset of U then by rank S we mean
the dimension of the span of S. Suppose that v € U ® V is not zero. Then v has
many representations ZL, u; @ vi, whereu; e Uandv, e Vforl <i <r. We
will denote the smallest » which occurs in these representations by Rank v. When
r = Rank v observe that {u;, ..., u,} and {vy, ..., v,} are linearly independent. We
set Rank 0 = 0.

Weletty: UQU —> U QU denote the “twist” map defined by 1y (u®@v) = vQu
forallu,v e U.

1.1. The quantum Yang-Baxter equation. Let M be a vector space over the
fieldk andlet R: M @ M —> M ® M be alinear map. For 1 <i < j <3 we define
R j) by

Run=R®ly, Re3=1uQR,
and
Ru3 = (Uy @ ty)(RO 1)1y ® Tk)-
The equation

Re3Ra,3)R12 = Ra2Ru3Re3) n
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is called the quantum Yang-Baxter equation (QYBE). The reader can check that
B = )R satisfies

B.3yBa,2yBw.3) = Bu.2Be.3) B, )

if and only if R satisfies (1). Equation (2) is called the braid equation. Solutions
to the braid equation are important in connection with invariants of knots and links.
See [4] for a discussion of knot and link invariants and also as a source for other
references.

1.2. Coalgebras and related structures. Let (C, A, €) be a coalgebra over the
field k. A common way of denoting the coproduct A: C — C ® C appliedtoc € C
is the variation of the Heyneman-Sweedler notation A(c) = Y_ ¢y ® ¢(2). We drop
the summation symbol and write

A(e) = cqy B ¢z

for all ¢ € C. Throughout this paper coalgebras, algebras, and bialgebras are usually
denoted by their underlying vector spaces. We let C°P be the coalgebra (C, AP, €),
where AP = tcA. Thus

AP(c) = ¢ ® cq

for all ¢ € C. The coalgebra C is cocommutative if C = CP.
Likewise, if (A, m, n) is an algebra over k, then A°P denotes the algebra (A, m°P, n),
where m°? = mt,. Thus

m®(a ® b) =m(b ® a) = ba

fora, b € A. The algebra A is commutative if A = A°P.
Suppose that (M, p) is a right C-comodule. There are various notations for rep-
resenting p(m) € M @ C. We will write

p(m) = m ®m(2)
for all m € M, again omitting the summation symbol.

Definition 1. We denote the unique minimal subspace V of C such that p(M) C
M ® V by C(p).

Itis not hard to see that C (p) is in facta subcoalgebraof C. Letm € M and suppose
that N is the subcomodule of M which m generates. Then N is finite-dimensional.
We may assume that N # (0) and {m,,...,m,} is a basis for N. For 1 < j <r
write p(m;) = }_i_, m; ® ;. Then the comodule axioms imply that €(c}) = §; and
A=Y ¢, ®cfforall 1 <i<r.
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The right C-comodule structure (M, p) accounts for a left C*-module structure
on M which is described by

a—m = (1y ® a)(p(m)) = m'" (&, m?®)

foralla € C* and m € M. We will denote this module structure by (M, u,) and
refer to it as the rational left C*-module structure on M arising from (M, p).

An element ¢ € C is said to be grouplike if A(c) = c®cand e(c) = 1. We
let G(C) denote the set of all grouplike elements of C. Then by [14, Proposition
3.2.1.b)] we have:

LEMMA 1. Suppose that C is a coalgebra over the field k. Then G(C) is linearly
independent.

If C is a bialgebra over k then G(C) is a semigroup under the multiplication of C.
If C is a Hopf algebra with antipode s then the semigroup G(C) is a group since
s(c) € G(C) for ¢ € C and is a multiplicative inverse for c.

Suppose that C is a coalgebra over the field k which is spanned by a subset S of its
grouplike elements G(C). Then by Lemma 1 it follows that S = G(C) and C = k[S]
is the free k-module on the set S. For s € G(C) define ¢, € C* by (e;, s') = &, for
s’ € G(C). Then

esey = 3.\',s’e.v 3)
forall s, s’ € G(C) and

Y oe=e “
5€G(C)
Notice that the left hand side of (4) is meaningful since for ¢ € C, only finitely many
of the e;(c)’s are non-zero. Therefore for each ¢ € C, the sum ZseG(C) es(c) can be
interpreted as a finite sum.

Now suppose that (M, p) is aright C-comodule and let (M, u,) be the left rational
C*-module structure on M arising from (M, p). Form € M only finitely many of the
es—m’s are not zero. Thus Y ¢, es—m can be regarded as a finite sum and m =
ZseG(C) e;—m by (4). Let M; = e;—M. We have shown that M = Y ) M.
By (3) this sum is direct. Since p(e;—m) = m'" @ (e;,—~m®) for all m € M and
s € Sitis easy to see that M; = p~'(M ® ks). Note the U is a sub-semigroup of C*.

The difference of two grouplike elements in a coalgebra spans a coideal of the
coalgebra. By virtue of Lemma 1 it follows that a coideal of C is spanned by
differences of grouplike elements. We summarize all of this in the following:

LEMMA 2. Suppose that C is a coalgebra over the field k spanned by a subset of
grouplike elements S. Then:

(@) S = G(C) and C = k[S] is the free k-module on S.
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(b) Let (M, p) be a right C-comodule and M; = p~'(M ® ks) for s € G(C).
Then My is a subcomodule of M and M = ®;cc(cyM;-

(¢) Let I be a coideal of C. Then I is spanned by certain differences s — s', where
5,8 € G(C).

