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THE EXCEPTIONAL SET IN THE FOUR PRIME SQUARES
PROBLEM

JIANYA LIU AND MING-CHIT LIU

ABSTRACT. In this paper we prove that, with at most O (N '3/15+¢) exceptions, all positive even integers
n < N with n = 4(mod 24) can be written as sums of four squares of primes.

1. Introduction

In 1938, Hua [10] proved that each large integer congruent to 5(mod 24) can be
written as a sum of five squares of primes. In view of this result and Lagrange’s
theorem of four squares, it seems reasonable to conjecture that each large integer
n = 4(mod 24) is a sum of four squares of primes,

n=pl+p;+p}+p; (1.1)

However, a result of this strength seems out of reach at present. The purpose of this
paper is to establish the following approximation to this conjecture.

THEOREM 1. Let N > 2, and let E(N) be the number of positive integers =
4(mod 24), not exceeding N, which cannot be written in the form in (1.1). Then for
any 0 > 13/15 we have

E(N) € N®. (1.2)

The first result in this direction is due to Hua [10], who proved that E(N) «
N log'A N for some absolute constant A > 0. Later Schwarz [21] showed that A
can be taken arbitrarily.

There are other approximations to the above mentioned conjecture, and our The-
orem 1 can be compared with them. Greaves [8] gave a lower bound for the number
of representations of an integer as a sum of two squares of integers and two squares
of primes. Later Shields [22], Plaksin [18], and Kovalchik [13] obtained, among
other things, an asymptotic formula in this problem. Recently Briidern and Fouvry
[2] proved that every large n = 4(mod 24) is the sum of four squares of integers with
each of their prime factors greater than n'/68:86,

We prove our Theorem 1 by the circle method. Here the main difficulty arises in
treating the enlarged major arcs. The idea of the proof will be explained in §2.
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Notation. Asusual, ¢(n), u(n), and A (n) stand for the function of Euler, M&bius,
and von Mangoldt respectively, d(n) is the divisor function, and d, (n) is the general-
ized divisor function which is defined as the number of representations of n as products
of v positive integers. We use x mod ¢ and x° mod ¢ to denote a Dirichlet character
and the principal character modulo g, and L(s, x) is the Dirichlet L-function. For
integers a, b, . .. we denote by [a, b, ...] their least common multiple. N is a large
integer, and L log N. Andr ~ R means R < r < 2R. If there is no ambiguity,
we express  + 6 as a/b + 6 or 6 + a/b. The same convention will be applied for
quotients. The letter & denotes a positive constant which is arbitrarily small.

2. Outline of the method

In order to apply the circle method, we set
P=N¥5=¢ Q=N/(PL%. (2.1)

By Dirichlet’s lemma on rational approximation, each o € [1/Q, 1 4+ 1/Q] may be
written in the form

a=a/q+A, Al <1/(q@) 2.2)

for some integers a, q with 1 <a < ¢ < Q and (a, q) = 1. We denote by M(a, q)
the set of « satisfying (2.2), and define the major arcs M and the minor arcs C(M)
as follows:

q
M=) U M@, 9, C(M)=[i 1+ = ]\M 23)
q<pP a=| Q Q

(a.q)=1

It follows from 2P < Q that the major arcs M(qa, q) are mutually disjoint. Our
Theorem 1 is a consequence of the following:

THEOREM 2. Let M be as in (2.3) with P determined by (2.1). And let
T(@) = ) (log p)e(p’a). 2.4)

PN

Then for2 < n < N, we have

/ T*(@)e(—na)da = —G(n)n + o( N ) (2.5)
M log N

Here G (n) is defined in (3.3), and satisfies S(n) > 1 for n = 4(mod 24).

In the following proof for our Theorem 1, we only need this theorem for N/2 <
n < N, but here we consider a much wider range 2 < n < N for general interest.
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Note that the theorem only gives an O-result if n is much smaller than N. However
it is useful in a later paper [24] even in its weak form.
We can readily derive Theorem 1 from Theorem 2.

Proof of Theorem 1. Let N be a sufficiently large integer, and N/2 < n < N
with n = 4(mod 24). Let

r(my= Y (ogpi)---(log ps).
n=pi+-+p}
Then we have

1
=/ 1 - = , .
r(n) /0 (@)e(—na)da /M +-/;(M) (2.6)

where M, C(M), and T () are as in (2.3) and (2.4).

