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GENERAL AND WEIGHTED AVERAGES OF ADMISSIBLE
SUPERADDITIVE PROCESSES

DOGAN COMEZ

ABSTRACT. It is shown that if {u,} is a sequence of measures good a.e. or resp. in the p-mean for
additive processes, then it is good a.e. or resp. in the p-mean, for the class of strongly bounded admissible
superadditive processes. Using the method developed, it is shown also that weighted averages of strongly
bounded admissible superadditive processes converge a.e. or in the p-mean for weights that are good a.e.
or in the p-mean for additive processes.

1. Introduction

Using some techniques of harmonic analysis, Bellow, Jones and Rosenblatt [BeJR;]
and Rosenblatt [R] studied the behaviour of weighted and general averages and ob-
tained various conditions on (probability) sequences {u,} that ensure the a.e. and
norm convergence. In particular, moving averages sequences satisfying the cone
condition are good a.e..(and in the p-mean, 1 < p < oo) [BeJR;]. It is proved in
[F] and [CF] that such sequences are also good a.e. and in the 1-mean for bounded
superadditive processes, respectively. Recently, in [(] it was shown that moving av-
erages sequences are good in the p-mean for admissible superadditive processes (see
the definitions below). In the spirit of these results, it is natural to ask the following
questions:

If {un} is a sequence of probabilities which is good a.e. or in the 2-mean (hence
good in the p-mean), is it also good a.e. or in the mean for superadditive processes?
If not, for what type of superadditive processes (if any) is the answer affirmative?

The question of which sequences {1, } are good in the p-mean (a.e.) for superaddi-
tive processes is a delicate problem: there are some simple sequences {u,} which are
good in the 2-mean (a.e.) for additive processes but not so for superadditive processes
(see the example below as well as the ones in [CF]). For some class of superadditive
processes, however, one can obtain an affirmative answer to this question. In this
article, we show that if {u,,} is good in the p-mean (a.e.), then it is good in the p-mean
(a.e.) for some classes of bounded superadditive processes.

Let (X, X, m) be a probability space and T: X — X an invertible measure-
preserving transformation (MPT). Given a probability measure 4 onZ, and f: X —
C, define uf(x) = w(T)f(x) = Y po_o wk) f(T*x) forallx € X.If f € L,
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then uf € L, with |[ufll, < || fll,, forall I < p < oo. The Fourier transform of 1
isdefined by fi(z) = Zk=_oo u(k)z" for z € T, the unit circle in the complex plane C.
If n = {n,} is a sequence of posmve integers, then the averages Z f (T"ix)
along n can also be defined as p}y f (x) using the sequence of probabllmes Uy =

v Zk - Oy, , Where §; is the unit (point) mass at j e Z. Similarly, if a = {a;} is a

sequence of weights, the weighted averages 5 Z i=0 Ya;Ti f(x) are defined by the

sequence of (signed) measures uy, f (x), where u%, = ,{, ,'(V_O' a;é;. Inthis paper, the

averages i, f will be referred to as general averages, whereas u%, f will be referred
to as weighted averages. We will write T' f instead of f o T*. For technical reasons,
each {u,} is assumed to be uniformly dissipative , i.e., lim,_, oo (sup; |, (i)|) = 0.

A sequence {u,} is called good in the p-mean for T if lim, w,(T)f(x) exists in
Lp-norm for all f € L,, and is called good a.e. in L, for T if lim, u,(T) f (x)
exists a.e. for all f € L,. If {i1,} is good a.e. (good in the p-mean) in L, for all
MPTs, it is called good a.e. in L, (good in the p-mean), We will say that {u,,} admits
a maximal inequality if m{x: sup, |, f(x)| > a} < —-L||f||1, for fe L, a >0,
when p = 1, orif ||sup, |, fOIl, < Cpll fllp forf € L,whenl < p < o0,
where Cy, C, are constants (which may not be the same at each appearance below).

