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1. Introduction

By a convex surface with boundary imbedded in a three-dimensional Euclid-
ean space E° we mean a two-dimensional compact subset of the boundary of
a convex region in the space E°. The purpose of this paper is to establish the

TaEOREM. Let S and S* be two orientable convex surfaces of class C* with
boundaries C and C*, respectively, and positive Gaussian curvatures imbedded
in a three-dimensional Euclidean space E*.  Suppose that there is a differentiable
homeomorphism H of the surface S onto the surface S* such that at corresponding
points the two surfaces S and S* have the same unit inner normal vectors and
equal Gaussian curvatures. If the homeomorphism H restricted to the boundary
C is a translation carrying the boundary C onto the boundary C*, then the homeo-
morphism H 1sa translation carrying the whole surface S onto the whole surface S*.

When the two surfaces S and S* are closed, the above theorem becomes the
well-known uniqueness theorem for Minkowski’s problem, which was first
established by Minkowski [5] and several decades later proved by Lewy [4]
for analytic surfaces S and S*, by Miranda [6] for surfaces S and S* having
derivatives of 5th order satisfying Hoélder’s conditions of positive exponent,
by Stoker [7] for surfaces S and S* of class C* and by Chern [1] for surfaces
S and S* of class C*. The methods used by these authors are all different.
Minkowski applied Brun-Minkowski’s theory concerning the mixed volumes
of convex bodies; Lewy, Miranda, and Stoker used different results about
elliptic differential equations; and Chern modified the proof of Herglotz [2]
for Cohn-Vossen’s theorem on isometries of closed convex surfaces by deriving
some integral formulas.

The method used in this paper is essentially the same as that used by Chern.
It should also be remarked that the uniqueness theorem for Christoffel’s prob-
lem can also be extended to the same form as that of the above theorem (for
this, see [3]).

2. Preliminaries

In a three-dimensional Euclidean space E°, let us consider a fixed right-
handed orthogonal frame Oe; e, e3 , where e, , e, and e; form an ordered triple
set of mutually orthogonal unit vectors at a point O. Then the position
vector of a point P of a surface S of class C* in the space E® with respect to
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the orthogonal frame Oe; ¢; ¢; can be given by the vector equation

(2.1) X = F(, u),

where the two parameters " and v’ take values in a simply connected domain
D of the two-dimensional real number space, the components of the vector
F(u', u’) are of the second class, and the Jacobian matrix || 9X/ou® || is of
rank two at all points of the domain D. Throughout this paper all Latin in-
dices take the values 1, 2, 3; Greek indices the values 1, 2 unless stated other-
wise; and the partial derivative of any differentiable vector function V of u'
and v with respect to u” is denoted by V,. We shall also follow the con-
vention that repeated indices imply summation.

Let N be the unit normal vector, || g« || the matrix of the positive definite
metric of the surface S at the point P, and || g°* || the inverse matrix of
| gas ||. Then we have

(2.2) No = —bas 9" X5,

where b.s = bg, are the coefficients of the second fundamental form of the
surface S at the point P. From equation (2.2) it follows immediately that

(23) faﬁ = Na°N3 = bap bﬁﬂ gpv’
and therefore that
(2.4) g% = fue bV,

where the dot denotes the scalar product of the two vectors N, and Ng,
and || b*® || is the inverse matrix of || bss [. Substituting equation (2.4) in
equation (2.2) we obtain

(2.5) No = —fo, b X5.
The Gaussian curvature K of the surface S at the point P is given by
(2.6) K =1b/g = f/b,

where g denotes the determinant | gos | > 0, b = |bag|, and f = | fug|. From
equations (2.6) it follows that

2.7 f=Kyg>0.
The element of area of the surface S at the point P is
(2.8) dA = ¢"* du* du’.