To estimate the contribution from the minor arcs, one notes that each & € C (M)
can be written as (2.2) forsome P <q < Qand 1 <a < q with (g,a) = 1. We
now apply Theorem 2 of Ghosh [7], which states that, for @ € C(M),

T(@) <€ N1/2+6'(P“1 + N~V4 4 QN—1)1/4 & N1/2-1/30+26 Q2.7)

Also, we easily derive the following mean-value estimate for T (a):

1
/ IT@'de < L* Y 1N 2.8)
°
mjzsN

It therefore follows from Bessel’s inequality, (2.7), and (2.8) that

/;(M)

2
< f IT (@) P dex
N/2<n<N C(M)

1
< [ max |T(a)|4} / IT (@) |*da « N3-2/15+%,
aeC(M) 0

Therefore, for all N/2 < n < N with n = 4(mod 24), except for a subset &(N) of
cardinality O (N!3/15+11¢) we have

‘/;‘(M)

The contribution from the major arcs can be handled by Theorem 2. We conclude
from Theorem 2, (2.6), and (2.9) that for all N/2 < n < N with n = 4(mod 24) and
n & €(N),

K N8, (2.9)

w2 n
r(n) = —1—6'6(71)'1 + 0 (io—g—;) .

From this and the fact that &(n) > 1, Theorem 1 clearly follows.
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Now it only remains to prove Theorem 2, which takes up the rest of the paper. One
easily sees from (2.1) that our major arcs is quite large. In contrast to the previous
works [14], [16], [6] which treat the enlarged major arcs by the Deuring-Heilbronn
phenomenon, we prove Theorem 2 by a different approach, which has recently been
used by Bauer, Liu and Zhan [3]. This approach reveals that in the context of this
paper, the possible existence of Siegel zero does not have special influence, hence the
Deuring-Heilbronn phenomenon can be avoided. The key point of this approach is
that there are four prime variables in our problem (while there are only two in Linnik
[14] and Gallagher [6]), and we can take advantage of this by saving the factor ry l+e
in Lemma 3.1 below. With this saving, our enlarged major arcs can be treated by the
large sieve inequality, Gallagher’s lemma, and classical results on the distribution of
zeros of L-functions (see Lemmas 3.3-3.6). Our novelties in this paper described
above not only give better results (note that Theorem 2 holds with P = N%/15-¢), but
also lead us to a technically simpler proof.

3. Preliminaries

For x mod ¢, define

q9 _ ah2
C(x,a) =) X(he (7) . Clg,a)=C(x"a). G.1)
h=1
If x4, ..., x4 are characters mod g, then we write

q

an
B(n, qs X1seees X4) = Z e ("7) C(Xl’ a):-- C(X4, a),

a=l
(@q)=1

B(n,q) = B(n,q, x% ..., x9, (3.2)
and
B(n,q) ad
An,q) = , SMh) = A(n,q). 3.3
) =703 (n) q; (. q) (3.3)

This G(n) is the singular series in Theorem 2.
In the following sections, we will need the following results.

LEMMA 3.1. Let xj mod r; with j = 1,...,4 be primitive characters, ro =
[r1,...,rs), and x° the principal character mod q. Then

1 _
> 7 B x1x% o xax 01 K rg ' log! x.

qsx
rolg
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Proof. Thisis Lemma 4.4 in [15].

LEMMA 3.2. (i) We have
Y 1A(m, )l < 7 d (). (3.4)

q>x

Thus the singular series & (n) is absolutely convergent.
(i) For n = 4(mod 24), one has

1 < 6(n) < (loglogn)!!

with some absolute constant ¢; > 0; while for n # 4(mod 24), one has G(n) =
Proof. Part (i) is (4.12) of [15] and Part (ii) is Proposition 4.3 of [15].

LEMMA 3.3. LetP >2andT > 2,and k = 0 or 1. Then we have

> L"‘> (; +it, x)

q<P xmod q
Here and in the sequel, the sum Y_* is over all primitive characters.

dt < P?T log*®**V(P2T),

LEMMA34. Let P > 2, T > 2, and a,, withm = 1,2, ... be a sequence of
complex numbers. Then we have

T |Mo+M My+M
a, m
> 2:*/ > "'X() dt < Y (P*T +m)lan|*.
g<P xmodq -T m=M, m=Mp

LEMMA 3.5. ForT = 2,let N*(«, q, T) denote the number of zeros of all the L-
Junctions L(s, x) with primitive characters x mod q inthe regionRes > «, [Ims| <
T. Then

N*(a, q,T) < (qT)*"=9110g°(gT)
where ¢ > 0 is an absolute constant.

LEMMA 3.6. Let T > 2. There is an absolute constant ¢c; > 0 such that
I xmodq L($5 X) is zero-free in the region

Res > 1 — ¢,/ max{log g, log*/> T}, Ims| < T,

except for the possible Siegel zero.