Afamily F = {F,},>1 C L, is called a T-superadditive process if Fyym > F, +
T"F,, foralln, m > 0. If the equality holds, it is called T-additive, and if the reverse
inequality holds, it is called T-subadditive. T-additive processes are necessarily of
the form F, = Y72, T'F,. A T-superadditive process F C L, is called bounded
if sup,, %IIF,,III < oo. If F is a T-superadditive process, then F, > Z,'.'__fol T'F,
foralln > 1, hence F, = F, — Z,'-:O' T'F) is a positive superadditive process (and
necessarily increasing). It also follows that, if a result is valid for additive processes,
then the same holds for F if and only if it holds for F’.

In order to define the general averages of a T -superadditive process F = { F, } along
a sequence {u,}, it will be convement to view F' as a sequence of functions { f }x>0 C
L, with partial sums F, = Z =0 f, satisfying T"F, < Fpyn — Fy, m,n > 1.
Thus, if F is positive, f; > 0, for all i > 0. Furthermore, F is called strongly
bounded if sup,, || full, < oo. If {u,} is a sequence of measures on Z, and F isa T-
superadditive process, we will define w, F = Y ;.5 ta(k) fi (fork < 0, let fi =0.)
If F is a T -superadditive process, a sequence of measures {1, } is called good in the
p-mean (a.e.) for F if lim, u, F exists in L,-norm (a.e.)

2. Convergence of general averages

In [DK], Derriennic and Krengel constructed examples of superadditive pro-
cesses in L, satisfying sup, || Full2 < oo such that ujy F does not converge in the
norm, where n is the full sequence of positive integers. Hence, one needs some
stronger hypotheses to obtain the norm convergence of superadditive processes when
p > 1. Indeed, as the following example shows, the problem of obtaining subse-
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quential results for superadditive processes seems more intricate than expected (see

also [CF]).

Example. Let f, = (—1)", n > 0. Clearly F = {F,} is a bounded subadditive
process (on a one point space). If n is the sequence of odd (or even) integers or the
the sequence of squares or primes, then clearly up F converges. Now, we will define,
inductively, a sequence {n;} such that limy + v Zk=0 [, fails to exist. To see this, let
n()=0, ny = l, n2=2, n3=4, n4=5, n5=7,and

if 0 < j < 3'2, let n3ip; be the next 3’: 2 even numbers after nsi,_,

if0 < j < 3 2, let n3is4 j be the next 3’2 odd numbers after njiq_,.

Then N k—0 ' fo = OlfN = 3/2,andi 1s 3 Lif N = 3'4. Hence, liminfy N Zk_o S
=0, whereas limsupy Zk_o fu=1

These examples suggest that if a sequence {iu,} is good in the p-mean (a.e.), we
cannot expect it be good in the p-mean (a.e.) for superadditive processes. Below,
we will show that this pathology does not exist for some classes of superadditive
processes.

Definition. A sequence {f,}n>0 C L) of functions is said to be a Chacon T-
admissible family, (or simply T-admissible) if Tf; < f;4 fori > 0.

Clearly, if { f,} is a T-admissible family, then the sequence {F, },>1, where F, =
f, , is a T-superadditive process, called a T-admissible process. Observe that
the process F in the example above is not admissible.

Remarks. 1. When p = 1, strong boundedness follows from the boundedness
and admissibility [CF]. However, when p > 1, the condition sup, l||F Il < oo and
admissibility need not lmply thatsup,, || full, < 00. One condition that implies strong
boundedness is sup,, ,, LVF, 12 p < 00, which, on the other hand, is too strong to include
any nonconstant posmve superadditive processes.

2. If a superadditive processes is strongly bounded, then sup,., %II Full, < oo.
However, as remarked above, when p > 1, the converse implication is not valid, even
if F is admissible. As it is written, in Proposition 2.7 of [C] such a claim was made,
hence the proof of that statement is incomplete. Nevertheless, there, the proofs of all
the norm convergence results for p > 1 follow without any change if the processes
are assumed to be strongly bounded. (Or they can be obtained as a corollary of
Theorem 2.1 below.)

By the remarks above, strong boundedness and boundedness are the same for the
admissible processes in L. That is why, in the following, when p = 1, if we make the
assumption of strong boundedness for an admissible process, it will not be a further
restriction than boundedness.
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THEOREM 2.1. Let F C L, be a strongly bounded T -admissible process, 1 <
p < oo. If {un} is a sequence of uniformly dissipative probabilities good in the
2-mean for T -additive processes, then u, F converges in the p-mean.

