Moduli of oriented orthogonal sheaves
on a nodal curve

Takeshi Abe

Abstract We study the moduli stack of oriented orthogonal sheaves on a nodal curve
and prove a factorization theorem.

1. Introduction

For a complex smooth projective curve C, let Ux(n,d) be the moduli space of
semistable vector bundles of rank n and degree d on C. The vector space of
global sections of a line bundle on Ugx(n,d) is called a space of generalized theta
functions. Suppose the curve C degenerates to an irreducible nodal curve Cy,
and consider the moduli space Ug,(n,d) of semistable torsion-free sheaves of
rank n and degree d on Cy. The factorization theorem says that the space of
generalized theta functions on Ug, (n,d) decomposes as a direct sum of spaces of
generalized theta functions on the moduli spaces of parabolic vector bundles on
the normalization Cy (see [NR], [Sun], [K2] for precise statements).

In this paper we prove a factorization theorem for the space of generalized
theta functions on the moduli stack of oriented orthogonal sheaves. An orthogo-
nal sheaf on Cj is a torsion-free sheaf E (of rank n) on Cy with a nondegenerate
symmetric bilinear form, and its orientation is a morphism A"E — O¢, satisfy-
ing a certain compatibility condition. (Giving an oriented orthogonal locally free
sheaf is equivalent to giving a principal SO-bundle.) The main theorem (Theo-
rem 6.1) in this paper describes how the space of global sections of a power of
the determinant line bundle on the moduli stack of oriented orthogonal sheaves
on Cy decomposes as a direct sum of spaces of global sections of a line bundle
on the moduli stack of parabolic oriented orthogonal bundles on CN'O. (Precisely
speaking, we restrict our attention to a certain open substack of the moduli stack
of oriented orthogonal sheaves Cy.)

The reason why we are interested in the moduli of oriented orthogonal bun-
dles comes from the so-called strange duality phenomena. The most typical
strange duality, proven by Belkale [Bel] and Marian and Oprea [MO], is a duality
between the space of level r generalized theta functions on the moduli space of
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SL,-bundles and that of level n generalized theta functions on the moduli space
of GL,-bundles. The author proved the strange duality for symplectic bundles
in [A2] and [A3]. In its proof, the factorization theorem for symplectic bundles
played an important role. In [Beu], Beauville proved a strange duality between the
space of generalized theta functions on the moduli of SO,-bundles and that on
the moduli of SO2(= G,,)-bundles. It is tempting to search for a strange duality
for SO,-bundles and SO,,,-bundles. We do not know yet even how to formulate
such a (SO,,S0,,)-strange duality but hope that the factorization theorem for
SO-bundles in this paper gives a first step towards it.

The proof of the factorization theorem for SO-bundles in this paper is sim-
ilar to that for symplectic bundles in [Al], but we comment on a difference.
The moduli stack of sheaves on a nodal curve has singularity at points corre-
sponding to nonlocally free sheaves. Whereas the singular locus has, generically,
normal singularity in the symplectic bundle case, the singular locus has, generi-
cally, normal-crossing singularity in the SO-bundle case. So we not only describe
moduli-theoretically the normalization of the moduli stack of SO-sheaves on a
nodal curve, but also consider how the normalization of the moduli stack of SO-
sheaves is glued to form the normal-crossing singularity of the moduli stack of
SO-sheaves. (In the symplectic case, we did not need the gluing argument.) The
argument of describing the gluing data is similar to that given in [K2], but not
the same. In the SO-case, the notion of (-transform, introduced in Section 2.2,
plays an important role.

Related questions. In order to compute the dimension of the space of generalized
theta functions on the moduli of SO-bundles by induction on the genus using
a degeneration argument, it is necessary to establish that the dimension of the
space of generalized theta functions does not jump as a smooth curve degenerates
to a singular one. We do not address this problem in this paper.

Let G be a simple algebraic group over C, and let g be the affine Lie algebra
associated to g := Lie(G). Tsuchiya, Ueno, and Yamada [TUY] established the
factorization for the conformal block of §. When G is simply connected, the
conformal blocks are isomorphic to spaces of generalized theta functions on the
moduli of parabolic G-bundles (cf. [LS]). When G is not simply connected, like
SO, the author does not know what representation-theoretic spaces associated
to g are isomorphic to spaces of generalized theta functions.

Organization of the paper. In Section 2 we gather what we use in the following
sections. In Section 2.1 we define an orthogonal sheaf and its orientation. In
Section 2.2 we introduce the -transformation, which associates to an orthogonal
bundle E with a 1-dimensional isotropic subspace of the fiber F|p at a point P
an orthogonal bundle E* together with a 1-dimensional isotropic subspace of the
fiber E*|p. In Section 2.3 we gather basic facts about orthogonal Grassmannians.
In Section 3 we study the deformation theory of oriented orthogonal sheaves on
a formal neighborhood of a node. In Section 4 we study the structure of the
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moduli stack of oriented orthogonal sheaves on Cy. Using the results in Section 3
we can see immediately its local structure. We find that the singularity of the
moduli stack is generically normal crossing. We restrict our attention to a certain
normal-crossing open substack and describe its normalization and gluing data in
terms of the moduli stack of oriented orthogonal bundles on évo. In Section 5
we define a certain compactification of an orthogonal group and study the space
of global sections of line bundles on it. In Section 6, combining the results in
Sections 4 and 5, we prove the factorization theorem for SO-bundles.

The results that lead up to the factorization theorem Theorem 6.1 are Propo-
sitions 4.5 and 4.10 and Lemma 2.1(2), Proposition 5.10, and Theorem 5.14.

NOTATION AND CONVENTION
- In this paper, 2 is invertible; that is, every scheme is over SpecZ[1/2] and
the characteristic of a field is not 2. When we write v/—1, it is a fixed solution

of 22 = —1 in an algebraically closed field.
- For integers a < b, we denote by [a,b] the set {a,a+1,...,b}. When it is
clear from the context, the ordered set (a,a+1,...,b) is also denoted by [a,b].

For ordered sets I = (iy,...,i,) and J = (j1,...,Jp), the ordered set (i1,...,4q,
J1s---,Jp) is denoted by TU J.

. Let S be a scheme, and let * be an object (such as a sheaf, a scheme, a
morphism, etc.) over S. For an S-scheme T, we denote by ()7 or xr the base
change of x by T'— S.

. If X is a stack over an algebraically closed field & and A is an object of
X (Speck), then we write [A]€ X or A€ X.If p: X — Y is a morphism of stacks
and A is an object of X(S) for a k-scheme S, then we denote by p(A) the image

of Ain Y(S).

2. Preliminaries

2.1. Oriented orthogonal sheaves
An orthogonal sheaf of rank n on a scheme X is a pair (E,7v), where F is
a coherent Ox-module such that it is generically locally free of rank n on each
component of X, and « is a nondegenerate symmetric bilinear form F® £ — Ox,
where nondegenerate means that the induced morphism E — Homoe, (E,Ox) is
an isomorphism.

An orientation of an orthogonal sheaf (E,~) of rank n on X is a morphism
0:A\"E — Ox of Ox-modules such that the diagram

AE@AE 2% 0y Oy
(2.1) /\"'yl :l
Ox ——— Oy

commutes, where A" is defined by

(2.2) e1NNen ® fL A A fo e det(Y(es, £5))-
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The triple (E,~,d) is called an oriented orthogonal sheaf. When F is locally free,
we say (oriented) orthogonal bundle instead of (oriented) orthogonal sheaf. An
isomorphism between oriented orthogonal sheaves (E7,v1,61) and (E2,72,d2) is
an isomorphism F; ~ E5 compatible with the bilinear forms and orientations.

Given two oriented orthogonal sheaves (E;,v;,0;) (i =1,2) of rank r;, define
the bilinear form v of F; & Es by

7((61,62)7 (ella 6/2)) = ’71(617 6/1) =+ 72(627 6/2)
and the orientation § by

r1+ra

A (EleaEg)—>7\E1®7\E 282, 050~0,

where the first arrow is the projection. The oriented orthogonal sheaf (E; @&
Es,7,9) is called the direct sum of (F1,71,d1) and (Es,v2,02).

Assume that X — B is a flat quasi-compact morphism of schemes such that
every geometric fiber is reduced and equidimensional. (The situation we have
in mind is the family of nodal curves.) An orthogonal sheaf (resp., oriented
orthogonal sheaf) of rank n on X/B is an orthogonal sheaf (E,v) (resp., ori-
ented orthogonal sheaf (E,~,0)) on X such that E is flat over B, and for every
geometric point b of B, the restriction E|x, is torsion-free and (E,~)|x, (resp.,
(E,7,0)|x,) is an orthogonal sheaf (resp., oriented orthogonal sheaf) of rank n
on Xj. When B = Speck with k a field and there is no confusion, we say simply
(oriented) orthogonal sheaf “on X instead of “on X/Speck.”

2.2. (-transform

Let X be a smooth projective curve over an algebraically closed field k, and let
S be a k-scheme. Fix a finite set ? ={Py,...,P,} of points of X. Let B be the
groupoid whose objects are tuples

(23) (]:a’YaéaEZC‘T'W{PZ}XS (1§Z§m))7

where (F,,d) is an oriented orthogonal bundle on X x S and £; is an isotropic

line subbundle of F|{p,} x 5. An isomorphism between two objects (F,vr,dr; L; C

Flipyxs (1<i<m)) and (G,7g,0g; Mi CGl(p,1xs (1 <i<m)) is an isomor-

phism ¢ : F — G of oriented orthogonal bundles such that (¢|;p,}3xs)(L:) = M;.
Suppose that we are given an object (2.3) of B. Put

F Ker(f%@}-'{P}Xs) and  Fhi=(F).

We have inclusions F’> € F ~ FY < Ff The bilinear form ~ induces a
pryO (3%, P;)-valued bilinear form % : F* @ F* — priO(X", P;). Since
YHF’ @ F*) € Oxxs, the bilinear form ~# induces a bilinear form

*?i ]-‘ﬁ ]-‘ﬁ O(Z:LPZ))
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On each section {P;} x S, F*/F” is an orthogonal bundle of rank 2 having
F/F® as an isotropic line subbundle. Let 7; C F*/F” be the other isotropic
line subbundle. We can find a vector bundle F* such that F*> C F* C F* and
F*/F> =T, on each {P;} x S. Let 4* be the restriction of v# to F*. Then ~*
is Oxxs-valued and (F*,~*) is an orthogonal bundle. We define its orientation
&* to be the composite det F* ~ det 7> (321" {P;} x §) ~ det F 5 Oxvs. Put
L = Ker(F'[{pyxs — }“ﬁ|{pi}xs). Then L is an isotropic line subbundle of
F*{p,yxs- Thus the tuple

(2.4) (F.7",0% L5 C Frlipyxs(1<i < m))

is an object of B. We call this tuple the ¢-transform over P of the tuple (2.3). The
construction of the (-transform shows that the double (-transform of an object of
B is naturally isomorphic to the object itself, that is, the (-transformation gives
rise to an involution on B.

