Aharonov-Bohm effect in resonances
of magnetic Schrodinger
operators in two dimensions

Hideo Tamura

Abstract We study the Aharonov—Bohm (AB) effect through resonances for magnetic
scattering in two dimensions. The scattering system consists of three scatterers, one
bounded obstacle, and two scalar potentials with compact supports at large separation,
where the obstacle is placed between two supports and the support of the magnetic field
is completely shielded by the obstacle. The field does not influence particles from a clas-
sical mechanical point of view, but quantum particles are influenced by the correspond-
ing vector potential which does not necessarily vanish outside the obstacle. This quan-
tum phenomenon is called the AB effect. The resonances are shown to be generated near
the real axis by the trajectories oscillating between two supports of the scalar potentials
as the distances between the three scatterers go to infinity. The location is described in
terms of the backward amplitudes for scattering by each of the scalar potentials and by
the obstacle, and it depends heavily on the magnetic flux of the field.

1. Introduction

In quantum mechanics, a vector potential is said to have a direct significance to
particles moving in a magnetic field. This is called the Aharonov—Bohm (AB)
effect and is known as one of the most remarkable quantum phenomena (see
[3]). In this work we study the AB quantum effect in resonances of magnetic
Schrodinger operators in two dimensions.

We always work in the two-dimensional space R? with generic point =
(z1,x2) and write

2
H(AV)=(=iV = A? +V = (=id; —a;)* +V, 0;=0/dx;,
j=1

for the Schrodinger operator with the scalar potential V : R*> — R and the vector
potential A = (a1,as) : R* — R?. The magnetic field b: R*> — R associated with
A is defined by

b(x) =V x A(x) = O1a2 — Dqaq,
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and the quantity defined as the integral o= (27)~! [ b(z)dz is called the mag-
netic flux of b, where the integration with no domain attached is taken over the
whole space. We often use this abbreviation throughout the entire discussion.
The Hamiltonian H (A, V) describes the energy operator for the quantum sys-
tem of particles subjected to the electrostatic potential V(z) and to the magnetic
field b(x).

We now define the operator. Let 2 = R*\ O be the exterior domain of a
bounded domain @ with the smooth boundary 00, O being the closure of O.
We assume that O is simply connected and

(1.1) OcB={lz|]<1}
with the origin in O. For d € R?, |d| > 1, we consider the Hamiltonian
Hy=H(A,Vy)=(=iV — A)?*+V,
on L?(Q), where the potential V(z) takes the form
(1.2)  Vy(x)=V_g(x) + Vig(a)=V_(z—d_)+Vi(z—dy), d=dy—d_,
with
dy =(1—k)d, d_=—-krd, 0<k<l.

We further assume that A(z) : R> — R? is smooth over Q (A € C°(Q — R?))
and falls off at infinity. We denote by b =V x A the magnetic field associated
with A and by « the magnetic flux of b. We make the assumption that Vi is a
smooth function with compact support and that b vanishes on :

(1.3) Vi€CP(R*—R), b=0 onQ.
For brevity, we take A to be the AB potential defined by
(1.4) A(w) = a(—a2/lal?,21/12]?) = a(~03 log |o], & log ).
Then A generates the solenoidal field
b=V x A= (0} 4 93)log |z| = 2mad(x)

which has the support only at the origin and a as the magnetic flux. We also
assume that Vi has support in the unit disk B. The second assumption in (1.3)
means that the field b is entirely shielded by the obstacle O, although the cor-
responding vector potential A does not necessarily vanish over Q. If |d| > 1 is
large enough, then

(1.5) suppVaq C Brg={|lz —ds| <1} CQ

and the self-adjoint extension in L?(Q) of H, = H(A,Vy) is realized by imposing
the zero boundary conditions. We denote by the same notation Hy this self-
adjoint operator with domain D(Hy) = H?(Q) N HJ (2), where H%(Q) and Hg ()
stand for the usual Sobolev spaces over 2. If we take another vector potential
A: R? — R? defining the same field b = V x A, then we can show that A takes the
form A= A+ Vg over Q for some real smooth function g € C*(Q), and hence
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H(A,Vy) turns out to be unitarily equivalent to Hy = H(A,V;). Here we note
that the direction d = d/|d| and the ratio  are fixed with the meaning ascribed
above.

We denote by R((;T) = (T —¢)~! the resolvent of a self-adjoint operator T
acting on L?(R?) or L?(Q). It is known (see [13]) that Hy has no positive eigen-
values and the continuous spectrum occupied by (0, 00) is absolutely continuous.
We further know that the resolvent

R(¢GHy) = (Hg— )7 : L*(Q) — L3(Q), ¢(=FE+in, E>0,1>0,

is meromorphically continued from the upper half plane of the complex plane
to a region (independent of d) in the lower half plane across the positive real
axis where the continuous spectrum of Hj is located (see the arguments after
the proof of Lemma 3.1). Then R((;Hy) with Im¢ <0 is well defined as an
operator from L2, (€2) to L} (Q) in the sense that ¢R((; Hyg)q : L*(Q) — L*(Q)
is bounded for every q € C§°(R), where L2, (W) denotes the space of square
integrable functions with compact support in the closure W of a region W C R?
and L}, w
This can be shown by an application of the complex scaling method (see [5],
[17]) and by the analytic Fredholm theorem (see [15, Theorem VI.14]). We use
the same notation R((; Hy) to denote this meromorphic function with values in
operators from L2, (9) to L{ (€2). In fact, we can show that R(¢; Hg) admits
the meromorphic continuation to the region {¢ € C: Re( > 0,Im¢ < 0}, but the
argument here is restricted only to a neighborhood of the positive real axis. The
resonances of H, are defined as the poles of R((; Hy) in the lower half plane (the
unphysical sheet). Our aim is to study how the resonances are generated near
the real axis by the trajectories oscillating between supp V_g4,supp V4, and O as
|d| — oo. By assumption, the magnetic field b vanishes outside O, which implies
that b does not have any influences on classical particles moving in €2. On the
other hand, the vector potential A does not necessarily vanish there, but it has
a direct significance to the movement of quantum particles according to the AB
effect. A special emphasis is placed on analyzing how the AB effect influences
the location of the resonances.

The obtained results are formulated in terms of the backward amplitudes by
the potentials Vi and by the obstacle O. Let Ky = —A be the free Hamiltonian,

and let K1 be the Schrodinger operator defined by
(1.6) Ki=Ko+Ve=-A+Vy, D(Ky)=H*(R?).

(W) denotes the space of locally square integrable functions over W.

We denote by fi(w — 6; FE) the amplitude for scattering from the incident direc-
tion w € S to the final one @ at energy E > 0 for the pair (Ko, K+). As is stated
at the beginning of Section 4, these amplitudes admit the analytic extensions
f+(w — 6;¢) in a complex neighborhood of the positive real axis as a function of
E. We further denote by fo(w — 6; FE) the scattering amplitude at energy E > 0
for the pair (Ko, H), where H is defined as

(1.7) H=H(A,0), D(H)=H*Q)NH;Q).
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The precise representation for fo(w — 60; F) is given by Lemma 3.2, and this
amplitude is also seen to admit the analytic extension fo(w — 6;() in a complex
neighborhood of the positive real axis.

The results heavily depend on the magnetic flux a. We first consider the case
where « is not a half integer. We fix Fy > 0 and take 0 < §p < 1 small enough
but independently of d. Then we set

(1.8) DdZ{CEC:ReC—EO<607|1mg|<Eé/2<1+2E_i))(loil||d|>}

and define the function h({;d) by
(1.9) h(Gd) = (M9 /1d]) cos® (am) f—(=d — d; ) f+(d — —d; ()

over Dy, where k= (/2 is taken in such a way that Rek > 0 for Re¢ > 0. We
always use k with this meaning. Since

(1.10) 2Imk =2Im(Re¢ 4 iIm )% =Im¢/(Re )/ + O(| Im ¢]?)

for ¢ € D,y and since

(1.11) (Re()"/? = Ey/* (1 + (Re¢ — Eo)/(2Eo) + O(63))

with |Re( — Ey| < dp, it follows that

(1.12) |d|1+60/E0 < |621'k|d|| < |d|1+350/E0

at the bottom ¢ = Re ¢ — iEy/ (1 + 260/ Eo)((log|d|)/|d|) of Dg. This implies that

the curve defined by |h((;d)| =1, |Re{ — Ey| < dg, is completely contained in D,.
Since |d_| = k|d| < |d| and |d4| = (1 — k)|d| < |d|, we can take dg > 0 so small that

(L13) My || =0(d /%), |2 MLyl = O(ld)m (/)

in Dy. Thus the choice of §y depends on k as well as on Fy. The bounds above
guarantee that there are no resonances generated by the trajectories oscillating
between O and supp Vg4 in Dy. This will be seen in the course of the proof of
the theorems.

We now consider the equation

(1.14) h(¢d)y=1
in Dg. We can show (see Lemma 4.6) that it has a finite number of the solutions
{G@D}icicn, () €Da,Redi(d) <+ <Reln,(d),
Ng being dependent on d, and that each solution (;(d) behaves like
1 (d) ~ —Ey*(log|d])/ld],  Re(G1(d) = () ~ 20 Ey*/|d],

as |d| — co. We are in a position to state the first theorem.

THEOREM 1.1

Let the notation be as above. Assume that the magnetic flux « is not a half integer
and that the backward amplitudes fi(+d — Fd; Ey), d=d/|d|, at energy Eq do
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not vanish. Then we can take dy > 0 so small that the neighborhood Dy defined
by (1.8) has the following property. For any € > 0 small enough, there exists
d. > 1 such that for |d| > d., Hq has the resonances {(es j(d)}, 1 <j < Ng, in
Dy, which satisfy

|<res,j (d) - Cj (d)| < 5/|d|a Re Cres,l(d) <---<Re Cres,Nd (d),
and the resolvent Rq(C) = R((; Hyq) is analytic over the domain

Dd\ {Crcsl d -~'3Crcs Nd(d)}

as a function with values in operators from L2, (Q) to LY (Q).
Here we note that the assumption fi(+d — Td; Eo) # 0 implies fo(+d — Fd;
E) #0 for E with |E — Ep| < dg by choosing 0y even smaller, if necessary.

Next we deal with the case where « is a half integer. Let dy be as in (1.2).
We again fix Ey > 0 and take 0 < §p < 1 small enough. We set

(1.15)  Dia={¢:IRe¢ — Eol <0, Tm¢| < Bg*(1+ %) (loﬁlflil)}

and define the function h4(¢;d) by

ha (G d) = (e2*1921 /|4 ) fo(Fd — £d; €) f (d — Fd; Q)

over Dyg4. If 0 <k <1/2, then |d_| < |d4| and we can take Jp > 0 so small that
the curve defined by |h1(¢;d)| =1, |Re{ — Ey| < dg, is completely contained in
D, 4 and that

(1.16) |2 *14=1/1d_|| = O(|a|~1/2=)

at the bottom of D 4. If 1/2 < k < 1, then [e?*19+1/|d || = O(|d|~(*~1/?)) at the
bottom of D_4. The solutions

{Cj(i)(d)}lﬁjfl\/id’ C(i)(d)eDﬂ:dvReC1 ( ) <RecNid( )

of the equation hy(¢;d) =1 can be shown to have properties similar to those of
the equation h((;d) =1 with natural modifications. Then the second theorem is
stated as follows.

THEOREM 1.2

Let the notation be as above. Assume that the magnetic flur o is a half integer
and that the four backward amplitudes fi(+d — Fd; Ey) and fo(xd — Fd; Ey)
at energy Ey > 0 do not vanish. Then we have the following statements.