If A is abialgebra over k, then v € A is said to be primitive if A(v) = 1Qv+v®]1.
The subspace P(A) of primitives of A is a Lie algebra under the product [u, v] =
uv — vu for all u, v € P(A). Let A° be the dual bialgebra of A. Recall that @ € A*
belongs to A’ if and only if o vanishes on a cofinite ideal of A. It is not hard to see
that « € A* belongs to A? if and only if there exists v = Y [_, o; ® i € A* @ A*
such that

(o, ab) = Z(ai,aﬂﬂi’b)

i=l
for all a, b € A. If this is the case, and in addition r = Rank v, then «;, 8; € A? for
1<i<r.

We note in particular that P(A?) is the set of all @ € A* which satisfy

(a, ab) = (€, a){a, b) + («, a)(e, b)

foralla,b € A.

1.3. The reduced FRT construction. Throughout this subsection A is a bial-
gebra over the field k.

Definition 2. Let A be a bialgebra over the field k. A left quantum Yang-Baxter
A-module is a triple (M, i, p), where (M, 1) is a left A-module and (M, p) is aright
A-comodule, such that

agym'V @ agym® = (a@ym)" ® (apym)Paq, )

holdsforalla e Aandm e M.

For a discussion of the origin of quantum Yang-Baxter modules the reader is
referred to [13]. For their connection with the FRT construction and for a discussion
of their structure the reader is referred to [12, 6, 7].

Left quantum Yang-Baxter A-modules give rise to solutions to the QYBE (see
[12], [6], [7] for example). Let (M, u, p) be a left quantum Yang-Baxter A-module
and define a linear map R, . M @ M — M ® M by

Rupmen)=m" @m?.n (6)

for all m,n € M. Then R, , is a solution to the quantum Yang-Baxter equation
12,6, 7].
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Definition 3. Let A be a bialgebra over the field k and let (M, u, p) be a left
quantum Yang-Baxter A-module. Then R, ,, defined by (6) is the QYBE solution
associated with (M, i, p).

In [7, Section 8.5] we noted that (5) has the more natural formulation
(a~m)“) ® (a'm)(z) =am'’ @m® @)

foralla € A and m € M when A is a commutative cocommutative Hopf algebra
with antipode s. In this case (7) implies (5) since A is a commutative cocommutative
bialgebra. Since A is commutative, s is an antipode of A°P. Starting with the equation

(am)" @ (a-m)® = (az-m)" ® (a@)-m)Paa)s(aqy)

it is not hard to see that (5) implies (7).

Consider a triple (M, u, p) where (M, ) is a left A-module and (M, p) is a right
A-comodule. Let (M, u,) be the left rational A*-module structure on M arising from
(M, p). Then (7) is equivalent to

a—(a-m) = a-(a—m) ®)

foralla € M*,a € A, and m € M. Thus (5) and (8) are equivalent when A is a
commutative cocommutative Hopf algebra over k.

We need the notion of M-reduced [11, Section 3] in order to describe the reduced
FRT construction.

Definition 4. Let A be a bialgebra over k and suppose (M, p) is a left A-module.
Then A is M-reduced if the only coideal of A contained in ann,4 (M) is (0).

Let (M, 1) be a left A-module. Ihen the sum I of all coideals of A contained in
anny (M) is a bi-ideal of A. Thus A = A/I is a bialgebra over k with the quotient
bialgebra structure. Let m: A —> A be the projection. Then (M, i) is a left A-
module, where i is determined by fi(m ® 13) = u, and A is (M, [i)-reduced. We
leave the reader to work out the details.

In the finite-dimensional case solutions to the quantum Yang-Baxter equation have
the form R, ,) by the next result. The following proposition is Theorem 4.2.2 in [7]
which is a slight variation of Theorem 2 in [11].

PROPOSITION 1. Suppose that M is a finite-dimensional vector space over the
field k and that R: M ® M — M ® M is a solution to the quantum Yang-Baxter

equation. Then the bialgebra X(\E) satisfies the following properties:

(a) There exists a left quantum Yang-Baxter m-mdule structure (M, |1, p) on
M such that A(R) is M-reduced and R = R, ,).
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(b) Suppose that A is a bialgebra over the field k and (M, ', p') is a left quantum
Yang-Baxter A-module structure on M such A is M -reduced and R = R ).
Thereis abialgebramap F: A(R) —> A uniquely definedby (1, ® F)p = p’.
Furthermore u = w'(F ® 1y), F is one-one, and F is an isomorphism when
A(p") (see Definition 1) generates A as an algebra.

Definition 5. Let M be a finite-dimensional vector space over the field £ and
suppose that R: M ® M — M ® M is a solution to the quantum Yang-Baxter

equation. The bialgebra X(\I?) described in the previous proposition is the reduced
FRT construction.

The reduced FRT construction Z(\/R) is a quotient of the FRT construction A(R)
which has a universal mapping property similar to that of Proposition 1. See Theo-
rem 2 in [12].

Suppose that M is a finite-dimensional vector space over k and (M, u, p) is a left
quantum Yang-Baxter A-module structure on M. Let R be the solution to the quantum
Yang-Baxter equation associated with (M, w, p). Then m is a sub-bialgebra of a
quotient of A.

To establish this, we first let I be the bi-ideal of A which is the sum of the coideals
of A contained in anns(M). Set A = A/I and let 7: A—> A and (M, i) be as
above. Since 7 is a coalgebra map, 5: M —> M ® A defined by 5 = (14 ® 7)p
gives M a right A-comodule structure (M, p). It is easy to see that (M, [, p) is a
left quantum Yang-Baxter A-module and that R, ,) = R7;%. Since A is (M, [1)-

(n,p)*
reduced, it follows that A(R) >~ A(p) by Proposition 1.

