ON ALBANESE VARIETIES

BY
SuoJsr Korzumr

Let V be an r-dimensional algebraic variety, (P(V), &), (A(V), ¥o)
the Picard variety and the Albanese variety attached to V, &, ¥, being the
canonical homomorphisms of @, , ®; onto P(V), A(V) respectively, where
2", ®s denote the groups of divisors and of zero-cycles on V, respectively,
which are algebraically equivalent to 0. (P(V), &) can be characterized
as follows: Let G be any group variety, and ® any ‘“algebraic”’ group homo-
morphism of ;™ into G. Then there exists a (rational) homomorphism
¢:P(V) — G suchthat ® = ¢ o®,. (We shall not dwell here upon the mean-
ing of the word ‘‘algebraic’’; it has a certain algebraic-geometrical sense, which
will be fully explained on another occasion.!) Likewise (4(V), ¥,) can be
characterized in a similiar way: One has only to replace ®; " by ®J in the
above characterization of (P(V), &). Now it is known that (1) the kernel
of & is the group of divisors on V which are linearly equivalent to 0, (2)
the rational mapping F of a total maximal Chow variety W of positive di-
visors on V onto P(V) induced by ®; is a regular mapping,” and (3) if W is a
complete total Chow variety, the inverse image of a point of P(V) by F is
a Chow variety associated with a complete linear system. We shall prove
in the present paper that (A(V), ¥,) has properties corresponding to these
properties of (P(V), ®). Namely we shall prove that (1) the kernel of
¥, is the group of zero-cycles on V which are regularly equivalent to 0,* (2) n
being sufficiently large,* the rational mapping F, of a Chow variety V(n)
of positive zero-cycles of degree n onto A(V) induced by ¥, is a regular
mapping, and (3) n being again sufficiently large,’ the inverse image X 5™
of a point v of A(V) by F, is a regular variety.?

It was proved recently by Y. Taniyama [7] and A. Mattuck [6] that X ™
is irreducible. Our result gives additional information on X{™. Throughout
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1 See a forthcoming paper of the author.

2 Let f be a rational mapping of V into U, and k a common field of definition for V,
U,andf. We shall say that f is a regular mapping if k(z) is a regular extension of k(f(x)),
where z is a generic point of V over k.

3 As to the definition of ‘‘regularly equivalent’, see below, §4.

4 There is an example of V, such that the canonical mapping of V' = V(1) into A (V)
is purely inseparable, or separably algebraic, so that we must necessarily consider V(n)
for sufficiently large n to obtain an analogy of (2).

5 T. Matsusaka communicated to me an example of V, such that X3 is irreducible,
but is not a regular variety, so that we must again consider V(n) for large n.

6 A variety V, such that there are no rational mappings from V into abelian varieties
other than constant mappings, is called a regular variety. (This terminology is of the
Italian school.)
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the present paper I shall avail myself freely of the definitions and the nota-
tions in Weil’s book [8].

1. We list here some propositions which we need in the sequel. The
proofs are omitted, because all results are essentially contained in Chow’s
papers [1, 2].

Prorosirion 1. Let By, - -+ , By, and A be abelian varieties, and f; (1 = 1,
- -+, m) homomorphisms of B; onto A, respectively. The rational mapping F of
By X -+ X B, into A, which is defined by F(y®, --- , y'™) = Yma Fi(y®)
for any v eB;,isa homomorphism onto A. If the kernel X; of fi is an abelian
subvariety for ¢ = 1, - -+ , m, the kernel X of F is also an abelian subvariety of
Bl X X Bm .

Let A,, A be abelian varieties defined, respectively, over fields k(u), k,
where k(u) is a regular extension of k. We assume that a homomorphism f,
of A, onto A is defined over k(u), and that f, has an abelian subvariety of
A, as its kernel. Denote by (w1), (us2), - -, (u.) independent generic
specializations of (u) with respect to k, and by (4., f;) the uniquely de-
termined specialization of (4., f.) over (u) — (u;) with respect to k. If
we define the homomorphism F, of 4; X --- X A, onto 4 by F, = > f:,
the kernel X, of F, is an abelian subvariety which is defined over
K ="Fk(u, - ,u). Let A be the factor group-variety of A; X «-+ X A
by X, . Then we have the following lemma.

Lemma. There is a positive integer No such that the abelian variety AS™ is
isomorphic to an abelian variety defined over k, by an isomorphism defined over
K, for anyn = N, .