Proof. We will employ the idea in [CF]. By assumption {u,} is good in the
p-mean for additive processes, hence we can assume (if necessary by passing to
F’) that f; > Oforeachi > 1. Let P, = f; — Tf;—, where Py = fy. Hence
P; > 0 for i > 1. Then by Clarkson’s inequalities (when p > 1) and admissibility,
S PP < Cp(lfills =l fi-1ll5) < oo, where C,, is a constant depending on p only
[C]. Fixk € Z*, and define

fiu(Ti=*x) for i > k

k —_
&) = 1rx) for 0<i <k
Then, it follows that
0if 0<i<k
fit) — gl (0) = [Z_ Peyj(T™ix) for i >k,where m=i—k.

Now, define
Dy (x) = Y () (fi(w) — gH)(x).
i=0

Then D, (x) < Y 720 ta(i) Zi=,‘ +1 P-(T"~"x), where the terms on the void sets are
zero. If

k)

bisw) = ) P(T"w) and b(w) = lim bys(w),
r=k+1 =

then by > 0, by > 0. Using the Lebesgue monotone convergence theorem and
strong boundedness, we obtain

o0
[tam=tm, [ st.am< 30 [ 7 <cpim Il <o

Because by 1 by and by € L, we conclude that T/by 4 T by in L,, for all j,
since T is strongly continuous. Therefore,

Dn(x) < Y tn()T by
i=0

Consequently, || D, II,, ||bk||,, < Z:,_H, f PP 10, as k > oo.
By assumption, Gy = L, — limy_.00 Y iog Un(i)gX exists. Since, for all n >
1, gk <gtt!, wealsohave G¥ < G¥*!. Therefore, {G*} is a monotone increasing
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bounded sequence of functions in L, and consequently, G = limy_,o, G* exists in
L,. Now, given € > 0, find a positive integer K such that for k > K, ||b|l; <
€/3, 12,85 — G5 <€/3, and ||G — G¥||; < €/3. Then,

00 P o0 p
D@ fi=G| < D ma)fi — gD
i=0 p i=0 p
) p
+ 1D magf =G| +]G-G*|, <e,
i=0

p

proving the assertion. W

Remarks. 1. If u = %(80 + 8)), then the sequence of measures {"} is good in
the p-mean, 1 < p < oo, where u" denotes the n times convolution of u by itself.
Hence it is good in the p-mean for strongly bounded admissible processes.

2. Sequences of probabilities having asymptotically trivial transforms, i.e., {i,}
with w,(y) - 0 forall y € I', y # 1, are good inthe p-mean [BeJR;], hence
they are good in the p-mean for admissible processes as well. By the same token, if
u is strictly aperiodic, then {u"} is good in the p-mean for additive processes, hence
good in the p-mean for strongly bounded admissible processes. Another interesting
example is the sequence u} = % ZZ;(I, 8,/ studied in [JW]. (Using Lemma 2.3 in
[JW], and applying the idea employed in Example 2.4 there, it is straightforward to
show that {1} has asymptotically trivial transforms.)

The main result in [CF] states that if a sequence of strictly increasing positive
integers n is good in the p-mean for superadditive processes relative to MPTs, then
it is good in the p-mean for T-superadditive processes, where T is a positive L -
contraction when 1 < p < oo, or a Dunford-Schwartz operator on L;. The same
result also holds if the processes involved are admissible. Theorem 2.1, combined
with this observation gives:

COROLLARY 2.2. If n is good in the 2-mean, then it is good in the p-mean for
strongly bounded admissible T -superadditive processes, where T is a positive L,-
contraction , 1 < p < 0o, or a Dunford-Schwartz operator on L.

In [CF] it has also been proved that moving averages sequences satisfying the cone
condition are good a.e. for admissible processes relative to MPTs. This result has
been extended in [C] to superadditive processes relative to positive L,-contactions,
1 < p < o0,. Itturns out that same conclusions can be drawn for the general averages
of admissible processes:

THEOREM 2.3. Let F C L, be a strongly bounded T -admissible process, 1 <
p < oo. If {un} is a uniformly dissipative sequence of probabilities that admits a
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maximal inequality and is good a.e. for T -additive processes, then {|1,,} is good a.e.
for F.