1.4. The Hopf algebra U(r, k). Let L be an r-dimensional abelian Lie algebra
over the field k. We denote the universal enveloping algebra U (L) by U(r, k). Choose
a basis B = {x,...,x,} for L. Then as a k-algebra U(r, k) = k[x,...,x,]is

the polynomial algebra over k in commuting indetermants xi,...,x,. Forn =
ny,...,n,) €N x-.-x N =N define
X=X €))

Thus the x™’s form a linear basis for U(r, k). Let U(r, k),, be the homogeneous (total)
degree n subspace of U(r, k) for all n > 0, i.e. U(r, k),, is the span of the x™’s which
satisfy |x™| = n, where [n| = ny + - - - + n,. Thus U(r, k) is a graded algebra since

U(r’ k) = ®:O=OU('.’ k)n
and

U(r’ k)mU(r’ k)n = U(r» k)m+n

forallm,n > 0.
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Set U(r, k) o) = U(r, k) and let U(r, k), be the span of the x"™’s where |n| > n.
Notice that

U@, U, k) ny = U, k) ntn) (10

forall m,n > 0 and
U k) 200, 0y 2 U k) 2... . (1
Forl <i <rlete =(0,...,1,...,0)be the r-tuple whose entries are 0 except for

the i, which is 1. Define X; € U(r, k)* by

(Xi, x"™) =8¢ (12)
forallm e N". Letn = (ny,...,n,) € N". Set

X" =X x" (13)
and setn! = ny!---n,!. The notation m < n means that m; < n; forall1 <i <r,

where m = (m,, ..., m,). Set

(m)-11(Cm )

n . .
Thus ( m ) = Q unless m < n, in which case

(n _ n!
m )_— m!(n — m)!’

We are nearly ready to describe the structure of U(r, k) as a Hopf algebra. First
some more notation. Let P(r, k) = P(U(r, k)) be the space of primitive elements of
U(r, k), let P°(r, k) be the space of primitive elements of U(r, k)°, and let U°(r, k) be
the subalgebra of U(r, k)* generated by P°(r, k).

The reader is left with with the details of proof of the following lemma.

LEMMA 3. Let r > 1 and suppose that the field k has characteristic 0. Let
B ={xy,...,x,} be a basis for U(r, k), and suppose that x™ and X" are defined by
(9)-(13). Then:

(a) P(r,k) = U(r,k),. In particular B is a basis for the subspace of primitive
elements of U(r, k), and the x™’s form a basis for U(r, k).

®) AG™) =Y 1men ( r':t )x"‘m ® x™ foralln € N'.

(©) X" (x™) = n'Spm for alln,m € N*. Thus the X™’s form a linearly inde-
pendent set.
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(d) P°(r,k) has linear basis {X,,...,X,}. In particular DimP°(r,k) =
DimP(r, k) =r.

(e) U°(r, k) is a sub-bialgebra of U(r, k) and the correspondence x; — X; deter-
mines a bialgebra isomorphism U(r, k) >~ U°(r, k).

(f) U°(r, k) is a dense subalgebra of U(r, k)*.

We now consider the subalgebras and quotients of U(r, k). The bialgebra U(r, k)
belongs to the class of pointed irreducible cocommutative bialgebras. It is clear
that sub-bialgebras and quotients of cocommutative bialgebras are cocommutative.
Subcoalgebras of pointed irreducible coalgebras are pointed irreducible. Quotients
of pointed irreducible coalgebras are pointed irreducible by [14, Corollary 8.0.9].
Therefore sub-bialgebras and quotients of cocommutative pointed irreducible bialge-
bras are themselves cocommutative and pointed irreducible. By [14, Lemma 9.2.3],
a pointed irreducible bialgebra is a Hopf algebra.

Now assume that the characteristic of k is 0 and H is a cocommutative pointed
irreducible Hopf algebra over k. Then H ~ U(P(H)) as Hopf algebras by [14,
Theorem 13.0.1]. We make the following definition.

Definition 6. Let H be a cocommutative pointed irreducible Hopf algebra over
the field k. Then rank H = Dim P (H).

By part (a) of Lemma 3 we have:
LEMMA 4. Suppose that the field k has characteristic 0. Then rank U(r, k) =r.

The conclusion of the lemma is false when the characteristic of k is not 0 except in
the case when r = 0.

PROPOSITION 2. Suppose that the field k has characteristic 0.

(a) Let B be a sub-bialgebra of U(r, k). Then B is a sub-Hopf algebra of U(r, k)
and B >~ U(s, k) for some s < r. Furthermore B = U(r, k) if and only if
s = r, or equivalently rank B = rank U(r, k).

(b) Suppose that I is a bi-ideal of U(r, k). Then U(r, k) /1 ~ U(s, k) for some s <
r. Furthermore I = (0) ifand only if s = r, or equivalently rank U(r, k) /I =
rank U(r, k).

Proof. In light of the preceding comments we need only establish part (b). Sup-
pose that [ is a bi-ideal of U(r, k) and let w: U(r, k) —> U(r, k)/I be the projection.
Set L = P(r, k). Then (L) € P(U(r, k)/I). Since L generates U(r, k) as an alge-
bra it follows that 7w (L) generates U(r, k)/I as an algebra. Since the monomials in a
linear basis for P(U(r, k)/I) form a linear basis for U(r, k) /I it follows that w (L) =
P(U(r, k)/I). Therefore U(r, k)/I ~ U(s, k), where s = Dim P(U(r, k)/L). Now
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7t is an isomorphism if and only if 7|,: L —> (L) is a linear isomorphism. This
is the case if and only if s = r which happens if and only if Kern|, = I N L = (0).
But / N L = (0) if and only if I = (0) by [14, Lemma 11.0.1]. O

2. The semigroup algebra as a reduced FRT construction

Throughout this section S is a (multiplicative) semigroup with neutral element e
and A = k[S] is the semigroup algebra over k. We give A a bialgebra structure by
making s € § grouplike. By part (a) of Lemma 2 it follows that § = G(A). In
this section we characterize the left quantum Yang-Baxter A-modules and for the
associated solution /Iiﬁ) the quantum Yang-/l}\ai(ter equation we compute the reduced
FRT construction A(R). It turns out that A(R) =~ k[S] where S is a quotient of a
sub-semigroup of S.