As direct consequences of this lemma we obtain the following corollaries.

CoroLLARY 1. If A, is an abelian variety defined over a field k(u) which is a
regular extension of a field k, the k-image of A . over k(u) is, at the same time, the
k* ‘*-image of A., over k¥ °(u) for any positive integer e.

CoroLLARY 2. Denote by V a projective variety defined over k, which s
nonsingular in codimension 1. Then the Albanese variety attached to V admits
a model defined over k. Moreover, if V contains a k-rational simple point,
the canonical mapping of V to A(V) may be also considered as defined over k.

That A(V) admits a model defined over k* ° for some positive integer e,
is a direct consequence of the Chow-Weil theory” for fields of definition of
abstract varieties. We can descend from k* ° to k& owing to the lemma.

2. Let V(n) denote the Chow variety of positive zero-cycles of degree n
on a projective variety V. We can naturally define the rational mapping
n
A
o, of an n-ple product V X .-+ X V onto V(n), which is everywhere defined

7 Cf. Weil [9] and Chow [1].
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onV X -+ X V. If Aisthe Albanese variety and f is the canonical mapping
of V into 4, A is also the Albanese variety of V(n), and the canonical map-
ping F,, of V(n) into A is characterized by F.o on(i. -+ . 2s) = 2 im f(2s),
where z; (1 = ¢ = n) is any point on V.

PropositioN 2. If F. is a regular mapping, then the mapping F... of
V(n + 1) into A is also regular.

Proof. We denote by k a common field of definition for V, 4, f, and con-
sequently for ¥, and F,,;. Let z,, ---, 2,41 be independent generic points
of V over k; and put

y" = i f(@), Y = D ().

Our assumption means that k(on.(x1, -+-, @.)) is a regular extension of
k(y™), and we have to prove that k(oas1(21, -+ , Tn, Tng1)) I8 regular over
k(y™*). We have only to show that k(on(21, -, Zn), Tns1) is regular
over k(y*™). This is a direct consequence of the fact that
K(ou(my, -+, @), &ny1) is regular over k(y'™, op1) = k(y
that k(y"™, za41) is regular over k(y™™).

(n+1)
" Xnga) and

TaEOREM 1.8 Let A be the Albanese variety of a variety V. Then there
exists a positive integer No such that the canonical mapping F, of the Chow
variety V(n) onto A is a regular mapping for any n = N, .

Proof. As the property to prove is birationally invariant, we can assume
that V is a projective variety nonsingular in codimension 1 and is defined
over a field k. We choose a fixed generic point ¢ of V over k and denote by
C. a nonsingular curve which is obtained as an intersection of V and a general
plane of a suitable dimension containing {. The curve C, is defined over
K(u) where K means the field k(f) and K(u) is a purely transcendental
extension of K. Let (u®), -+, (u) be independent generic specializa-
tions of (u) over K, and C; the uniquely determined specialization of C,
over (u) — () with respect to K for1 < ¢ < m. Ci(g) X -+ X Cu(g)

m

may be considered as a subvariety of V(g) X -+ X V(g),’ where g means
the genus of C, .1 If f is the canonical mapping of V into A, the rational
m

mapping F’ of V(g) X --- X V(g) onto A is defined by
Flog(@u, -, 1)y = 0 5 00(Tm, 7 Tmg)) = Zi,jf(%j)-

8 The fundamental inequality in Igusa’s paper [3], dim A < h%9(V) is a direct con-
sequence of this theorem.

9 V(g) or C;(g) means the Chow variety of positive zero-cycles of degree g on V or
C; , respectively.

10 Tt is obvious that ¢ is at the same time the genus of any C; (1 £ 7 = m).
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We may assume that A, f, and F’ are defined over K, and C.(g) is birationally
equivalent to the Jacobian variety J; of C; by a birational transformation
defined over K (u‘”), because C; contains a rational simple point ¢ over K (u?).
Considering the above fact and the relationship between the Albanese variety
of V and the K-image of J; over K(u”), we see that the restriction mapping
Fe of F/ on™ Ci(g) X -+ X Culg) is a regular mapping for a sufficiently
large m.”> If we prove that F, is a regular mapping for n = mg, the general
case will follow from Proposition 2.

Now we shall fix a positive integer m so that Fois a regular mapping.
If we put K(u®, -+, u'™) = K(%), and y is a generic point of 4 over
K (@), we see that"

(1) F&'(y) = X is a variety defined over K (#)(y), because F is regular,
and that

(2) F"y) = ¢ > ia X, is a prime rational cycle over K(y), where
X, -+, X, denote the conjugate subvarieties over K(y) of V, and ¢ is the
order of inseparability of X; over K(y).

