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ABSTRACT. In this article we study harmonic analysis on the proper velocity
(PV) gyrogroup using the gyrolanguage of analytic hyperbolic geometry. This
PV addition is the relativistic addition of proper velocities in special relativ-
ity, and it is related with the hyperboloid model of hyperbolic geometry. The
generalized harmonic analysis depends on a complex parameter z and on the
radius ¢ of the hyperboloid, and it comprises the study of the generalized trans-
lation operator, the associated convolution operator, the generalized Laplace—
Beltrami operator and its eigenfunctions, the generalized Poisson transform
and its inverse, the generalized Helgason—Fourier transform and its inverse,
and Plancherel’s theorem. In the limit of large ¢, ¢ — 400, the generalized har-
monic analysis on the hyperboloid tends to the standard Euclidean harmonic
analysis on R™, thus unifying hyperbolic and Euclidean harmonic analysis.

1. INTRODUCTION

Harmonic analysis is the branch of mathematics that studies the representation
of functions or signals as the superposition of basic waves called harmonics. 1t
investigates and generalizes the notions of Fourier series and Fourier transforms.
In the past two centuries, it has become a vast subject with applications in diverse
areas such as signal processing, quantum mechanics, and neuroscience (see [18§]
for an overview).
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Noncommutative harmonic analysis appeared mainly in the context of sym-
metric spaces where many Lie groups are locally compact and noncommutative.
These examples are of interest and frequently applied in mathematical physics
and contemporary number theory, particularly automorphic representations. The
development of noncommutative harmonic analysis was pioneered by many math-
ematicians, among them John von Neumann, Harisch-Chandra, and Sigurdur
Helgason (see [10]-[12]).

Fourier analysis on real Euclidean space is intimately connected with the action
of the group of translations. The group structure enters into the study of harmonic
analysis by allowing the consideration of the translates of the object under study
(functions, measures, and so forth). On real hyperbolic space, the same approach
can be done considering the gyrogroup structure underlying hyperbolic space. In
our recent papers (see [5], [6]), we developed generalized harmonic analysis on
Mobius and FEinstein gyrogroups which are related to the Poincaré and Klein—
Beltrami models of hyperbolic geometry. The gyrogroup structure is a natural
extension of the group structure, discovered in 1988 by Ungar in the context of
Einstein’s velocity addition law (see [19]; see also [7], [20], [21], [23]). Gyrogroups
provide a fruitful bridge between nonassociative algebra and hyperbolic geometry,
just as groups lay the bridge between associative algebra and Euclidean geometry.
Our aim here is to present new results connecting harmonic analysis on the hyper-
boloid model of real hyperbolic space and its gyrogroup structure. This model is
algebraically regulated by the proper velocity (PV) addition of proper velocities
in special relativity, which addition plays a similar role to that of vector addition
in the Euclidean n-space R™ giving rise to the PV gyrogroup (see [7], [21], [22]).
Proper time is useful, for instance, in the understanding of the twin paradox and
the mean lifetime of unstable moving particles. In quantum mechanics it is useful
to reformulate relativity physics in terms of proper time instead of coordinate
time (see [9]).

In the present article, we study several aspects of harmonic analysis on the
PV gyrogroup associated to the family of Laplace-Beltrami operators A, ; in R"
given by

X, B - r; 0 z2(z+1) 0
Zt*A ]Z_ 12 axla$J +(n 2’2)2 + (1 ﬁx)?

i=1

where z € C, t € RY, and (3, is the relativistic beta factor. Eigenfunctions
of this operator are parameterized by the eigenvalues —\? — (n;;)Z) + % with
A € C. For z = 0 and the normalized case t = 1 we obtain the eigenvalues of
the common Laplace—Beltrami operator on the hyperboloid model considered,
for example, in [2] and [17] (our approach extends some of the results of those
articles). Possible applications of our work comprise the study of generalized
coherent states on hyperbolic space and hamiltonian systems. In [1] the authors
proposed a Wigner quasiprobability distribution function for Hamiltonian sys-
tems on hyperboloids based on the eigenfunctions of the Laplace—Beltrami on
the hyperboloid.
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This paper is organized as follows. In Section 2 we present the PV addition
and its properties. Sections 3 and 4 are dedicated to the study of the generalized
translation operator and the associated convolution operator. In Section 5 we
construct the eigenfunctions of the generalized Laplace-Beltrami operator on the
hyperboloid, and we study the generalized spherical functions. In Section 6 we
define the generalized Poisson transform, and we study the injectivity of this
transform. Section 7 is devoted to the generalized Helgason—Fourier transform on
the PV gyrogroup. Section 8 presents the inversion formula for the generalized
Helgason—Fourier transform and Plancherel’s theorem, and we show that in the
limit ¢ — +o00 we recover the inverse Fourier transform and Plancherel’s theorem
in Euclidean harmonic analysis. As an application, in Section 9 we solve the heat
equation on the proper velocity gyrogroup. Two Appendices, A and B, concerning
all necessary facts on spherical harmonics and Jacobi functions are found at the
end of the paper.

2. PROPER VELOCITY ADDITION

Proper velocities in special relativity theory are velocities measured by proper
time, that is, by traveler’s time rather than by observer’s time (see [3]). The
addition of proper velocities was defined by A. A. Ungar in [3], giving rise to the
proper velocity gyrogroup.

Definition 2.1 (see [21], Definition 3.40). Let (V,+, (,)) be a real inner product
space with addition + and inner product (, ). The PV (Proper Velocity) gyrogroup
(V, @) is the real inner product space V' equipped with addition & given by

a®r =1+ (1 faﬁa <at’2x> + é)a (2.1)

where t € RT and f3,, called the relativistic beta factor, is given by the equation

1

1+ Lk

PV addition is the relativistic addition of proper velocities rather than coordi-
nate velocities as in the Einstein addition. PV addition satisfies the beta identity

511/83[:
a®xr — 2.2
e S g 22

ﬁa:

or, equivalently,
1 a,x
ﬁ = — + Bx< > >
Ba@x 5a t

It is known that (V, @) is a gyrogroup (see [21]); that is, it satisfies the following
axioms.