We note that m has been studied, when m is spanned by grouplike elements,
in special cases in [11] and [7, Chapter 4].

Let M be a left A-module. To say that A is M-reduced is to say that A is faithfully
represented by endomorphisms of M.

PROPOSITION 3. Suppose that S is a semigroup and A = k[S] is the semigroup
algebra of S over the field k. Let (M, 1) be a left A-module and suppose that
. A —> End (M) is the representation afforded by (M, ). Then the following are
equivalent:

(a) A is M-reduced.
(b) The restriction m|s: S —> End (M) is one-one.

Proof. Suppose that A is M-reduced and let s, s’ € S satisfy 7(s) = 7 (s’). Then
s — s’ € anny (M) and spans a coideal of A. Therefore s — s = 0. We have shown
part (a) implies part (b).

To show part (b) implies part (a), suppose that the restriction 7 |s is one-one. Let
I be a coideal of A contained in ann,(M). Suppose thats,s’ € Sands —s' € I.
Then 7 (s) = m(s’) which means that s — s’ = s —s = 0. By part (c) of Lemma 2
we conclude that I = (0). Thus A is M-reduced. O

It is convenient to express a representation of S by endomorphisms of M in a
slightly different terminology.

Definition 7. Let S be a multiplicative semigroup with neutral element e and
suppose that M is a vector space over the field k. A set of endomorphisms {7;}cs
is a representing set of endomorphisms of S in M if T, = 1y and T; Ty = T,y for
s,s' €8.
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PROPOSITION 4.  Suppose that S is a semigroup and A = k[S] is the semigroup
algebra of S over the field k. Let (M, p) be a right A-comodule and suppose that
w: A—> End (M) is the representation afforded by the rational left A*-module
structure (M, u,,) arising from (M, p). Then A(p) is the span of the s € S such that
7(e;) # 0, where e; € A* is defined by {(es, s') = 8, forall s’ € S.

Proof. By part (b) of Lemma 2 we have M = @®;csM, where M; = p~' (M ®ks)
fors € S. Now A(p) is the span of the s € S such that M, # (0). Since 7 (e;)(My) =
85,5 M it follows that M; # (0) if and only if w(e;) # (0). O

Let w: § — End (M) be the representation of S implicit in the previous proposi-
tion. Then the endomorphisms E; = 7 (s) of M satisfy the conditions of the following
definition.

Definition 8. Let S be a set and suppose that M is a vector space over the field k.
A set {E;};cs of endomorphisms of M is a spanning orthogonal set of endomorphisms
of Mif E;Ey = 8, ¢Eforalls,s’ e Sand ) ImE; = M.

Observe that the sum M = ZS <s Im E described in the definition is direct. Also
form € M the setof s € S such that E;(m) # 0 is finite. Therefore ) ¢ E defined
by X ,cs Es)(m) = Y s E<(m) for m € M is a well-defined endomorphism of M
since the right hand side of the last equation can be regarded as a finite sum.

Our next result characterizes the left A-modules, right A-comodules, and the left
quantum Yang-Baxter A-modules of a semigroup algebra A = k[S].

PROPOSITION 5. Suppose that S is a semigroup and M is a vector space over k.
Then:

(a) There is a one-one correspondence
T+ (M, ur)

between the set of representing sets of endomorphisms T = {T;}ses of S in
M and the set of left A-module structures on M, where s-m = T;(m) for all
s€Sandme M.

(b) There is a one-one correspondence

N (M, pe)

between the set of spanning orthogonal sets of endomorphisms € = {E}scs
of M and the set of right A-comodule structures on M, where

pe(m) =) Ej(m)®s

seS

forallme M.
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Suppose that (M, ur) and (M, pg) are as described in parts (a) and (b) respectively.
Then:

©) (M, ur, pg) is a left quantum Yang-Baxter A-module if and only if the endo-
morphisms of T and € commute. In this case the associated solution to the
quantum Yang-Baxter equation is given by

R=ZES®T\'7

seS

where R = R+ pg)-

Proof. Part (a) follows since we are really characterizing the representations
n: § —> End (M) which are in one-one correspondence with the representations of
A as endomorphisms of M. Part (b) is a straightforward exercise based on part (b) of
Lemma 2.

It remains to establish part (c). Recall from Section 1 that the e,’s defined by
(es, s") = 8,y for s, s’ € S span a dense subspace of A*. Now (M, ur, pg) is a left
quantum Yang-Baxter A-module if and only if (8) holds, namely

a—(a-m) =a-(a—m)

forall« € A* and m € M. Since the e,’s span a dense subspace of A* and § is a
basis for A this last condition holds if and only if

e;—(s"-m) = s"-(e,—~m)

forall s,s' € S. Fixs,s’ € §. Since e,—~m = E;(m) and s-m = T;(m) for all
m € M, this last equation is the same as E Ty = Ty E;. We have established part (c),
and the proof is complete. [

We leave the proof of the following to the reader.

THEOREM 1. Suppose that S is a semigroup and A = k[S] is the semigroup
algebra of S over the field k. Let M be a vector space over k. Suppose that {T}scs
is a set of endomorphisms of M representing S and {E;};cs is a spanning orthogonal
set of endomorphisms of M. Assume that the members of T and & commute and set

R=) E®T,.

ses

Then:

(a) R is a solution to the quantum Yang-Baxter equation.

(b) Assume that M is finite-dimensional. Let S(p) be the sub-semigroup of S
generated by the s € S such that E; # 0, and let S be the set of equivalence
classes of S(p) under the relation s ~ s’ if and only if T, = T,,. Then S is a
multiplicative semggfzup with neutral element [e] and product [s][s'] = [ss']
fors,s' € S,and A(R) =~ k[S].
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3. The enveloping algebra of an abelian Lie algebra as a reduced FRT
construction

Let M be a finite-dimensional vector space over the field k. In this section we find
all\sglutions R: M® M — M ® M to the quantum Yang-Baxter equation such that
A(R) >~ U(r, k) for some r > 1 when the characteristic of k is 0.