Proof. Since {u,} is good a.e. for T, we can assume that F is positive. We will
use the same setup as in Theorem 2.1 and consider the cases p =1and | < p < 00
separately. First assume p = 1, and let

f*(x) =limsup u, F(x) and fi(x) = lin}linfu,,F(x).

Given o > 0, define E = {x: f*(x) — fi«(x) > o}. In order to prove a.e. con-
vergence of u,F it is enough to show that m(E) = 0. To do this, let Hy(x) =
limy, Y0200 pn () fi(T i=kx), which exists a.e. by assumption. Furthermore, the uni-
form dissipativity of {u,} implies that He(x) = lim, Z?io M (@@ )g,!‘ (x) a.e. Now,
since Dy (x) < 3720 ()T by,

o0
E C [x: sng,,(x) > %} C [x: sgp;un(i)T'bk(x) > %}

By hypothesis, the additive process {}_;_ ! T b} admits a maximal inequality along
{wn}. Therefore,

m(E)<m ({x supZun(t)T bk(x)>-])<@ by dm 2 'Z fP dm.

i=0 Lt

By letting k — oo, we obtain m(E) =
Next, assume 1 < p < oo. In this case, for a fixed integer k > 1, consider the
“additive” process G = (Y"1, g*}. Then

=)
IA

/(f* - fi)ydm < Zflimsuplu,,F—unGl dm

IA

2/sup|unF——u,,G| dm
n

IA

2/8up|u,,F—p,,,G|” dm < 2/sup|D,,|” dm
n n

00 I
2 / sup
n|i=0

IA

> un@OT'by| dm < Cplibell?

where the last inequality follows from the hypothesis that {i,} admits a maximal
inequality. Since ||bc|l, | O, lim, u, F existsae. W
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3. Convergence of weighted averages

In this section we will obtain another consequence of the machinery employed in
the previous section, namely, a.e. and norm convergence of the weighted averages of
admissible processes.

For 1 < p < 00, the class W, of complex sequences is defined as

n—1
W, = [a = (a;): limsupl Z lak|? < oo} s
no Mo
which contains unbounded sequences as well. W, is the class of all bounded se-
quences. On W, we have a seminorm, called p-seminorm, defined by ||a"€v,, =
lim sup,, % Zﬁ;(', lak|?P. (We will also write ||allw,, = ||alle.) Clearly, W, C W, if
1 <p< z{ < 00. A sequence a of complex numbers is said to have a mean if
lim, 1 37 a; exists.

If F is a T-superadditive process and a = {ax} is a sequence of weights, then
we define the weighted averages of F along the sequence of weights aby ujF =
% ZZ;(', ai fi. a = {ai} is called good in the p-mean (a.e.) for F if lim u3 F exists in
L,-norm (a.e.)

THEOREM 3.1. Let F C L, be a strongly bounded T -admissible process, 1 <
p < 00. Assume thata € W, when p = 1, ora € W, when 1 < p < 00, where
% + é = 1. Ifais good a.e. for additive processes, then it is good a.e. for F.

Proof. Again, we will assume that F is positive and use the same setup as in the
proof of Theorem 2.1. Let f* = limsup, u} F and f, = liminf, u2F. When p =1,

n—1 n—1 i
Y ailfi—gh Y Tih
i=0

i=0
IfE ={x: (f*— fo)(x) > a}, a >0, then

a 2llall., C
> })s I 1“ el -

.

1
0< f*— fy <2limsup —
n o n

1
<2|all sup =
n N

n—

1|l
m(E) <m ([x: sup - T by
i=0

2 |alls

Since ||bk|l1 4 0 as k = oo, we have m(E) = 0.

When | < p < 00, observe first that the sequence {v;} C L,, where v; = T f;,
is increasing. Hence v; 1 v for some v € L, and f; < T'v for all i > 1. Define
sequences W by w;(x) = fi(x), and w* by w!(x) = g¥(x), k > 1. Then, by the
maximal inequality (2.11) in [BO] for the measure preserving case, for any o > O,

n—1

1 —_ ]n—l X
am {x: sup;ZIf,-I” >a] <am [x: sup;l-Z|T’v|p > a] <C, ||v||;,’,
0 i=0
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which shows that w € W, a.e. Similarly, w* € W, a.e., k > 1. On the other hand,

/||w"—w||wp dm = fhmsup $ [t = w|” dm

i=0

] n—
< fsup; _Z |fix) — gk)|” dm

IA

/sup ZlTbkl"dm — 0 as k > oo.