Lemmas 3.3-3.6 are well-known results in number theory. For the proofs of
Lemmas 3.3-3.5, see for example pp. 640 and 642, 634, and 669 in Pan-Pan [17].
For Lemma 3.3, see also Bombieri [1], and for a slightly weak form of Lemma 3.5
which suffices for our purposes, see Huxley [12]. For the proof of Lemma 3.6, see
Satz VIIL.6.2 in Prachar [19].
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4. An explicit expression
Let M = NL'2, and
S@) = ) (logp)e(p*a).

M<p?<N

It is convenient to establish the asymptotic formula

/ S*(@)e(—na)da = -—G(n)n +0 (1 IgVN) 4.1)

and then in §6 we derive Theorem 2 (i.e., (2.5)) from (4.1). The purpose of this section
is to establish an explicit expression for the left-hand side of (4.1) (see Lemma 4.1
below). And in §8§5 and 6 we shall estimate this explicit expression to obtain (4.1).
Define

V)= Y em®),

M<m?<N

WM = Y (ogp)x(ple(p’) =8, Y em®),  (42)

M<p’<N M<m?<N

where 8§, = 1 or 0 according as yx is principal or not. Also, define

- ~1/4+¢ * A
J=>r D max (WO,

r<pP xmod r

and

. 1/(rQ 172
K=Y rlie " (f |W(x,x)|2d>.> :

r<P xmod r ~1/(rQ)
Now we state the main result of this section.

LEMMA 4.1. Let n, M be as in Theorem 2. Then
72
/ S*(@)e(—na)da = —Gn)n
M 16
+ O{(J2K2+ J*’K + J* + N2 LB}y + O(NL™Y,
where & (n) is the singular series defined as in (3.3).

Proof. Introducing Dirichlet characters, we can rewrite the exponential sum S («)
(see for example [4], §26, (2)) as

a C(q,a) 1
S{=+1)= S C(x,a)W(x,A). 4.3
(q+) v(q) ()+¢()X§q )W (X, ) *3)
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Thus,
/ S*(@)e(—na)da = Iy + 41) + 61, + 413 + I, 4.4)

M

where
an\ V@D )

I = ct ’(q,a)e( ) f VA&
! q; <p“(q) (“Z‘,‘:. a/J-1a0

a,q)=

Jj
[ > C(x,a)W(x,A)] e(=nA)dA.

xmod g

We will prove that I gives the main term, and Iy, I, I3, I4 the error term.

We begin with I, the most complicated one. Reducing the characters in I into
primitive characters, we have

Y 3

4] =
q<P v*(9) ximod ¢

1/(eQ)
> BOugutneeeo ) [ W03 Wit Meohaa

xamod g
IB(n q, x1x% .., xax®|
=5 I0 D DRRND B B LS LER
rn<p r4<P xymodr| Xamod rq 4<P

1/(4Q) . .
Xf IWOax™, M- IW(xax™, MldA,
-1/qQ)

where x© is the principal character modulo g and ro = [ry, ..., r4). Forq < P and
M < p* < N, we have (g, p) = 1. Using this and (4.2), we have W(ijo, A) =
W (x;, A) for the primitive characters x; above. Using this and Lemma 3.1, we obtain

. , (U0
IZIEDIED 3D SRS Sy NN SISy 7em A

ri<P  r4<P ximodr, x4modr4 ~1/(roQ)
<3 1B, g, x1x% - -, xax®I
q<P 4(‘1)
rolg
e . " « [1/0Q)
2320 380 and ST S SN OO ST
n<P <P ximod ry xamod rg ¥ —1/(r0Q)

If we apply the inequality

—1+¢ —1/4+e_—1/4+e_—1/4+€_—1/4+¢
rh " =n ) r3 Ty

“4.5)
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to the above quantity and use Cauchy’s inequality, then we get

L| < L17 r—-l/4+e * max w A
H :L; ! x]mzo‘;n i gy W O 1)1
—1/4+¢ *
X r max |[W(xz, A
[,;, 2 ng‘;n S g W (2 ) l]
1/4 * 1/(r3 Q) 172
x 12 m iy (/ |W(X3,)~)|2d)»)
r<P x3mod r3 =1/(r;Q)
s L/ (1D 12
AT ([ W i)
ry<P xamod ry =1/(rs Q)
= J2K2Ll7. (46)