At least one of these subvarieties X;, - - -, X4 contains the subvariety X,
and since X;, ---, Xy are conjugate over K(y) and consequently over
K (i) (y), each X; must contain X.

m mg

A

We shall denote by s the natural mapping o, X - - - Xﬁag of VX -+ XV
m

onto V(g) X .-+ X V(g), which is defined everywhere on V" X --- X V,
and denote by s¢ the restriction of s on

g g g
A A A
Ci X - XCOXC X XC X+ XCp X oo X Cp

Since s and s¢ are separably algebraic mappings, simple calculations of cycles
show us that
(1) s o Fol(y) = (Foose) ™ (y) = se'(X) is a prime rational cycle
over K(i)(y), each component of which carries the coefficient 1, and that
2) TP TN(y) = (Fes)T(y) = ¢ Lias (XY,

11 Tt seems true that Cu.(g) is simple on V(g), but I have no proof for it. Anyway
any rational mapping of V(g) X --- X V(g) into an abelian variety is defined at any
point on Ci(g) X -+ X Cn(g).

12 Cf, the lemma in the previous section.

13 If f is a rational mapping of a variety V into another one W, and y is a point on
W, f~1(y) is a V-cycle which is defined by the formula

Uy Xy =T (VX y)

when the intersection product in the right side of the formula is defined. (I'y means
the graph of f.)
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Furthermore, we see that

g g g

(Flos) () (Ci X +++ X CLXCrX +os XCyX s X Cr X oon X C)
= (Foos0) ().

On the other hand since the carrier of each s(X;) contains s (X), we can
conclude that d = ¢ = 1. This completes our proof.

3. Using the notations A, V, f, F,, V(n), and an integer N, with the
same meanings as in the previous section, we denote by k a common field of
definition for A, V, and f. From now on we shall always assume that V is
a projective variety, nonsingular in codimension 1. Theorem 1 implies that if
y is a generic point of A over k, F;'(y) is a subvariety of V(n). We shall now
consider the inverse image of an arbitrary (not necessarily generic) point of
A by F,. Moreover we use the following notations:

q = the dimension of 4, r = the dimension of V, N = (¢ + 1)N,.
Suppose that » is an integer such that n = No + m = N (som = ¢N,).

s is the rational mapping of V(Ny) X V(m) onto V(n) which is defined by
so (owg X 0m) = 0n. Put G = F,os. For any mapping H, I'x will mean
the graph of H. Thus we shall define X{” for a positive integer I and v ¢ A

by X X v =Tps n (V() X v),and ¥ by
Y X0 ="T¢n (V(No) X V(m) X 0)

where 0 is the neutral element of A. For the rational mapping

n
_ /—-————A—.——.——\
G =F,o00f V X --- X V onto A we shall define Z by

ZX0=Tgn((VX---XVXO0).

ProrosiTioN 3. Under the above notations we have
(1) Y 4s a variety of dimension mr — q defined over k, containing
X0 % X™, , where u is a generic point of A over k.
(i) X&™ is a variety of dimension nr — q defined over k. Now a generic
point x of X ™ over k is expressed by x = o(xy, -+ , T,) where z; is a point
of V.

(iii) Amny subset (xi, -+, Tim) of m points of (xy, -+, Tn) gives us a
set of independent generic points of V over k.
(iv) Let (1,2, ---,n’) be a permutation of (1,2, --- ,n), and put
o2 y Ty xNo) = .’L'(l), U(xNo+l y Tty xn) = x(z)y
a(xl' y "ty xNo’) = x(l’), U(x(No+l)' y "t xn’) = x(z');

T f(m) = u, D2 f(ae) = .
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9 . . . g .
Then (2, £, u) is a generic specialization of (z”, z®”, w') over k.

Proof. Let Z* be a component of the bunch Z. Z* is a subvariety of

n
—_———

VX-.-- ><\ V defined over the algebraic closure & of k. A generic point
(%) of Z* over Fk is expressed by

(B) = (@1, "+, Twg 5 Twgst, **° , Tawg 5 *** 5 Lang 5 TaNg+l > *** 5 Tn)

where z; ¢ V. At least one of the (¢ + 1) classes of points
(xiNo+l ) x(i+l)No)7 .7 =0,--+, ¢ — 1, (quo+1 y Tt xn) consists of
independent generic points of V over k. In fact, if it were not so, we should
have dim(%) < nr — ¢ — 1 in contradiction to dim Z* = nr — q.