There is an isomorphism

(2.5) Plipyxs/(Flipyxs)™ = L/ Ls.
Since (F*)” = F?, we have an isomorphism
(2.6) LA/~ Ll

of orthogonal bundles.

The t-transform is locally described as follows. Consider the case S = Speck
and ? = {P}, and let ¢ be a local coordinate at P. For a tuple (2.3), let eq,...,e,
be a local frame of F around P such that (e;,e,41-;) =1 and the 1-dimensional
subspace is spanned by e;. Then F* is generated by t 'e;,es,...,€,_1,te,.

2.3. Orthogonal Grassmannian
Let k be an algebraically closed field, and let V' be an n-dimensional k-vector
space with a nondegenerate bilinear form ~y. For m < [n/2], we put

OG,,(V):={U CcV |dimU =m and v|yxv =0}.

Assume that n is even. Then OG,,/>(V) has two connected components. Let
d: A"V — k be an orientation of (V,+) (considered as an orthogonal bundle on
Speck). We name the two connected components of OG,,/5(V) as OGn/g(V)(+)
and OG,,/2(V)(7) as follows. For [U C V] € OG,,/2(V), define e =+ or — as the
diagram

AM2U @ AM2VIU 2% Ay

/| ia

.€ 1 n/2
i V=1
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commutes, where v is defined by

61/\.../\en/Z®E/\.../\fn/2»—}det(’Y(ei,fj)).

If n/2 is even, we put OG,/2(V)) = OGn/Q(V>(€) for € = +, and if
n/2 is odd, then we put OG,,/2(V) )._.O(LUQ( )= and OG,,/2(V)(-) =
OG7L/2(V)(+)'

If V is a rank n vector bundle with a nondegenerate bilinear form on a scheme
X, then we can consider the family of orthogonal Grassmannians OG,,,(V) — X,
and, moreover, if V has an orientation, then the notation OG,,(V)*) makes
sense.

Let E; be an n-dimensional vector space with a nondegenerate bilinear form
~; and an orientation ¢; (i =1,2). We endow the vector space F7 @ Fy with the
bilinear form -~y defined by

'7((61, €2), (6/1, 6/2)) =(e1, el1> —2(e2, el2)
and the orientation defined by

2n

N(EL & Es) =~ A&@A@E%M®kk‘qw

k.

If f: Fy — E5 is a k-linear isomorphism compatible with bilinear forms and
orientations, then the graph I'y C Ey @ E5 lies in the component OG,(E: ¢
E3) (4. The following lemma is easy.

LEMMA 2.1
Let [U CFEi & EQ} S OGn(El D EQ).

(1) We have dimU N (E; x {0}) =dimU N ({0} x E3).
(2) We put
OGia(El D Ez) = {U CFE|®E, ‘ dimU N (E1 X {0}) = a}.

Let f: OG,*(E1 & E3) = OG,(E1) X OG,(E2) be the map that sends U to (UN
(Er x {0}),U N ({0} x E3)). For (B1,B2) € OG4(E1) x OG4(E2), there is an
isomorphism

S ((B1,By)) ~ 0G5, (Bi/B1 ® By | B).

Moreover, if we define the orientations 87 and &4 of Bi-/By and By /By so that
the diagrams

E —2q Bi
/\aBl®/\aﬁ®/\n QaB_11

_~ A" Fy L) k

/\a’)/1®idl (V=)@

L
n—2a Bi
A2e B0 k

1
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L ~ )
N EE @A By @ NP T AEy —> k
A“’yz@idl (vV=D)*

/\n72a BzL
Ba

commute, then
F7H((B1, B2)) NOG,*(Ey @ Es)(4) ~ 0G. (B /B1 & By /Ba) (1)

(3) Put OGS*(E, @ Bs) :=J;_,OGL (Ey ® E2). Then OGS*(E, @ E») is
an open subscheme of OG,,(Fy1 ® Es), and the codimension of the complement of
OG=*(E, @ Fy) in OC,(E, ® Ey) is greater than or equal to (a +1)2.

3. Oriented orthogonal sheaves in a neighborhood of a node

Let (R,m) be a complete Noetherian local ring. Assume that k:= R/m is alge-
braically closed. Put A := R|[[z,y]]/(xy — ), where 7w € m.

3.1. Construction of orthogonal sheaves
We recall Faltings’s construction of orthogonal sheaves on Spec A/SpecR
(see [F]).

Given matrices P = (p;;), Q = (¢ij) € Maty, xn(m) with PQ =QP =7-1,, we
define (2n x 2n)-matrices «, 8 with entries in A by

_ x- Iy P _ y-I, —P
a_< Q yIn) and ﬂ_<_Q x'In).

Then aff = fa =0, and the complex
RN ENYE ENYE LN LGN LN

is exact. Put E(P,Q) :=Ima = Kerf. Then E(P,Q) is R-flat and E(P,Q)/

—_~—

mE(P,Q) does not have free summands, that is, F(P,Q)/mE(P,Q) ~ (A/mA)",

—_

where A/mA = k[[z]] ® k[[y]]-

We denote by b the standard bilinear form given by I,, on R™ or A™. Taking
the dual of the sequence A2" E(P,Q) C A?", we get (A?")Y + E(P,Q)V «
(A?™)V. Identifying (A?")Y with A%" by the standard bilinear form and noting
ta = (xt'IID” ;?ﬂ), we obtain a canonical isomorphism E(*Q,'P) ~ E(P,Q)".

Now assume that P =*(Q; then the composite

E(P,Q) % E('Q,'P)~ E(P,Q)"

gives rise to a nondegenerate symmetric bilinear form on E(P, Q). We denote
this bilinear form by ~(p q). Explicitly, we have

s (a(2)4 (%)) =bwa) +0v,v)
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for u,u’,v,v' € A". The pair (E(P,Q),Yp,q)) is an orthogonal sheaf of rank n
on Spec A/ Spec R.

3.2. Construction of oriented orthogonal sheaves
Now we consider an orientation of the orthogonal sheaf (E(P,Q),v(p,q))-

Let A: A"(A?") — A be an A-homomorphism. Let e1,...,ey,f1,...,f, be
the standard basis of A2". For I € [1,n]® and J € [1,n]® with a + b=n, we put
Cr.j:=A(er Nfy), where e =e;, A--- Ae;, if T=(i1,...,1,), and similarly for
f;. The homomorphism A factors as A™(A%") TGN A"E(P,Q) — A if and only
if A(A"71(A%) @ Im ) = 0; that is, the images of

(yes - qusfl> Ner Af; and (xft - Z pmtem) Ner Af;
1=1

m=1

by A in A is zero for all I € [1,n]® and J € [1,n]® with a 4+ b=mn — 1. These are
equivalent to

(3.1) yCIU{s};J = ZQZSCI;{I}UJa
=1

(32) xOI;{t}UJ = Z pthIU{m};J-
m=1

When equations (3.1) and (3.2) hold, we define 6 : A"E(P,Q) - A by A=do
A"a. The homomorphism § becomes an orientation of (E(P,Q),v(p,q)) if and
only if

Ayp0) (A" @) (e(1,0))s (") (eprn))) = 8((A ) (epun))

A (p,@) (A @) (£1 )y (A" @) (E1 ) = (A" ) (E1.my))

because the sections (A"a)(ef1 ;) and (A"a)(fj1,,)) generate A"E(P,Q) over
Spec A \ {the closed point}. The above conditions are equivalent to

(3.3) Chp=2a" and  Cjy . =y"

LEMMA 3.1
If (E,~,9) is an oriented orthogonal sheaf of rank n on Spec A/ Spec R such that
E/mE has no free summand, then n is even.

Proof

We may assume that R = k. There is an isomorphism (E,v) ~ (E(O, O),v0,0))
of orthogonal sheaves (see [F, Theorem 3.7]). By this isomorphism, we regard
d as the orientation of (E(O,0),v0,0y). Then by equations (3.3), Cp1 n);p €
E[[z,y]]/(xy) satisfies C’[Ql,nm = z". This implies that n is even. O

In the rest of this subsection we assume that n is even. Assume also that for any
I€[1,n]"? and J € [1,n]"/?, the equality
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JuJ TuIe
(3.4) sgn<[1 n]>detQJcX1:sgn<[l n])detPICXJ

holds, where Qjexs (resp., Prex ) is the ((n/2) x (n/2))-matrix with entries
Guv (resp., puy) with uw € J¢ and v € I (resp., w € I¢ and v € J). We define
A A"(A%") — A as follows. For I € [1,n]* and J € [1,n]® with a + b= n, if
a<mn/2, then

JeuJ .
(35) CI;J :Sgn( [1 n] )y(n/Q) detQJCXI7
and if b <n/2, then
Tulre
[1,n]

where we understand that det Py.p = detQp,g = 1 by convention. Then these
C'r.y's satisfy (3.1), (3.2), and (3.3), so it induces an orientation of the orthogonal
sheaf (E(P,Q),v(p,q))- We denote this orientation by dp,q)-

(3.6) Cr.; =sgn ( >x("/2)bdet Prey g,

LEMMA 3.2

Let K C R be a nilpotent ideal. Assume that P = (p;;),Q = (¢;;) € Mat,, xn,(m)
satisfy PQ = QP =m - I, and Q ="P. Let (E(P,Q),v(p,q),0) be an oriented
orthogonal sheaf on Spec A/ Spec R. Denote by P = (p;;) and Q = (g;;) the images
of P and Q in Maty,x,(m/K). Assume that for any I € [1,n]"/? and J € [1,n]"/2,
the equality

¢ - TuIe _
sgn JEud det Q jex; =sgn Y det Prey g
[1,n] (1,n]

holds, and 6|spec A/ a = O(p,g)- Then for any I € [1,n)"? and J € [1,n]"/?, the
equality (3.4) holds, and 0 = d(p,q)-

Proof
We may assume that mK = 0. As before, put A =00 A"« and Cr,; = A(er Afy)
for I = (i1,...,i,) € [1,n]* and J = (j1,...,s) € [1,n]® with a +b=n.