(G1) There is at least one element 0 satisfying 0 & a = a for all a € V.
(G2) For each a € V there is an element ©a € V' such that ©a & a = 0.
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(G3) For any a,b,c € V there exists a unique element gyr|a, blc € V such that
the binary operation satisfies the left gyroassociative law

a® (bdc)=(adb)® gyr|a, b]c. (2.3)

(G4) The map gyr[a,b] : V — V given by ¢ — gyr|a, blc is an automorphism of
(V. ®).
(GB) The gyroautomorphism gyr|a, b] possesses the left loop property

gyra,b] = gyrla ® b, b].
PV gyrations can be given in terms of the PV addition & by the equation (see

[21])
gyrla,bjc = S(a®b) @ (a® (D@ c)).
The PV gyrogroup is gyrocommutative since the PV addition satisfies

a®b=gyrfa,b](b® a). (2.4)

In the limit ¢ — +oo, PV addition reduces to vector addition in (V,+), and
therefore the gyrogroup (V, @) reduces to the translation group (V, +). To see the
connection between proper velocity addition, proper Lorentz transformations, and
real hyperbolic geometry, let us consider the one-sheeted hyperboloid H}* = {x €
R a2 —af—- - —x2 = t* Axpqq > 0} in R™™ where t € RY is the radius of
the hyperboloid. The n-dimensional real hyperbolic space is usually viewed as the
rank one symmetric space G/ K of a noncompact type, where G = SO, (n, 1) is the
identity connected component of the group of orientation preserving isometries of
H} and K = SO(n) is the maximal compact subgroup of G which stabilizes the
base point O := (0,...,0,1) in R™". Thus H = SO.(1,n)/SO(n), and it is one
model for real hyperbolic geometry with constant negative curvature. Restricting

the semi-Riemannian metric dz? , — da — - -+ — dz? on the ambient space, we
obtain the Riemannian metric on H;" which is given by
x,dr))?
d82 — (§ ’ >)2 . ||dl‘||2
t2 4 ||
with = (z1,...,2,) € R" and dz = (dz4,...,dxz,). This metric corresponds to

the metric tensor
Ty

:W—(Slj7 Z,je{l,,n},

9ij ()
whereas the inverse metric tensor is given by
gz](l'):_éij_%, 1,7 e{l,,n}

The group of all orientation preserving isometries of H;' consists of elements of
the group SO(n) and proper Lorentz transformations acting on H;'. A simple
way of working in H}' is to consider its projection into R™. Given an arbitrary

point (z,\/t? + ||z||?) € H}', we define the mapping II : H}' — R"™ such that

Iz, /1? + [[2]]*) = .
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A proper Lorentz boost in the direction w € S®~! and rapidity « acting in an
arbitrary point (z,+/t? + ||z||?) € H}* yields a new point (2, Zp41)wa € H]® given

by
(2, Zp41)wa = (2 + ((cosh(a) — 1) {w, z) — sinh(a)\/t* + [|z]?)w
cosh(a)y/t2 + ||z||? — sinh(a)(w, z)) (2.5)
e 1),

\/152 + HSB + ((Cosh(a) — 1)<w,$) — sinh(a)/t? + || z|| )wH = Tpi1,
then the projection of (2.5) into R™ is given by
(2, Tpi1)wa = 2 + ((cosh(a) — 1) {w, z) — sinh(a)\/t* + [|z]?)w. (2.6)
Rewriting the parameters of the Lorentz boost to depend on a point a € R™ as

2
cosh(a) = H | sinh(a) = —@, and w= i, (2.7)

2 d

and replacing (2.7) in (2.6), we finally obtain the relativistic addition of proper
velocities in R™:

1 + H‘;”2 —1

lal”

=+ <% <at,2x> + é)a.

From now on we consider the PV gyrogroup (R",®). In this case ©a = —a. For
R € SO(n) we have the homomorphism

R(a @ z) = (Ra) ® (Rx).
Some useful gyrogroup identities ([21], pp. 48 and 68) that will be used here are

a@x:x+< (a,z) +14/1+ |z ”2>

(eyrla, b))~ = gyr[b, al, (2.8)

gyrla ® b, ©a] = gyr[a, V], (2.9)
gyr[©a, ©b] = gyrla, b], (2.10)
gyr(a,b](b@ (adc)) = (a®b) D, (2.11)

and (2.11) is valid only for gyrocommutative gyrogroups. Combining formulas
(2.9) and (2.11) with (2.8), we obtain the identities

gyr[@av a® b] = gyr[b’ a],
b® (a®c)=gyrlb,al((a®b) ®c).

For n > 2 the gyrosemidirect product of (R, ®) and SO(n) (see [21]) gives the
group R X4y SO(n) for the operation

(a, R)(b, S) = (a ® Rb, gyr|a, Rb]RS).
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This group is a realization of the Lorentz group SO.(1,n). In the limit t — 400
the group R Xy, SO(n) reduces to the Euclidean group E(n) = R™ x SO(n). This
shows that (R", @) is the appropriate algebraic structure to develop harmonic
analysis on the hyperboloid.