(1) Assume that 0 < k < 1/2. Then we can take do > 0 so small that the
neighborhood D4 defined by (1.15) has the following property: Hy has the reso-
nances

{ r(:;)j( )}7 Crebj( )€D+d71SjSN+d7
in a neighborhood 0f§(+ (d) for |d| > 1 as in Theorem 1.1, and R({; Hy) depends
analytically on ¢ over Dygq\ U1<]<N+d{§r(:;7)j( )}
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(2) Assume that 1/2 <k < 1. Then we can take do > 0 so small that the
neighborhood D_g4 defined by (1.15) has the following property: Hy has the reso-
nances

(@), deDg1<j<N_,

res,j res,j
in a neighborhood of (;7)(d) for|d|>1 as in Theorem 1.1, and R((; Hy) depends

analytically on ¢ over D_g '\ UlgjgN_d{Cr(e;?j (d)}.
(3) Assume that kK =1/2. Then, for any € >0 small enough, there exists
de > 1 such that ¢ € C with |Re( — Eo| < Ep/2 and with

0>Tm¢ > —(2—¢)(Re)"/*((log d])/|d])

is not a resonance of Hy for |d| > d..

We remark that the third statement does not require the assumption that the
backward amplitudes do not vanish. The two theorems above are proved in Sec-
tion 4 after stating some preliminary propositions and lemmas on the scattering
theory and on the asymptotic properties of the Green function for the magnetic
Schrodinger operator H defined by (1.7) in Sections 2 and 3.

The resonance problem is one of the most active subjects in scattering the-
ory at present. There are a large number of works devoted to the problem of
resonances near the real axis generated by closed classical trajectories. In partic-
ular, the semiclassical problem of shape resonances has been studied in detail,
and upper or lower bounds on the resonance width (the imaginary part of the
resonance) and its asymptotic expansion have been obtained by many authors
under various kind of assumptions (see, e.g., [5], [6], [8]-[11], [14], [17]). We refer
to the book [11] for an extensive list of references and to [9] for the recent devel-
opment. However, it seems that there are few works which discuss the resonances
of magnetic Schrédinger operators in connection with the AB quantum effect. In
[4], we have studied how the AB effect is reflected in the lower bound on the
resonance widths. Roughly speaking, the bound has been determined from the
relation |h((;d)| < 1 strictly. In other words, Hy does not have any resonances in
the region where |h({;d)| <1 is fulfilled. However, the neighborhood D, defined
by (1.8) contains points at which |h(¢;d)| > 1. Thus we can improve considerably
the result obtained by the previous work [4] by showing the actual existence in
D, of resonances.

We end the section by explaining from a physical point of view how rea-
sonable (1.14) is as an approximate relation to determine the location of the
resonances. We denote by

(1.17) wo(z;w, E) = exp(iEY?z - w)

the plane-wave incident from the direction w at energy E > 0, where the notation
- denotes the scalar product in R%. We write 21 for 24 = 2 — do. The incident
plane wave o (2 _; —d, E) takes the form f_(—d — d; E)(eiEl/2‘$*|/|x_\1/2) after
it is scattered into the direction d = d/|d| by the potential V_g4, and the scattered
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wave hits the support of the other potential V4. Since |z_| behaves like
o |=le—d_|=|d+wi|=d|+d -2y +O(d )

for © € B4, Big being as in (1.5), the scattered wave behaves like the plane
wave

(61'131/2|d|/|d|1/2)f_(7czH CZ; E)¢0(x+;ci, E)

when it arrives at the support of V4, provided that the vector potential A(x)
vanishes identically. If, however, A(z) does not necessarily vanish, then the wave
function undergoes a change of the phase factor by the AB quantum effect. We
consider the particle moving from d_ to dy under the assumption that the center
d+ of supp V14 is located on the z1-axis. We distinguish between the trajectories
passing over zo >0 and z2 < 0 to denote the former and latter trajectories by
74+ and 7_, respectively. The vector potential A(z) defined by (1.4) satisfies the
relation

(1.18) A(z) = aVry(z),

where y(x) denotes the azimuth angle from the positive x1-axis. Then the AB
effect causes the change in the phase factor of the wave function, which is given
by the line integral

/ A(z) - de=Far
T+

along 7. The factor cos(an) is generated from the sum of e’*™ and e~**". Thus
the scattered wave takes

(eI /1d|1/2) f_(—d — d: E) cos(am)po (x4 d, E)

as an approximate form, when it hits the support of Vi 4. A similar argument
applies to the plane wave pg(z4; d , E) after it is scattered into the direction —d
by the potential V4, so that it again returns to the support of V_g, taking
the approximate form h(E;d)goo(x_;—d, E). Hence the contribution from the
trapping effect between supp V_g4 and supp V4 is described by the series

(i h(E; d)n) po(z_;—d, E).

For example, the term with h(F;d)"™ describes the contribution from the tra-
jectory oscillating n times. Thus the location of the resonances is approximately
determined by relation (1.14), and we see that the resonances in Theorem 1.1 are
just generated near the real axis through a combination of the trapping effect
from classical mechanics and the AB effect from quantum mechanics. If « is
a half integer, then cos(an) vanishes by cancellation, and Theorem 1.2 asserts
that the second longest oscillating trajectory determines the location of the res-
onances.
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2. The AB Hamiltonian

In this section we give a brief review of the scattering by one solenoidal field. Such
a system is known as one of the exactly solvable models in quantum mechanics.
We refer to [1]-[3], [7], and [16] for more detailed expositions. To avoid confusing
the notation, we often write

Aa(2) = a(—2/[2*,21/]2]*) = a8, log |z, 01 log )

for the AB potential A defined by (1.4), when considered as a vector potential
over the whole space RZ.
We now consider the energy operator

(2.1) Py =H(A,,0) = (—iV — A,)?

on L?(R?). This operator governs the quantum particle moving in the solenoidal
field 2rad(x) and is often called the AB Hamiltonian in physics literature. The
operator P, is symmetric over C§°(R?\ {0}), but it is not necessarily essentially
self-adjoint in L?(R?) because of the strong singularity at the origin of A,.
We know (see [1], [7]) that it is a symmetric operator with type (2,2) deficiency
indices. The self-adjoint extension is realized by imposing a boundary condition at
the origin. Its Friedrichs extension denoted by the same notation P, is obtained
by imposing the boundary condition lim, o |u(z)] < oo at the center of the
solenoidal field.
We calculate the generalized eigenfunction of the eigenvalue problem

(2.2) Pap=Ep,  lim [p(a)| < o0,
€Tr|—

with energy E >0 as an eigenvalue. Since P, is rotationally invariant, we work
in the polar coordinate system (r,6). Let U be the unitary mapping defined by

(Uu)(r,0) = r/?u(r) : L* — L?((0,00);dr) ® L*(S").

We write )", for the summation ranging over all integers [. Then U allows us to
decompose P, into the partial wave expansion

(2.3) PoaUPU* =Y &(Pa®1d),

l
where P, = —02 + (2 — 1/4)r~2 with v = |l — | is self-adjoint in L?((0,00);dr)
under the boundary condition lim, qr~'/2|u(r)| < co at r = 0. Let ¢o(z;w, E)
be defined by (1.17). We denote by ~(z;w) the azimuth angle from w € S* to
& =z/|z|. Then the outgoing eigenfunction .+ (z;w,E) with w as an incident
direction is calculated as

(2.4) Gat(Tyw, E) = Z exp(—ivm/2) exp(il’y(:c; —w))J,,(El/2|m|)

1
with v = |l — a|, where J,(2) denotes the Bessel function of order p. The eigen-
function ¢+ behaves like pqy (23w, E) ~ po(x;w, F) as |x| — oo in the direction
—w (z = —|z|w), and the difference @, — @ satisfies the outgoing radiation con-
dition at infinity. On the other hand, the incoming eigenfunction ¢, (z;w, E) is
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given by
(2.5) Ya—(r;w,E) = Zexp(iwr/2) exp(il’y(x;w))JV(E1/2|x|),
1
which behaves like pq— ~ po(z;w, E) as |z| — oo in the direction w. The eigen-
functions g+ (z;w, E) admit the analytic extension
ot (w30,¢) = Y _ exp(Fivm/2) exp(ily(z; Fw)) Jy (klz]), k=¢?,

1
over the complex plane.

We decompose o (z;w, F) into the sum @, = @in + @sc of incident and
scattering waves to calculate the scattering amplitude through the asymptotic
behavior at infinity of the scattering wave ¢gs.(z;w, E). If we set 0 = o(z;w) =
~¥(z;w) — 7, then

Pat = Ze_i”/Qe”"J,,(El/QMD, v=Il—al
1

If we further make use of the formula e~/ ], (iw) = I,,(w) for the Bessel func-
tion

(2.6) I,(w)=(1/m) (/07r €5 cos(pp) dp — sin(ur) /OOO o—wcoshp—pup dp)

with Rew >0 (see [18, p. 181)), then ¢, (z;w, E) takes the form

pus = (MY [ B o) dy
0
(2.7) : N
_ (1/7T)Zeila Sin(l/ﬂ')/ 6z’El/Q\arlcoshpeﬂm dp.

7 0
We take the incident wave o, (z;w, E) as

Oin = eioza(po (l’ w E) _ eiaoeiE1/2|x| cosy(zjw) _ ez’aoe—z’El/2|x| cos o
m — ) ) - - )
which is different from the usual plane wave pg(z;w, E'). Since the vector potential
A () has the representation A, (z) =aV~y(z;w) by (1.18), the modified factor

o

€' may be interpreted as the change of the phase factor
0
/ Any) - dy= a/ (d/ds)y(z + sw;w)ds = a('y(x;w) — 7r) = ao(z;w)
Iy —o0
which the vector potential A, causes to the wave function of the quantum particle

moving in the direction w by the AB effect, where I, = {y =2 + sw: s <0}.
The incident wave admits the Fourier expansion

Sﬁin(IE;W, E) = (1/71—) Z(/ @*iEl/le‘COSpCOS(Vp) dp) eilo(ww)

1 0

for |o| < w. This, together with (2.7), yields

wsc(zyw, E) =—(1/7) Z etlo Sin(mr)/ B ? || coshp ,—vp dp.
. 0
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We compute the series

Ze”” “YPsin(vm) { Z + Z }eil”e_”p sin(vm)

<[] 1>[a]+1

—ap(yio p)la] ap(io ,—p)la]
:Sin(cwr)(—l)[o‘]{e (e.e) +C (e ° ) }

1+e e P 1+ e t9ep

for |o| < w, where the Gauss notation [«] denotes the greatest integer not exceed-
ing a. Thus we have

Psc = — dp

SiH(OLTF) (_1)[a]ei[a]a(m;w) /OO eiE1/2\z|coshp eiép
T oo 14+e e P

with 3=« — [a]. We apply the stationary phase method to the integral on the
right side. Since e?7(#@) = ¢t (¥(@w)=m) — _il0=w) by identifying § = z/|z| = & €
S1 with the azimuth angle 6, ¢s.(2;w, E) obeys

Poc = fw— &5 B)e 172|712 Lo(|a]712), Ja] — oo,

where f(w— 0; E) is defined as

i(0—w

(2.8) flw—6;F)= (%) 1/26’4”/4E_1/4 sin(ar)ellel0=«) %
for w # 0 by identifying w, 8 € S with the azimuth angles from the positive x;-
axis. The quantity f(w — 6;F) is called the amplitude for scattering from the
initial direction w € S* to the final one @ at energy E > 0. By definition, the
amplitude admits the analytic extension f(w — 6;() over the complex plane.