If b < n/2, then we have, by assumption,

TulI¢ i g o
Cr.y =sgn ( >x("/2)b det Prey y + s/ + th’sz + Zuf’Jyl
[1,n] i>0 i>0
with s57 57 !/ € K. 1f b < n/2, then by (3.1) we have

Tulre . T s
Tsgn ( [1,n] )x(”/z)bl det Prey g+ sy + E uf’Jy’“
n
’ i>0

- TUT®N (/o) pe
=) qui, sen ( 1, 7] )’I( /2771 det Pgi,yun « ((1u0)-
=1 ’

The first term of the left-hand side is equal to the right-hand side. So
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(3.7) st =l =0,
If 0 < b, by using (3.2), we obtain

(3.8) shT =117 =o.
If a <n/2, then we have, by assumption,

J 2)— I;J I;J 4 I;J 4
1] >y(”/) “det Qexr + 5" +Zti z’+Zui Yy
>0 >0

C

CI;Jsgn(

;g 47 LiJ
’ ati ,U

with s ;. € K. Arguing as above, we have

(3.9) st =17 =0
if a <n/2 and
(3.10) st =l =0

if 0 < a. From (3.7), (3.8), (3.9), and (3.10), it follows that P and @ satisfy (3.4),
and Cr.y is given by (3.5) or (3.6) if 0 <a <n/2 or 0 <b<n/2. It remains to
show that Cfy .0 = 2™/2 and Cp,p1,,) = y™/2. By (3.7), we have

Clapo =22+ tia'
i>0
with t; € K. Since 0[21 0 = x™ by (3.3), we have t; = 0. Hence Cpy 1, = /2.
Likewise we have Cy,[1 ) = y"/2. O

3.3. Deformation of an oriented orthogonal sheaf
Let Art be the category of Artinian local R-algebras with residue field k. Fix an
oriented orthogonal sheaf E:= (FE,v,d) on Spec A/mA. A deformation of E over
S € Art is an oriented orthogonal sheaf Ey = (Ey,71,01) on Spec A®p S/ Spec S
together with an isomorphism ¢; : E1[gpec A/ma = E. Two deformations (Eq; 1)
and (Eg;¢2) of E over S are said to be equivalent if there is an isomorphism
0: ]El ~ ]E2 such that Y2 © (9|SpecA/mA) = ©1-

Let Dg : Art — Sets be the functor that associates to S the set of equivalence
classes of deformations of E over S. o

We have an isomorphism EF ~ (A/mA)* @ (A/mA)"~* as A/mA-modules.
Let E' C E be the free summand, and let E” be its orthogonal complement. The
composite

E' < E—EY—(E)

is an isomorphism. From this, it follows that F is a direct sum of E’ and E”
and 7' :=v|pgr is a nondegenerate symmetric bilinear form. The orientation &
factors as

n a n—a

ANEZSNE® )\ E'— A,
where pr is the projection. Choose an isomorphism ¢’ : AE’ — A so that the
diagram
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NE @NE T8 Ag, A
(3.11) Aaryll :l
A———— A
commutes. Choose an A-homomorphism ¢ : A" %E"” — A so that
(3.12) §=(8®d")opr.
Then the diagram
/\nfaEI/ ® /\nfaE// ﬂ_ A ®A A

(313) A"“»\/”l Nl
A A

commutes. It follows from (3.11) and (3.13) that E':= (E’,/,¢') and E" :=
(E",~",6") are oriented orthogonal sheaves, and from (3.12) that E is a direct
sum of B and E”. By associating to a deformation of E” over S the direct sum
of the deformation of E” and the trivial deformation of E’ over S, we obtain a
natural transformation ® : Dg» — Dg. One can check that & is smooth and

O(k[e]) : Dgr (K[e]) = Dr(kle])

is bijective. Thus the hull of Dg~ and that of D are isomorphic.
In the rest of this subsection we assume that E has no direct summand.

LEMMA 3.3
[E is isomorphic to (E(O,0),v0,0),9(0,0))-

Proof

We may assume that E = E(O,0O) and v = 70,0y Using the equations (3.1),
(3.2), and (3.3), we know that A(:=§ o A"a) is given by C[y .0 = €122, Cp1,) =
€2y™/? with ¢; = £1 and Cr.; =0 for other I,J. Let D; be the (n X n)-matrix
diag(e;, 1,...,1). Then the (2n x 2n)-matrix (%1 gz) gives an isomorphism
(E(0,0),70.0),6) = (E(0,0),7%0,0):9(0.,0))- O

Let us construct the hull of the deformation functor Dg. Consider (n X n)-matrices
P = (p;;) and Q :='P, where p;;’s are indeterminates. Let U be the residue ring
of R[[pi; | 1 <1,j <n]] by the ideal generated by the relation

PQ=QP=r1-1,.
Then on SpecU|[z,y]]/(zy — 7), we have the orthogonal sheaf (E(P, Q),vr.q)
which is the versal deformation of the orthogonal sheaf (E(O,O),v0,0)) (cf. [F,

Theorem 3.7, Remark 3.8, Theorem 3.9]); that is, the natural transformation
hg — F is a hull (see [Sch, Definition 2.7]), where F is the deformation functor

of (E(Oa 0)7 fY(0,0))‘
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Let U be the residue ring of U by the ideal generated by the relations

sgn T det Qjexy =sgn rur det Preys
[1,n] [1,n]

for I € [1,n]"/? and J € [1,n]™'2. We have the oriented orthogonal sheaf (E(P, Q),
YP.,Q),d(p,q)) on SpecU[[z,y]]/(xy — ). We have a natural transformation W :
hU — Dg.

PROPOSITION 3.4
We have that ¥ is a hull of Dg.

Proof

For any S € Art, the map h(S) — F(S) is surjective (see [F, Theorem 3.7]).
By this and Lemma 3.2, we know that the map Dg(S) — F(S) forgetting the
orientation is injective for all S € Art, and the diagram

hu(S) —— Dg(5)

|

hg(S) —— F(S5)

is Cartesian. From this, using the fact that h; — F is a hull (see [F]), it follows
that W : hy — Dg is a hull. O

4. Moduli stack of oriented orthogonal sheaves

Let (R,m) be a complete Noetherian local ring with residue field k¥ =: R/m
algebraically closed. Let C'— B := Spec R be a flat projective morphism whose
geometric fibers are connected nodal curves of arithmetic genus g. Put By :=
Spec R/m. For simplicity, we assume that the closed fiber Cj is irreducible and
has only one node Q. Fix an isomorphism (’TC\Q ~ R[[z,y]]/(xy —7) =: A of R-
algebras, where 7 € m.

DEFINITION 4.1

The moduli stack M,,(C) of oriented orthogonal sheaves is the stack such that for
an affine B-scheme T, objects of the groupoid M,,(C)(T) are oriented orthogonal
sheaves of rank n on Cr/T.

REMARK 4.2
The moduli stack M, (C) is not connected.

If (£,7,0) is an oriented orthogonal sheaf of rank n on Cj, then

£ ® Ocy.q = (Kl[z,y]]/(29))" " @ (k{[z]) & k{[y]))**
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for some a > 0. Such an oriented orthogonal sheaf is said to be of type a. We
write M,,(Co) for M,,(C) x g Bg. We denote by M=%(Cp) the open substack of
M,,(Cy) parameterizing oriented orthogonal sheaves of type < a.

To see that the stack M, (C) is an algebraic stack, we construct an atlas of
M,,(C) using the following well-known result (cf. [AK, (1.1)]).

LEMMA 4.3

Let f: X =Y be a projective morphism of schemes. Let F and G be coherent
Ox -modules. Assume that G is flat over Y. Then the functor that associates to a
Y -scheme S the set Homx(Fs,Gs) is representable by a scheme which is affine
and of finite type over Y.

We denote by H(F,G) the Y-scheme representing the functor in the above lemma.
Fix a B-very ample line bundle O¢(1) on C with degree d on fibers. For N > 0,
let Qn be Grothendieck’s quote scheme parameterizing quotients of the sheaf
Oc(—N)®nNd+1=9) of rank n and degree 0. Let priOc(—N)®n(Ndt+i=g)
& be the universal quotient over C xp Qn. Let Q% C Qn be the open sub-
scheme consisting of points ¢ such that HY(Cy,&(N)) = 0, the natural map
HO(Cy, 0)®nWNd+1=9)  HO(C}, & (N)) is an isomorphism, and &; is torsion-free.
Put £9:=E€|oxag,, and put H:=H(E° ® £°,0) xqq H(A"E?,O). Denote by &
the pullback of £° to C xg H. Over C' xp H, we have the universal bilinear
form -~y : EQF — Ocxpm and the universal morphism ¢ : APE — Ocxpm- Let
Apn C H be the maximum closed subscheme such that the restriction of the triple
(£,7,0) to C xp Ay is an oriented orthogonal sheaf on C' xp Ay/Axn. Then
UnsoAn — My, (C) is an atlas of M, (C).

4.1. Local structure
As in Section 3.3, we let Art be the category of Artinian local R-algebras with
residue field k. Fix an oriented orthogonal sheaf £ = (£,,6) on Cy.

For S € Art, an object & of M, (C)(SpecS) together with an isomorphism
Ei|c, = & is called a deformation of € over S. Let Dz be the functor that asso-
ciates to S € Art the set of equivalence classes of deformations of £ over S. By
taking the completion of £ at @, we obtain an oriented orthogonal sheaf E on
Spec A/mA. By associating to a deformation of £ over S its completion at Q,
we have a natural transformation f:Dg — Dg. By [BL], f is smooth. The hull
of Dg has already been determined in Section 3.3. For us, the following result in
the case of type 1 is important.

PROPOSITION 4.4

Assume that the above & is of type 1. For an atlas V — M, (C), let p€V be a
point over [E] € M,,(C). Then there is an isomorphism

Ovp~ Rz, y, 21, 22,...])/(zy — 7).
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Proof
Since & is of type 1, by Proposition 3.4, the hull of the deformation functor of Dg
is Spec R[[pi; | 1 <14,5 <2]]/J, where the ideal J is generated by the relations

tPP:PtP:W'Iza P11 = P22, and P12 = —P21.
These relations are equivalent to

P%1 + P%z =T, P11 = P22, and P12 = —P21-
Hence R[[p;; |1 <1i,j <2]]/J =~ R[[z,y]]/(zy — ). O

4.2. Desingularization of M,,(Cp)
Let n: Cy — Cp be the normalization of Cp. Put g:=g — 1, the genus of Cp.
Put {P, P} :==n"(Q). Let M, (Cp) be the moduli stack of oriented orthogonal

bundles of rank n on Cy. Let (F*“ ~*,6%) be the universal family of oriented
orthogonal bundles over Cy x M,,(Cp). For i =1,2, put

Fr=F pyxnna@y W= Frern, and o 00= 0%y

Then (F},~*,d3) is an oriented orthogonal bundle of rank n on Mn((%) Con-
sider the orthogonal Grassmannian bundle

7: OC, (Fi @ F§) = M, (Co).
The stack OG,,(F}* @ F4') parameterizes rank n oriented orthogonal bundles

(F,vF,d0F) on C plus n-dimensional isotropic subspaces U C Flp, @ F|p,. It is a
disjoint union of OG,, (F{' ® F3')(4) and OG,, (Fi' ®© F3')(—y. Given (F,yp,0p; U C

F|p, @ F|p,) € OG,(F{ & F4) (1), if we put
E:=Ker(n.(F) = n.(F)|g = F|p, & F|p, = (F|p, ® F|p,)/U),

then there are a symmetric bilinear form vg: E ® E — O¢, and an Oc,-linear
map g : A"E — Oc¢, such that the following diagrams commute:

L (F)@n(F) —= n.(0g) n(A"F) — n.(0g)
EQE — 5 - Og, NE —E o O,

You can check easily that (E,vg,dg) is an oriented orthogonal sheaf of rank n on
Cy. By associating to (F,yp,dp;U C F|p, ® F|p,) the oriented orthogonal sheaf
(E,vg,0r) on Cy, we have a morphism

p: OGn(]:lu D .7:;)(_;,_) — Mn(CO)

of stacks.