3. THE GENERALIZED TRANSLATION

Definition 3.1. For a function f defined on R”, a € R", and z € C, we define
the generalized translation operator 7, f by the complex-valued function

7af (@) = Ja(z)f ((—a) & 7) (3.1)

with

o) = (%) (3.2)

The multiplicative factor j,(z) agrees with the Jacobian of the transformation
(—a) @ x when z = 1. In the case z = 0 the translation reduces to 7,f(z) =
f((—a) & x). Moreover, for any z € C, we obtain in the limit ¢ — +oco the
Euclidean translation operator 7,f(z) = f(—a + z) = f(x — a). By (3.2) and

(2:2), we can write ja(x) as jo(z) = (%5222)7,

Lemma 3.2. For any a,b,z,y € R", the following relations hold:
(i
(ii

(i

(iv) e w) = (ja(®) ",
(V) dca@a(0) = fao-a)(0) = jo(@)fa(0) = ja(x)js(0), (35)
(V) Jae((—a) @2) = (jul@)) (),
(
(viii T oja(z) =1,
(ix)  Tafy(x) = Jaay(2), (3.6)
() 7l (@) = [raf (— ayrle, ala) | a(0)i (2), (3.7)

(xi 7o f(2) = Togaf (gyr[a, b]x),

T-aTaf () = f(2),
TbTaf(x) = [T—bTmf(_ gyr[_b7 T D a’] gyr[:v, a]a)}]a(o)jr<x> (38)

The proof of these relations uses the beta identity (2.2) and the same techniques
as in the Einstein case (see [5]). To compute the generalized Laplace-Beltrami
operator A, ; that commutes with the generalized translation operator (3.1), we
use the approach of Rudin [16, Chapter 4] and we compute A(7_,f)(0), where A
is the Laplace operator in R".

(xii

)
)
)
)
)
)
(vil)  7agy(z) = [T—a]x(yﬂ]x(x)]y 0),
)
)
)
)
)
)

(xii
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Proposition 3.3. For each f € C*(R") and a € R",

A0 =i (Af@ + Y %20+ -2y % )

20 i), (59)

Proof. Let a € R™, and denote by 17, ..., T}, the coordinates of the mapping a®x.
Then, by the chain rule, we have

- 8Tk
A(T-af)(0 [Z (9% 8:(:k Z ﬁx, 8:@
"0 " 9?2
+> ) %}(@]j_a(m
=1 1

of " 0T, 9j_a
2 axk<“) oz, (0) . (0)

+2

=1

@)Y T ), (3.10)

2
i=1 Oz;

Since Ty(x) = xp + (22 {o2) —1—5%)%,1{: € {1,...,n}, then

T+, 2
8Tk Ba a; g 82Tk ag .
a$z(0>:5k’l+1+ﬁa 2 and a_x%():t_Q’ Z,kE{l,...,n}.
Moreover,
aj—a . a;
(0) = —ul0)26 73
and
0?j_4 o2z +1) ,a?
895? (O) = ja(()) 2 2t2

Therefore, replacing these expressions in (3.10) and after straightforward compu-
tations, we obtain (3.9). H

Definition 3.4. Let Q be an open subset of R” and f € C?(Q). We define the
generalized Laplace-Beltrami operator A, ; on H}' by

;T B a z 0 z2(z+1) .
Zt =A + Z]Z_ t2 axl aa:] (n 22) ; t2 axz + t (1 ﬁ )

By Proposition 3.3, we obtain a representation formula for A, :

Asef (@) = (ja(0) " A(r-af)(0). (3.11)
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Proposition 3.5. The operator A, ; commutes with generalized translations; that
18,

AL (mof) =T(AL.f) YVf e C*HR™),Vb e R
Proof. By (3.11), we have

A1) (@) = (ja(0) T Al_am f)(0)
= (Ja(0)) TA(F((=b) ® (a @ 2))T_ajs(x)) |

Now, since
(=) @ (a®z) = ((—b) ® a) ® gyr[-b,alz  (by (2.3))

and

T_ajo(T) = j—ayen(z) (by (3.6))
= jba(—a) (8yT[b, —a 9:) (by (2.4),(2.8))
= Joa(—a) (gyr[—b,alz) (by (2.10)),

then, together with the invariance of A under the group SO(n), (3.5), and (3.3),
we obtain

As(mf)(@) = (ja(0) TA(F(((—0) @ a) ® gyr[—b, al) joes(—ay (gy2]-b, alz)) |, _,
= (Ja(0) " AT (o )(0)
= 55(@) (J-p2a(0)) AT (tywa)f)(0)
:Jb(a)( ztf)(( b) )
= T( ztf)( ) u

For studying some L?-properties of the invariant Laplace A, ; and the general-
ized translation, we consider the weighted Hilbert space L*(R", du, ;) with

[E A

X
dpolw) = (B)*de = (1+55) 7 da,

where dz stands for the Lebesgue measure in R". For the special case z = 0 we
recover the invariant measure associated to a @ x.

Proposition 3.6. For f,g € L*(R™,du.,) and a € R", we have

[t @i@ i) = [ foma@ . (312
Corollary 3.7. For f,g € L*(R",du.;) and a € R", we have
0 [ rb@ i) = [ 1@l dues(o) (3.13)

(i) Ifz=0, then / Tof (2) dpps () = - f(x) dp.g(z);

n

(i) [|7aflle = 1112
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From Corollary 3.7 we see that the generalized translation 7, is an unitary
operator in L?(R", dp,.) and the measure dy,, is translation invariant only for
the case z = 0. There is an important relation between the operator A, and the
measure dy, ;. Up to a constant, the Laplace-Beltrami operator A, ; corresponds
to a weighted Laplace operator on R" for the weighted measure dpu,, in the sense
defined in [8, Section 3.6]. From Theorem 11.5 in [8] we know that the Laplace
operator on a weighted manifold is essentially self-adjoint if all geodesics balls are

relatively compact. Therefore, A, can be extended to a self-adjoint operator in
L2 (Rn, d/,LZ t)'

Proposition 3.8. The operator A, ; is essentially self-adjoint in L*(R", du, ).

4. THE GENERALIZED CONVOLUTION

In this section we define the generalized convolution of two functions, we study
its properties, and we establish the respective Young’s inequality and gyroasso-
ciative law. In the limit ¢ — 400 both definitions and properties tend to their
Euclidean counterparts.