Now we shall prove the assertion (iii). We assume that (1, -+, Zw,) is
a set of independent generic points of V over k£ and put

i_\’:l f(x:) = u, (x(l)) =o(®, - 7371\70)7 (x(2)) = ¢(Tyg+1, " yTn).

We know then that w is a generic point of A over k, and (z), («®) are
respectively points on X', X which are varieties by Theorem 1. The
inequality

. 2) .
mr — q = dimgy (27) = dimgey (Tygers =00 5 Tn)
=

dim Z* — Nor = (nr — q) — Nor = mr — ¢
implies that

dimg (Twgsss -, &n) = dimy (2®)
= dim; (v) + dimge (2®) = mr.
This proves that (Zyg41, -+, Z.) is a set of independent generic points of
V over k.

In the same way, we see that if any one of the above-mentioned (¢ + 1)
classes of points, say C, is a set of independent generic points of V over k,
then the set of all other points, which remain after removal of C
from (x,, ---, Z.), is also a set of independent generic points of V over k.
It is also to be noted that the order in which x;, - - -, z, are arranged is ir-
relevant in the above reasoning,.

To complete the proof of (iii), we have to prove that (x; , -, x;,) isa
set, of independent generic points of V over k. We shall denote (z;, , - - , i,)
by Cp and abbreviate this to “C, is independent”. Let C; be the comple-
mentary set of Cy with respect to (x;, ---, x.). Ci consists of N, points.
If C, is independent, then C, is independent by what we have just proved.
If C; is not independent, then C, contains some ‘“independent part’” (con-
sisting of Ny or n — ¢N, points), say C’. By what we have proved, the com-
plement of ¢’ must be independent. But this complement contains Ci,
which is a contradiction.

As to the assertions (i) and (iv), the component Y* of ¥ corresponding to
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Z* by o, X o, contains the subvariety X' X X% which is the locus of
(z, z®) over k(uw). Furthermore (z, 2®) has Y* as the locus over F,
and any component of ¥ can be regarded as the locus of (2, z®) over k.
This leads easily to the assertions (i) and (iv), and the assertion (ii) is a
direct consequence of (i).

THEOREM 2. Under the same notations and assumptions as in Proposition 3,
there exists a positive integer N such that X3 is a regular variety defined over k
for any integer n = N and any point v on A (we can choose as N the integer
N = (q + 1)No in Proposition 3), and dim X{” = nr — q.

Proof. Obviously we have only to prove the theorem for the case v = 0.

It was already proved in Proposition 3 that X§™ is a variety of dimension
(nr — ¢). Now we must prove that the variety X{™ is regular. As the
regularity of a variety does not depend upon the choice of reference fields,
we may assume that k is algebraically closed.

Let B and g be, respectively, the Albanese variety of X and a canonical
mapping of X{” into B, both of which are defined over k. It is sufficient to
prove that ¢ is a constant mapping. Under the same notations as in Proposi-
tion 3 we shall denote by § the restriction mapping of g o s on a variety
X0 % X™ . Then § can be expressed by

7@, 2?) = g (a") + ¢(=®),

where ¢g; (or g») is a rational mapping of X N0 (or X™)) into B, which is
defined over a separably algebraic extension™ K of k(u) If a complete set
of conjugates of g; over k(w) is given by (g, ¢, .-+, gi¥) respectively

for 7 = 1, 2, we have

§(=®, ) = gi(«®) + g2(x®) forv =1,2, -1

= 20 gi(@®) + Zoa g3(a®)
= Gi®) + @),

where G; or G is, respectively, a rational mapping of X" to B or of X
to B, both of which are defined over k(). Then there exists a rational
mapping Gy (or @) of V(N,) (or V(m)) to B, the restriction mapping on
X3 (or X)) of which is equal to G: (or G2) 18 From the definition of the
Albanese variety we know that G1 and G; induce constant mappings, respec-
tively, on X&' and X% . This means that I§ and also § are constant on
X0 % X and its value §(z®, 2®) = g o s(z®’, 2®) is rational over
k(u). Since k(u) is a subfield of k(xy, - - -, z~,), there is a rational mapping

No
——t—

hof V X --+ X V to B, which is defined over k and satisfies

gos(;va) (2)) = h(xli e 7xN0)'

and
i i ( x(l) (2) )