PROPOSITION 4.5

For any smooth morphism « :V — M, (Cy) with V a scheme, the product
OG (F1' ® F3) (1) X1, (co) V 18 a smooth variety and the projection



Oriented orthogonal sheaves 69

OGn(]:? @]:;)H_) XMn(Co) V-V

is a proper birational morphism which is an isomorphism over VO :=
a~ ! (Mz°(Co)).

For the proof of the proposition, we prepare lemmas.

LEMMA 4.6

Fiz integers m > 0 and d. Let V be a By-scheme, and let H be a coherent sheaf
on Cy x V. Then the functor Ry that associates to a V-scheme S the set

' F: rank m vector bundle on Cy x S,
(4.1) (Hs ER F) | flg «s 18 generically surjective, / ~

and deg(F|g, ) =d for any s€ S
is representable by a proper scheme Ry over V. Here (Hg ER F) and (Hs EiN F)
are defined to be equivalent ~ if there is an isomorphism h: F — F' such that

hof=/f'.

Proof
We may assume that V is affine.

Case (1): H is a vector bundle.

Put e:=rankH and b:= x(H" |5, ,,)- Let (Hs ERN F) be as in (4.1). If we let
Q:= Coker(fY: F¥ — HY), then Q is flat over S with numerical invariants

(4.2) X(Qlg xs) =b+d—m(1-7g) and rank @ =e —m.

Conversely, given a surjection HY 2y Q with numerical invariants (4.2), if we let

F:= (Kerh)V, then (Hg LN F) satisfies the condition in (4.1). So the functor
R4, is isomorphic to Grothendieck’s quot functor of quotients of H", which is
representable by a projective V-scheme.

Case (2): General case.

Take a resolution £ LN Lo — H — 0 by locally free sheaves. Let Ly ®ORLO i>

F be the universal family parameterized by R.,. The composite £; ®

Or,, Joheid), & gives a morphism o : Re, — H(L1 ® O, , F). Let Z CH(L: @

ORLO,]: ) be the closed subscheme parameterizing zero morphisms. Then the
functor Ry, is representable by o=1(7). O

LEMMA 4.7

Let V' be a By-scheme, let H be a coherent sheaf on 50 x V', and let F, L be
vector bundles on 6’6 x V. Let f:H — F be a morphism such that there is a
closed subset Z C 6’6 x V' not containing a fiber of pry, with the condition that f
is an isomorphism over Co x V'\ Z. Let ¢ : H(F, L) — H(H, L) be the morphism
induced by the composition with f. Then ¢ is a closed immersion.



70 Takeshi Abe

Proof
Since f is an isomorphism over Cy x V'\ Z, for any V-scheme S, the map of
S-valued points

©(S) :H(F,L)(S) = H(H,L)(S)

is injective. It remains to show that ¢ is proper. Let .S = Spec R with R a discrete
valuation ring over V', and let ¢ : n:= Spec K — S be the open immersion, where
K is the fractional field of R. Suppose that we are given morphisms g: Hg — Lg
on 6’0 xS and h:F, — L, on 6’0 x 1 such that ho f, = g,. Let [ be the composite
of morphisms

(idCTO XL)*}L

Fs— (idg, x 0(Fy) (idg % 0)(Ly)-

Since Fg and Eg are isomorphic over CN‘O x S\ (Z xy S), for any section o € Fg, the
section [(0), regarded as a rational section of Lg, does not have poles along the
closed fiber. So Im! C Lg. This means that the valuative criterion of properness
holds for ¢. O

Proof of Proposition 4.5

Let € = (€,7¢,0¢) be the object of the groupoid M, (Cy)(V) that determines
the morphism « : V — M, (Co). To prove that OG, (F}* @ Fs')(4) X1, (c) V 18
a scheme, we need to show that the functor A that associates to a V-scheme S
the set of tuples

(4.3) (F=(F,77,67.UC Flipyxs ®Fl{pyxs);€)

is representable by a scheme, where F € OG,(F{ @ F§)(4+)(S) and £ is an
isomorphism in M, (Cy)(V) between the image of F by p and . Put H :=
(n x idy)*&. Giving the tuple (4.3) is equivalent to giving a tuple (F,0), where
F € OGy(F® F3)(4)(S) and 0 is a morphism Hg — F such that the composite
of morphisms

Flipyxs @}—|{P2}><S)

(4.4) £s 2% (nx idg)u F — (Q7id5)*( =

is zero, and the following diagrams commute:

FOF 2> 05, AF 25 04

CoxS
o |

Hs®@Ms — Og 50 AN'"Hs — Og

S

where the bottom arrows in the above diagrams are induced by ~g¢ and dg,
respectively.
Let R be the V-scheme Ry in Lemma 4.6 for m =n and d =0. Let Hg — G

be the universal morphism on @vo x R. The bilinear form Hr @ Hr — 056X R

induced by e gives a section R % H(Hpr @ Hr, O of the R-scheme H(Hr ®

(70><R)
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Hr,Og ). By Lemma 4.7, we have a closed subscheme H(G ® G,0¢ , ) C

H(Hr®@Hr, Og, ) Put Ri:=a ' (H(G®G,04 ). Similarly the morphism
N'Hp — Og, ,  induced by d¢ gives a section R LR H(A"HR,Og, ) of the
R-scheme H(A"HRg,Og , p)- Put Ry := g~ (H(A"F,Of , ), where H(A"F,
Og, «r) 18 a closed subscheme of H(A"Hg, Og | ), again by Lemma 4.7. Put
R’ := R1 N Ry. Then, by the definition of R, Gr/ has a bilinear form VG

and a morphism &g, : A"Gr — O Since the diagrams (4.5), in which

CN’QXR/'
F and Hg are replaced by Gr and Hp/, respectively, are commutative, the
triple (Gr/,7gy,,0g, ) is an oriented orthogonal bundle on Cy x R'/R'. Put

Gi = Grl{p,yxr (i=1,2). Consider the orthogonal Grassmannnian bundle
G:= OGn(gl D g2)(+) —R.

Let U C (G1 ® G2)¢ be the universal isotropic subbundle. The composite of mor-
phisms of O¢,xg-modules

Ea — (nxidg).Ge — (Q,ida)« ((G1 ® G2)a/U) =K

gives a section G EN H(Eg,K). Then the inverse image by A of the closed sub-
scheme of H(E¢, ) parameterizing zero morphisms represents the functor A.
By construction, it is proper over V. It is smooth because it is smooth over the
smooth stack OG,,(F{* © F3')(4). Since giving an oriented orthogonal bundle on
Cy is equivalent to giving an oriented orthogonal bundle on CN'O plus the gluing
data between the fibers over P; and P, compatible with the bilinear form and
orientation, the projection to V is an isomorphism over V°. g

4.3. Theinvolution ¢

Consider the open substack OG=!(F{ @ F3')(4) of OG,(Fi @ F&)4) (see
Lemma 2.1 for the notation OG=%(—)). We define the closed substack OG> (Fi®
F3')(4) of OCG=sY(Fro F3')(+) as follows. For a By-scheme S, an object

(4.6) (F,vr, 00U C Flipyxs © Flipyxs)

of OGS (FI @ F3) (1(S) is in OG,, (F{ @ FY) (4 (S) if and only if the morphism
AU — N"Flpyxs is zero. (Here note that A\"U — A"F|(p}xs is zero if and
only if A"U — A" F|ip,1xs is as well.)

For short, we write OG(y), OG)), and OG{) for OG,(F} & F3)(4),
OGS (F' & F§)(4), and OGL (F @ F4)(4), respectively.

Suppose we are given an object (4.6) in OG(ZJ:)(S’). Then By :=UN
(Flipiixs ©0) and By :=UN (0 & Fl{p,3xs) are isotropic line subbundles of
Flipiyxs and Fl{p,yx g, respectively. We have U C Bi @ By and

V.= u C B—f_ B—%
Bi®By B B

. . Bi B .
S). Here the orientations of =~ and 2% are given as

. B . By
is in OGn,Q(B—l1 @ B—Z)H_)( By By

in Lemma 2.1(2). So we obtain a tuple
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(47) 7:: (fvryf)(s]:aBiC‘F'{Pi}XS (221)2)7VC_®_

where B; is an isotropic line subbundle and [V C Bl ® B } € 0Gp_2 ( 5 ©
%)

2/(+)
procedure, we obtain a tuple (4.6). So giving an object of OG(il)(S ) is equivalent
to giving a tuple (4.7).

Now let F be the tuple (4.7). Let (F*,vz.,07; B C Flypyxs (i=1,2)) be
the «-transform of (F,vz,07;B; C Flipyxs (i =1,2)) over { Py, P»}. By (2.6), we
have an isomorphifm L;—lz @ % ~ Bg; @ 885; . Let V* be the image of the isotropic
subbundle V of ?3—11 &) %—‘22 in %
we obtained a tuple

S). Conversely, if we are given a tuple (4.7), then by reversing the above

@ BBLLL by this isomorphism. After all, from F,
2

B Y B

-t ) L L . L BiJ_ B?_
(48) Foi= (fafy]:La(SJ:HBiC‘F‘{Pi}XS (1:172)7)} C )
The assignment F — F  defines a morphism of stacks OG( o OG (+) which

we denote also by ¢. By construction, there is a natural isomorphism (]—" )t~ F.
So ¢ is an involution on OG(+) .

4.4. Description of M =1(Cy) by gluing
If F= (F,’}/F,(SF;U C F|p1 (&) F|p2) € OG:(L(.F” D .7:”)(+), then p(_) Y (CO)
is of type a. Hence p~!(M=%(Cy)) = OGS (F{ & F3) (1. Let p<i: OG )~
Mz(Co) and py : OG{Yy — MS1(Cp) be restrictions of p. The group Z/QZ acts
on OG(:J:) by the involution ¢, and on MS1(Cp) trivially. The morphism p; is
equivariant with respect to this action.