Definition 4.1. The generalized convolution of two measurable functions f and
g is given by

(f*g)(r) = - fW)729(=y)je(x) dp4(y), =€ R"

By Proposition 3.6, we have

39 = [ e f)a(-)ia(w) diealy)

= [ feoy)i-=W)g(=y)i(x)du..(y) (by (3.1))

Rn

— [ 10 (009w dueals) 5> )

— [ e f 090 diealy) by (33),(3.1)
= (g f)(=).
Thus the generalized convolution is commutative.

Lemma 4.2. Let R(z) < %51 Then, for any t > 0 and s > 0, we have

/gn_1 |j2 (tsinh(s)€) o (x) | do(€) < C.
with
1 iFR(2) €]-1,0]

1—‘(%)1—\( 7L72§F€2(z)71 )
F( nff(z) )F( nfﬁ}?gz)fl )

C. =
if R(z) €]—o00, —1] U0, %[
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Proof. Using (A.2) in Appendix A, we obtain
[ Lin(sinb(s)e)si ()| do)
= [ mms) ()

1 R(2)
= d
/5 (= —“““?5“@) 7€)
R

_ F( (2) R(2) +1 n tanh’(s)(5,)* qu2>
P\ oy 12
—

B:)? < 1, we can consider for r € [0,1] the function

(€)

5II

Since ( ﬂx)
1

g(r) = ( 1; 2;7). Applying (A.6) and (A.4) in Appendix A, we get
J(r) = ()(2;)+1) F1< ()+2’3‘E(2)2+ _+1 >
R(z)(R(z) + 1) ) 20(z) 3 n— —R(z)—1n
B 77 QFI( ’ 2 P T)J

@) (1)
Since R(z) < 251, then the hypergeometric function (II) is positive for 7 > 0, and
therefore positive on the interval [0, 1[. Studying the sign of (I), we conclude that
the function g is strictly increasing when R(z) €]—o0, —1] U [0, 5*[ and strictly
decreasing when R(z) €]—1,0[. Since R(z) < 5%, then by (A.3) it exists the
limit lim,_,;- g(r) which is given by

(50 (=527

2
9(1) = F(n—gz?(z))r(n—%éz)—l)'
Thus
g(r) < max{g(0),g(1)} = C.
with ¢(0) = 1. O
Proposition 4.3. Let R(z) < %52, and let f,g € L*(R™,dp.). Then

1S * gl < Call 111911 (4.1)
where g(s) = essSUPgcgn—1 yern 9(EyT[Y, t sinh(s)¢]t sinh(s)§) for any s,t > 0.

Proof. Using (3.7), (3.4), and (3.13), we have

1= [ Jraa=a)ia(o)] di ()
= [ sl 1) 013 0)ia(0) )

= | loevrly, 1)y @)y ()] duz.(a).
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Using polar coordinates x = ¢ sinh(s)¢, with¢,s > 0, £ € S* !, and the normalized
surface area do(§) = d€/A,_1, with A,_; being the surface area of S"~1, we get

t=a [ [ o0

X |y (tsinh(s)€) j, (y)| (cosh(s)) “n sinh(s)" "' do (&) ds

with ¢1(s,y,&) = g(gyrly, t sinh(s)&]tsinh(s)£). For ¢ > 0 we consider the radial
function ¢ defined by

Z]/(S> = €sssup gl<37 Y, 6)
£esn—1 yeRn

Therefore, by Lemma 4.2 and (3.3), we have

I<A,1 [ |g(s)|(cosh(s)) “ sinh(s)" ! ds
R+

x /Sn1 |j_y (tsinh(s)€)j_,(—y)| do(€)

< C:|gll1-

Il = [

S /Rn /RJf(y)"ng(_y)]x(mﬂd,uz,t(y) d,uz,t(x)

= /Rn|f (v)] ( /R |meg(=9)ja()| duz,t(x)> dii4(y)
< C:Afll gl .

In the special case when ¢ is a radial function, we obtain that ||f x g||; <
Colfllillglly since g = g. We can also prove that, for f € L*(R™ du.,) and
g € L'(R",du, ), we have the inequality

1 * glloo < C2IG1 1 flloo- (4.2)

By (4.1), (4.2), and the Riesz—Thorin interpolation theorem, we further obtain
for f € LP(R™,du,,) and g € L'(R™, dpu.,) the inequality

1F *gllp < Cllglhll £l

To obtain a Young’s inequality for the generalized convolution, we restrict our-
selves to the case R(z) < 0.

Finally,

[ F)e0 (=) dit ()| dp ()

Theorem 4.4. Let R(z) < 0, 1 < p,q,r < o0,
fe LP(R", du.4) and g € LY(R™, dpy). Then

1F * gll- < 272Gl gl 111, (4.3)

where g(x) := esssup,cgn 9(gyrly, rlz) for any v € R™.

+$:1+1 s =1-14

SRl
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For the proof we use the following estimate,

|jz(y)jx(fﬂ)| < 27RE) oy e R™, VR(z) <0,

and the arguments given in [5].

Corollary 4.5. Let R(z) <0, 1 < p,q,r < o0, %—{_é =1+ %, fe LP(R" du,,)
and g € LY(R™, dy,) a radial function. Then

1F* gll- < 27" gllll £

Remark 4.6. For R(z) = 0 and taking the limit ¢ — +o0 in (4.3), we recover
Young’s inequality for the Euclidean convolution in R™ since in the limit g = g.

Another important property of the Euclidean convolution is the translation
invariance and the associativity. In the hyperbolic case it turns out that the
convolution is gyrotranslation invariant and gyroassociative in the sense of the
following theorems (cf. [5], [6]).

Theorem 4.7. The generalized convolution is gyrotranslation invariant:

7a(f * 9)(x) = (7af () * g(gyr[—a. 2]-) ) ().