We describe the left U(r, k)-modules, the right U(r, k)-comodules, and the left
quantum Yang-Baxter U(r, k)-modules in terms of r-tuples of endomorphisms of M.
Initially we do not assume that M is finite-dimensional.

We begin this section with a study of the left U(r, k)-modules M.

PROPOSITION 6. Suppose that M is a vector space over the field k, r > 1, and
mw: U(r, k) — End (M) is a representation of U(r, k). Let (M, i) be the resulting
left U(r, k)-module structure on M. Assume that the characteristic of k is 0. Then
the following are equivalent:

@) U(r, k) is (M, u)-reduced.
(b) For all bases {x\, ..., x,} for P(r, k) the set {T\, ..., T,} of endomorphisms
of M is linearly independent, where T; = nt(x;) forall1 <i <r.

(c) There exists a basis {xy, ..., x,} for P(r,k) such that the set {Ty, ..., T,}
of endomorphisms of M is linearly independent, where T; = n(x;) for all
1<i<r.

Proof. Let L = P(r,k) and I be the largest coideal of U(r, k) contained in
annyy(,. ) (M). Consider the restriction map 7 |.: L —> End (M). Since Kerw |, =
LN1,and [ is a coideal of U(r, k), it follows by [14, Lemma 11.0.1] that I = (0) if
and only if L N I = (0). The proposition now follows. O

PROPOSITION 7.  Suppose that M is a vector space over the field k, r > 1 and
(M, p) is a right U(r, k)-comodule. Assume that the characteristic of k is O and let
. U(r, k)* —> End (M) be the representation of U(r, k)* afforded by the rational
left U(r, k)*-module structure (M, j,). Then the following are equivalent:

(a) U(r, k)(p) generates U(r, k) as an algebra.

(b) Forallbases{X,, ..., X,}forP°(r, k) theset{Ny, ..., N,}of endomorphisms
of M is linearly independent, where N; = n(X;) forall1 <i <r.

(¢) There exists a basis {X\, ..., X,} for P°(r, k) such that the set of endomor-
phisms {Ny, ..., N,} of M is linearly independent, where N; = n(X;) for all
1<i<r.

Proof. Let A = U(r, k), let B be the subalgebra of A generated by A(p),
and consider the map Res: P(A°) — P(B°) defined by Res(p) = p|pg. Let
p € P(A°) = P°(r,k). Then Ker p is a subalgebra of A. Thus it follows that
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p(A(p)) = (0) if and only if p(B) = (0). Since anny(M) = A(p)* we conclude
that p € anng- (M) if and only if p(B) = (0).

We have shown that Ker Res = P°(r, k) Nann4«(M) = Ker 7 |po r, k) Therefore
Rank Res = Rank 7 |P”(r, k)- By part (a) of Proposition 2 and Lemma 3, Res is onto.
Thus we compute

Dim P(B) = Dim P(B”) = RankRes = Ranknlpo(r, k)

By part (a) of Proposition 2 again we have A = B if and only if r = Dim P(B), and
r = Dim P°(r, k) by part (d) of Lemma 3. Thus it follows that A = B if and only if
7|po (r, k) is one-one. Now the proof is easily completed. O

We next characterize the left modules, right comodules, and the left quantum
Yang-Baxter modules for U(r, k) when the field k has characteristic 0. We will find
the following notation conventions very convenient. Let V be a vector space over k
and r > 1 be a fixed integer. For an r-tuple 7 = (T, ..., T,) of endomorphisms of
M we define

Tn = Tln' Lo T

r

forallmn = (ny,...,n,) eNx--- x N=N-
To characterize the right comodules for U(r, k) we will need the notion of locally
nilpotent endomorphism.

Definition 9. A linear endomorphism 7: V — V of a vector space over V over
the field k is locally nilpotent if for every v € V there is an integer n > 0 such that
T"(v) =0.

A basic example of a locally nilpotent endomorphism is the following. Let (M, p)
be a right C-comodule for a coalgebra C over the field k and let (M, 1,) be the
resulting rational left C*-module structure on M. Let w: C* — End (M) be the
representation of C* afforded by (M, u,). Then

m(@)(m) = a—m = mM(a, m?)

forall @ € C* and m € M. Since every m € M generates a finite-dimensional sub-
comodule (N, p|y) of (M, p), and thus C(p|y) is a finite-dimensional subcoalgebra
of C, it follows that 7 (c) is a locally nilpotent endomorphism of M for all & €
Rad(C*).

Now suppose that V is a vector space over the field k and N € End (V) is locally
nilpotent. Then

o0
T = ZagNZ
=0
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is a well-defined endomorphism of V for any oy, a1, o2, ... € k. To see this, note
that for a given v € V there are only finitely many € > 0 such that N¢(v) # 0. Thus

T() = Z N ()
=0

has finitely many non-zero summands and can thus be regarded as a finite sum. For

the same reason if A" = (N, ..., N,) is an r-tuple of locally nilpotent endomorphism
of V then
T Y
ReN'

is a well-defined endomorphism of V for all choices of coefficients ap € k. If in

addition 7 = (T, ..., T,) is an r-tuple of endomorphisms of V then
T=>) anN"®@T"
ReN"

is a well-defined endomorphism of V ® V for any choice of coefficients ap € k.
There are obvious generalizations of the latter to the tensor product of a finite number
of vector spaces over k.