LEMMA 4.8
There is a natural isomorphism between the morphisms p1 ot and py from OG(SJ:)
to Mnsl(CO)

Proof
Let F be an object OG(+)(S). We shall show that the two objects p(F) and

p(.T—"L) in M>'(Cy)(S) are naturally isomorphic. If F is expressed in the form
(4.6), then by the definition of p,
_ ®2_ Flip
) = (5= Ker((n x ). F > (Quide), ZETI i),

where 7¢ and ¢ are induced from v and §z. If we express F in the equivalent
form (4.7), then

@12:1 ]:b|{Pi}xs/(]'—b|{Pi}xs)L)

£ Ker((n % idg) F? — (Q,ids)s S
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where V is considered as a subbundle of @>_, Flpyxs/(Fl(pyxs)t through
the natural isomorphism (cf. (2.5)). By the definition of the involution ¢, > =
(F*)?, and under the natural isomorphisms
Bt _Bf  Flipgxs Plipyxs Bt
Bi " By (Plipyxs)t  (Plipyxs)t By

V and V* correspond. This show that there is a natural isomorphism of O¢, « s-

vl
By~
L b
B

53]

modules between p(F) and p(F ). This isomorphism is compatible with bilinear
forms and orientations because so it is over Cp x S\ {Q} x S. O

LEMMA 4.9

For E = (E,vg,0r) € M=(Cy) of type 1, if we let Speck — MS1(Cy) be the
morphism determined by E, then OG(:J:) X S (Co) Speck is a scheme consisting
of two points. Moreover, these points are interchanged by the involution ¢.

Proof

Take F = (F,vp,dp,...) € OG(:J:) such that p; (F) = E. Then we have a morphism
n*E — F° C F. Put H :=n*E/(torsion). Since x(H) = x(F”), we have an isomor-
phism H ~ F” and identify them. For each i = 1,2, the quotient (H")p, /Hp, of
stalks is a 2-dimensional k(P;)-vector space with a nondegenerate symmetric form
with values in O(P;) @ k(P;); Fp,/Hp, C (HY)p,/Hp, is a 1-dimensional isotropic
subspace. Let L; be the other 1-dimensional isotropic subspace of (HY)p,/Hp,.
If Fi = (FT,ypt,0p1,...) € OG{}) is another object such that p (Ft) =, then
F} /Hp, = Fp,/Hp, or F}, /Hp, = L;. The condition that FT lies in the compo-
nent OG ), not in OG,, (F}* & F¥)_), implies that F}, /Hp, = Fp,/Hp, for both
i=1,2, or F;;i/Hpi = L; for both ¢ =1,2. This shows that Ft=For FI=F".
(Note that the isomorphism between FT and F (or F*) is compatible with bilinear
forms and orientations because it is so over Co \ {Py, Py}.) O

For any smooth morphism «:V — M=1(Cp) with V' a scheme, the product

OG(%:) stl(CO)V is a smooth variety, and pr: OG(SJ:) stl(CU)V — V is proper
by Proposition 4.5. By Lemma 4.9, pr is a finite morphism, so OG(S_:) ngl(CO)V

is a normalization of V. Moreover, pr~1(Sing(V)) = OG(:_&) ngl(CO)V since they
are both reduced and equal set-theoretically. By Lemma 4.9, we can say that

M,,(Cy) is constructed from OG(SJ:) by gluing the closed substack OG(:J:) by the

iivolution L Iia function on OG(S_:) X =Y (Co)
[F'] for any [F] e OG(:+1) X 151 (cy) V> then it is the pullback of a function on V.

Thus we have the following.

V takes the same value at [F] and

PROPOSITION 4.10
Let L be a line bundle on MSY(Cy). By Lemma 4.8, piL is an t-equivariant line
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bundle on OG(:JFI) . Let v: HO(OG(Sjyp*Slﬁ) — HO(OG(:JFI),,O*{E) be the restriction

morphism. Then HO(M='(Cy), L) ~ t*l(HO(OG(:_‘rl)?pT‘C)Lfinv).

REMARK 4.11
The restriction map t is not injective. A section in Kert vanishes on OG(:J:), SO
it is a pullback of a section of £ on M=1(Cy).

5. Compactification of the orthogonal group via generalized
orthogonal isomorphisms

In [K1], Kausz constructed a compactification of the general linear group as a
moduli space of generalized isomorphisms. In [A1], the author constructed a com-
pactification of the symplectic group as a moduli space of generalized symplectic
isomorphisms. By an almost straightforward modification of the argument in
[A1], we can construct a compactification of the orthogonal group as a moduli
space of generalized orthogonal isomorphisms. In this section, we state definitions
and propositions modified for the orthogonal case without proof.

5.1. bf-morphisms
We first recall the definition of bf~-morphisms.

DEFINITION 5.1
Let £ and F be locally free sheaves on a scheme S. A bf-morphism from £ to F
is a tuple

t b
g= M1, FM@E L For),

where M is a line bundle on S, and u is a global section of M such that the
following hold.

1. The composed morphism ¢f o ¢ and g° o ¢g* are both induced by the mor-
phism p: Og — M.
2. For every point x € S with p(x) =0, the complex

Ele = Fla = MRE)|e = (M F)|a

is exact and the rank of the morphism &|, — F|, is r.

The following lemma (cf. [Al, Lemma 2.8], [K1, Lemma 6.1, Proposition 6.2]) is
used later to define a generalized orthogonal(+) isomorphism.

LEMMA 5.2
Let A, B be vector bundles of rank m, and let

(LAAL B Lo AL B, )

be a bf-morphism of rank 1.
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(1) There is a natural isomorphism
£ @ det A =~ det B.

(2) IfA=0, thenIm(A — B) =Ker(B— L& A) and Ker(A— B) =Im(L" ®
B — A), and they are subbundles of rank i and of rank m — i of B and A,
respectively.

5.2. Definition of generalized orthogonal isomorphisms
Let (£,v¢) and (F,vx) be orthogonal bundles of rank n=2r or 2r +1 on a
scheme S.

DEFINITION 5.3
A generalized orthogonal isomorphism from £ to F is a tuple

( ) o = (Ml',ﬂl',gi — M; ®5¢+1,5¢ (*52'_;,_1,
5.1
.7'-1‘_;'_1 *)E,M,@J—'.H_l (*]:Z (OS’LST*I),th:%fT%

where £ =&y, &1,..., & Fry. .., F1,F9 = F are locally free Og-modules of rank
n and the tuples

g b )
(Miaﬂiagi-‘rl €—1> 517./\/11 ®5¢+1 (e—l Si,n -r+ Z)
and

ik f ,
(M, piy Figr = Fiy My @ Figr 4 Fiun —r +1)

are bf-morphisms of rank n —r +14 for 0 <7 <r — 1 such that for each z € S the
following hold.
1. If p;(z) =0 and (f,g) is one of the following pairs of morphisms

Ele L Eiiile D Eilas
RER ((@1)/\4]) @@)
=0
Fole L Fisile & Fila,
4 (@) e7)| % ((@M)enn)
then Im(g o f) Im(g).j_o B

2. We have (h|,)(Ker(E.|. — &olz)) NKer(F, | — Folz) ={0}.
3. The following diagram is commutative:

b
x

EN <(§MJ) ®&-+1)

)
x

)
€T
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(@M 28) xe. &} o { (@M ©7) s 7.}
i=0 =0
ay N
k—1 k—1
G2 (@M e&) s Fow (QM) © )
j=0 =0
Ve "V

k—1
QM
j=0
where 7% and 7% are induced by ~¢ and vz, respectively, and

o{:qlf(g(ego-noett oh_lopk]:),

r—1

B=(fbo-off johopf)@q],

where p{, ¢f, pf, and ¢f are defined by

k—1
(@M @&) xe e 25 &
j=0

(5.3) a1 O ieimuoeﬁfl
k—1
QM) @& ——— &
=0 eb _jo-oel
and
k-1 -
(@M eF)xz 7 I F
j=0
(5.4) gL O Lffoofi
k—1
QM & Fy—— s R
. f"_ o---of"
=0 k—1 0
DEFINITION 5.4

Two generalized orthogonal isomorphisms
® = (M, 15, E = Mi @ Ei1,E + Eiya,
Fir1 > FiMi @ Fi1 +— F(0<i<r—1),h:& — F,),
O = (M, & = M@ EL L E — Ely,
Fiin = F M@F  «F (0<i<r—1),k: & - F))

from & to F are defined to be equivalent if there are isomorphisms M; ~ M}
(0<i<r—1) by which u; maps to u;, and isomorphisms & ~ &/ and F; ~ F/
(0 <i <r) such that & ~ &) and Fy ~ F are the identity and the obvious
diagrams are commutative.
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DEFINITION 5.5

The functor KO(E, F) from the category of S-schemes to the category of sets is
defined to associate to an S-scheme T the set of equivalence classes of generalized
orthogonal isomorphisms from & to Frp.

As an orthogonal analogue of [A1, Proposition 3.13, Corollary 3.16], we have the
following.

PROPOSITION 5.6
The functor KO(E,F) is represented by a scheme KO(E, F) which is smooth and
projective over S.

The difference from the symplectic case is that KO(E, F) is not connected because
the orthogonal group is not connected.

Suppose that we are given orientations dg and dp of (£,7¢) and (F,vx),
respectively. Given a generalized orthogonal isomorphism ® (5.1) from & and
Foput €D = \"E @ QgMP and FO = A" F © @_y M7/, Then
by Lemma 5.2, we have isomorphisms d : £() — £0+1) and @/ : FO) — Fl+1),
Then the composite of morphisms

) 55_1 5(0) df,IOn-Odg 8(7’) A"h®id ]_-(7’) (dfﬁlo..-odg:)—l ]_-(0)6_}‘>O

is +id. If it is id, then @ is called a generalized orthogonal(, isomorphism, and
if it is —id, then @ is called a generalized orthogonal_y isomorphism. KO(&, F)
is a disjoint union of KO(&, F)4) and KO(E, F)—y parameterizing generalized
orthogonal ) isomorphisms and generalized orthogonal_y isomorphisms, respec-
tively.

5.3. Relation with the orthogonal Grassmannian
Let (€,7v¢,0¢) and (F,vr,0x) be oriented orthogonal bundles of rank n = 2r or
2r +1 on a scheme S.

Let

= (Mg, 1, E = M; @ Eiy1,E  Eiqa,
Fir1 = FiyM; @ Fip1 « F; (0<i<r—1),h: & 5 F,)

be the universal generalized orthogonal isomorphism from & = Eko to Fo = Fko
on KO(&, F).
Then by Definition 5.3(2), the morphism

5::(eg0-~~oe£717f(§0~--0ff71Oh):ET—>€K069]:KO

is injective, and its image is a subbundle of ko ® Fko. By Definition 5.3(3),
this subbundle is isotropic. Hence (&) C ko ® Fko gives rise to a morphism
g:KO(&,F) = OG, (€ @ F). For € = +or —, the component KO(&, F) () maps
to OG,, (€ © F)(e) (see Section 2.3 for which component of OG,, (£ @ F) is called
OGn(g D .7:)(+) or OGn(g (&) .F)(,)).