Corollary 4.8. If g is a radial function, then the generalized convolution is trans-
lation invariant:

Ta(f % 9) = (1af) * g-
Theorem 4.9. If f,g,h € L'(R",du,,), then

(f *a (955 h))(a) = (((f(z) *, g(gyr[a, —(y & 2)] gyrly, x]x)) () *a h(y)) (a).

Corollary 4.10. If f,g,h € L*(R™ du.,) and g is a radial function, then the
generalized convolution is associative; that is,

fr(gxh)=(fxg)xh.

From Theorem 4.9 we see that the generalized convolution is associative up to
a gyration of the argument of the function g. However, if ¢ is a radial function,
then the corresponding gyration is trivial (that is, it is the identity map), and
therefore the generalized convolution becomes associative. Moreover, in the limit
t — 400 gyrations reduce to the identity, and therefore the convolution becomes
associative in the Euclidean case. If we denote by L%L(R™ du.,) the subspace
of LY(R",du, ;) consisting of radial functions, then, for R(z) < ”T’l, the space
Li(R™, du, ) is a commutative associative Banach algebra under the generalized
convolution.

5. EIGENFUNCTIONS OF A,

Definition 5.1. For A € C, £ € S"™ !, and x € R™, we define the functions e ¢,
by

(3 )—z+”T_l+i>\t

o x
6)\,5;15<x) - (1 _ </3z90,5>)”7_1+i>\t' (51)
t
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The hyperbolic plane waves ey ¢ (z) converge in the limit ¢ — 400 to the
Euclidean plane waves e***¢)  Since

ergelT) = <1 B %ﬁ)ZW(ﬁx)_”";%m?

then we obtain

x tq—iX .

tLlErn ere(t) 5 tLu;noo[(l - ;€>> } =&, (5:2)
In the Euclidean case the translation of the Euclidean plane waves e/ decom-
poses into the product of two plane waves, one being a modulation. In the hyper-
bolic case, the generalized translation of (5.1) factorizes also in a modulation and
the hyperbolic plane wave, but it appears as a Mobius transformation acting on
S"~! as the next proposition shows.

Proposition 5.2. The translation of ey ¢.(x) admits the factorization

Taek,ﬁ;t(l‘) = ja(0)€>\,£;t(_a)e)\,Ta(S);t(m)7 (53)
where
£+ + 15(1 <£>a
Ta(f) = 1 —ZLB@ (54)
T

Proof. We have

Tae)\,f;t(l‘) = 6)\75;75((_@) S I)]Q(ZL’)
B (B(-a m)fz+"T*1+i)\t B, 2
- : (—a=)

B-aype(-0)®2).6) ynl 4 ix¢ _ ﬁaa,ﬁxz
(1 - t )

= (1—

Baﬁx (< §> + 15% azzgag <CL §>)>—"21—i)\t
1= Buf 55 t

x <M>Z+n;+m<lﬁ—“>)z by (2.1) and (2.2)

1 — 8.6, %2 — Buafes
_ < _ g8, <a x) Batﬁx
ﬁa ) ;f 7nT717i)‘t
x (<x,s>+ R L))

X (Bafe) 7T HN(B,)?

e <<1+ <5aa‘7£>><1_ at6x<x7%+§+ lf% (a‘t2>a> *nTilfl)\t
! L+ B 58
n—1 i
X (BaB) (B, )
Ba (a,{)a —1)\t

(1 ) (- K L))
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X (Baf) 2T TN (B,)?
= ja<0)e>\,5;t(_a)e>\7Ta(§) (x) O

Remark 5.3. The fractional linear mappings T,(£), with a € R", £ € S"~! defined
in (5.4), map the unit sphere S"~! onto itself for any ¢ > 0 and a € R". Moreover,
in the limit ¢ — 400 they reduce to the identity mapping on S*~!. It is interesting
to observe that the fractional linear mappings obtained from the PV addition (2.1)
making the formal substitutions ¥ = ¢ and “Et'ﬂ = a @ & given by

B (a;§) a
aOL=LF (1+5a t J”/é)t
do not map S™! onto itself. This is different in comparison with the Mdobius
and Einstein gyrogroups. It can be explained by the fact that the hyperboloid
is tangent to the null cone, and therefore the extension of the PV addition to
the null cone is not possible by the formal substitutions above. Surprisingly, by
Proposition 5.2, we obtained the induced PV addition on the sphere which is
given by the fractional linear mappings T,(§).

Formula (5.3) converges in the limit to the well-known formula in the Euclidean
case
ei(—a+x,)\§> _ ei(—(z,)\f)ei(:(;,)\{)7 a,z, )‘6 c R™.

Proposition 5.4. The function ey ¢, is an eigenfunction of A, with eigenvalue
—)\2 — (n—1)2 4 onz

4¢2 2

Proof. Applying A, ; to (5.3) as a function of y and using Proposition 3.5, we get

Too(Asiere) (V) = Do i(Towerng)(y) = exea(T)Asient . (6)4(y)j—2(0).
Putting y = 0, we have

Asiengt()2(0) = (Azserr ) (0)erg(x) ] (0).

Thus we conclude that ey¢4(z) is an eigenfunction of A,,; with eigenvalue
A.ient_,()2(0). Computing this value, we find that the eigenvalue of ey ¢y(x)

C1\2
is —A? — (o oz O

In the limit ¢ — +oo the eigenvalues of A,; reduce to the eigenvalues of A
in R”. In the Euclidean case given two eigenfunctions e'®*¢) and /) X\ ~ € R,
&, w € S"1 of the Laplace operator with eigenvalues —\? and —+?2, respectively,
the product of the two eigenfunctions is again an eigenfunction of the Laplace
operator with eigenvalue —(A\? + 72 4+ 2\v(£, w)). Indeed,

A(ei<x’)‘€>ei<x”yw>) _ _||)\£ + ,Yw||26i(:fc,)\£+fyw) — _()\2 + 72 + 2>\’}/<£, w>)ei(x,)\§+'yw>.