Similarly, we can bound I3, I, and [; in terms of J and X, to get

1/Q 172 1/Q
||+ |L| + || « LY {J*K ([ IV(x)Izdx> +12f IV (W)2dA

-1/Q /0
1/0 \ '
J V(A)|2dA violt. 7
+ (/_wl 9] )Mrlrgll;(gl 9] 4.7

By Lemma 7.1 of [11],
Nl/2 1
vy = / eMddu+0(l) == Y mPemr)+0(1). (48)
M2 2 M<m<N

Using this and the elementary estimate

> me(ma) < min(N'2, M7, 4.9)
M<m<N

one easily gets

max_|V(A)| € N2,
Al<1/Q

1/Q 1/~MN 00
/ IV 2dr < f Ndx + f M~'A\"2d)\ « LS.
-1/Q 0 1/vMN

It thus follows from (4.6) and (4.7) that

|| + | I + | L] + | I] < {J*K? + J*K + J* + N2y L2, (4.10)
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It remains to compute Iy. Substituting (4.8) into Iy, we have

B(n, q) 1/4qQ)
Iy = —
16 Z '@ Lo

oly1B@al e
= 9@ oo

4
[ Z m"/ze(mk)] e(—nA)dA
M<m<N

m'me(mk)
M<m<N

3
dA] . @411
By (4.9) and Lemma 3.1 with ry = 1, the O-term in (4.11) can be estimated as

|B(n, 9)| VVMN 3 ® ~3/2 =3 1/2723
< E — N-"“dA + M [A|77dA} K N/°L*,
=r 9@ 0 1/VMN

Now we extend the integral in the main term of (4.11) to [—1/2, 1/2]; by a similar
argument we see that the resulting error is

1/2
< LY f M7 A™dr <« M~2(PQ)’LY <« NL™!,
/(PQ)

where we have used (2.1). Thus the main term of (4.11) becomes

B(n, q) ~1/2 -1
Y (myeom)”2+ OWLT.
16 q<P ‘P4(q) M<m,...mg <N : *

my+-t+my=n

By (3.4), the first sum above is &(n) + O (L~!). The second sum can be calculated as

T4(1/2)
')

= 7+ O(NL™S),

Y mi-m)rOMPN') =

1<my,...mg<N
my+t+my=n

n{l+0m Y)}+0(NL™%

on appealing to Lemmas 7.17 and 7.18 of Hua [11]. Now by Lemma 3.2 (ii), (4.11)
becomes

2
= —G(n)n + ONL™Y. 4.12)

Lemma 4.1 now follows from (4.4), (4.10), and (4.12).

5. Estimation of J
We have
J <« Lmax Jg
R<P

where Jj is defined similarly to J except that the sum is over » ~ R. The estimation
of Jg falls naturally into two cases according as R is small or large. For R > L2,
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where B is some positive constant, one appeals to contour integration, mean-value
estimates for the Dirichlet L-functions or their derivatives, the large sieve inequality,
and Heath-Brown’s identity. While for R < L2, one uses the classical zero-density

estimates and zero-free region for the Dirichlet L-functions.

We first establish the following result for large R. In Lemma 5.5 we shall consider

small R.

LEMMA 5.1. Let A > Obe arbitrary. Then there exists a constant B = B(A) > 0

such that when LB < R < P,
Jr K N2L=4,

where the implied constant depends at most on A.

To prove this result, it suffices to show that

Y Y max ([W(x, Wl < RVENY2LA
5, Wsl/ero

for L < R < P and arbitrary A > 0. Let
WA = ) (Alm)x(m) —8y)e(m?h).

M<m?<N

Then

WA =W A== > (ogp)x(ple(p¥2) < N'*.
=2 M<p? <N

Thus (5.1) is a consequence of the estimate

S Y max WAl < R¥AENY2LA,
= L, WSl
where R < P and A > 0 is arbitrary.
Let M2 < u < N'/2, and let My, ..., My be positive integers such that
2’1°M1/25M1~--M10<u, and 2M5,...,2M105u1/5.
Forj=1,...,10let

logm if j=1,
ajm) =11 if j=2,3,4,5,
u(m) if j=6,7,8,9,10.
We define the following functions of a complex variable s:
aj(m)x (m)
£ =fHe0= Y LT

m~M,

é.1)

(52)

(5.3)

54)

(5.5)

, F(s) = F(s, x) = fi(s) -+ - fio(s).
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Now we recall Heath-Brown’s identity (see Lemma 1 in [9]) for &k = 5, which states
that

! 575 : : . /
Lw=) (j)(-—1>"‘c’(s)cf"‘(s)cl(s) + %(s)(l — LGN,

; j=l1

where ¢ (s) is the Riemann zeta-function, and G(s) = Y_,, s u(m)m™°. We choose
k = 5 because the identity with k < 4 will give weaker results, and when k > 6 it
produces the same estimate as the case k = 5. Equating coefficients of the Dirichlet
series on both sides provides an identity for — A (m). Also, for m < u the coefficient
of m™* in