78 Takeshi Abe

By the same proof as in [Al, Lemma 4.2], we have the following.

LEMMA 5.7
Let 0 U — pr(€E @ F) — Q — 0 be the universal sequence on OG, (€ & F).
Then there is a natural isomorphism

r—1
(5.5) g det Q= QM.

i=0

5.4. Geometry of strata
Let (£,7¢) and (F,vx) be orthogonal bundles of rank n=2r or 2r + 1 on a
scheme S over an algebraically closed field. Let

o = (Mi,ui,& —M; ®5i+1,gi — 5i+1,

(5.6) .
]:7;4_1 %}},MI'QQ}}H «— F; (Ogigr—l),h:&ﬁfr)

be the universal generalized orthogonal isomorphism from & = (€)ko(e,7) to
Fo = (F)ko(e.r)-

DEFINITION 5.8
For a subset I C [0,7 — 1], we denote by KO(E, F)r the subscheme (. {:i =
0} CKO(E, F).

DEFINITION 5.9

For a subset I = {i; <--- <4} C{0,...,r — 1}, let F1;(€) be the functor from
the category of S-schemes to the category of sets that associates to an S-scheme
T the set of filtrations

0cC ]Fiz (ET) - ]Fil—1<€T) c---C F’il (ET) Cér

of isotropic subbundles indexed by I with rank IF; (Er) =7 —i;. We understand
that F;,, (€)= 0.
We denote by Fl1;(€) the S-scheme that represents Fl;(&).

Put Fl; :=F1;(€) x5 F1;(F), put € := ()1, and put F := (F)gy,.
Let

(57) 0CF;,()C---CF;(§)cE and OCF;(F)C---CF;,(F)CF

be the pullbacks to Fl; of the universal filtrations of £ and F on Fl1;(£) and
F1;(F), respectively. The nondegenerate symmetric bilinear forms ¢ and vyr
induce nondegenerate symmmetric bilinear forms

?g : Fil (g)L/le (g) ® ]Fil (‘E':)L/]le (g) - OF]I’
Vo Fiy (F)L/Fy, (F) @ Fyy (F): /Fy, (F) = Oy,

and nondegenerate bilinear forms
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ﬁg,ij : Fi]‘+1 (g)l/FZJ (‘2’:)L ® ]Fij (g>/]Fij+1 (g) - OFIN

ﬁ]",ij : Fij+1 (‘%)L/Fij (‘FFV’)L ®]Fz] ("%)/Fij+1 (f') - OFII (1 < .] < l)
Then we have a scheme Q(7e i, ﬁ]: i;) that is smooth projective over S, which is
a compactification of PGL(IF;, (F )/R?H( F), IFiHl(g')J-/IFij (E)1) (see [AL, p. 22]
for the definition of Q(Je i;, V7))
Then the stratum KO(E, F)r is described as follows.

PROPOSITION 5.10
There is an isomorphism

(58) KO(g,f)[—)KO(FZ( ) /FZI( ) ( ) /F'Ll( )) XFIIQ

of S-schemes, where Q = Q(Tg iy, TF,iy) XF1; - X¥1; Q(Teiy, Tr4,). In particu-
lar, we have an isomorphism

(59) KO(S,JT'.)[O’,»_” ~ Fl[oﬂn_l].

NOTATION 5.11
For tuples (ay,...,a,) and (b1,...,b,) of integers, we denote by O(aq,...,a;
b1,...,b.) the line bundle

® r+1— ] /IF, J ®a]®® r+1— ] /IF, J( )L)®bj

on Fl[o,r—u(: Flio,r—1)(€) x5 Fljg r—1 (-7:))
We often identify KO(E, F),r—1) with Fljg,_4; by the isomorphism (5.9).
LEMMA 5.12

There are natural tsomorphisms

Molkoe, 7)oy = Oler;er),
and for 1 <j<r-—1,

Milkoe, 7 v = Ol€r—j —€rji1;e,—j —€r_ji1)
of line bundles on KO(E, F),r—1) ~ Fly, 1), where
ith
ei:=(0,...,0,'1,0,...,0).

Proof
This is the same as the proof of [Al, Lemma 5.6]. O

Now suppose that the orthogonal bundles (£,7¢) and (F,7y) are given ori-
entations ¢ and (5].-, respectlvely Define orientations (55 and 6; of (F;, (€ )l/
F;, (€),3¢) and (F;, (F)*/F;, (F),77) so that the diagrams
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~ = AL N - s
NFy, (€) @ N Fi, (55)L ®AnT2 FIE;((?) APE —E= Opy,
AGA/S@id\L ‘/(\/—1)0
n—2a Fi (g)L gg
A IFi1 (&) OFII

F =L
N @ AT (F) © A2 B )

~

~ é
A F z OFII

Fy, (F) F;, (F)
/\“w@dl l.(\/—l)a
—oaFi (F)* oF
A ]Fil(j_:) OFII

commute, where a =r —i;. For e =+ or —, put KO(E, F) ) := KO(E, F)r N
KO(&,F)(e)-
In the isomorphism (5.8), we have

(5.10)  KO(E,F) () = KO(F;, (€)™ /F;, (€),Fy, (F)* /i, (F)) (0 XF1; Q-

When n = 2r and 0 € I, Fl;() (resp., F1;(F)) is a disjoint union Fl; (&)™) U
F1;(€)) (vesp., F1;(F) ;) UFL(F)(-)), where F1;(£)(© (resp., F1;(F)(,)) maps
to the component OG,(£)(®) (resp., OG,(F) () by the natural map. If we put

Q) = (FLE) ) x5 Fl(F)(ey)) ¥, Q
for €; =+, then in the isomorphism (5.10), we have

(511) KO£, F)ys)~Q(HUQT)  and KO Froy~QHuQl,).

5.5. Global sections

We retain the notation of the preceding subsection, but we assume that S =
Speck with k an algebraically closed field of characteristic zero. We write F and
F instead of £ and F.

In this section we describe vector spaces of global sections of a line bundle
on KO(E,F)j¢4) in terms of vector spaces of global sections of line bundles
on flag varieties. To simplify notation, we write X; for KO(E, F)(y). When
n=2r and 0 € I, we have a decomposition X; = X;) U X;—), where X
corresponds to QEZ; in the isomorphism (5.11). The inclusion X; — KO(E, F) 4,
and X — KO(E, F)(+) are denoted by x; and k(. , respectively.

The algebraic group SO(E) x SO(F) acts on KO(E, F)(4) from the left.
The closed subschemes X; (and Xj. in case n=2r and 0 € I) are stable
with respect to the action. The line bundles M; (0 <i<r —1) on KO(E, F) )
have (SO(E) x SO(F))-linearization. Therefore the vector spaces HO(Xr, v} @/,
M) are (SO(E) x SO(F))-modules.
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DEFINITION 5.13
For a tuple ¢= (co, ...,c,—1) € Z", the set A°V*"(c)s is defined to consist of tuples
(q1,---,9r) €Z" such that

(5.12) Q> > e 2 g
r—j
(5.13) ¢; > gkl for jef0,r -1\ 1,
k=1
r—J
(5.14) ¢ = qu for jeI.
k=1

The set A°49(&); is defined to consist of tuples (qi,...,q,) € Z" such that ¢ >
-+ > @r—1 > ¢r >0 and the conditions (5.13) and (5.14) hold.

Now we state the irreducible decomposition of H( Xy, k% ®::_01 ME.

THEOREM 5.14

Assume that n=2r, 0¢ I and ¢= (cop,...,cr—1) € Z". We have a decomposition
into distinct irreducible (SO(E) x SO(F'))-modules:

1
HO(XI,/@§®M;®61'): D v
1=0

Y GT
The irreducible (SO(E) x SO(F'))-submodule Vg is contained in the subspace
HO (Xl,nf (®:;01 M;@Ej:i |qj‘)), and the composite of morphisms

r—1 iy
Vg H (X””?<®M¢®Zjllqjl>) S HO (X 1y, O(8:0))
1=0

is an isomorphism if q. >0, and the composite of morphisms

r—1

V10 (0,7 (QMES ) ) 25 0,y Ol 0)

=0

is an isomorphism if ¢, <0, where ¢ = (q1,---,9r—1,—qr) (see Notation 5.11 for

-

0(@,n)).

REMARK 5.15
Under the assumption of Theorem 5.14, we have a diagram

Xporo1yr &= Xy & Xg
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If g, =0, then the line bundle HEJ'—l] (®::_01 M?Z;{ qul) on X[ ,_q) is a pull-
back of a line bundle, say, £z, on Fl; ,._1;. The morphisms

r—1 ;
a* * ®351 lajl
HO(F1[17.,«_1], ﬁq’) — HO <X[1,7'—1]7 I{[l,r—l] (®MZ ! >>
=0

and
B* =
HO(FI[LT,H, [:q‘) 5 HO (X[077«71](+> ,O(q; CD)

are isomorphisms since « is a P!-bundle and £ is an isomorphism. So the restric-

; « r—1 ) @521 14 Ay
tion map HO (X[l,r—l]’”u,r—u (®i:é M, == )) = H(X[g,,—1j+), O(€: D)) is
an isomorphism. Therefore in Theorem 5.14, when ¢, = 0, the composite of mor-
phisms

v (s (@)

=0

r—1 S o)1
restr. HO <X[1,T—1]7HF177"—1] <® M?Zj:l |'I.7>> L} HO(F][l,,._l],ﬁ,j)
i=0

is an isomorphism.

THEOREM 5.16
Assume that n=2r, assume that 0 € I, and assume that €= (cq,...,cr—1) EZ".

Let e =+ or —. We have a decomposition into distinct irreducible (SO(E) x
SO(F))-modules:

(X700 ®M®) - P v

1=0 geAeven(g);
The irreducible (SO(E) x SO(F'))-submodule Vg is contained in the subspace
HY (X0, K5 (®:;01 M?zj:lqj)), and the composite of morphisms

r—1 —i
Vy—H° (Xne) Ko (® M?ZFI qj)) = HO (Xj0,r—1)0, O(T: D))
i=0
is an isomorphism.

THEOREM 5.17
Assume that n=2r + 1, and assume that ¢ = (co,...,cr—1) € Z". We have a
decomposition into distinct irreducible (SO(E) x SO(F))-modules:

HO<X[,H}®MZ®Q)= D v
1=0

GeA°dd(d)r
The irreducible (SO(E) x SO(F'))-submodule Vg is contained in the subspace
HO (X, K} (®7_(} M?Zj:lqj)), and the composites of morphisms

7=
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" “igy restr
Vi— H° (XI, KT <® M?Zj:l qJ)) Testt, HO (X[O,r—l]a O(q; q_))
=0

is an tsomorphism.