Unfortunately, in the hyperbolic case, this is no longer true in general. The only
exception is the case n = 1 and z = 0 as the next proposition shows.

Proposition 5.5. For n > 2 the product of two eigenfunctions of A, is not an
etgenfunction of A,;, and for n =1 the product of two eigenfunctions of A, is
an eigenfunction of A, only in the case z = 0.



HARMONIC ANALYSIS ON THE PV GYROGROUP 35

Proof. Let ey¢; and e, 4 be two eigenfunctions of A, with eigenvalues —\2 —

(”4;;)2 + 2 and —* — (”4;;)2 + 22 respectively. Since for n > 1 and f,g € C*(R")

Ai(fg) = (AL f)g+ f(Azg) +2(V f,Vg)

20 v - gy

we obtain after straightforward computations

Az p(eng(®)eywe(@))

_ [_Az e (nQ—tzl)2 N 2;2 . <(n —1+ QiAtign — 1+ 2int)
(-0 (-
L )

_ g(” - L w) (ﬁi _ <x;£>>—1<llatf2\l25x B <fvt,2§>)
_ t%(" - L M) <é ~ <x,tw>>1<!|f;\|26x - <:ct,2w>>

z

2

Therefore, for n > 2 and z € C, the product of two eigenfunctions of A, is not
an eigenfunction of A, ;. For n =1 the previous formula reduces to

Aeilereal)erwal@) = [X =42~ 20y 1 2 (Y1)

t2 Be 1 thp, 13
(- ) (- ) - -]

For z = 0, we obtain further
Asi(ergr(@)erwi(®)) = —(N 497 + 2078w)er () ey ().
Therefore, only in the case n = 1 and z = 0 the product of two eigenfunctions of

A, is an eigenfunction of A, ;. O

In the case when n = 1 and z = 0, the hyperbolic plane waves (5.1) are
independent of £ (we can consider £ = 1), reducing to

ex;t(ﬂf): <\/1+t_2_¥> )

and therefore the exponential law is valid; that is, ey, (x)ey.t(2) = €xyqye(x). This
explains the special case in Proposition 5.5.

The radial eigenfunctions of A, ; are called generalized spherical functions and
assume a very important role in the theory.
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Definition 5.6. For each A € C, we define the generalized spherical function ¢,
by

oale) = [ ereula)dole), w e R (55)
gn—l
Using (A.2) and then (A.4) in Appendix A, we can write this function as

P () = <1+ ||3§2|| ) 1 2F1<n I i 7n+ 4+ It B2>
]|\ == — 1 — 21\t n+1—21)\t n )
= (1 12y R ( | o)
<+ 2 21471 1 1 B
(5.6)

Therefore, ¢y, is a radial function that satisfies ¢y, = ¢_»4; that is, ¢, is an
even function of A € C. Applying (A.5) in Appendix A, we obtain further that
2 27

. 1
¢/\,t( ) ( + 4 ) 4 727 t2

Finally, considering x = ¢ sinh(s)¢, with s € RT and £ € S"~!, we have the follow-
ing relation between ¢, and the Jacobi functions ¢y, (see (B.2) in Appendix B):

Gt (tsinh(s)€) = (cosh s)7E ) (s). (5.7)

The following theorem characterizes all generalized spherical functions.

l|z||? n—1=2i\ n—14+2iM n |z|?
) )

Theorem 5.7. The function ¢y, is a generalized spherical function with eigen-
value —\? — % + %5 . Moreover, if we normalize spherical functions ¢y such

that ¢».+(0) = 1, then all generalized spherical functions are given by ¢y.;.

Proof. By Proposition 5.4, it is easy to see that ¢,, is an eigenfunction of A,

_)\2 _ (’I’L—l)2

with eigenvalue T

+ %5 . Moreover, ¢,,(0) = 1. Now let f be a spherical

function with eigenvalue —\? — (";5;)2 + %, and consider
]| [Edlks
o= (14 ) (1 o

with I a function defined on R". Since f is a radial function of the form f(x) =
fo(||z|l), then the operator A,, can be written as

&S

(@eahe) = (1 550 3 Ul + Sy el (o + (0= 2901

(z—i—l)

+ 20— @) fo(la).

Then, considering ||z||?> = r? and after straightforward computations, we see that
if f given by (5.8) is an eigenfunction of A,;, then F satisfies the following
hypergeometric equation:

() 0- R () + G- () R)r(5)

B <n— 14— 21/\t)<n+12— 21)@5) <_r_2;
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The smooth solutions at 0 of the last equation are multiples of gFl(%%,
RN, —”95—2”2) Therefore, by (5.6), f is a constant multiple of @y .;. O

Now we study the asymptotic behavior of ¢, at infinity to obtain the Harish-
Chandra c-function in our case.

Lemma 5.8. For Im()\) < 0 we have

lim ¢y, (tsinh s)e(nT_l_Z_D‘t)s = c(At),
s——+00

where c(At) is the Harish-Chandra c-function given by
2n—2== T(5)I(iAt)
VI D(%2 +it)
Proof. Considering (5.7), (B.5), and (B.4) in Appendix B, and the limit
lim e°/cosh(s) = 2,

c(Mt) =

(5.9)

S$——+00
we obtain
n— ; n_1_1 . e
lim ¢y (tsinh s)e(Tl_z_m)s = lim e **(cosh s)ngE\f ! 2)(3)6(_1/\t+TI)S
§—r+00 5—00
- 2_ch—1,—§(/\t>
n—1 .
273!~ IND(B)D (it
= T/ n—lt2iM <2n)+1—(|-2i)\t) : (5.10)
F( 4 )F( 4 )
Using the relation I'(2)['(z + %) — 9122 /7T(22), we can write
F(n +1+ 2i>\t> B F(n — 1+ 2iXt N 1> VR /(LN
4 N 4 2) F(n—li—%)\t) )

and therefore (5.10) simplifies to
2n—2== T(5)I(iAt)
VT D(%2E +it) O

Finally, we prove the addition formula for spherical functions.