Thus, |w* — wl|lw, — Oa.e. as k > 0o. By assumption, w*a has a mean a.e., hence,
Lemma 2.2 in [JO] implies that the sequence aw has amean a.e.,i.e., uj F converges
ae. 0

THEOREM 3.2. Let F C L, be a strongly bounded T -admissible process 1 <
p < 00. Assume thata € Wo, when p = 1, ora € W, when 1 < p < 00, where

% + ql = 1. If a is good in the mean for additive processes, then it is good in the
p-mean for F.

Proof. A simple calculation shows that

L85 -
n i=0al i — &

< lalio lbelly if p=1,

i(fi — 8D

< llally, Ibell, if 1< p < oo.

Therefore, for 1 < p < oo,

lun F — uaF|, (fi — 85)

lg i(fi — k)
ni=oat i — &

2|allw, | ey + IIM&G" — G,

+ |unG* — urGt|,

IA

where G* is the process {Z,_o 8i k}. Now, it follows that {ud F}, is Cauchy in the
p-mean, since [|bxll, = 0, 1 < p < o0 ask — oo, and {,u"G"},, is Cauchy in the
p-mean, foreveryk > 1. ®H
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Remark. Many sequences studied in [BeL], [CLO] and [JO], in particular the
class B, of p-Besicovitch sequences, satisfy the hypotheses of Theorems 3.1 and 3.2.
Furthermore, in [CLO] it has been established that the sequences a € W, having
Fourier coefficients, 1 < p < oo, and 1-Besicovitch sequences are good in the
p-mean for contractions T on L, induced by MPTs.

The tools utilized in the proofs above can (almost verbatim) be repeated for positive
invertible L ,-isometries, 1 < p < 0o. Hence Theorem 2.3 and Theorem 3.2 are valid
if F is assumed to be a T-admissible process, where T is positive invertible L -
isometry. For Theorem 3.1, however, while the proof of the case p = 1 is the same,
in the case p > 1 one needs the maximal inequality (2.11) of [BO] for isometries.
Since this is the only medification needed for the proof of the statement analogous to
Theorem 3.1 for positive invertible L ,-isometries, we will state the theorem only:

THEOREM 3.3.  Let T be a positive invertible L ,-isometry, and let F C L, be a
strongly bounded T -admissible process, | < p < 00. Assume that a € Wy, when
p=1,0orac W, where s > qand—'—+% =1,whenl < p < 00.Ifais gooda.e.
for T-additive processes, then it is good a.e. for F.

By Bourgain’s return times theorem [BoFKO], the weights associated with return
time sequences are bounded sequences of weights which are good a.e for T-additive
processes, where T is a MPT. Thus Theorem 3.1 immediately implies:

COROLLARY 3.4. Let F C L be a bounded T-admissible process, and a be a
return time sequence. Then it is good a.e. for F.

Lastly, we observe an interesting feature of admissible processes: leta = {a;} be a
dynamically generated sequence of weights, that is, a; = ¢ (t'w) for some w € ,
and ¢ € Lo () of a dynamical system (22, L', v, 7). If ¢ € LL () and F is a
positive bounded 7-admissible process,

m+4n—1 m+n—1

m—1
SainF =Y afiz) aifi+T" ) aifim=SyF+U"SIF,
i=0

i=0 i=m

where U: X x Q@ — X x Q is the m x v-measure preserving transformation T x t.
Therefore, the “process” {S3 F'}, is a U-superadditive process. By assumption, this
process is bounded. Hence, by the results in [AS], for ae. w € Q, lim, u3 F =
lim, %S:F exists m-a.e. and in the 1-mean. It should be remarked here, however, that
the null set in €2 that is involved in this argument depends on T and F.

Acknowledgement. The author would like to thank the referee for various com-
ments and corrections on the original version of the paper and suggesting the idea
that improved the proof of Theorem 3.1.
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