6. Factorization theorem

Assume that n =2r or 2r + 1 > 3, and assume that chark = 0. Fix a positive
integer [ called a level. In this section we prove a factorization theorem, which
describes the vector space H(M=!(Cp), D®!), where D is the determinant line
bundle, in terms of spaces of global sections of line bundles on moduli of parabolic
oriented orthogonal bundles on 6’6.

6.1. Thestack Fl;
For a sequence = (I > ¢; > --- > ¢, > 0) of integers, we define the stack Flz over
Mn(ﬁo) as follows. If n.=2r and ¢, >0, then Flg:=|| _, Flj, q (F)(© x
Fl[O,r—l] (.7:5‘)(6). If n=2r and qr = 0, then Fl,j = Fl[l,r—l] (ff) X Fl[l,r—l] (.7"2“)
If n=2r+1, then Fl;:= Fl[o,r—1] (F) x Fl[O,r—l] (F&.

We define the involution ¢ : Fly — Flg as follows. In the case where n = 2r
and ¢, > 0, the stack Fl; parameterizes tuples

(61) (F7’y767]F0(F Pi) (221’2))7
where (F),,0) is an oriented orthogonal bundle on Co and Fo(F|p,) is a filtration
0 CFrfl(F pi) cC--- C]F()(F pi) cF P;

by isotropic subspaces with dimF,(F|p,) = r—a such that (Fe(F|p,),Fe(F|p,)) €
Flio,r—1 (F|p,) x Flig,r—1(F|p,)(¢) for € = £. For a tuple (6.1), let (F*,~*,d",
F._1(F|p,) (i=1,2)) be the t-transform of (F,~,0,F,._1(F|p,) (i =1,2)) over
{P1, P»}. We define the filtration

(]FT‘—l(FL|P1,) C)]FT’—2(FL|P«;) C- CFO(FL|Pi) - FL|P1,

so that F;(F*|p,)/F,—1(F*|p,) and F;(F|p,)/Fr_1(F|p,) correspond through the
natural isomorphism F,_;(F*|p. )t /F,._1(F*|p,) ~F,_1(F|p,)* /Fr_i(F|p,) (cf.
(2.6)). Then (Fo(F*|p,),Fa(F'lp,)) € Fligyy(Flp) ) x Flig, 1(Flp,) o),
where {¢,€¢'} = {+,—}. By associating the tuple (F*,~*,d;Fq(F*|p,) (i=1,2))
to the tuple (6.1), we can define a morphism ¢ : Fly — Flz. In the case where
n=2r and ¢, =0, or where n =2r + 1, we define ¢ : Fl; — Fl similarly, that is,
ignore in the above procedure the zeroth filter in the case n = 2r and ¢, =0, and
(€),(€') in the case n=2r + 1.

6.2. Theline bundle L;
We denote by 7 the projection Flz — M, (Cp). We put Fv := (idg, xm)*F* and
Fi=mrF

We define the line bundle £z on Flg as follows.
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In the case where n =2r and ¢, >0, or where n=2r+1,if 0 C Fr_1(.7:'f) C
- CFo(F) C Fi* is the universal filtration, then

(6.2) = ® gt (B (FE) ™.

i=1,2 j=1
In the case where n =27 and ¢, =0, if 0 C F,_;(F*) C --- CFy(F¥) C F¥ is the
universal filtration, then

®® T— J+1 /Fr J(]:u) )
i=1,2 j=1
Consider the line bundle 7*(det Rp, F*)®(-) @ Lg on Flg, where p: CN’O X
Mn(aa) — Mn(ﬁo) is the projection.
Put (F*)?:= Ker(]:'“ =Dz ]:'Z»“/IFT,l(ff)l), where F* is considered as
a sheaf on {P;} x Flg. If g1 =1, then

7 (det Rp, F*) 2D @ Lz~ (det R, (ﬁu)b)‘@(*”

(6.3)
®®® r]—i—l /IFT J(‘Fu>)1

1=1,2 =2

where p' : Co % Flg — Flz is the projection. (Ignore the term for j =1 in the
case where n = 2r and ¢, =0.) The right-hand side of (6.3) has a natural ¢
linearization. Therefore the line bundle m*(det Rp.F*)®(~!) @ Lz is naturally
an (-equivariant line bundle on Flz if ¢ ={. So ¢ acts on the vector space
HO(Flg, * (det Rp.F )2 D @ Lg) if ¢1 = 1.

6.3. Statement of factorization theorem
Let (£%,7veu,d¢u) be the universal oriented orthogonal sheaf over Cy x M,,(Cj).
We denote by p the projection Cy x M, (Cy) — M, (Cy). Put D := (det Rp,E™)Y,
the determinant line bundle.

To state the factorization theorem in a concise form, we understand that ¢
acts on the vector space H°(Flg, 7* (det Rp, F*)®0 @ L) trivially if ¢; <.

THEOREM 6.1
There is a natural isomorphism
H (MEY(Co), D®) =~ D H® (Flg, " (det R F*)* D @ £5) ™™
q
where = (q1,...,q,) runs through all sequences of integers such that | > q; >
-+ >q. >0 (see the paragraph after Definition 4.1 for the notation M=1(Cy)).

6.4. Proof of factorization theorem

We give a proof for n = 2r. The case n = 2r+1 is similar. Recall that 7 denotes the
projection OG, (F{* & F3') 1) — M, (Co). Put F't = 7 Fo. Let Fil o FiT = Q
be the universal quotient bundle over OG, (F{' ® F3')(4). As in Section 4.3, we
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write OG(), OGZ), and OG{) for OG,(F}' @ Fy)(4), OGS (Fi' @ Fy') (), and
OG;, ' (F* @ F§)(4), respectively.

Consider the KO(4)-bundle 7/ : KO(F}", F3') 4y — M, (Co). Put Fib = Fu.,
Let

(Mi,ﬂiv}_ﬁ%Mi‘@]:ﬁHv}— <_]:1z+p
-7:27+1_>~7:§va ®f£+1<_}—21+1 (0<i<r—1),h: }—i‘fﬁﬁ}—;i)v

be the universal generalized orthogonal morphism over KO(F}', F3')(4). Recall
that for a subset I C [0, — 1], KO(F}', F3')1(+) denotes the locus ;¢ {pi = 0}
For short, we write KOy and KOy for KO(F}, F3') 4y and KO(F}, F3') 1+
respectively. The restricted morphism 7'|ko,,, is denoted by 7;7. Our situation
is summarized in the following diagram:

~

Flz KO(4,) OG (1) ——= Mq(Co)
l’r / J\"ml} j J\

To prove the factorization theorem, we first amplify Proposition 4.10. It fol-
lows from Lemma 2.1(2) and Proposition 5.10 that OG(il) and KOg_1y(4)\
Uo<icr—1 KOy} (4+) parameterize the same objects. Thus restriction of g gives
an isomorphism KOy, 1y1) \Up<icr—1 KOpiy1) — OG(=+1). Through this iso-
morphism, the involution on OG(zj) gives rise to an involution on KO _1y(4)\
Uo<icr—1 KO3 (4), which we denote also by .

LEMMA 6.2
The involution ¢ on KO 1y(1+) \Up<icr—1 KOpiy(1) extends to KOy _1y(4).

Proof
We construct an involution on KOy,_1}(4), which is an extension of .. By Propo-
sition 5.10, KOy, _1}(4) parameterizes tuples

(6.4) (F,v,6,L; C Flp, (i=1,2),®),

where (F,~v,d) is an oriented orthogonal bundle on CNO, L; is an isotropic line
of F|p,, and ® € KO(L{ /L1, L3 /L2) (4. Given a tuple (6.4), let (F*,7*,6", Lt C
F'|p, (i=1,2)) be the t-transform of (F,~,d,L; C F|p, (i=1,2)) over {P1,P2}.
Since L;/L; ~ L+ /Lt by (2.6), ® determines a generalized orthogonal mor-
phism ®* € KO(L{:/Ly, L5-/LY) 4. By associating to a tuple (6.4) the tuple
(F*, 4%, 0% L C F*|p, (i =1,2),®"), we obtain an involution on KOy, _1}(4), which
is clearly an extension of ¢. (|
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By abuse of notation, the extension to KOy,._1}(4) of the involution ¢ is also
denoted by ¢. For a line bundle £ on M,,(Cy), we have isomorphisms

(6.5) HO(OG()), p*L) 2 HY(0G 4, p*£) = HO(KO 4, (p o 9)*L)

because the codimension of the complement of OG(SJ:) in OG(4,) is equal to or
greater than 2 by Lemma 2.1(3), and g is proper birational. Note also that for a
line bundle N on KOy, _1}(4), the map

(6.6) HO(KOy,—13(4),N) = H (KO{T—1}(+) U Ko{i}(+),N>
0<i<r—1

is injective. Let t be the restriction map

HY(KO(4), (po9)"£) = H(KO(r1y(1), (po g o hr1) L)

Note that the target of this map has an c-action. By (6.5) and the injectivity of
(6.6), we can amplify Proposition 4.10 as follows:

(6.7) H° (Mngl(co), L) ~t H(HY(KOqr_13(4), (po g o kigro1y) L) ™).

LEMMA 6.3
There is an isomorphism

r—1
(pog) D = 7 (det Rp. F) =D @ R M.
=0

Proof
As in [A1, Lemma 7.5], we can prove that

p*D® ~ 7*(det Rp, F*)® ) @ (det Q)®'.

Composing this isomorphism with (5.5), we get the result. O

By Theorem 5.14, we have a decomposition

r—1
~ — ®U(r—i
(detRp.F)* D @ 7 (R M) =P vy,
i=0 geB
where B consists of all sequences ¢= (¢q1,...,¢,) of integers such that [ > ¢ >
-+ > ¢qr_1 > |g-| > 0. Similarly we have
r—1 )
(det Rp. )N @ rf, _yy (QMET ) =B v
=0 KO(r—13(4) T
qeB
where B’ consists of all sequences ¢= (q1,...,q,) of integers such that [ =¢; >

-+ > gr—1 > |gr] > 0. Using the projection formula, we obtain a commutative
diagram
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H(KO(4), (po g)D%) ——=—— H"(M,(Co),Vy)
qeB

HO(KO{T'—l}(-i-)v(pogoﬁ{r—l})*lp(gl) — @HO(MH(E’B%V@%

() o

where the right vertical arrow is the projection. The vector space HO(KO{T_l}(+),
(pogokir—13)*D%) has an t-action, so we get an t-action on Diep HO(M,,(Cy),
Vg). By (6.7), we have an isomorphism

HO (315 (Co). D)

@ H° (Mn(ag)’vé’) @ (@ HY (Mn(av’o)vvtf))L_inv'

qEB\B’ qeB’

(6.8)

1

FeB/ HO(Mn(E’;),V,;). There is no reason that
the action preserves the direct summands. Let B> be the subset of B consisting
of §=(q1,...,¢r) with ¢, > 0. Put BL, =B’ NB>(. For € B>(, we put Hg:=
HO(M,,(Cp), Vy) if ¢» = 0, and Hg := H(M,,(Co), Vy) ®H(M,,(Co), Vge) if ¢ > 0,
where @ = (q1,...,q—1, —gr). We define a partial order < on B> so that q7 <q
if and only if Z;;; q; < Z;;i gj for 0<i<r—1.