We calculate the Green function of the resolvent R, (¢) = R((;P,) with
Im¢ > 0. Let Py, be as in (2.3), and let k = ¢'/? with Im k > 0. Then the equation
(Pio —C)u=0has {r'/2.J,(kr),r*/?H,(kr)} with Wronskian 2i /7 as a pair of lin-
early independent solutions, where H,,(z) = H ,31)(2) denotes the Hankel function
of the first kind. Thus (P, — ¢)~! has the integral kernel

Rio(r,p;¢) = (i7r/2)7“1/2p1/2J,, (k(r /\p))Hl, (kz(r Vv p))7 v=|l—a],

where 7 A p = min(r, p) and 7V p = max(r, p). Hence the Green function R, (z,y;()
of R, () is given by

(2.9)  Ra(z,y:¢) = (i/4) Ze”(e T, (k|| AlyD) Hy (k2 v 1y1),

where x = (|x| cos 6, |z|sinf) and y = (|y| cosw, |y|sinw) in the polar coordinates.
This makes sense even for ¢ in the lower half plane of the complex plane by
analytic continuation. Then R, (¢) with Im{ <0 is well defined as an operator
from L2, (R?) to L}

comp 2 (R?). Thus R,(C) does not have any poles as a function
with values in operators from Lcomp(RQ) to L?

2 (R?). We can say that P, with
one solenoidal field 2wad(x) has no resonances. We do not discuss the possibility
of resonances at zero energy.

We end the section by summarizing the asymptotic properties of the Green
function R, (z,y;() as the three propositions below. We sketch proofs for these
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propositions in the last section (Section 6). The propositions are used to estab-
lish the asymptotic properties of the Green function of the resolvent R((; H) in
Section 3.

PROPOSITION 2.1
Let Eq >0 and c1 > 0 be fized. Let A > 1 be large enough. Assume that ( = E+in
satisfies |E — Eg| < Ep/2 and |n| < ci1(log\)/A. If x and y fulfill

Ae<lal, lyl, |z —yl <A

for some ¢ > 1 and if & and § satisfy |-+ 1| < A2 for some 0 < < 1/2,
then

Ra(2,y;¢) = (i/4) cos(am)e 0 HD =) Ho(klz — y|)
+ R (2] 4y )T 2er n (w4 ¢, ) + O(ATY)
for any N > 1, where e1n is analytic in { as above and obeys
(2.10) 0507 ern | = O(M\=1/2=Inl/2=Iml/2)
uniformly in x, y, and (.
PROPOSITION 2.2
Let ( = FE +in be as in Proposition 2.1. If x and y fulfill
Ae< |zl lyl o —yl < eA
for some ¢>1 and if & and § satisfy |Z -9+ 1| > 1/c, then
Re(w,y;¢) = (i/4)e’ 0 & =070 Hy (k|x - y))

+ o (eI (2| |y )72 (f(—§ — 5) + ean (2, 43¢, N)

+0\™)
for any N > 1, where co(C) is the constant defined by
(2.11) co(C) = (8m) 12T,

while ean is analytic in ( and obeys
(2.12) 01O ean | = O(A~ 1=l

uniformly in x, y, and C.

REMARK 2.1

The first term on the right-hand side describes the free trajectory which goes
from y to z directly without being scattered at the origin, while the second term
comes from the scattering trajectory which starts from y and arrives at x after
it is scattered at the origin.

PROPOSITION 2.3
Let ¢ = E +in be again as in Proposition 2.1. Let poi(x;w, E) and po—(z;w,E)
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be the outgoing and incoming eigenfunctions of P,, respectively. Then we have
the following statements.

(1) Denote by @,,_(y;w,C) the complex conjugate of v (y;w,(). If x and y
fulfill \Je <l|z| <eX and 1/c < |y| < ¢ for some ¢ > 1, then

Ra(@,y;¢) = co(Q)e™ 2|72 (@ (y: 2, C) + ean (2,55, A)) + O,
where e3n is analytic in ¢ and obeys |00, esn | = O\1=I"ly wniformly in x, y,

and C.
(2) If x and y fulfill 1/c < |z| <c and M\/c <|y| < c), then

Ra(xa Y, C) = CO(C)eik‘yl |y|_1/2 (‘paJr (.’E; _ga C) + 64N($7 Y; Ca )‘)) + O()‘_N)a

where eqn is analytic in ¢ and obeys |0, 0, ean| = O\'=Imly uniformly in .,
Yy, and C.

REMARK 2.2
By definition (2.5), @, (y;w,() is given by

P (0, Q) = D exp(—ivm/2) exp(—ily(z;w)) J, (¢V/?|z]),
l

and hence we see that @, _(y;w,() is analytic in C.

3. Magnetic Schrodinger operators in exterior domains

We begin by recalling the notation: H = H(A,0) is the self-adjoint operator
defined by (1.7) with D(H) = H?(Q) N H}(Q), and fo(w — 6; E) denotes the
amplitude at energy F for the pair (Ko, H), Ky = —A being the free Hamiltonian
acting on L?(R?). The aim of the present section is to study the asymptotic
behavior of the kernel R(z,y; () with |x —y| > 1 for the resolvent R(¢) = R(¢; H).
Here we introduce a smooth nonnegative cutoff function x € C§°[0, c0) with the
properties

(3.1) 0<x<1, supp x C [0, 2], x=1 on[0,1].

This function is often used in the future discussion without further references. We
also use the notation (, ) to denote the L? scalar product in L?*(R?) or L?(f).

LEMMA 3.1

Let E >0 be fixed. Then there exists a complex neighborhood of E where the
resolvent R(C) = R((; H) is analytic as a function with values in operators from
LEOHIP(Q) tO LIZOC(Q)'

Proof

The proof is based on the complex scaling method developed by [5] and [17], and
the lemma follows as a particular case of such a general theory. The operator H
is a long-range perturbation to the free Hamiltonian K, but the coefficients of H
are analytic in Q. The operator P, defined by (2.1) is transformed into e=2? P,
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under the group of dilations x — e’z. By assumption (1.1), O C {|z| < 1}. Let
¥ = {|x| < 8}. Since H has no positive eigenvalues, we can show by making use
of the analytic dilation which leaves ¥ invariant that there exists a complex
neighborhood of E in which the operator

JoR(C) : L2mp(B0) = Lemp(Z0), Lo =%\0,

comp comp

restricted to L2,,,,(30) C L*(€2) is analytic as a function with values in bounded
operators, where j, is the characteristic function of ¥, and the multiplication
operator j, is considered to be the restriction to L2,,,(3o) from L?(€2). We
assert that R(() is analytic over the neighborhood above as a function with

values in operators from L2, (€) to L7, (Q). To see this, we set

uo(z) =x(|#[/2),  w(@)=x(z[/4), vo=1l-up, v1=1-wu
for the cutoff function x € C§°[0,00) with properties (3.1). Recall that
Ra(C) = R(G; Pa) : Liomp(R?) — Livo(R?)

depends analytically on (. If we regard the multiplication operator f+— vy f as
the extension from L?(Q) to L?(R?), then R,(¢)v; makes sense as an operator
from L2,,,,() to L (R?), and similarly for R, (¢)vo. Since vovy = vy and since

H = P, over Q, R(¢) = R({)(u1 + v1) is decomposed into the sum of three terms

R(C) = R(C)Ul + ”UoRa(C)’Ul - R(C)[PQ7UO]RQ(<)v1

at least for ¢ with Im ¢ > 0, where [X,Y] = XY — Y X denotes the commutator
between two operators X and Y. The coefficients of [P,,vo] have supports in .
Hence we see that

]UR(C) : Lgomp(ﬂ) - Lgomp(zo)

depends analytically on ¢ in the complex neighborhood of E. Similarly we obtain
the relation

R(¢) = u1R(C) +v1Ra({)vo + v1Ra(C)[Fa, vol R(C)

on L2,,,(Q). This yields the analytic dependence on ¢ of R(¢) : LZ,,,,(2) —
L2

£ .(9), and the proof is complete. O

The lemma above, together with the analytic Fredholm theorem, implies that
the resolvent R((; Hy) in question is meromorphically continued from the upper
half plane of the complex plane to a region (independent of d) in the lower half
plane across the positive real axis, so that R({; Hy) is a meromorphic function
over Dy for |d| > 1. In fact, we have the relation (Hy — {)R(¢) =Id + V4R((),
and

VaR(¢)ja: L*(Bg) — L*(Ba), Ba=DB-aUBsa,

acting as a compact operator that is analytic in the neighborhood in the lemma,
where j4 denotes the characteristic function of By. If the solution w to (Hg —
E)w = 0 satisfies the outgoing radiation condition at infinity, then it vanishes, so
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that Id + VzR(¢) is invertible at ¢ = E. Thus Id + V3 R(()jq : L?(Bg) — L?(By)
is also invertible at ( = F/, and we see by the analytic Fredholm theorem that

(3:2) R(¢;Hy) = R(C) = R(C)ja(Id+VaR(C)ja) " VaR(C), Re¢>0, Im( >0,

admits the meromorphic continuation over a region in the lower half plane as a
function with values in operators from L2 (Q) to L2 (). Here R(()jq is con-

comp loc

sidered to be an operator from L?(By) to L% (£2) by regarding the multiplication
operator fi— jqf as the extension from L?*(By) to LZ,,,(Q). If we decompose
L?(£2) into

L*(Q) = L*(Ba) ® L*(2\ Ba),
then the operator Id 4+ V3 R(() acts as

(Id +VaR(Q)ja VaR()(1 - jd))
0 Id

on L?(Bg) ® L*(2\ By), and its inverse takes the form

((Id + VaR(¢)ja)™"  —(Id+ V4R(¢)ja) ' VaR(¢)(1 — jd))
0 1d ’

Thus (Id + V3R(¢)jq)~! naturally appears as the component of the matrix rep-
resentation for (Id + V4 R(¢)) ! and coincides with (Id + V3 R(¢)) ™! on L?(By) C
L?(Q).

We now define the scattering amplitude fo(w — 6; F) for the pair (Ko, H)
with H = H(A,0). Let ¢4 (z;w, E) be the outgoing eigenfunction of H. Then the
amplitude is defined through the asymptotic form

o= eia(v(x;w)fﬂ)wo(z;w’ E)+ folw—0; E)eiEl/Q‘z‘ |JC|71/2 + 0(|17|71/2)

as || — oo in the direction 6 (z = |x|6).

LEMMA 3.2

Recall that pay(z;w, E) and @o—(z;0,E) denote the outgoing and incoming

eigenfunctions of P, = H(A4,0), respectively, and that f(w — 0; E) is the scat-

tering amplitude for the pair (Ko, Py). Set ug = x(|x|/2), and set u; = x(|x|/4).

Then the amplitude fo(w — 0; E) for the pair (Ko, H) has the representation
fo=f(w—0;E) + co(E)(R(E)[Pa; wolpa+ (5w, E), [Pa,u1]pa— (-6, E)),

where R(E) = R(E; H) and co(FE) is defined by (2.11).

REMARK 3

This lemma, together with Lemma 3.1, allows us to extend analytically fo(w —
0; E) in a complex neighborhood of E, and its extension fo(w — ;) takes the
form

fo=flw—0;¢) +co(C) (R(C)[PQ,UQ]L,OQ_»,_(-;&),C), [Pa’ul]wa—(';97<>)'
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Proof
Let ¢4 (z;w, E) be as above. By assumption (1.1), P, = H = H(A,0) outside the
support of ug, and hence we have

(3.3) P+ = (1= uo)pa+ + R(E)[Pa,uo)pa+-
Similarly

Pat = (1 —u)p4 + Ra(E)[Po, ur]oy
with R, (E) = R(E; P, ), and hence
(3.4) P+ = Pat + U1t — Ra(E)[Pa,u1]p4.