—%(s)(l — 1(6)G ()’

is zero. Thus,

5 5 .
A(m)=2(j)(—1)f-‘ Y (ogm)ulmsy) - ulma)).

j=1 m) g j=m
MJ+| ,...MZJSM
Applying this identity to the sum
Y. Amxm), (5.6)
M\ 2<m<u

one finds that (5.6) is a linear combination of O(L'?) terms, each of which is of the
form

oMy = Y -+ > ai(m)x(m) - awmio)x (mo)
mi~Myp  myg~Mig
M'2<m--mo<u
where M denotes the vector (M), Ms, ..., Myp). By using Perron’s summation for-
mula (see for example, Lemma 3.12 in [23] or Theorem 2, p.98 in [17]) and then
shifting the contour to the left, the above o (u; M) is

1 1+1/L+iT us — Ms/

2
Py F(s,x)———ds + O
2 JipyL—ir s

1 1/2-iT 1/2+T 1+1/LHT N12L2
O T )
2xi \Jigye—-ir  Jio—ir 1/2+iT T

where T is a parameter satisfying 2 < T < N'/2. The integral on the two horizontal
segments above can be easily estimated as

N1/2L2

o

u u’ N2
Fo £iT, )| = (-o2p, —
< 1/25?%1/1,' (@i, 0l T < 1/25?52_‘1):-1/LN T < T
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on using the trivial estimate

F(O’ :L_-iT’ X) < lf](O' :I:lT, X)' e IflO(a :L'.lT, X)'
< (M}""L)le“‘7 ...Mllo-a « NU-o2p

Thus,

$Hit _ pr3GHD N/2L2
ow; M) = —/ ( ztx)E——Tdt+0( T )
2

Since R > LB (so x # x9), in (5.2) we have

. NI/Z
W= 3 Amxmentn= [ e(umd{ > A(m)x(m)},

M<m?<N M'2<m<u

and consequently W (x, A) is a linear combination O (L'°) terms, each of which is of
the form

N2
/ e(u*N)do (u; M)

M2

1 T 1 N2 . N1/2L2
= — | Fl=+itx f uVite(20)dudt + O 1+ |AN)).
2 -T 2 M2 T

By taking T = N'/2 and changing variables in the inner integral, we deduce from the

above formulae that
T 1
F {=+it, x)
/_T (2

N t
/M v e (1—7; log v+)»v) dvdt

where the maximum is taken over all M = (M, M,, ..., Myp). Since

d t a? t
%(4—logv+)»v)_m+k, p] 2( logv—i-)»v) et

by Lemmas 4.4 and 4.3 in [23], the inner integral in (5.7) can be estimated as

<« M~3*min N s N
(el + DY2" min |t + 4|
M<v<N

W(x, M| < L'° max

+ N2/15L12, (5.7)

1/479 1/2 i <T,
< [N L2/t + 1) if |t < To 5.8)

NYVAL9/|t| if To<|t|<T,
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where Tp = 8w N/(RQ). Here the choice of Tj is to ensure that |t + 4w Av| > |t|/2
whenever |t| > Tp; in fact,

|t +4mdv| = |t| = 4z |v|/(rQ) > |t]/2 4+ To/2 — 4xN/(RQ) = |t]/2.

Therefore it follows from (5.7) and (5.8) that the lemma (more precisely, the < in
(5.4)) is a consequence of the following two estimates: For 0 < T} < Ty, we have

>y

r~R xmodr 1

F <% i X)’dt K RMNYAM 4+ DL, (59)

while for Ty < T, < T, we have

/-ZTz
r~R X mod r

Both (5.9) and (5.10) are deduced from the following bound.

( +it, x)ldt &K RYVA-eNVAT, LA, (5.10)

LEMMA 5.2. Let F(s, x) be defined as above. Then forany R > 1 and T3 > 0,
273
L)l Gres)

dt & (R*Ty + RT; N> £ NVYLe.  (5.11)
r~R ymod r T
Now we can complete the proof of Lemma 5.1.

Proof of Lemma 5.1. By taking T3 = T} in Lemma 5.2, the left-hand side of (5.9)
is now

& (R2T1 + RT11/2N3/20+N1/4)LC & Rl/“_le/“(T] + 1)1/2L—A,

provided that L? < R < P = N*15-¢ with a sufficiently large B. Here L® < R
guarantees that N'/4L¢ is dominated by the quantity on the right-hand side. This
establishes (5.9). Similarly we can prove (5.10) by taking 75 = T; in Lemma 5.2.
Lemma 5.1 now follows.

Itremains to prove Lemma 5.2, which follows from the following two propositions.