c(At) =

Proposition 5.9. For every A € C, t € R*, and a,x € R",

rabra (@) = jal0) / e rea(@)enen() do ()

Snfl
—0a0) [ ercal@eosgale) do(©) (5.11)
Sn—l
Proof. By (5.3), we have
Ta®re(T) = /Sn1 Taergt(7) do(§)

=3.0) [ erail—aeaniena)do(o)
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Making the change of variables T,(§) = & < & = T_,(£'), the measure becomes

1 n—1
10(§) = (+—g7) (&),
Ba t
Thus
. 1 n—1 ,
Tagb)\;t(x) = ]a(o) - eA,T_a(f’);t(_a)ek,ﬁ’;t(m) (1—W> dO'(f )
Ba t

From (5.1) and (5.4) we obtain

n—1_:
(Ba)—z—i-T—H)\t
ert-senl(—a) = G

(5a)n—1+2i/\t(1 _ ;

Since

( ) n—1 (Ba)—z-l—n;l—l—i)\t
EXNT_a(€);t\— 0 (ﬁ) - : L)\ _n=1_;
ﬁla { f) (B,)n— 1427 (1 (8 5)) SL—ixt

(Ba)" "

(1 _ <5a?,£ ))n71

_ (6a>—z+"7‘l—i>\t

(1 _ <ﬁa?7§/> )"Tflfi,\t

= e_xe(a),

we finally obtain
TaPri(2) Zja(O)/ e_git(a)ergq(x) do(E).
Snfl

The second equality follows from the fact that ¢, is an even function of A; that
iS, (b)\;t = ¢*)\;t- 0J

6. THE GENERALIZED POISSON TRANSFORM

Definition 6.1. Let f € L*(S"!). Then the generalized Poisson transform is
defined by

Put@) = [ eredla)f(€)dn(e), xR

For a spherical harmonic Y} of degree k and applying (A.1) in Appendix A, we
obtain

(PyyYi)(x) = Chop(B,) 72 +M

R (PR P L B )n(sY) )
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with v = 221 + i\t and Cj,, = 2~ k(f(;)m For f =>"77 axY) € L*(S™1), then we
have

v+k v+k+1
2 7 2

Pyif (@ Z%Cku (By) = F(

k=0

kD3 1-82) Vi (B.5).

Now we prove a result about the injectivity of the generalized Poisson transform
which is important later on.

Proposition 6.2. The Poisson transform Py is injective in L*(S™™') if and only
if XA i) for allk € 2T

Proof. Let A = i(22£2=1) for some ko € Z*. Then, by (6.1), we have that P, Y}, =
0 for all k > ko since ((n —1)/2+1At), is zero. Conversely, if A # i(Z£2=1) for all
k € Z*, then all the coefficients ((n — 1)/2 4 i\t), are not vanishing for k € Z7.
Hence, by (6.1), we have that Py ,f = 0 if and only if f = 0. Thus P, is injective
for every \ # i(2£2=1) ke Z*. O

Corollary 6.3. Let A # i(Z=1) k € ZT. Then for f in C§°(R") the space of
functions f(\,€) is dense in L2(S"1).

Proof. Let g € L*(S™!) be such that
| sofngae -0
for all f € C§°(R™). Therefore,
| 1@ o@erer)dot©)) duesto) =0
for all f € C§°(R"), which implies that, for every z € R,
Pogle) = [ a(©erei()do(©) =0,
Finally, by Proposition 6.2, we have g = 0. U

7. THE GENERALIZED HELGASON—FOURIER TRANSFORM

Definition 7.1. For f € C°(R"), A € C, and £ € S, we define the generalized
Helgason—Fourier transform of f as

FOugst) = [ eoncalolf(a) ducale)

Remark 7.2. If f is a radial function (i.e., f(z) = f(||z]))), then f(\ &¢) is
independent of ¢ and reduces by (5.5) to the spherical transform of f defined by

J?OW t) = e ¢-xit(@) f(2) dpz o (). (7.1)
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Moreover, by (5.2), we recover in the Euclidean limit the usual Fourier transform
in R™.
From Propositions 3.8 and 5.4 we obtain the following result.
Proposition 7.3. If f € C°(R™), then

- 12
Eaoen=—(e+ U TR e,

Now we study the hyperbolic convolution theorem with respect to the gener-
alized Helgason-Fourier transform. We begin with the following lemma.

Lemma 7.4. Fora € R" and f € Cg°(R"),

~

maf (A €:1) = Ga(0)e-rga(a) F(X T-a(€):1). (7.2)
Proof. By (3.12) and (5.3), we have

72\]0()" 5; t) = /n e—A,f;t(x)Taf(x) d:uz,t(x)
= [ maessal@) @) dpes(a)
= 3u0erga(@) [ e ionla) (@) @)

= Ja(0)e-ren(@)F (X Ta(€):1). 0
Theorem 7.5 (generalized hyperbolic convolution theorem). Let f,g € C3°(R™).
Then
f * g()‘v g) = f(y)e—k,ﬁ;t(y)gy ()‘7 T—y(f)a t) dluz,t (y): (73)
R

where G,(x) = g(gyrly, =]x).
Proof. Let 1= f * g()\,£). We have

1= [ ([ 1mgt=ile) i) Je-ralo) dao)

= [ 1w

= [ 50)( [ molentevie)e-seel@)iso) dueo)) diat)
(by (3.7),(3.4))

(

-/ F) TGy € )5y (y) dpse o (y)

([ meg(=yeneal@)io(@) dpea(@) ) dyizgly) - (Fubini
y

n
n

= | FWere®i (0 T (€:1) dusely) - (by (72), (3.4)). N

Since in the limit ¢ — 400 gyrations reduce to the identity and (—y) & &
reduces to £, formula (7 3) converges in the Euclidean limit to the well-known

Convolution theorem: f *x g = f g. By Remark 7.2, if ¢ is a radial function, then
we obtain the pointwise product of the generalized Helgason—Fourier transforms.
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Corollary 7.6. Let f,g € C°(R™) and g radial. Then
F g0 &) = FLE DTN D).