It follows from Proposition 2.3(1) with A =r = |z| that the last term on the
right-hand side of (3.4) behaves like

_ JEY/ 2|2 _
co(E) (o4 (5w, E), [Payu1]pa— (0, B)) ] /21 4 o(ja|71/2)

as |z| — oo in the direction . We insert (3.3) into ¢4 on the right-hand side.
Since

((1 - UO)SOaJ,-; [ulvptx]@a—) = (‘)Ooz-‘r: [U'lvpu]@a—) =0,

we obtain the desired relation. O

The following two propositions correspond to Propositions 2.1 and 2.2 in Sec-
tion 2. We keep the notation with the same meaning as ascribed there to formu-
late the propositions.

PROPOSITION 3.1
Let Ey >0 and ¢ >0 be fizred. Assume that ( = FE +1in satisfies |E — FEo| < Eo/2
and |n| < ci(logA)/A for \>> 1. If © and y fulfill

Ae<al, lyl, |z —yl <A

for some ¢ > 1 and if & and § satisfy |2 -+ 1| < cA2E=D for some 0 < < 1/2,
then

R(z,y;¢) = (i/4) cos(am)e O ED =) Hy (k|x — y|)
+ WD (|2 4 Jy) V2 N (2,5 C, A) + O(AN)

for any N > 1, where r1n is analytic in ¢ in a compler neighborhood of E as in
Lemma 8.1, and it obeys the same bound as in (2.10).

Proof
We again set
uo(z) =x(lzl/2),  wi(z)=x(z[/4), wvo=1-uo, vi=1-w

and fix p,qg € R? (|p|,|q| > 1) as points having the properties in the proposition.
If we further set wy(z) = x(|Jz —p|), then wyvy = w, and wyv1 = wy, and similarly
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for wy = x(|z — ¢|). The operator H coincides with P, on the support of v1. We
compute

wp R(Q)wg = wp R (Q)wg + wpRa (C) (Pavi — viH)R(C)wgy
= wpRa(Q)wg + wpRa(Q)ur, Pa] R(Q)wy.

Since vg =1 on the support of Vu; and since H = P, on the support of vy, we
repeat the above argument to get

wy R(Q)wy = wp R (Qwg + wp Ra (Q)ur, Pa] (Ra(C) + R(C)[Pas o] Ra(C)) wq-
Note that
wpRa(Q)[ur; Pa] Ra(Qwg = wp Ra(Quiwg — wyur Ra(Qwg =0
and hence we have
wpR(Q)wy = wpRa (Q)wg + wp Ra(C)[ur; Pa] R(C) [Pa, tio] Ra () wg-

We apply Proposition 2.3 to the second operator on the right-hand side. Let X
be again defined by ¥y =3\ O. Then the coefficients of [u1, P,] and [P,, uo] have

supports in Y. Hence it follows from elliptic estimates that
[, Pa] R(C)[Pay 0] : Leonp(£0) = Lo (Zo)

comp comp

is bounded uniformly in ¢ as in the proposition and is analytic in . According
to Proposition 2.3, the integral kernels of w,R,(¢) and R, (¢)w, take the forms

(waa (C)) (z,y)= wp(z)eik‘z‘ |x\71/2 x {uniformly bounded function}
for y € ¥y and
(Ra(¢)wq) (z,y) = {uniformly bounded function} x ey =120, (y)
for x € 3. Hence the kernel of the second operator obeys the bound
1) () 120(1) = e PIH1eD (p] 4 jg)) /20 (A1),
This allows us to deal with this kernel as a remainder term. Thus the proposition

follows from Proposition 2.1. O

PROPOSITION 3.2
Let ( = E +in be as in Proposition 3.1. If x and y fulfill

Me<lehlyhlz -yl <ch, |&-g+1]> 1/
for some ¢ > 1, then
R(,y;¢) = (i/4)e"*OF=D=T Hy(kla — y))
+co(Qe™ D (2 y)) T2 (fo(=9 — Q) + ran (2,4, V)
+0o0™N)

for any N > 1, where ron is analytic in ¢ in a complex neighborhood of E as in
Lemma 8.1, and it obeys the same bound as in (2.12).
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Proof
We use the same notation and repeat the same argument as in the proof of
Proposition 3.1. Then we obtain

wy R(C)wq = wp R (Q)wy + wp Ra (C)[u1, Pa] R(C) [Pa, o] Ra (¢)wy.

If we apply Propositions 2.2 and 2.3 to the second operator on the right-hand
side, then it follows from Lemma 3.2 (see also Remark 3) that the kernel of this
operator has the desired asymptotic form at points p and ¢ fixed arbitrarily. This
proves the proposition. U

4. Basic lemmas and proof of main theorems

In this section we prove Theorems 1.1 and 1.2, accepting the two basic lemmas
(Lemmas 4.1, 4.2) formulated below as proved. These lemmas are proved in
Section 5.

In Section 3, we have shown that the amplitude fo(w — 6;E) admits the
analytic extension in a complex neighborhood of F > 0. Before going into the
proof, we also make a comment on the analytic extension of the amplitude

fr(w— 0 B) = —co(E) (Ve (Id — GL(E)Va)po(;w, E), ¢o(36, E))

for the pair (Ko, K1), where K is the Schrédinger operator defined by (1.6) and
G4 (FE)= R(E; K1) denotes the resolvent of K. In view of this representation,
the analytic extension fi(w — 6;() is given by

fi(w—0;¢) = —co(¢) (Ve (Id = G (Vi) eo(w,¢), p0(+:6,C))

in a complex neighborhood of E > 0. In fact, the resolvent G1(¢) = R(¢; Ky)
admits the analytic extension

G+(¢) =Go(¢) — Go(¢)jo(Id + ViGo(C)jo)_lviGo(C) D L2 omp (R?) — Li, (R?)
over a complex neighborhood of E > 0, where Go(() denotes the resolvent
R(¢; Ko) of the free Hamiltonian Ky = —A and jo is the characteristic func-
tion of the unit disk B = {|z| < 1}. (Note that supp V4 C B.) The derivation of
the relation above is done in the same way used to derive (3.2).

We begin by fixing new notation to formulate the lemmas. Let Go(¢) =

R(¢; Ko) be as above. We again denote by jo the characteristic function of the
unit disk B. Then

J+a(x) = jo(x — d+) = jo(x+)

defines the characteristic function of By4 = {|x — di| <1}, where dy = (1 — k)d
and d_ = —kd. We construct a function g4 € C"’O(R2 — R) such that g+ equals

(4.1) g+ (2) = ay(z; Fd) = oy (i; Fd)

on {|z —dy| < |d+|/2} and obeys 07g+ = O(|z|~"l) as |2| — oo, where v(3;w)
denotes the azimuth angle from w to & = z/|z|. By construction, g (z) satisfies

(4.2) Vs = a(—a2/|z]*,21/]2]*) = A(z)
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on {|z —dy| <|ds|/2}. We also introduce the auxiliary operators

w3 Kig=Ko+Via,  D(Kiq)=H*(R?),
Hyg=H(AViq),  D(Hiq)=H?*(Q)NH(Q)
and write G1q(¢) and Ry q(¢) for the resolvents R((; K14) and R((; Hiq), respec-
tively. We further define
(4.4) Yu(z3w,0) = [(Id = Go(O)* Vi) po (3w, Q)] (2).

The function 14 (x;w, ) solves the equation (K4 — )i+ (z;w,¢) = 0. If, in par-
ticular, ( = E > 0, ¢4 (z;w, E) turns out to be the incoming eigenfunction of Ky,
and the conjugate function 1 (z;w,() of 14 (x;w,() is analytic in ¢. It should
be noted that 9+ (z;w,() itself is not analytic. We note that 1 (z;w, E) does
not denote the outgoing eigenfunction at energy £ > 0.

4.1. Two basic lemmas

With the notation above, we are now in a position to formulate the two basic
lemmas. In the lemmas, we use the multiplication f — ji4f by the characteristic
function jig as the extension from L?(Big4) to L2, (Q) or L2, (R?).

comp comp

LEMMA 4.1
(1) Let ¢ be in Dyq defined by (1.15), and let X, (C;d) be the operator defined
by

X (Cd) = VieaR(Qfa: L (Boa) — PX(Boa).
Then Id + X1 ((;d) takes the form
Id+ X (¢;d) = €9 (Id + X40(¢5d) + X11(¢5d)) (Id + VigGo () jira) e,
where X 10((;d) is the integral operator with the kernel X yo(x,y;(,d) defined by
X0 =co(Q) (€ /|d ) fo(=d — d; OV (w4 )po (@5 d, vy (y45—d, O)oly)

and X11(¢;d) is analytic in ¢ € Dig with values in bounded operators acting on
L?(Byq) and obeys || X1+1(¢;d)|| = O(|d|=*) uniformly in ¢ for some pu > 0.

(2) Let ¢ be in D_g4 defined by (1.15), and let X_((; d) be the operator defined
by

X_(¢d) =V_4R({)j-a: L*(B-a) = L*(B-q).
Then Id + X_(¢;d) takes the form
Id+ X_(¢;d) =€ (Id+ X_o(¢;d) + X_1(¢d)) (Id + VogGo(C)ja) e ™,

where X _o((;d) is the integral operator with the kernel X _o(xz,y;¢,d) defined by
X o =co(Q)(€™1/ld ) fo(d = —d; OV (z-)po (x5 —d, O)¥p_(y—; d, O)jo(y-)

and X_1(¢;d) is analytic in ¢ € D_4 with values in bounded operators acting on
L?(B_4) and obeys || X_1(¢;d)|| = O(|d|=*) uniformly in ¢ for some u > 0.
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Before formulating the second lemma, we make a brief comment on the operators
R14(¢) = R((; Hiq). Accepting the above lemma as proved, we can show that
these operators are analytic in ¢ € Dy as functions with values in operators from
L2,..(Q) to L2 (), where Dy is defined by (1.8) (for details, see the argument

comp loc
after the proof of Lemma 4.3 in this subsection).

LEMMA 4.2

Assume that « is not a half integer. Then we have the following statements.
(1) Let Yy (¢;d) be the operator defined by

Y (Gd) =VoaRya(C)jra: L*(Bya) — L*(B-q)
for ¢ € Dgq. Then Y4 (¢;d) admits the decomposition
Yi(Gid) = Yio(Gid) + Y4 (G5 d),
where Yyo(C;d) is the integral operator with the kernel Yyo(z,y; C,d) defined by
Yio=co(¢) COS(QW)(eikldl/|d|1/2)V—(9[3—)<P0($—; —d, C)E+(y+; —J,Z)jo(y+)

and Y1 1(¢; d) is analytic in ¢ € Dy with values in bounded operators from L?(B. q)
to L?(B_4) and obeys ||Yy1(¢;d)|| = O(|d|=*) uniformly in ¢ for some p > 0.
(2) Let Y_({;d) be the operator defined by

Y_(¢d) = ViaR_a(¢)j—a: L*(B—a) — L*(Bya)
for ¢ € Dg. Then Y_((;d) admits the decomposition
Y_(Gd) =Y_o(¢;d) + Y_1(C:d),
where Y_q((;d) is the integral operator with the kernel Y_o(z,y;(,d) defined by
Yo = co(¢) cos(am) (™1 /1d| )V (w4 )po ey d, O (y—; d, O)joly-)
and Y_1(¢;d) is analytic in ¢ € Dg with values in bounded operators from L?(B_g)

to L*(Bya) and obeys |Y_1(¢;d)|| = O(|d|™*) uniformly in ¢ for some pu > 0.

The following three lemmas are obtained as simple consequences of Lemmas 4.1
and 4.2.