PROPOSITION 5.3. If there exist M; and M; with 1 < i < j < 5 such that
M;M; > N'53, then (5.11) is true.

Proof. Without loss of generality, we may suppose thati = 1, and j = 2. Using
Perron’s summation formula and then shifting the path of integration to the left as
before, we get

1 1/24+1/L+iN 1 (2M1)w - MV
+lt = — L, (—+it+w, X) __‘—l'dw+0(L2)
fi ( X) 27i Jyjae/L-in 2 w

1 —iN iN 1/2+1/L+iN
=_.[f s+ ]+0(L2).
27i \ip+yL-in - J-in Jin
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Here one notes that the function 52—"1')——-'- has a removable singularity at w = 0.

Thus, on the above vertical segment from —iN to iN, we have

eM)®Y - MY 1
w 14+ v

where w = u + iv. Using the well-known bounds (see for example [17], p. 271,
Exercise 6 and p. 264, (13))

rd=92t1=0 1og2(r|t]) for O0<o <1,|t| =2,

, ,
L(o+it, x) K {logz(rltl) for o>1,[t| 22,

the contribution from the horizontal segments can be estimated as

u
pA=Q2HD2(N 4 (1= A7240) 1002 (r (N + |t —1‘
oy, DT (Y )

& LP  max rVATMANTVEUME L2
O<u<1/2+1/L

Therefore, we have
N
fi 1( +it, x) < f
-N
N
<[
-N
by Holder’s inequality. Thus,

2. Z*f“ fl( +it, x>4

r~R ymodr T

< L* f dt { / / }
rzvl:?xmodr T |v|<6T3 6T3<|v|<N

+ R*T3L3=:%, + =, + R*T L3,

1 dv
L'(=+it+iv, L?
(2+’ T X)’1+|v|+

1/4
(L sirtiv ‘v /+L2
2 X T+

dt

4 dv

14 v

( +it+iv, )

where ¥, and ¥, denote the contributions from the two integrals within the braces

respectively. Clearly,
2T34+v 4
f ( +iw, x)
r~R ymodr VT3+v

Y = L4/
! v|<6T; 1+ |v|
4
( +iw, x)

< L* f f
[v|<6T; 1 + |”| ~R xmodr 873

dw

dw <« R*T3L"
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on using Lemma 3.3 in the last step. To bound X, one first changes the order of

Ll + iw
2 ’ X

Now 673 < |w —t| < N implies that either 673+t < w < N+tor—N+t <w <
—6T3 +t. So, since T3 < t < 2T3, one deduces that in either case |w — t| — |w|/2 >
|w|/2 — [t| = 0, and this shows that |[w — | > |w|/2. Consequently, by Lemma 3.3,

2T 1 4
5 — * l — 7
22 <L ./T, dt4T3<IJP<aN+2T3 Z Z L (2+lw’ X)

r~R xmodr
Collecting the above estimates for ¥; and X, one obtains
" 2T; 4
> / fi ( +it, x)

r~R xmodr Y13
4
fz( +it, x)

b(m)x (m)
nff( +it, X) > Py,

My--Myo<m<28M3---Myo

4 dw

s=rt [ arY v
14 |w—t

’ [
T3 r~R xmodr YO6D3=|lw—t|<N

dw< R*T;LY.

dt € R*T3LB. (5.12)

Arguing similarly, we also have

3D

r~R xmodr

dt € R*T3LB. (5.13)

Since

with b(m) < dg(m), by Lemma 3.4 one has

[l (310

2T;
33| r
r~R xmodr YD |j=3
2 2
< (R*T; + m)dg(m)
Ms.-Mio<m=28 M3.-Myo mn
N1/2
K (R’T3 + M3+ - My)L° K {R2T3 + ] Le. (5.14)
MM,

One thus concludes from Holder’s inequality, (5.12), (5.13), and (5.14) that

> */2T3 F(—;—+it,x)1dt

r~R xmodr T
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. 2T 1 4 1/4
<1y > / fi (5 +it,x) dt}
r~R xymodr T
1 4 1/4
) (5 + it, )() dt]

) {Z Z*/Tm
[l () a]

r~R xmod r 3
j=3
172
] L° & (R’T3 4+ RT,*N¥®)L¢,

Anz

r~Rxmodr Y13
MM,

< (R’T3)'? {R2T3 +
since M; M, > N'/3, This proves Proposition 5.3.

PROPOSITION 5.4. If there is a partition {Jy, J»} of the set {1, ..., 10} such that

l—[Mj + l_[Mj & N30,
jed Jjeh

then (5.11) is true.