PROPOSITION 8. Suppose that M is a vector space over the field k and r > 1.
Assume that the characteristic of k is 0. Let B = {xy, ..., x,} be a fixed basis for the
space of primitives P(r, k) of U(r, k). Then:

(a) There is a one-one correspondence
T (M,ur.B)

between the set of r-tuples T = (T, ..., T,) of commuting endomorphisms
of M and the set of left U(r, k)-module structures on M, where x;-m = T;(m)
foralll <i<randme M.

(b) There is a one-one correspondence

N (M, px.B)

between the set of r-tuples N' = (N\, ..., N,) of commuting locally nilpotent
endomorphisms of M and the set of right U(r, k)-comodule structures on M,
where

xn
pnsOm) = 3 N m) @ —

ReN'
forallm e M.
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Suppose that (M, uwr ) and (M, par.B) are as described in parts (a) and (b) respec-
tively. Then:

() (M, ur B, pn.B) is a left quantum Yang-Baxter U(r, k)-module if and only if
the components of T and N' commute. In this case the associated solution to
the quantum Yang-Baxter equation is given by

R=)" %N"@T",

nen 1

where R = R, 5,07 .5)-

Proof. Part (a) follows from the usual formulation of left A-module structures
(M, n) on M in terms of representations m,,: A —> End (M) given by u(a ® m) =
m,(a)(m) for any algebra A over k, where a € A and m € M, together with the
observation that as an algebra A = U(r, k) is the (commutative) polynomial algebra
over k on any basis for P(A).

To show part (b) we first note that the subalgebra A = U°(r, k) of A? = U(r, k)°
generated by P°(r, k) = P(A°) is a dense subspace of A* by part (f) of Lemma 3.
Thus if p: M — M ® A is a linear map we have that (M, p) is a right A-comodule
if and only if (M, u,) is a left A-module, where this module action is given by

am= 1y @ a)(p(m))

forallo € Aandm € M.
First of all assume that N’ = (N;..., N,) is an r-tuple whose components are
commuting locally nilpotent endomorphisms of M. Define ppr g: M — M ® A by

n
pxa(m) = 3 N"(m) ® —

ReN'

for all m € M. By part (b) of Lemma 3 it follows that

o Lh-m o
() Bt
n! men (n—m)!  m!

for all n € N". Therefore (M, par ) is a right U(r, k)-comodule.

Conversely, suppose that (M, p) is a right A = U(r, k)-comodule. Let m:
A* —> End (M) be the representation of the induced left rational A*-module struc-

ture (M, 1) on M. By parts (b) and (d) of Lemma 3 the set {X,, ..., X,} is a basis
for P(A°), where X;(x™) = 8. n for all n € N, and X" (x™) = n!8p m for all
n,m € N'. Let N; = n(X;). Then Ny, ..., N, commute since X;,..., X, com-

mute. Now let m € M and suppose that N is the finite-dimensional sub-comodule of
M which m generates. Then p(N) € N ® V for some finite-dimensional subspace
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V of A. Therefore there exist an integer ny,;, > 0 such that V is in the span of the
x™’s, where n = (ny, ..., n,) satisfies n; < nmi, forall 1 < i < r. This means

NP(m) = X"—=m e M(X"™, V) = (0)

whenever n; > npy, holds for one of the components n; of rn. In particular N; is a
locally nilpotent endomorphism of M for 1 <i < r. Since A is a dense subspace of
A* and is spanned by the X"’s, the calculation

n
(In ® X™) (Z N (m) ® ";T)

neN'

N™ (m)

= Xm—\m
= (Iy ® X™)(p(m))

for all m € N" and m € M shows that p = pxr.5. We leave it to the reader to
complete the proof of part (b) by showing for r-tuples A" and N/ whose components
are commuting locally nilpotent endomorphisms of M that pxr 8 = pa~. s implies
N=N".

We now show part (c). By parts (a) and (b) any left quantum Yang-Baxter A-module
has the form (M, ur g, on.g) where T = (Ty, ..., T,) and N = (Ny, ..., N,) are
r-tuples of commuting endomorphisms, where Ny, ..., N, are locally nilpotent. The
formula for R = R(,; 5.pn ) fOllows from the calculation

Rm®n) = m'" @m?.n

n
= E N"(m)@ (L;) ‘n
n!

ReN'
= Y N ® T )
nenr n!

forallm,ne M.
We complete the proof of part (c) by showing that (8) holds, namely

a—(a-m) =a-(a—m)

forall « € A*, a € A, and m € M if and only if the T;’s and N;’s commute. Since
A is a dense subalgebra of A* it is not hard to see that (8) is equivalent to

X,~-*(xj'm) = xj'(Xi——*m)

forall 1 <i, j <randm € M. This last equation is equivalent to N;T; = T; N; for
all 1 <i, j < r. We have shown part (c), and thus the proof of the proposition is
complete. O
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The solution to the quantum Yang-Baxter equation described in part (c) of Proposi-
tion 8 can be described in terms of the exponential map. Assume that the characteristic
of k is 0 and that N is a locally nilpotent endomorphism of a vector space V over k.
Then

o0 n
o =32
=0 n

is a well-defined endomorphism of V. The endomorphism of part (c) of Proposition
8 can be written

R=exp(Ni®T))---exp(N, ® T,).

When M is finite-dimensional, observe that R = 1ygy + N for some nilpotent
endomorphism N of M ® M thus R is unipotent.

Suppose that A = U(r, k) and that (M, par g) is a finite-dimensional right A-
comodule. To prove the theorem of this section we need to know the rank of the
subalgebra B of A generated by A(p).

LEMMA 5. Suppose that M is a finite-dimensional vector space over the field k
and N = (Ny, ..., N,) is an r-tuple of nilpotent endomorphisms of M. Assume that
the characteristic of k is 0, let B be a basis for P(r, k), and suppose that B is the
subalgebra of U(r, k) generated by U(r, k)(onr.;5). Then rank B = rank .