LEMMA 4.3
(1) If (€ Dg, then
Id 4+ X4 (¢;d) : L*(Bxq) — L*(Bza)

has a bounded inverse and the inverse is bounded uniformly in d and ¢ € Dy.
Moreover, we have the relation

Raa(Q)jra=R(O)jea(ld + X4(¢;d) ™ 1 L¥(Baa) — L} (9)

for (€ Dy.
(2) Assume that 0 <k <1/2. If ( € D1q, then Id+ X_((;d) is invertible on
L?(B_4) and R_4(C)j_a satisfies the same relation as above.
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LEMMA 4.4
Assume that 0 < k <1/2. Then

VoaR_a(Q)j—a: L*(B_q) — L*(B_J)

is bounded uniformly in d and ( € D4q4.

LEMMA 4.5
Assume that o is not a half integer. Let ¢ € Dg, and let Y1 ((;d) be as in
Lemma 4.2. Define

(4.5) Y(¢d) =Y (Gd)Yi (G d) = VigR_a(QV_aRya(C)jtd
as an operator acting on L?(By4). Then Y ((;d) admits the decomposition
Y (¢;d) =Yo(¢:d) +Yi(Gd),
where Yo(C; d) is the integral operator with the kernel Yo(z,y; C,d) defined by
Yo = —co(¢) cos® (am) (e* ™1 /|d|) f- (—d — d; €)
x Vi (24 )p0(x43d, Q¥ (y43—d, C)jo(ys)
and Y1(¢;d) is analytic in ¢ € Dy with values in bounded operators from L%(Bq)

to itself and obeys ||Y1((;d)|| = O(|d|~#) uniformly in ¢ for some pu > 0.

Proof of Lemma 4.3
(1) We recall the notation G14(¢) = R(¢; K14) from (4.3). By the resolvent iden-
tity, we have

(Id + VaGo(Q)jxa) (Id = VadGxa(()jxa) = 1d
on L?(Bg). This implies that Id + ViqGo(¢)j+a is invertible and the inverse
(4.6)  (1d+ VeaGo(Q)jea) ' =1d = VeaGra(Q)ja: L*(Bia) — L*(By)

is bounded uniformly in (. We consider the operator X_((;d) only. If { € Dy,
then Dy C D_4 for |d] > 1, and it follows from (1.13) that

(4.7) 2141 /1d_|| = O(|d|~°), (€ D,
for some ¢ > 0. Hence Lemma 4.1 shows that
(4.8) [ X o(G )l + [ X-1(¢;d)]| = O(ld| )

as an operator acting on L?(B_g4). This, together with (4.6), implies that Id +
X_(¢;d) is invertible on L?(B_g4). Since

(H_g—QR(Q)j—a=1d+V_gR(¢)j_a=1d+ X _(¢;d)

on L?(B_y), the desired relation follows at once.

(2) If 0<k <1/2, then Diy C D_4 and (4.7) with another ¢ > 0 remains
true for ¢ € D4 4. This follows from (1.16). Hence (2) is obtained in the same way
as above. O
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We note that Lemma 4.2 is not required in proving Lemma 4.3. By the resolvent
identity, it follows from Lemmas 3.1 and 4.3 that

Rid(C) - R(C) - Rid(C)Vﬂ:dR(C) comp(Q) - LIOC(Q)
is well defined for ¢ € Dy and is analytic in ¢. If 0 < kK < 1/2, then this fact

remains true for R_4(¢) with ¢ € Dyq, and if 1/2 < k < 1, then it holds for
Ra(C) with ¢ € D_yg.

Proof of Lemma 4.4
By Lemma 4.3, we have

VogR_a(Q)j—a=V_aR(Q)j_a(ld+ X_(¢;d)) " =1d — (Id + X_(¢;d))

on L?(B_,). This proves the lemma. O

-1

Proof of Lemma 4.5
We recall that the notation (, ) denotes the L? scalar product and that ¢+ (z;w, ¢)
is defined by (4.4). In view of Lemma 4.2, we compute

/ Ve (2_)o(o—; —d, )P _(2_;d,C) da

= co(Q) (Voo (5 =d, ), (1d = G ()" V) o (4, 0))
= CO(C) (V—(Id - G—(C)V—)Wo('; —Cz, C)a <P0(';627E))
=—f-(=d—d;Q).

This yields the kernel of Yy((;d). Since |29 /|d|| = O(|d|**) over Dy for some

¢>0 (see (1.12)), we can take dp so small that the remainder operator Y;({;d)
obeys [|Y1(¢;d)|| = O(|d|™*) for some p > 0. Thus the proof is complete. O

4.2. Proof of main theorems
We are now in a position to prove the two main theorems.

Proof of Theorem 1.1
By assumption, « is not a half integer. We can use not only Lemma 4.1 but also
Lemma 4.2 to prove the theorem. Note that Dy C Dy4gND_g4 for |d| > 1. By the
argument after the proof of Lemma 4.3, R+4(¢) : L2, () — Li (Q) is analytic
over D,. The proof is divided into four steps.

(1) We start with the relation

(4.9) (Hq = ¢)R-a(¢) =1d + ViaR_a(C).

We regard the operator on the right-hand side as an operator acting on L?(B ).
By the resolvent identity, the operator on the right-hand side equals

Id+VigR_a(Q)jra=1d+ ViaR(()jta — ViaR-a(Q)V_aR(C)j+a-
By Lemma 4.3, it is further equal to

(4.10) 1+ ViaR_a(Q)jra= (10— Y(G)) (Id + X4 (G:).
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where Y ((;d) is again defined by

Y(¢d) =ViaR_a(QV_aRya({)jra: L*(Bya) — L*(Bya)

as in Lemma 4.5. If one is not the eigenvalue of Y (¢;d) at ¢ = (o(d) € Dy, then
the resolvent R4(¢) = R({; Hy) turns out to be analytic in a neighborhood of (g
with values in operators from LZ () to LZ (). In fact, Rq(C) is represented
as

(411)  Ra(¢)=R-a(¢) = R-a(Q)j+a(1d + ViaR-a(()jsa)  ViaR-a(C).

Thus the problem is reduced to specifying ¢ € Dy at which Y (¢;d) has the eigen-
value one and to showing that this point is really the pole of R4(¢) in Dy. This
is done in the following two steps.

(2) We begin by specifying ¢ € Dy at which Y(¢;d) has the eigenvalue one.
Lemma 4.5 enables us to write Id — Y ((;d) as

(412)  1d=-Y(Gid) = (1d— V(¢:d)) (1d = Yi(Gid)) : L2(Bia) — L2(Bsa),

comp (

where
Y (Gd) = Yo(¢;d) (1d - Yi(Gd)) ™ = Yo(¢;d) (1d + i (G5 d))
with ¥1(¢;d) = Y1 (¢;d)(Id — Yi(¢;d))~t. We compute the integral

/V+ 2)po(x15d, Oy (w4 —d, Q) da = — f1.(d — —d; ()

as in the proof of Lemma 4.5, and we set
h(G:d) = —co(¢)(*™/|d]) cos® (am) f— (~d — d; ¢)
x (Y1(¢;d)Viapo(- — dy3d, Q) jratrs (- — dys —dAZ))-

It follows from Lemma 4.5 that h((; d) obeys |h(¢;d)| = O(|d|*) uniformly in
¢ € Dy for some p > 0. The operator Y (¢;d) of rank one has h(¢;d) + h(¢;d) as
the only nonzero eigenvalue, where h((;d) = (e?*19 /|d|)eq(¢) is defined by (1.9)
with
(4.13) e0(¢) = cos”(am) fy (d — —=d; ¢) f(—d — d; ).

We accept the lemma below as proved, and its proof is done in the last step.

LEMMA 4.6

Let h((;d) be as above. Then the equation h((;d) =1 has a finite number of
solutions

{Gi(d)}h<j<ng, ¢(d) € Dg,Re(i(d) <--- <Reln,(d),

and each solution (;(d) has the properties

(4.14) [tm ¢ (d) + Ey'* (log |d])/|d]| < By /*6(1og]d])/|d],
(4.15)  |Re(¢iu1(d) = G(d) — 2mEy 2 f1d]| < 2By %60/ |d]

for |d|>1.
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We apply Rouché’s theorem to the equation
(4.16) WG d) +h(Gd) =1
over Dg. Let {¢;(d)}, 1 <j < Ny, be as in Lemma 4.6, and let

Cie={IK = G(d)|=¢/ld]},  Dje={I¢—¢(d)]<e/ldl},
for € > 0 fixed arbitrarily but sufficiently small. We may assume D;. C Dy for
|d| > 1 by expanding Dy slightly, if necessary. Since h(¢;(d);d) =1, we have

W (¢j(d); d) = iG;(d)~12[d| (L +O(|d| 7)),

so that |A/({;(d);d)| > c1|d| for some ¢; > 0. Hence it follows that |h(¢;d) — 1| >
coe on Cj. for some ¢y > 0. Thus equation (4.16) has a unique solution

{Crcs,j (d)}ISjSN(ﬂ Re Crcs,l(d) <0< Re Crcs,Nd (d),

in Dj. for |d| > 1.

(3) We shall show that (es ;(d) becomes the pole of Rq({). For brevity, we
fix one of (res j(d), 1 <j < Ny, and denote it by (o(d). We restrict ourselves to
the neighborhood

Dos ={[¢ = Co(d)| <6/|d|} C Dy, 0<6<K1,
of Co(d). If we set ho(C;d) = h(C;d) + h(¢;d), then 1 — ho(¢;d) admits the decom-
position
(4.17) 1 —ho(¢;d) = (¢ = Co(d)) ha (¢ d),

where hi((;d) is analytic in Dps and never vanishes there.

Now we work in the space L?(B4). We denote by (, ) the L? scalar product
in L?(By4) and write u ® v for the integral operator with the kernel defined by
u(z)o(y) with u and v in L?(B,4). We combine (4.10) with (4.12) to obtain

I+ ViaRoa(C)ja = (Id - V(G d)) (Id - Yi(¢:d)) (1d + X4 (G ),

where Y ((;d) = Yo(¢;d)(Id + Yi(¢;d)) is an integral operator of rank one. We
consider the inverse (Id + ViqR_4(¢)j+q)~! on the right-hand side of relation
(4.11). If we define ug(z;¢,d) by

o = —co(C)(€3H19|d]) cos? (am) f_(—d — d; OOV a(w)po (& — d13d,)
and vo(z; ¢, d) by
vo = [(Id+Y1(G;d)*) jra()eos (- — dy; —d, Q)] (),
then Y (¢;d) = uo ® vo with (ug,ve) = ho(¢;d), and the inverse (Id — Y (¢;d)) ™
is represented as
1+ (1= ho(¢;d)) ™ (uo ® vo) =Id + (p1(C;d)/(C = o(d))) (uo © vo)

by (4.17), where p1((;d) =1/h1(¢;d). If we further define u;(x;¢,d) by

up = (Id+ X4 (¢:d)) ' (1d = Y4 (G:d)) o,



580 Hideo Tamura

and vy (7;¢,d) by v1 = Viqve(x;¢,d), then the operator (Id + VigR_4({)jia) "
under consideration takes the form

(1d + ViaR-a(C)j+a) " Via~ (p1(Gd) /(€ — Co(d))) (ur ® v1)

as a function with values in bounded operators on L?(B.4), where the analytic
terms over Dg;s are neglected.