Proof. Forv = 1,2 define

by(n)x (n)
ns

R, 0 =[] fe0=Y

jely n&Ny

where N, = ]'[je 1, Mj and by (n) < Ldo(n). Applying Lemma 3.4 we see that
2T3 1
L LG
r~R xymodr T 2
, (20 2 Y12
< [Z > / dt]

r~R xmodr Y713

dt

1
Fy (5 +it, x)

. 2T 1 2 172
x Z Z /T F2(§+it,x) dt
r~R xmodr 3
1/2 1/2
< [R2T3+ > |b1(n>|2] {R2T3+ > |b2<n)|2] L
n&N; n&N,

& (R’Ts + N)V2(R®T3 + Np)'/*L°
& (RT3 + RTY*N¥2 4 NV4 L, (5.15)

since N; + N, <« N3/'0 and N; N, « N'/2, This proves Proposition 5.4.
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Proof of Lemma 5.2. In view of Proposition 5.3, we may assume that M; M; <
N5 for all i, j satisfying 1 < i < j < 5. It follows that there is at most one M;
with 1 < j < 5 such that M; > N'/!%. Without loss of generality, we can suppose
this exceptional M; is My, so for j = 2,3, 4,5 we have M; < N'/10. From this and
the assumption that Mg, ..., Mjp < N1, we deduce that M; < N'/10 holds for
j=2,3,...,10.

Although M; may exceed N'/10, it is bounded from above by the inequality
MM, < N5, From this and the assumption M2 &« M;---Myy < N2, we
see that there is an integer / with 2 </ < 8, such that

M;---M; <NY,  but M;---My; >N,
Take Ny = My -+ M4, and N, = M5 - - - Myp. Then we have
Nl/5 P Nl <<NI/SM1+1 <<Nl/5N1/10<<N3/10 and N2 <<N1/2/N1 <<N3/10.

Thus we have N; + N, « N30, ie., the assumption of Proposition 5.4 is satisfied.
Lemma 5.2 now follows from Proposition 5.4.
Now we treat the case R < LB.

LEMMA 5.5. Let A > 0and B > 0 be arbitrary. Then for R < L%, we have
Jr K N'2L~A,

where the implied constant depends at most on B.

Proof. We use the explicit formula (see [4], p.109 and 120, or [17], p.313)

u’ u 2

:L; Am)x (m) = yu — |Z —+0 [(T + 1) log (quT)] (5.16)
< YIST

where p = B + iy is a non-trivial zero of the function L(s, x),and2 < T <uisa

parameter. Taking T = N'/6 in (5.16), and then inserting it into W (x, A), it follows
from the fact that MY/2 < y < NY/2, M = NL~'2, and (2.1) that

A~ N2
Woen = [ e(uzx)dlDA(m)x(m)—ax)]

M2 neu

N2
- f @) Y wrldu+ O(N'A(1+AIN)LY)
mr IylsN

<« NV2p3 Z NB-D2 L o(N7/15),
lvISN/e

Now let 7(T) = czlog™/* T. By Lemma 3.6, [T, a5 L (s, X) is zero-free in the
region o > 1 — n(T), |t| < T except for the possible Siegel zero. But by Siegel’s
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theorem (see, for example, [4], §21) the Siegel zero does not exist in the present
situation, since » < LZ. Thus, by Lemma 3.5,

1-n(N'/%)
NE-D2 « fc [ (NV/6)121=a)/5 N @=D)/2 gy
0

ly|<NV/6
& LENTTNYO/0  oxp(—c3L1/3),
Consequently,
* A
max |W(x, A Nl/zL‘A, -
WZR,(%, |MSI/(rQ)| MK 5,17

where R < P, and A > 0 is arbitrary. Lemma 5.5 now follows from (5.17), (5.2),
and (5.3).

6. Estimation of X
In this section, we estimate K by establishing the following Lemma 6.1. We
remark that in proving Lemma 6.1 we need not distinguish the two cases R > L5
and R < L® as in Lemmas 5.1 and 5.5, since we need not save a factor L=4 on the
right-hand side of (6.1).
LEMMA 6.1. We have
K<L 6.1)

where ¢ > 0 is some absolute constant.