Now we analyze the t-action on P

LEMMA 6.4

For g€ ]B%’ZO, the subspace 693'2095’ H- of @9763'20 Hq~, is stable with respect

=77 q
to the t-action.

Proof

By Theorem 5.14, @B; 57 H - is isomorphic to the subspace
>0

2q77q
HO (KO{Pl}(ﬂ, P (det R, F) 2D @ (R ME > qj)

through the isomorphism (#). This subspace is clearly stable with respect to the
t-action. ]

We use the following result of linear algebra whose proof is left to the reader.

LEMMA 6.5

Let S be a finite set with a partial order <. Assume that we are given an involution
L on a vector space @, g Vs such that for any t€ S, (@, <, Ve) =B, <, Ver-
We denote byt the induced involution on the graded part V; o~ @yjt Var/| @y Vs
Then the composite of morphisms (B,cg Vs)hinv — Des Vs brojection,
D,cs(Ve) ™™ is an isomorphism.
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By Lemma 6.4, we have an induced involution ¢ on the graded part Hz ~
@Dy<Hy/Dg 71z By Lemma 6.5, we obtain, from (6.8), the isomorphism

q

(6.9) HO(MEY(Co), D)~ P  Hye € (Hp ™.
GEB>0\BL,, geBl

By Theorem 5.14 and Remark 5.15, we have an isomorphism

(6.10) Hy~HO(Flg, 7" (det Rp. F*)* D @ L),

Moreover, by the definition of the involutions, the z-action on the left-hand side
of (6.10) is nothing but the ¢-action on the right-hand side of (6.10) defined in
Section 6.2 if ¢'€ B/zo- This completes the proof of Theorem 6.1. O

Complements

The factorization formula in Theorem 6.1 involves t-inv. We can formulate the
factorization theorem in such a way that t-inv does not appear by considering
moduli of vector bundles with a degenerate symmetric bilinear form. Let M/ (Cp)
be the moduli stack parameterizing triples

(G,fy GG — (’)50,6:/\”’G—> (’)C~O(—P1 — Pg))7
where G is a vector bundle of rank n on CN’O, v is a symmetric bilinear form with
(GV/G)p, ~ k%f (i=1,2), and ¢ is an isomorphism such that the diagram

NG APG 22 Og, (=P = P) @ Og (-1 — P»)

(6.11) Amy [

an — 050 ®OCN'0

commutes. Note that for [(G,7,0)] € M (Cy), we have dim(G|p,)* = 2. For a
sequence t = (I>ty>--->t.>0), we define the moduli stack Fl:; and the line
bundle Ay on it as follows. If n =2r and ¢, >0, or n=2r + 1 (resp., if n =2r
and ¢, = 0), then F1 parameterizes (G,v,8) € M},(Cy) together with filtrations,
fori=1,2,

Glp, 2G5 56V 56 = (Glp)t 50

PG 0060 56 =(Glr)t 20).

(resp.7 G

where G;i) is an isotropic (j + 1)-dimensional subspace. Let G be the universal
bundle on 6‘73 X Fl%, and let

Glep e, DG 5568 561 = (Glgpyurn)t D0

(resp., g|{Pi}XF1% D gﬁ?l O---D Qéi) D QY) = (g|{pi}x1_:~1;,)L 20)
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be the universal filtration. The line bundle A on Flg is defined to be

(detRpr, )0 @ QG5 /97)™"

i=1,2 j=2

r—1
(resp. (detRpr, 970 & @ @G171/917)°").

i=1,2 j=2

where pr is the projection 6’5 X Fl%% Fl%.
For a sequence §=(I=¢1 >--+ > g, > 0), we have an isomorphism

HO (Flz, 7 (det Rp. F) 0 @ L) ™™ ~ HO(FY, A7),

where ¢ = (I>q2>--->¢q->0). So we can rewrite Theorem 6.1 as follows.

THEOREM 6.6

There is a natural isomorphism

HO (MEY(Cy), D®!) =~ @HO Flz, 7" (det Rp, F*) (D @ L)

@ @HO (F1, A

where §= (q1,...,qr) runs through all sequences of integers such that | > ¢ >
- >q, >0, and t= (tg,...,t,) such that | >ty >--->1t, >0.

Acknowledgment. The author thanks the anonymous referees whose careful read-
ing and helpful comments and suggestions contributed very much to improving
the readability of this paper.

References

[A1] T. Abe, “Compactification of the symplectic group via generalized
symplectic isomorphisms” in Higher Dimensional Algebraic Varieties and
Vector Bundles, RIMS Kokyuroku Bessatsu B9, Res. Inst. Math. Sci.
(RIMS), Kyoto, 2008, 1-50. MR 2509691.

[A2] , Strange duality for parabolic symplectic bundles on a pointed
projective line, Int. Math. Res. Not. IMRN 2008, art. ID rnn121.
MR 2448083. DOI 10.1093/imrn/rnn121.

[A3] , Degeneration of the strange duality map for symplectic bundles, J

Reine Angew. Math. 631 (2009), 181-220. MR 2542222.
DOI 10.1515/CRELLE.2009.046.

[AK] A. Altman and S. Kleiman, Compactifying the Picard scheme, Adv. in Math.
5 (1980), 50-112. MR 0555258. DOI 10.1016/0001-8708(80)90043-2.

[Beu] A. Beauville, Orthogonal bundles on curves and theta functions, Ann. Inst.
Fourier (Grenoble) 56 (2006), 1405-1418. MR 2273860.


http://www.ams.org/mathscinet-getitem?mr=2509691
http://www.ams.org/mathscinet-getitem?mr=2448083
http://dx.doi.org/10.1093/imrn/rnn121
http://www.ams.org/mathscinet-getitem?mr=2542222
http://dx.doi.org/10.1515/CRELLE.2009.046
http://www.ams.org/mathscinet-getitem?mr=0555258
http://dx.doi.org/10.1016/0001-8708(80)90043-2
http://www.ams.org/mathscinet-getitem?mr=2273860

920

[BL]

[Bel]

[LS]

[MO]

[Sch]

[Sun]

[TUY]

Takeshi Abe

A. Beauville and Y. Laszlo, Un lemme de descente, C. R. Acad. Sci. Paris
Sér. I Math. 320 (1995), 335-340. MR, 1320381.

P. Belkale, The strange duality conjecture for generic curves, J. Amer. Math.
Soc. 21 (2008), 235-258. MR 2350055. DOI 10.1090/S0894-0347-07-00569-3.

G. Faltings, Moduli-stacks for bundles on semistable curves, Math. Ann. 304
(1996), 489-515. MR 1375622. DOI 10.1007/BF01446303.

I. Kausz, A modular compactification of the general linear group, Doc. Math.
5 (2000), 553-594. MR, 1796449.

, A canonical decomposition of generalized theta functions on the
moduli stack of Gieseker vector bundles, J. Algebraic Geom. 14 (2005),
439-480. MR 2129007. DOI 10.1090/S1056-3911-05-00407-8.

Y. Laszlo and C. Sorger, The line bundles on the moduli of parabolic
G-bundles over curves and their sections, Ann. Sci. Ecole Norm. Sup. (4) 30
(1997), 499-525. MR, 1456243. DOI 10.1016/S0012-9593(97)89929-6.

A. Marian and D. Oprea, The level-rank duality for non-abelian theta
functions, Invent. Math. 168 (2007), 225-247. MR, 2289865.
DOI 10.1007/s00222-006-0032-z.

M. S. Narasimhan and T. R. Ramadas, Factorisation of generalised theta
functions, I, Invent. Math. 114 (1993), 565-623. MR 1244913.
DOI 10.1007/BF01232680.

M. Schlessinger, Functors of Artin rings, Trans. Amer. Math. Soc. 130
(1968), 208—222. MR 0217093.

X. Sun, Degeneration of moduli spaces and generalized theta functions, J.
Algebraic Geom. 9 (2000), 459-527. MR 1752012.

A. Tsuchiya, K. Ueno, and Y. Yamada, “Conformal field theory on universal
family of stable curves with gauge symmetries” in Integrable Systems in
Quantum Field Theory and Statistical Mechanics, Adv. Stud. Pure Math.
19, Academic Press, Boston, 1989, 459-566. MR 1048605.

Graduate School of Science and Technology, Kumamoto University, 2-39-1 Kurokami,

Kumamoto 860-8555, Japan; abeken@sci.kumamoto-u.ac.jp


http://www.ams.org/mathscinet-getitem?mr=1320381
http://www.ams.org/mathscinet-getitem?mr=2350055
http://dx.doi.org/10.1090/S0894-0347-07-00569-3
http://www.ams.org/mathscinet-getitem?mr=1375622
http://dx.doi.org/10.1007/BF01446303
http://www.ams.org/mathscinet-getitem?mr=1796449
http://www.ams.org/mathscinet-getitem?mr=2129007
http://dx.doi.org/10.1090/S1056-3911-05-00407-8
http://www.ams.org/mathscinet-getitem?mr=1456243
http://dx.doi.org/10.1016/S0012-9593(97)89929-6
http://www.ams.org/mathscinet-getitem?mr=2289865
http://dx.doi.org/10.1007/s00222-006-0032-z
http://www.ams.org/mathscinet-getitem?mr=1244913
http://dx.doi.org/10.1007/BF01232680
http://www.ams.org/mathscinet-getitem?mr=0217093
http://www.ams.org/mathscinet-getitem?mr=1752012
http://www.ams.org/mathscinet-getitem?mr=1048605
mailto:abeken@sci.kumamoto-u.ac.jp

	Introduction
	Preliminaries
	Oriented orthogonal sheaves
	iota-transform
	Orthogonal Grassmannian

	Oriented orthogonal sheaves in a neighborhood of a node
	Construction of orthogonal sheaves
	Construction of oriented orthogonal sheaves
	Deformation of an oriented orthogonal sheaf

	Moduli stack of oriented orthogonal sheaves
	Local structure
	Desingularization of Mn(C0)
	The involution iota
	Description of Mn<=1(C0) by gluing

	Compactiﬁcation of the orthogonal group via generalized  orthogonal isomorphisms
	bf-morphisms
	Deﬁnition of generalized orthogonal isomorphisms
	Relation with the orthogonal Grassmannian
	Geometry of strata
	Global sections

	Factorization theorem
	The stack Flq 
	The line bundle Lq
	Statement of factorization theorem
	Proof of factorization theorem
	Complements


	Acknowledgment
	References
	Author's Addresses