We analyze the behavior as |d| — oo of u; and v, and show that u; and
vy never vanish identically for |d| > 1. We write i, (7;w,() for the incoming
eigenfunction v, (z;w,() defined by (4.4) for the operator K, and define the
outgoing eigenfunction oyt (z;w, () by

wout(x;wa C) = [(Id - G+(<)V+)‘:DO('; W, C)} (1‘)

Since ||Y1(¢;d)| + ||Y1(¢;d)|| = O(|d| =) for some u > 0 as bounded operators on
L?(B,4), it is easy to see that vy (x;(,d) behaves like

o1 = Vi (21 )dhin (w45 -d, Q) +0a(1),  |d| — oo,

uniformly in ¢ € Dgs, where 2 = x — dy and 02(1) denotes remainder terms
obeying the bound o(1) as |d| — oo of their L?-norms in L?(B,4). We look at
the behavior of u;. Recall the representation for Id + X ({;d) from Lemma 4.1.
The function g4 defined by (4.1) satisfies

(4.18) |e*9+ — e = O(|d| ™)
on B, 4. Hence it follows from (4.6) and (4.8) that u;(x;¢,d) behaves like

o2ikld]

W) cos?(am) f— (—d — d: Q) (Vi (24 )ous (@43, ¢) + 02(1))

uy = —co(¢ )(
uniformly in ¢ € Dys. By assumption, f+(cf ——d;¢ ) does not vanish for ¢ € Dys
with |d| > 1. This implies that u; and v; never vanish identically.
We now define woyt(;d, ¢, d) and wiy,(z; —d,(,d) by

Wout = [R-a(Q)jrawr (5, ¢, (@), win = [R-a(¢) jravi (s —d. (,d)](2).

Then both wgy and w;, are in L?

c(€2). Moreover, these functions fulfill the zero

Dirichlet boundary conditions on the boundary 02 and never vanish identically
over ) for ¢ € Dys. By (4.11), we obtain that the resolvent Ry4(¢) = R((; Hyg) in
question behaves like

(4.19) Ra(¢) ~ = (p1(¢:d)/ (€ = Co(d))) (wour @ win)

in the neighborhood Dys as an operator from L2, (Q) to Lf,
that (o(d) becomes the resonance of H,.
(4) We complete the proof of the theorem by proving Lemma 4.6.

(©2). This shows

Proof of Lemma 4.6
Let eo(¢) be defined by (4.13), and let

oa = EL/* (1 -+ 260/ o) log d})/|d]
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be as in (1.8). We write ( = E 4 in € Dy with Im{ =7 < 0. Then |E — Ey| < &y
and —npg <1 < 0. We first fix F and consider the function
o—2ld| Tm k
0 |A(E + in;d)| = (T
with k = (/2 = (E 4 in)'/2. The function takes the values |h(E + in;d)| < 1 at
n=0 and |h(E +in;d)| > 1 at n = —noq (see (1.12)), and it follows from (1.10)
that it behaves like

Yleo(E + )]

o—ldl(n/EY?)
|d|
Hence the function is strictly decreasing over the interval [—7oq,0]. Thus there
exists a unique value n =n(E;d) at which |h(E + in(E;d);d)| =1.
Next we write h(E + in(E;d);d) = exp(i0(F;d)) and consider the function
E — 6(F;d) over the interval (Eg — 6o, Eo + dp). This function takes the form

(420)  |R(E+ind) = ( )leo(E +in)] (L+O(Inf*)).

0(E;d) = 2|d|Re(E + in(E;d)) "> + 6o(E; d),
where 0o(E;d), |0g] < 27, is defined through the relation
eo(E +in(E;d)) = |eo(E + in(E;d))| exp(i6o (E; d)).

Since

(4.21) Rek =Re(E +in)'/2 = EY2 4+ O(n?),
the function 6(F;d) behaves like

(4.22) 0(E;d) =2E"/?|d| + 60(E; d) + O (n(E; d)?) d],

and the last term on the right-hand side obeys O(n(E;d)?)|d| = O((log|d|)?/]d|).
This implies that the function is strictly increasing over (Ey — g, Eg + dp), and
hence there exist a finite number of solutions

{Ej(d)}lngNdv El(d)<"'<ENd(d)7
which satisfy 0(F;(d);d) =2(mgq+ j)m for each j, where mg is some integer
dependent on d. Thus the solutions to the equation h((;d) =1 are determined as
Gi(d) = E;(d) +in;(d), n;(d) =n(E;(d);d),1<j < Nq.

We shall show that (;(d) has properties (4.14) and (4.15). For brevity, we
skip the reference to d to write (; = E; 4 in;, if there is no ambiguity. Since
|h(E; +1in;;d)| =1 and n; = O((log|d|)/|d|), we have

1/2 _
B} = |d| ™ (log |d| ~log|ea(¢;)]) (1 + O(((log d])/|d])*))

by (4.20). This, together with (1.11), implies that n; = Im(; has property (4.14).
By (4.22), we have Ej+1 - Ej = O(|d|_1), so that ‘Cj-‘rl - le = O((log\d|)/|d|)
and

leo(Gj+1) — eo(G;)| = O((log]d])/Id]).



582 Hideo Tamura

If we set k; :C;/z

exp(2i|d| Re(kj+1 — k;)) = (lzzggjiy) (|ZZE%§

, then it follows that

) = (1+O((tog|d])/ld)))-
This yields
Re(kj+1 = k) = d| = (w+ O((log]d])/|d).

If we write
1/2 1/24 1/2 1/2
Re((j+1 =) =Ejp1 — Ej= (Ej-{-l + Ej/ )(Ej-{-l - Ej/ )s
then (4.15) is obtained as a consequence of (1.11) and (4.21). O
The proof of the theorem is now complete. O

Here we make a comment on relation (4.19). We write woyt,; and win,; for weut
and wi, with ¢ = Cres,j(d). By construction, it is not difficult to see that weyt,; is
the outgoing resonant state associated with the resonance (yes ;(d), which solves
the equation (Hg — Cres,j(d))wout,; = 0. However, it is not easy to see directly
from the above definition of wj, that wi, ; is the incoming resonant state which
solves (Hg — o5 ;(d))win,j = 0. To see this, we take the adjoint of the both sides
of (4.19) to obtain

Ra(Q)* ~ =(B1(¢:d) /(€ = Co(d))) (win ® wous)-

On the other hand, we can construct a relation similar to (4.11) for R4(¢)* and
get the relation

Ra(Q)" ~ —(a1(G:d)/(C = Co(d))) (Win @ Woue),

where @iy, solves (Hg —()Win = 0 at { = (o(d). Thus this shows that ws, ; becomes
the incoming resonant state associated with ¢ = Ces,;(d).

Proof of Theorem 1.2

1) Since 0 < k < 1/2 by assumption, R_4(¢) : L2, (Q) — L2 () is well defined
( ) Y comp loc

for ( € Dy4g C D_4 (see the argument after the proof of Lemma 4.3). We again
start with relation (4.9). By the resolvent identity, the operator Id + ViqR_4({)
on the right-hand side of (4.9) fulfills the relation

Id+ VigR_a(C)j+a =1d + ViaR(C)jra — Z(C;d) =1d + X4 (G d) — Z((; d)
as an operator acting on L?(B.y,), where Z((;d) = ViaR_a(Q)V_aR(¢)jra. We

again use the resolvent identity to represent Z({;d) as

Z(C;d) = VigR(QOV_aR({)jra — V4aR(Q)V_aR_a(O)V_aR(()j+a-

Since « is a half integer, Lemma 4.4 and Proposition 3.1 with 4 =0 and A =|d|
enable us to take dy > 0 so small that

1Z(¢; )| = O(|e™1 /1d||*) = O (|21 /|d,||*) O(|e?*Er=Dldl)) = O(|d| )
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for some ¢ >0 as an operator on L?(B,4). Lemma 4.1 gives the approximate
form of Id + X4 ({;d). We compute the integral

Co(()/V+(~”C+)SDO(CU+;C@C)E+($+; ~d, () dz = —f(d— —d;().

This implies that the resonance of Hy is approximately determined as the solution
to the equation

ha (G d) = (2M1/1d L)) fo(—d — d; ¢) f(d — —d;¢) = 1.

Thus statement (1) is verified by repeating almost the same argument as that in
the proof of Theorem 1.1.

(2) The second statement is verified in exactly the same way as the first one.
If we start by the relation

(Hqa — Q) R1a(¢Q) =1d + V_qR14(C)

instead of (4.9), then the argument proceeds in the same way as above. We skip
the details for the proof of statement (2).

(3) We deal with the third case, x =1/2 (and hence |dy|=|d|/2). A similar
result has been already established by [4, Theorem 1.3(3)]. It suffices to prove
the statement for ¢ such that |Re( — E| < §y for some E € (Ey/2,3Ey/2). We
denote by D4 4(E) the neighborhood defined by (1.15) with Fy replaced by E.
Note that D_4(F) = Dyq(F) for kK =1/2. Then Lemma 4.1 remains true for
Dy 4(FE), and the constant p > 0 in the lemma can be taken independently of E.
If { =Re( +iIm( satisfies the assumption, then it follows from (1.10) that (4.7)
and (4.8) hold true with ¢ =¢/3 > 0 for |d| > 1. Hence the operator Id+ X _((; d)
has the inverse

(1d+ X_(¢;d)) ™" : L*(B_g) — L*(B_y)

bounded uniformly in ¢, and R_;4(¢) is analytic in ¢ as a function with val-

ues in operators from L2, (Q) to L, () (see the argument after the proof of

Lemma 4.3). Lemma 4.4 remains true for ¢ as in statement (3) even in the case
where k = 1/2. This allows us to repeat the same argument as in the proof of
statement (1) to obtain

Id+VigR_a(C)j+a=1d+ X1 (¢ d) — Z(¢: d)
on L?(B.y4), where Z((;d) is again defined by
Z(¢;d) = ViaR(QOV-_aR(C)jra — ViaR(QOV-aR-a(()V_aR(C)j+a-

When « =1/2, Id+ X 1 (¢; d) is also invertible with the inverse bounded uniformly
in ¢, and Z(¢;d) obeys

1Z(¢; )l = O(|e™1/|d|]") = O(ld|~*/?)
by (1.10) and by assumption. Thus there exists the inverse

(Id + ViaR—a(¢)jra) T L*(Bia) = L3(Bya)
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bounded uniformly in ¢, and we see that

R4(¢)=R_a(¢) = R-a(Q)jra(Id + ViaR_a(C)jta) Vi aR_a(C)

is well defined for ¢ as in statement (3) as an analytic function with values in
operators from L2 (Q) to L?

comp loc
the theorem is complete. O

(©). This proves statement (3), and the proof of

5. Proofs of Lemmas 4.1 and 4.2

The present section is devoted to proving Lemmas 4.1 and 4.2, which have played
important roles in proving the main theorems.

Proof of Lemma 4.1

We prove only the first statement, and a similar argument applies to the second
one. We first fix the new notation. For notational brevity, we write g for g4 with
property (4.2) and introduce the following auxiliary operators:

Ko =H(Vg,0), K, =H(Vg,Vy)=Ko+Vy, Kig=Ko+ Vi,

with the same domain H?(R?). We further write Go(¢), G4 (¢), and G 4(¢) for
the resolvents R(C;I?O),R(C;K'Q, and R(C;K’+d), respectively. We also recall
the notation G4 (¢) = R((; K+) and G44(¢) = R(¢; K4q) from (1.6) and (4.3),
respectively. By definition, éo(C ) satisfies the relation

(5.1) Go(Q) = e Go(Q)e™™,

and similarly for G4 (¢) and G 4(¢). The proof is rather long and is divided into
six steps.
(1) Let wq(x) be defined by

wa(x) = x4z —dy|/|dr]) = x(4]xi]/|de]),

where x is the smooth cutoff function with properties (3.1). Then Vg = A on the
support of wg, so that Ko =H = H(A,0) there. We compute

Id+ X (¢;d) =1d + V4aGo(Q)jsa + ViaR(()jra — ViaGo({)jsa
=1d + ViaGo(Q)jira + ViaR(Q) (waKo — Hwa)Go(C)j+a
=1+ VieaGo(¢)ja + ViaR(O)[wa, KolGo()jva-
Since
Gya(Q)jra=Go(Q)jra(Id + ViaGo(C)jra) -

on L?(By4), we obtain the representation

Id + X4 (¢ d) = (Id + ViaR(O)[wa, Kol Gra(C)jra) (Id + VieaGo(€)j+a)

= e"(Id + eV, qR(C)e" [wa, Ko)G1a(C)i+a)
x (Id 4+ ViaGo(Q)jpa)e ™.
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Thus the problem is reduced to analyzing the asymptotic behavior as |d| — oo of
the kernel II(z, y; ¢, d) of the operator II(¢;d) defined by

(5.2) (¢ d) = Vige W R(()e" [wa, KolGra(()jta.
(2) Let Xyg={x:|d|/4 <|zy|<|di|/2} with x4 =2 —d;. Then we have
supp Vwg C ¥ 44.