14 That K is separably algebraic over k(u) is not essential for our proof.
15 G, and @G are defined over k.
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On account of the symmetry of ¢, we have
h(xl y T xNo) = ?=01 h/(xi),

where ' is a mapping of V to B, and

gos(z?,2) = gos(z", ™)
where 2" = o(zy , -+, ax), 2% = 6(Zavgsry , -+, &w ) for a permutation
(1,2, ---,n')of (1,2,---,n). Combining the above two equalities we
have
Jiv=o1 h’(x,) = ?;01 h'(:l?,'r).
Let (&1, &2, -+- , &) be a set of independent generic points of V over k.1

n

We shall define a mapping Hogof V X --- X V to B by
Hoo(Z, &) = No D iu h'(&:).

H may be considered as a mapping of ¥V (n) to B. Then by a simple calcula-
tion, we have

Hoog(ay, -+ ,xs) =ngoa(wy, -, Zn).

Since H must be constant on X§™, ng and consequently g are constant on
X§™. This completes our proof.

4. Now we introduce the notion of regular equivalence between cycles of
the same dimension on a variety. This is a special case of algebraic equiv-
alence and a wider notion than of rational or linear equivalences.

Let V be a variety, and X, X’ two cycles of the same dimension on V.
X, X’ will be called directly regularly equivalent if there exist a regular
variety W, two points z, 2’ on W,and a cycle Zon ¥V X W suchthat X X = =
Z-(VXz), X' X&' =Z-(VX2a'). (Weshould of course require that the
intersections Z-(V X z), Z-(V X ') can be defined.) Two cycles X, ¥
on V will be called regularly equivalent if there exist a finite number of cycles
X, X', X", -+, X% = Y, such that X and X', X’ and X”, --- , X*™ and
X® are directly regularly equivalent.

Our Theorem 2 implies that regularly equivalent zero-cycles are always
directly regularly equivalent. On the other hand, it is easily seen from the
theory of Picard variety (or from the so-called ‘“Seesaw Theorem’’) that regu-
larly equivalent divisors are linearly equivalent. But the general theory of
regular equivalence is not yet made, and we do not even know if regularly
equivalent cycles (of other dimensions than 0 and » — 1) are always directly
regularly equivalent or not.

By using the terminology of regular equivalence, we can formulate our
Theorem 2 in the following form:

18 The following process is not necessary for the case ¢ > 1. The proof in case ¢ > 1
can be accordingly simplified.
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TaEOREM 3. Let A and f be, respectively, the Albanese variety attached to a
projective nonsingular variety V and the canonical mapping of V into A. We
shall denote by &, , ®, the group of zero-cycles on V which are of degree 0 and
the group of zero-cycles on V which are regularly equivalent to 0, respectively.
Then there exists a group isomorphism between ®./®, and A, given by

A=Pi+ o +Pi— Q= —QueBs
= f(P) + -+ f(Pa) — f(Q) — -+ — f(Qn) € A.
BIBLIOGRAPHY

1. W. L. Crow, Abelian varieties over function fields, Trans. Amer. Math. Soc., vol. 78
(1955), pp. 253-275.

2. ———, On Abelian varieties over function fields, Proc. Nat. Acad. Sci. U.S.A., vol. 41
(1955), pp. 582-586.

3. J. Iausa, A fundamental inequality in the theory of Picard varieties, Proc. Nat. Acad.
Sci. U.S.A., vol. 41 (1955), pp. 317-320.

4. T.MATSUSAKA, On the algebraic construction of the Picard variety, Jap. J. Math., vol. 21
(1951), pp. 217-235.

5. ———, On the algebraic construction of the Picard variety (II), Jap.J. Math., vol. 22
(1952), pp. 51-62.

6. A. MartTUuck, The irreductbility of the regular series on an algebraic variety, Illinois J.
Math., vol. 3 (1959), pp. 145-149.

7. Y. Tantyama, Distribution of positive 0-cycles in absolute classes of an algebraic variety
with finite constant field, Scientific Papers of the College of General Education,
University of Tokyo, vol. 8 (1958), pp. 123-137.

8. A. WEiL, Variétés abéliennes et courbes algébriques, Actualités Scientifiques et In-
dustrielles, no. 1064, Paris, Hermann, 1948.

9. ———, The field of definition of a variety, Amer. J. Math., vol. 78 (1956), pp. 509-524.

Tokyo UNIVERsITY oF EpucaTion
Toxkyo, JaPAN