If the surface S is orientable, we can choose N to be the unit inner normal
vector so that the second fundamental form of the surface S at the point P
is positive definite. For this inner normal vector N, there is a unique pair
of values of ; and ez such that oy, @2 = 1,2, a1 # oy, and PX,, X,, Nisa
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right-handed frame at the point P, from which it follows that

(2.9) an X Xaz = 91/2 N)

(2‘10) | Xal b Xa2 ) N I g1/2’

where the cross X denotes the vector product of the two vectors X., and
X, , and the left side of equation (2.10) is a determinant indicated by writing
only a typical row. Let d be the exterior differentiation, and ® the combined

operator of the vector product X and the exterior product A. By means of
equations (2.8) and (2.9) we can easily obtain

(2.11) dX ® dX = 2(Xa, X Xa,) du™ A du™ = 2N dA.
3. Proof of the theorem

Without loss of generality we may assume that the corresponding points of
the two surfaces S and S* have the same local coordinates ' and «*. Then
§2 can be applied to the surface S, and for the corresponding quantities and
equations for the surface S* we shall use the same symbols and numbers with
a star respectively.

Since by the assumption of the theorem N* = N and K* = K, from equa-
tions (2.3), (2.6), (2.8), (2.3)*, (2.6)*, and (2.8)* it follows that

3.1) fas = fas,
(3.2) B =5 >0,
(3.3) dA* = dA.

Equating the right side of the two equations (2.5) and (2.5)* we have, in
consequence of equation (3.1),

(3.4) Fap 0% Xg = fou b¥° X4 .

Let || f*® || be the inverse matrix of || fog ||. First multiplying equation (3.4)
by f** and summing for « and then multiplying the resulting equation by
bx, and summing for A, we can easily obtain

(3.5) Xh = bbb X, .

By means of equations (2.8), (2.9), and (3.5) a simple calculation suffices to
demonstrate that

36) dX* ® dX = 11) (Of b — blabyy — by + Db N dA.
From equations (2.11), (3.2), and (3.6) it follows that
d| X* X,dX | = X* (dX ® dX) — X-(dX* ® dX)
@7 = 2p* d4 — %’ (bY1bs — biaby — biibys + biaby) dA
b — by blz — by

2p* — p)dA + 2
b by — by by — ba

I
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where we have placed
(3.8) p = XN, p* = X*.N.

Interchanging the roles of the two surfaces S and S* in equation (3.7) and
making use of equations (3.2) and (3.3), we thus obtain

b1 — by bla — by
L A S
Addition of equations (3.7) and (3.9) gives immediately

d(| X* X,dX | 4+ | X, X*, dX*|)

*
(39) d|X,X* dX*| = 2(p — p*) dA + %

(3.10) 1 bii — by ble — by
=z (p + p*) dA.
b3y — by by — ba

From the assumption that the given homeomorphism H restricted to the
boundary C is a translation T carrying the boundary C onto the boundary
C*, it follows that along the boundary C we have dX* = dX, and therefore
| X* X, dX | + | X, X* dX*| = 0. Integrating equation (3.10) over the
surface S and applying Stokes’ theorem to the left side of the equation, we
thus arrive at the integral formula

(3.11) //% bfl - bu bf2 - bm
8

by — by ba — b

Using the given translation 7' carrying the boundary C onto the boundary
C* if necessary, without loss of generality we may assume that the intersec-
tion D of the convex hulls of the two surfaces S and S* contains interior points.
Then we can choose the origin O of the fixed orthogonal frame Oe; e, ¢; in the
space E® to be in the region ® such that p > 0 and p* > 0. On the other
hand, due to equation (3.2) and the fact that the second fundamental forms
of the surfaces S and S* at the corresponding points P and P* are positive
definite, it is well-known that

le - bll bi‘2 - b12
byr — bay by — ba|

where the equality holds when and only when bag = bag for &, 8 = 1, 2. Thus
the integrand on the left side of equation (3.11) is nonpositive, and equation
(8.11) holds when and only when the equality in (3.12) holds. Therefore we
have

(3.13) bas = bag (o, 8 = 1, 2).

From equations (3.5) and (3.13) it follows immediately that over the whole
surface S
(3.14) Xy = X. (@ =1,2),

which completes the proof of the theorem.

(p + p*) dA = 0.

(3.12)

)
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