We study the behavior of the kernel G 4(x,y; () of G14(C). Let G4 (z,y;¢) be the
kernel of G4 (¢). Then G 4(z,y;¢) = G4 (x4,y+;C). By the resolvent identity, we
have

(5.3) G4 (0) = GolO) ([ — V4 G- (0)).
The kernel Go(z,y;¢) of Go(¢) = R(¢; Kp) is given by

Go(,y;¢) = (i/4)Ho(k|z — yl)
and behaves like

Go(@,y;¢) = co(Q)e™ ™ ¥z —y |72 (1+ O(lz — y| ™))
when |z —y|>1. If £ € X, and y € B4, then
& —yal = e —ys - €+ 0(d ™),
and hence
etFler v+l = gikler (@0(y+;é+72) +0(ld|™h)).
Thus Go(&+,y+;¢) behaves like
Go(&4,y45¢) = CO(C)eikM”|§+|_1/2(¢o(y+;§:+f) +7(E4,y+:0)),
where the remainder term (&4 ,y4;() obeys
(5.4) 07 (&ry1: Q) =0(ld =)
uniformly in £, y, and ¢ € Dy. Since
¢+($;é+7z) = [(Id - G+(C)*V+)<Po(';é+7z)] (z)

by definition, it follows from (5.3) that the kernel G 4(&, y; ¢) under consideration
takes the asymptotic form

(5.5) G1a(€,y:0) = co(Qe™H e |7V (Y, (94364, Q) +70(Ex, 943 0),

where
ro(€r sy C) = r(ExrysiC) — / F(E4, 25 OV (2)Gip (2,92 0) dz

is analytic in ¢ € Dy and obeys the same bound as in (5.4).
Next we look at the behavior of the kernel of e=*9R({)e?. We note that
(4.18) holds on B.4. Hence it follows from Proposition 3.2 with A = |d| that
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e 9@ R(2,£;¢)e'®
~ (i )4)e~ 9@ FiaV @O =m) Fo (k2 — ¢])e9(E)
+ co(Q)e ™I (Jaf[¢)) T2 (7 fo (=€ — 25)e' ) + 71 (2,65¢, d)

for x € B,4 and for ¢ € ¥4, where the remainder term of order O(|d|~") is
neglected, and r(z,§;¢,d) is analytic in Dy and obeys the same bound as in
(2.12).

(3) We consider the function [wg, Ko]G+4(€,y;¢). We compute the commu-
tator

[wa, Ko] = wgKo — Kowg = 2Vwg - V + (Awg) = 2Vwg - V + O(|d|?).
Since Vet = O(|€4[71) = (|d|™!) on ¥4 and
Vwa(€) = (4/]d4 )X (41e1 1/ 1d4 e,
the function [wq, Ko]G ya(&,v;¢) takes the form
co(Q)e™ME gy 712 d |71 (8ikx (414 1/ 14 Y1 (y45 €4, Q) + Fo (6, w450))

by (5.5), where 7(&4,y+;() preserves properties similar to those of 7¢(£4,y+;¢)
n (5.5). If € B4y and € € 344, then

Ve(lz — €&l + [6:])| = [Vellz — €|+ 1 = di])| > e>0

for some ¢ independent of d. We note that |e?*1¢+]] and |e?*1#=¢l| are at most of
polynomial growth in |d|, because |Im k| = |Im ¢'/?| = O((log|d|)/|d|) for ¢ € Dy.
Hence it follows by repeated use of the integration by parts that

/ei“@;_é)Ho(klw — &))" wa, KolGya(€,y; () dé = O(ld| ™).
Thus the leading term X ¢(z,y;(,d) in the lemma comes from the integral

B3 G ) = oAl 1 D116 o) e
with v = 8ikco(¢)%e™ " |d, | ~1, where
J(&a,y: ¢, d) = €712 16 T2 fo(=€ = 85O D (34564, 0).
By (2.11), we see that
V(d) — 8i<1/2(87T)—1ei7r/2c—1/2e—ia7r|d+|—1 _ (_1/7T)e—ia7r|d+|—l

is independent of (.
(4) We work in the coordinates

E=¢, +dy = |d|t(cosO,sind) +dp, 0=n~(Ep;—d),

with di as the center to see the asymptotic behavior of the integral Iy above.
Then we have

dé = |dy Ptdtdd, |¢]=|dy|(1 41> —2tcosh)/?,
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Hence Iy = Ip(z,y; ¢, d) takes the form
Iy :yoeik‘z||x|_l/2/ x’(4t)t1/2{/eild”k”(t’e)Jo(t,G,x,y;C) d@} dt
0
with vy = (—=1/7)e™**", where @(t,0) =t + (1 +t> — 2tcosf)*/? and

Jo=(1+t*—2tcos0) /2 fo(—€ — i?C)eig(g)@Jr(er;éJmZ)

with & = |d|t(cosf,sin ) +d, . We note that x'(4t)t'/? € C§°(0,00) has support
in the interval (1/4,1/2). The stationary points with 9pp =0 are attained at
6 =0 and 6 = 7. The function ¢(t,0) takes ¢ =1+ 2t at § = 7 and satisfies
Opp(t,m) =2 > 0. This implies that the stationary point § = 7 does not make any
contribution to the asymptotic form of Ij.

(5) We consider the contribution from the other stationary point # =0. The
phase function kp(t, #) does not necessarily take real values, which does not allow
us to apply directly the stationary phase method to the integral Iy(z,y;(,d)
to obtain the leading term X o(z,y;(,d). We decompose ¢(t,0) into ¢(t,0) =
14 ¢(t,0), where ¢(t,0) behaves like
(5.6) G(t,0) =t(1—t)"" (1 —cos) +O(*) = (t(1 —t)~"/2)6* + O(6*)
as || — 0 uniformly in ¢ € [1/4,1/2]. The analyticity in 6 enables us to deform the
interval |f] < 26,0 < § < 1, into the smooth contour defined by z = ue*L(egldD/ldl
|u| < d, in a complex neighborhood of z =0, where L >> 1 is taken large enough.
The contour is deformed in such a way that Imz < 0 or Im z > 0 according to

whether Rez < 0 or Rez > 0 with |Rez| < 26, and |Im z| = O((log|d|)/|d|). Then
Im@(t, z) >0 for z #0, and the leading term is obtained from the integral

I (2,y; ¢, d) = vy (d) P IFIHIdD | =172
(5.7)

X /OOO X’(4t)t1/2{/ei|d+‘W(t’z)x(2|u|/5)J0(t,z,x,y;() du} dt
with z = uetlUo81dD/1dl (and hence dz = etF(ogldD/1dl gy where
v1(d) = vgettUoeldD/ldl — (1 /)e—iamgilUogldl)/ldl
Since
k=(P= (B2 = V2 4B~ 2y/2 4 0(d]™Y), 1 =0((log|d])/ld]),
for ( = E+in € Dy and since
Im(k2?) ~u?{(E~"?n/2) cos(2L(log|d|)/|d|) + E'/?sin(2L(log|d|)/|d|) },

we can take L > 1 so large that Im(kz?)>0 for z # 0. Thus we have
Im(k@(t,0)) =0 and Im(k@(t, 2)) > 0 for z = uetlUosld)/Idl £ o,

(6) The proof is complete in this step. We are now in a position to apply the
stationary phase method (see [12, Theorem 7.7.5]) to the integral in the brackets
in (5.7). We see the value at u=0 (or at § = 0) of the function

JO(t7 ueiL(lOg ldf)/1d] y Ly Y C)
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If # =0, then we have
fo(=§ = 2:0) = fo(—d — &), Vi (Y4:64,0) =i (y4:—d. Q),
and €98 = ¢i@1(&-d) = ¢iam Hence it follows that
Jo(taovxvy; C) = eiaﬂ.(l - t)_1/2f0(_d_> jjv C)w"r(y-‘m _6276)
Since
2| =dy + 24| =|dy| +d- 2y +0(d] ")
for & € Byq, €*1*| behaves like
ekl = gikld+| (¢o(z4; d,¢) + o(ld|™1),
and also |2|~/2 = |d, |~'/2(1 + O(|d|™")). We further note that
fo(=d = &5¢) = fo(=d — d;¢) + O(Id| ™).
We calculate the Hessian of the phase function
k@t z) = (2@t uettCoslaD/1dl)
at u=0. By (5.6), it equals
C1/26§¢(t, O) — Cl/QeQiL(10g|d|)/|d|t(1 _ L‘)il.

We finally take into account the relations
/ X' (4t) dt = (1/4)/ (d/dt)x(4t) dt = —1/4
0 0

and (—1/7)(—1/4)(2m)Y/2e"™/4(=1/* = ¢4(¢). Then we combine all the results

obtained to see that the integral I} = I (x,y;(,d) defined by (5.7) behaves like
I = co(O) (€™M f1d ) (fo(=d — d; Q)po(w 43 d, Q)b (y43—d, O) + O(ld] ).

This yields the desired form of the leading term, and the proof is complete. [J

Proof of Lemma 4.2

We give the proof for statement (1) only, and we use the notation with the same
meanings ascribed in the proof of Lemma 4.1 throughout the proof. The operator
Y, (¢;d) in question is represented as

. -1
Yi(Gd) = VoaR(Q)jra(ld + X1 (Gd))
We have established the relation
1d+ X+ (Cid) = 9 (1d + T1(C: ) (1d + ViaGo(C)jisa) e  L2(Bia) — L(Bya)

in the proof of Lemma 4.1 (see step (1)), where II(¢;d) is defined by (5.2). We
have also shown that

ITL(G; )l = O([e*™1%1/|d.|]) = O(ld| =), ¢ € Da,

for some ¢ >0 (see (1.13)) as a bounded operator on L?(B.,). If we take (4.6)
and (4.18) into account, then Y, (¢;d) admits the decomposition

Vi (G d) = Yio(Cid) + Vi (¢ d),
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where
Vio(Cid) = V_aR(Q)jra(Id = V4aG1a(Q)jta)

and Y, 1(;d) is analytic in Dy and obeys ||Y;1(¢;d)|| = O(|d|*) for some p > 0.
We now apply Proposition 3.1 with g = 0 and A = |d| to the operator V_4R({)j+q-
We recall the behavior as |z — y| — 0o of Ho(k|z —y|) from step (2) in the proof
of Lemma 4.1. If x € B_; and y € B4, then

W& 9) =7+0(d ™), |z—yl=1d—d- (x-—ys)+0(d| ),
and hence the kernel R(x,y;() behaves like
R = co(¢) cos(am) (e /[d|"?) (po (2 —; —d, )Py (y+5—d, O) + O(|d| /%)),

where the remainder term O(|d|~1/?) is analytic in ¢ € D4 and is bounded uni-
formly in z, y, and (. Since

Vi (Y5 —Jf) = [(Id - G+d(<)*v+d)900(' —dy; —Cia Z)] (y+)

by definition, we see that the kernel Y. o(x,y; (,d) of the leading operator Y, ((; d)
obtained from Yo((;d) takes the desired form. This proves the lemma. O

6. Asymptotic properties of Green functions

In this section we prove Propositions 2.1, 2.2, and 2.3, which remain unproved.
Similar results with rather rough remainder estimates have been already estab-
lished as [4, Propositions 3.1-3.3] under slightly different notation. We give
only brief sketches and necessary modifications for the proofs of these propo-
sitions.