Proof. First of all suppose that C is a coalgebra over k and that (M, p) is a
finite-dimensional right C-comodule. Let {m,, ..., m;} be a basis foy M and write
p(mj) =3;_; m; ® c; where ¢; € C. Then C(p) is the span of the c;’s. Therefore

C(p) = (M* @ 1c)(p(M)). (14)

Now let A = U(r, k) and consider (M, p), where p = ppr,58. Choose a basis
(N1 .., N™) for the span of the N™’s. Since

xn
plm) =3 N"m)® —

NeNr

for all m € M, there existcy, ..., ¢, € A such that

t
o(m) = ZN"“(m)@c; (15)
i=1

forallm € M.

We claim that A(p) is the span of the ¢;’s. First note that A(p) is contained in
the span of the ¢;’s by (14) and (15). To see that the ¢;’s are contained in A(p)
we note that M* ® M ~ End (M), where (¢ ® m,n) = (o,n)m for all o € M*
and m,n € M. Thus we can think of M ® M* as End (M)* via the composite
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M Q@ M* ~ (M* ® M)* ~ End (M)* which is given by (m ® o, T) = (a, T (m)) for

allme M, € M*,and T € End (M). Now fix | < j <t and let
)4
f=)Y m®a €End(M)"
=1
be the functional which satisfies ( f, N™) = §; ;. Then
t

¢ = Y (LN

i=1

t (P
= Z (Z(az’ N (me))) Ci

i=1 (=1
P

= Z(ae ® 1) (p(my))
=1

which means that ¢; € A(p). Therefore A(p) is the span of the ¢;’s.

We will assume that the basis B has been chosen in the following way. Reorder
{Niy, ..., N,} if necessary so that {Ny, ..., N} is a basis for the span of the N;’s.
Now there are only finitely many n’s such that A is not zero. Choose a basis for
the span of the A™’s, consisting of N™’s, so that any A is a linear combination of
basis elements A which satisfy |m| > |n|. Since N is nilpotent whenever n # o,

it follows that A® = 1, must be in the basis. Also observe that

P(A) C Aq),

Ci € A(z) if |n,~| > 1,
and
Co = 1.

Let B be the subalgebra of A generated by C = A(p). Since {N),
basis for the span of {N|, ..., N,}fors < j < r we have

)
N =D aiN.
il
where aj’: € k. We calculate

onpm) = m@1+ ) Nim)®x;+V

r

j=1

(16)

a7

(18)
...,Ny}isa
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mel+ Y Nmen+ Y (i“ﬁNi(m))®xf+V
i=1

j=s+1 \i=1

,
Ni(m)® (xi + ) ajx) +V
i=1 Jj=s+1

=m@I1+

s

=m®l+) N(mQQx/+V,

s
i=1

wherex] = x;+)_  aix;foralll <i <sandV =3,_, N”®3‘ﬁnT € MRA(.
By the way we chose our basis for the span of the N™’s it follows by (16)—(18) that
A(p) € k1 @ sp(xi,...,x;) ® Ap). Thus the primitives of B lie in the span of
X1, ..., x; which form a linearly independent set.

Let A = k[x], ..., x;] be the subalgebra of A generated by x1, ..., x;. Then Ais
a sub-Hopf algebra of A and .A ~ U(s, k) as Hopf algebras. Since A(0p) S BC A
we may consider (M, par ) to be a right A-comodule. Let 7: A* — End (M)
be the representation of .A* arising from the left rational .4*-module structure on M
determined by (M, pnr.8). Let X; = X;|4forl <i <s. Then X7, ..., X, € P(A?)
form a linear independent set, and thus form a basis for P(.A°) by Lemma 3. Since
N; = m(X]) for 1 <i < s we can apply Proposition 7 to conclude that B = A. This
completes the proof. O

By part (c) of Proposition 8 we have an explicit formulation of the solution R to
the quantum Yang-Baxter equation associated to a left quantum Yang-Baxter U(r, k)-
module structure. Our next result characterizes A(R).

THEOREM 2. Let M be a vector space over the field k. Suppose that the char-
acteristic of k is 0. Let T = (Ty,...,T,) and N = (Ny, ..., N,) be r-tuples of

commuting endomorphisms of M such that the N;’s are locally nilpotent and the N;’s
commute with the T;’s. Set

1 n n
R=ZEN QT

and

Then:

(a) R is a solution to the quantum Yang-Baxter equation.
(b) If M is finite-dimensional, then A(R) ~ U(Rank R, k).
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Proof. By part (c) of Proposition 8 there exists a left quantum Yang-Baxter
U(r, k)-module structure (M, ur 8, par.B) = (M, i, p) on M such that R described
in the statement of the theorem is the associated solution to the QYBE. Thus part (a)
follows. In the finite-dimensional case, we note that the fact that R satisfies the QYBE
also follows from the fact that the N;’s and T;’s generate a commutative subalgebra
Aof End(M) andthat R € A ® A.

Assume further that M is finite-dimensional. Let A = U(r, k) and write B =
{xi,...,x,}. Reorder {T},..., T,} if necessary so that {Tj, ..., T;} is a basis for
the span of the 7;’s. Recall that the representation 7: A — End (M) afforded by
(M, ) is determined by m(x;) = T; forall 1 < i < r and that the representation
e A* —> End (M) afforded by (M, u,) is determined by 7, (X;) = N; for all
1 <i < r, where the X;’s are defined for B as in Lemma 3. To compute X(\R/) we
will pass to a quotient of A and then to a subalgebra of the quotient.

Lets < j < r and write

S
T= T
i=1

where o € k. Let I be the sum of the coideals of anna (M). Thenx; —3;_, ax; € [
fors < j < r. Since {T}, ..., Ty} is linearly independent, the quotient A/ is the
free algebra on the set of cosets B = {X, ..., x;} by Lemma 3. Observe that

"= ZM@T& Z N;®<2ajﬂ)

Jj=s+1

i(N.~+ Z oz;iNj)@T.-

i=1 Jj=s+1

SO
S _
N=) Ni®T,
i=1

where N; = N; + PR aj.Nj foralll <i <s.