Proof. By the definition of K and (5.3), we have

Z 1/4+ Z o [109 2 v
- £
K K L111e1<a§ r (./: [W(x, M) dx)

= r~R xmod r 1/rQ)
o/ UCD 12
« Lmax) r7i/++e 3" (/ IW(x,A)IZdA) +1.
k<P 2R xmod r =1/

Thus to establish (6.1), it suffices to show that

o[ fVCD 172
DD ( f |W<x,x>|2dx) « RI-eL ©62)

r~R xmodr 1)

for R < P and some ¢ > 0.
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By Gallagher’s lemma (see [5], Lemma 1), we have
D (Amyx(m) —8,)

eo) , 1 \2 oo
[ wenia < (z5) |
_1/(rQ) RQ -0 v<m2<v+rQ

M<m2<N
IE Q M-—r Q

Let X = max(v, M) and Y = min(v +rQ, N). Then the sum in (6.3) can be written
as

2
dv

2

3 (Am)x(m) —8y)| dv. (6.3)

v<m? <v+rQ
M<m2 <N

D (Am)x(m) = 8y). (6.4)

X<m?2<Y

Using Heath-Brown’s identity to this sum, and applying Perron’s formula as before,
we see that (6.4) is a linear combination of O (L!9) terms, each of which has the form

1 T 1 YiG+H0 _ x3G+in N2[2
;M = — F . 't‘, dt 0 )
oM = o /_T (2+l X) I +it * ( T )

where M, F (s, x) are as in §5, and 7 is a parameter satisfying2 < T < N'/2, One
easily sees that

YiG+Hn _ xiGHn 1 pY
3 +it 2 ./x

. 1Y t
w2 gy — 5/}( u=3e (Z; log u) du.
The integral can be easily estimated as

YV XV @+ r Q) — o oA+ Q) - 1),

Since v satisfies M —rQ <v < N,andrQ <2RQ <2PQ =2NL~"“ =2ML™?,
the above quantity is < v™3*RQ « M~3/4R Q. On the other hand, one has trivially

YiG+HD _ x3G+n yl4 N4
T < < .
5 +it ¢] It]

Collecting the two upper bounds, we get

Y3G+in _ x3(+in N4 RQ N4
<cmin (M-37RQ, N ) <« Lomin (12, 0.
i (e 5 W

Taking
T = N2, Ty = N/(QR),
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we see that
RQL9/ (1 )
ocu;M) < F|=+it, dt
@D N3 Jysr | \2 X
1479 1. dt 2
+ N7*L Flz+it,x || =+ OL).
To<|t|<T 2 2]

And consequently (6.3) becomes

/@)
/ W (x, MPdr <« N~12L%8 max ( /
-1/t Q) M \Jis<n

1 2
(3| )

+ NL® max (f F (1 + it x)’ dt)2
(QR)? M \Jp<p<r 2 ' |

NL24
+ —.
(QR)?
Now the left-hand side of (6.2) is
<« N~ 1/4L19max2 / ( +it, x)‘dt
r~R xmodr YII<To
N3/4Ll9 dt NI/ZRL12
max f ( + it, )‘ — ——
M R yedr JTo<irl<T || )

Thus, to prove (6.2) it suffices to show that the estimate

/2T|
r~R xmod r YT

holds for R < Pand 0 < T; < Ty, and

/ZTZ
r~R xmod r

holdsforR< Pand Ty < T, <T.

The estimates (6.5) and (6.6) follows from Lemma 5.2. The proof of Lemma 6.1
is completed.

( +it, x)‘dt & RVA-ENALe (6.5)

( +it, x)‘dt & RVA$(RQ)N7AT,Le (6.6)

Proof of Theorem 2. By Lemmas 4.1, 5.1, 5.5, and 6.1, we get (4.1). In view of
Lemma 3.2, it remains only to derive (2.5) from (4.1).
Applying the inequality |a* — b*| < |a — b|{|a| + |b|}?, we get

1
f [T*(@) — S*(@)}e(—na)de <« / IT () — S()||T (@) dex
M 0

1
+f IT (@) — S(@)||S@)’da. (6.7)
0
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By Holder’s inequality, the last integral above is

1 1/4 1 3/4
< ( fo lT(a)—S(a)l“da) ( fo IS(a)l“da) = H/*H}*, say. (6.8)

Here H, does not exceed log4 N times the number of solutions of
Pt + P} = P} + P}, pj < N2, 6.9)

By [20], Satz 3 the number of solutions of (6.9) with p; p» # p3pais O(NL™3). Also
by the prime number theorem, (6.9) has approximately 8N log™2 N trivial solutions,
namely those satisfying p; p, = p3 ps. Therefore,

H, <8(1+¢)Nlog>? N € NL%. (6.10)

The integral H; is less than log4 N times the number of solutions of (6.9) with
pj < N2 replaced by p; < M'/2, and consequently H; < ML? by a similar
argument. Putting these upper bounds into (6.8) and using M = NL~'2, one sees
that the last integral in (6.7) is « NL~!. The same estimate also holds for the next-
to-last integral in (6.7), and hence the quantity in (6.7) is bounded by NL~!. The
desired result (2.5) now follows from (6.7) and (4.1). Theorem 2 is proved.
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