We begin by making a review on the integral representation for the kernel
R, (z,y;¢). We consider only the case Im{ <0 and write ( = E — in with 0 <
1 <c1(log\)/A. The representation is based on the following formula:

1 [rtiee t Z24 77 Zz\ dt
neno - [ e L (E) s
for the product of Bessel functions (see [18, p. 439]), where I, (w) is defined
by (2.6) and the contour is taken to be rectilinear with corner at x + 0, x>0
being fixed arbitrarily. We use the notation x with the meaning ascribed above
throughout the section. We apply this formula to (2.9) with Z = k(|z| V |y|) and
z=k(|z| A ly|), where k = ¢'/? with Tmk < 0. If we write = = (|z|cos6, |z|sin6)
and y = (|y|cosw, |y|sinw) in the polar coordinates, then R, (z,y;¢) is repre-
sented as

1 [T t (=P + 1yl Clallyly at
1 — =N ey L I, i
(6.1) Ra 47rzl:e /0 eXp(z 2 ) ( ¢ ) t

with v = |l — «|, where ¢ = 0 — w. If, in particular, & = 0, then the resolvent
R((; Ko) of the free Hamiltonian K¢ has the kernel (i/4) Ho(k|x —y|) represented
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as

i 1 ap [Tt S Ay, Clallyly dt
—Hy(klz —y|) = — ”w/ — I —
g Holklz —yl) = 7= El:e o eXp<2 2t ) l( t ) ¢

where Ij(w) =I;(w) = (1/7) [y €“*cos(lp)dp (see (2.6)). By the Fourier
expansion, the series Y, "'V I;(w) converges to e” . Since

|z =yl = |z* + |y[* — 2|z[|y| cos v,
the kernel (i/4)Hy(k|z — y|) has the representation

i 1 frtie t Clr—y|?\ dt
2 2 Ho(klz —y)) = — (z -2 =
(62 ke =)= - [ e (g - SE) g
We fix M > 1 large enough and take
k= M?log \

in the contour of integral (6.1). We divide (6.1) into the sum of integrals over the
following four intervals by a smooth partition of unity:

(0) 0<t <k, (i) 0<s<2)\/M, (i) A/M <s<2MA, (iii) s > MA,

for t = k + is. We evaluate the integral over each interval. We have shown in [4]
that the main contribution comes from the integral over interval (ii). Indeed, we
have

lexp(—¢ (2 +[y1*)/(21)) [ = tYONY),  0<t <k,
for any N > 1, and also the stationary point of the function
tet/2— (|2 + [y[*)/(2t)

in integral (6.1) is away from the intervals (i) and (iii) (see also the proof of
Proposition 2.2). If we set

xn(s) = x(s/M)(1—x(Ms))

for the cutoff function y € C§°[0,00) with properties (3.1), then xas(s/A) has
support in (A/M,2MX) and xa(s/A) =1 on [2A\/M, M A]. We obtain

Ro(,y;¢) = Ra(2,y;¢) + O(A™Y)
for any N > 1, where R (z,y;() is defined by

-1 i /’“J”l"o (Imt)
R, = i ; e ; XM 3 ex
We now use formula (2.6) for I, (w) to calculate the series

L(w,9) = z:em’bll,(w)7 v=|l—aqal,
7

p(% B C(IwP;tr Iy\2))IU<C\$tIIyI)%

in the integrand above, where ¥ = 6 — w and w = {|z||y|/t. Then L(w,?) is
decomposed into the sum

L(w, ) = L (w, 1) + Lc(w, 1),
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where

L) = (1) S [ v cos(up)dp,
1 0
L. (w, w) = —(1/71') Z eilw Sin(yﬂ') /Oo e~V cosh p—vp dp.
1 0

We have Ly (w,1)) = e'®¥e® S for |h| < 7 by the Fourier expansion and

Sin(aﬂ-) al Jifo > —w cos e(l—ﬁ)p
(63) Lsc(w,¢) = — - (—1){ ]6 [ Mj/ (& hpm dp

— 00
with 0 < 8=« — [a] < 1 by the same argument that was used to calculate the

eigenfunction ¢, in Section 2 (see (2.7)). Thus the Green function R, (z,y;()
admits the decomposition

(6.4) Ra(2,y:¢) = Rir(2,5;¢) + Ree(,5;¢) + O(A™Y)
for any N > 1, where

R 1 emw/ﬁﬂm (Imt)e (t C|xfy\2) dt
P = —)exp(5 ———%—) >
L A A WA o )i

Rm::iﬁA“HWXM(Eggyxp(g_Cﬂx2+¢y%)Lm(QMWMw)§3

A 2 2t t t

We should note that (6.4) is true only for |¢| < 7. If ¢ = £, then the denomina-
tor €? 4+ e~ in (6.3) vanishes at p=0. If « is an integer, then Lg.(C|z||y|/t, )
vanishes, and hence so does Rg.(z,y;().

Proof of Proposition 2.1

The proposition has been proved as [4, Proposition 3.1]. As stated above, decom-
position (6.4) holds true only for || < 7. In particular, the denominator in (6.3)
vanishes at p = 0. The behavior along the forward direction of R, (z,y;({) comes
from this singularity. We skip the detailed proof. ]

Proof of Proposition 2.2
In [4, Proposition 3.2], we have used the stationary phase method to obtain the
asymptotic formula with e;n obeying the rough remainder estimate

070, ean| = O((log )\)2)\_1_|”‘_|m\),

Here we modify the argument there and use the method of steepest descent to
make the remainder estimate sharper as in the proposition.
We first note that

(6.5) p=0-w=r(&-g) -7

for z = (Jz|cosb,|z|sinf) and y = (Jy|cosw, |y|sinw) in the polar coordinates.
Since A/c < |z — y| < cA by assumption, we make repeated use of integration by
parts and take (6.2) into account to obtain the relation
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Ree(,y;¢) = (i/4)e’ 0 E D" Ho(k|lz — y[) + O(A™).

Thus the first term is obtained.
We look at the behavior of Rg.(z,y;(). By assumption, the denominator
eP + e~ in (6.3) does not vanish even at p=0. We consider the integral

0o 1-p3
S(m,y,t;C):/ it o cosmp—n) € )Z:pdp

—1
oo el +e

and apply the stationary phase method (see [12, Theorem 7.7.5]) to this integral.
We note that ||z||y|/t| ~ A and

Im(i¢|z||yl/t)(coshp — 1) = [ally|(x* + s*) 7} (Ek — 1s)(coshp — 1) > 0

for p # 0, because k = M2?log\ with M > 1 and ( =F —in with 0 <7 <
c1(log A)/A. Then we have

S(a,y. t:¢) = 2m)' 222 (el [y )TV (L e )T O T),
and hence we see that Ly, = Ls.(C|x||y|/t, 1) behaves like
Lee = —(2/m)Y?sin(ar) (—1)ledeilolv ¢ =1/2
x (allyl) /2SI 12 (1 + =)~ O(A)),
By use of (6.5), we compute
(14e )7 = (1 — e @0 =1 = o(@=0) /(i (#5-0) _ 1),
Recall the representation for the scattering amplitude f(w — 60; E) from (2.8).
Then it follows that Le. = Ls.(C|x||y|/t, 1) takes the asymptotic form
Lye = M4 (Jaly]) 7 2e 2 (f(—g — 3:0) + O(AT)).
Since
t/2 = C(l* + [y[*) /2t — Clzllyl/t = /2 = C(|=] + Iyl)?/2t,
we have that Ry. = Rsc(x,y;() takes the asymptotic form
Rye = (47r)_1g_1/4e_i77/4(|x||y|)_1/2

rtico Imt t + Jy[)? o .y dt
X/o v (5-) eXP(§—7C<‘ml2t ol V(=5 =50 + O vt

We calculate only the leading term. A similar argument applies to the remainder
term of order O(A™1).
We consider the integral

s = [ xar (M) ex

" p(f_C(IxHIyI)Q) dt

2 2t /2
We make a change of variable

(6.6) t=r+is=ik(|z|+[y])r =i"(Jz| + |y|)T

and set ¢ =7 — 1. Then we have dt = ik(|z| + |y|) do and
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t/2 = C(|l=| + ly)* /2t = i(| + [y)k(r/2 + 1/27)
= ik(|z] + lyl) +i(lz| + [yDk(o?/(2(0 + 1))).

The line t = k + is with A\/M < s <2M\ is transformed into a certain curve in
the complex plane. By (6.6), we have the relation

Reo = k|7 2(Jz| + |y]) "'(sRek — kImk) — 1,
Imo = [k|~?(Jz| + |y[) " (—sImk — kRek).
Since k = ¢'/? behaves like
k=EY? —iE~2/24+ O0(((log\)/)\)?)

for ( = E —in with 0 <7 < c¢;(log A)/A, there exists ¢o > 0 such that the curve is
contained in the region

{oc€C:-1<Reo <c;M,0>Imo > —cyM?(log\)/A}

for A > 1. The stationary point ¢ =0 is not on the curve. For this reason, we
deform the curve into a small real interval around o = 0 by analyticity. We further
deform this interval around ¢ = 0 into a contour in the complex plane as in step
(5) in the proof of Lemma 4.1. Then we see that Sy(x,y; () takes the asymptotic
form

So = K¢ 4 (al + |y (k(la] + [yl)/2mi) D (14 O(A)
= (2m) /2 (=IHD (1 4 O(A7h)).
We compute
(1/4m) ¢ Ve /4 (2m) Y2 = ¢4 (C)
by (2.11), and hence we obtain the desired asymptotic form
Rye = co(Q)e™ WD (|| |y)) T2 (£ (= — 2:() + O 7).
This proves the proposition. O
Proof of Proposition 2.3
In [4], this proposition has also been established as Proposition 3.3 with rough
remainder estimates. We give only a sketch for the proof of statement (1). By

assumption, A\/c <|z| < cA and 1/c < |y| < ¢ for some ¢ > 1. Then we can show
that R, = R.(z,y;() behaves like

Ra = Ra(fvy; C) + O()‘iN)
for any N > 1, where

[ (e~ o S (S

and I(w, ) is defined by I(w,) =3, eI, (w) with w = ¢|z||y|/t. We make
a change of variable t = k + is = ik|z|7 and set 0 =7 — 1 as in the proof of
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Proposition 2.2. Then we repeat the same argument as above to obtain that

R, (z,y; () takes the asymptotic form

R = col €)™ 2] 1/2 expikly 2 2Jal) (I(Klyl /i, ) + O(A)).
We note that exp(ik|y|?/2|z|) = 1 + O(A~1). Since I,(z/i) = e=*7/2],(2) by
formula and since

eV = i(0=w) — ilv(&:9) = =iy (§:E)

we have by (2.5) (see also Remark 2.2) that
T(klyl /i) =D L eI, (klyl/i) = D &= D20, (kly]) = Bo(4:,0).
1 !

Thus we get the desired asymptotic form. O
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