Let (M, i1 ) be the left A/I-module structure on M givenby i1 g = ur,8(T @
1) and let (M, 05/ ;5) be the right A/I-comodule structure on M defined by o 5 =
(1y @ m)pn,8, where m: A — A/I is the projection. Then (M, i1 g, Opr ) isa
left quantum Yang-Baxter A-module and R is the associated quantum Yang-Baxter
equation solution. Let T ={T\,...,T,}. Then (M, Arp) = M, “'T',E)' Observe
that for m € M we have

S
Pasm) = > N"m)® ();—')

ReN"
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mT+Y Ni(m)@% + Y Nj(m)@% +V

i=l1 Jj=s+1

mOT+Y NmeT+ Y Nm o (Za,x—) +v
i=1 i=1

Jj=s+1

=m@T+) (Nim)+ Y ajN;(m) ®% +V
i=1 j=s+1

=m®T+) Nim)®% +V
i=1
where V.e M Q@ (A/I)). Thusppr 5 = PR B where N = (Ny, ..., N,). Thus we
may replace A by A/I and (M, ur 5, px.B) by (M, KT B pﬁyg). In particular we
may assume that {7}, ..., 7,} is linearly independent.
Assume that {7, ..., 7,} is linearly independent and A is M-reduced. Notice
that Rank ® = Rank \. Let B be the subalgebra of A generated by A(p). Then

m ~ B. But Rank N’ = rank B by Lemma 5. This completes the proof of part
b), and we are done. [

COROLLARY 1. Suppose that M is a finite-dimensional vector space over the field
kandlet R: M@ M —> M ® M be a solution to the quantum Yang-Baxter equation.
Assume that the characteristic of k is 0. Then the following are equivalent:

(a) X(\E) ~ U(r, k) as bialgebras.
(b) There exists r-tuples T = {Ty, ..., T,} and N = {Ny, ..., N,} of endomor-

phisms of M such that
G {n,...,T,, Ny,...,N,}is a commuting family,
(ii)) Ny, ..., N, are nilpotent,
Gii) {Ty,...,T,}and {N,, ..., N,} are linearly independent, and

(lV) R = ZnGN’ %N’l ® Tn.

Proof. Part (b) implies part (a) by Theorem 2. To show part (a) implies part (b)
we first observe that there is a left quantum Yang-Baxter XZR/)-module structure on
M with associated quantum Yang-Baxter equation solution R. Thus part (a) implies
part (b) by Proposition 8 and Theorem 2. O

4. Finite-dimensional Hopf algebras as reduced FRT constructions

Every finite-dimensional Hopf algebra H over the field k can be embedded into
the underlying Hopf algebra D(H) of the quantum double (D(H),R) of H. In
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this section we show that M = D(H) has a left quantum Yang-Baxter H-module
structure (M, ., p) suchthat H is (M, u)-reduced and H(p) = H. Asaconsequence
H ~ X(E), where R is the solution to the quantum Yang-Baxter equation associated
to (M, p, p).

The quantum double is a quasitriangular Hopf algebra.

Definition 10. A quasitriangular bialgebra (respectively quasitriangular Hopf
algebra) over the field k is a pair (A, R), where A is a bialgebra (respectively Hopf
algebra)overkand R = )|, a; ® b; € A ® A satisfies the following:

QT.D) Y Aa) ®b; =Y} ,_ a; ®a; ® bibj,
(QT2) ¥'_, e(ap)b; =1,

QT3) Y/ 4 ® AP(b) = Y\, aia; ® b ® by,
(QT.4) YI_,aie(b;) = 1,and

(QT.5) (A®P(@))R = R(A(a)) foralla € A.

Let Rgy = (14 ® A*)(R) and Ry = (A* ® 14)(R). If r = Rank R observe that
{ai,...,a,} is abasis for R and {by, ..., b,} is a basis for R,).

Suppose that A is a finite-dimensional quasitriangular Hopf algebra over the field
k. Then Ry and R, are sub-Hopf algebras of A by [10, Proposition 2.a)] and
RyRyy = RyyRy by [10, Theorem 1.a)]. Let H = R and regard M = A as a left
H-module under multiplication. Define p: M — M ® H by

p(m) = Zbim ® a;
i=l

forallm € M. Then (M, p) is a right H-comodule by virtue of (QT.1) and (QT.2).
Using (QT.5) we deduce that (5) holds for (M, u, p). Therefore (M, u, p) is a left
quantum Yang-Baxter H-module. Since (M, u) is a faithful H-module we conclude
that H is (M, u)-reduced. Now suppose that r = Rank R. We have noted that
H = R has basis {a;,...,a.} and {by, ..., b,} is linearly independent. Since
p(l) = Z,;, b; ® a; it follows that H(p) = H (see Definition 1). Therefore
X(TQ) =~ H by Proposition 1(b), where R: M ® M — M ® M is the quantum
Yang-Baxter equation solution R = Ry, ). Since

r r
Rm®n) = Zm(” Qm®.n = Zbim ®ain

i=1 i=l1
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the solution R is given by

Rm®n) = Zb,-m ® a;n

i=]

forallm,n e M.

Now suppose that (D(H), R) is the quantum double of H. Then there exists
an embedding of Hopf algebras «: H — D(H) such that ((H) = R(,. See [2,
page 816] for the definition of the quantum double and its construction and see [10,
Section 3] for the conventions regarding the double we are following here. Since
Dim D(H) = (Dim H)? we have shown:

THEOREM 3. Suppose that H is an n-dimensional Hopf algebra over the field k.
Then there exists an n*-dimensional vector space M over k and a solution R: M ®

M — M ® M to the quantum Yang-Baxter equation such that H ~ X(\R/)
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