8. INVERSION OF THE GENERALIZED HELGASON—FOURIER TRANSFORM AND
PLANCHEREL’S THEOREM

First we obtain an inversion formula for the radial case, that is, for the gener-
alized spherical transform.

Lemma 8.1. The generalized spherical transform denoted by H can be written
as

H — \7%_1’_% o MZ7
where \7%7177% is the Jacobi transform (see (B.1) in Appendix B) with parameters

a=45-—1 andﬂz—% and
(M, .f)(s) :=2"""A, _1t"(cosh s)* f(tsinh s). (8.1)

Proof. Integrating (7.1) in polar coordinates z = tsinh(s)€ s > 0, £ € S}, we
obtain

Fut) = A,y /0 h F(tsinh(s)€)p_xy (tsinh(s)€) (cosh(s)) " (sinh(s))"~

1

ds.

Applying (5.7) yields
ft)=2""A, " f(tsinh s)(cosh s)_zgpgf
0
= (jg—l,—% o M.+ f)(AL). O

Lemma 8.1 allows us to obtain a Paley—Wiener theorem for the generalized
Helgason—Fourier transform by using the Paley—Wiener theorem for the Jacobi
transform (Theorem B.1). Let C§%(R™) denote the space of all radial C*° func-
tions on R™ with compact support, and let £(C x S™!) denote the space of
functions g(\, &) on C x S"! even and holomorphic in A and of uniform expo-
nential type; that is, there is a positive constant A, such that, for all n € N,

sup {Q(A,f)|(1 + |/\|)”6Ag\lm(>\)| < 00,
(\€)eCxsn—1

—1,—

[NIE

)(s) (2sinh s)" ! ds

where Im()) denotes the imaginary part of \.

Corollary 8.2 (Paley-Wiener theorem). The generalized Helgason—Fourier
transform is bijective from CGR(R™) onto E(C x S"71).

1
222—n+2tn—17rAn_1 .

From now on we denote C,,; ., =

Theorem 8.3. For all f € C3%(R"), we have the inversion formula

F(@) = Chys /O h FOs ) ()] (M) d. (8.2)
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Proof. Applying formula (B.3) in Appendix B for the Jacobi transform and
Lemma 6.7, we obtain

1 +oo ~ n_q1_1 —
Mot =5 [ e P oley 1y 00] tay
I R - c(M)] 2
= %/Ov ()\, t)(COSh S) (b)\;t(x)Tt dA.

In the last equality we use (5.7) and (5.10). Applying (8.1), we obtain

f(tsinhs) = C,y., 0 FOs ) (@)]e(nt)| 7 d.

Since f is radial and ||z|| = ¢sinh s, we obtain the desired result. O

Remark 8.4. The inversion formula (8.2) can be written as

Cn,t,z
2

fa) = / FOu ) ()] (A2 dA (8.3)

since the integrand is an even function of A € R. Note that f is radial, and

-~ _

therefore f(A;t) is an even function of A, ¢t = ¢_»4, and |c(—=At)| = |c¢(Mt)] =
le(At)| for A € R.

Now that we have an inversion formula for the radial case we present our main
results, the inversion formula for the generalized Helgason—Fourier transform and
the associated Plancherel’s theorem.

Proposition 8.5. For f € C5°(R") and X € C holds

% () = FON & Denea(x) do(€). (8.4)

S§n—1

Proof. By (5.11), (3.4), Fubini’s theorem, and the fact that ¢ is a radial function,
we have

Ix* ¢>\;t(x) = - f(y)Ta:Qs)\;t(y)jx(I) d:uZ,t(y)
= [ 50 [ ersrrereln)ia(0i(a) do(©)) dis )
= /Sn_1 ( - f(y)e-xe(y) dﬂz,t(y)>e>\,§;t(x) do(§)

~

= fO & t)eng(x) do(§). O

Sn—1
Theorem 8.6 (Inversion formula). If f € C3°(R™), then

+00 R 9
@) =Cose [ [ FOvgOerglle0] Pdr©ar (83
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Proof. Given f € C§°(B!) and z,y € R", we consider the radial function
)= [ e (-Kyile) ax
SO(n)

where K € SO(n) and dK is the normalized Haar measure on SO(n). Applying
the inversion formula (8.2), we get
+oo _9
FoW) = Cosz | FaXi)bra()|c(AE)| ™ dA. (8.6)
0

By (7.1) and Fubini’s theorem, we have

~

Fov = [ ([ oo R0 4K ) o) ety
= /S oo ( / f (2@ (—KYy))jrk-104)Jo()d—xa () duz,t(y)> dK.

Considering the change of variables Ky — 2, we see that the inner integral is
independent on K. Then we obtain

~

Fst) = [ mf(2)0-sel2)ia(w) dueal2)

= (f % dau) (). (8.7)
Since f(z) = f.(0), it follows from (8.6), (8.7), and (8.4) that
+oo

f(x)=Chps Fohs )r (0)[e(A8)]| 2 dn

0

o /O (b (@)

+oo -
— Om’z/o - JIOHS t)e)\’g;t(x)|c()\t)‘_2 do (&) dA. 0

Remark 8.7. Applying the inversion formula (8.3) in the proof of Theorem 8.6,
we can write the inversion formula (8.5) as

fla) =2 [ [ Fvg0ensla)len)] * dote) n

2

Theorem 8.8 (Plancherel’s theorem). The generalized Helgason—Fourier
transform extends to an isometry from L*(R",du,;) onto L*(RT x S"71,
Chi-lcN)|2dNdo); that is,

+oo -~ 2 2
[ @ dneste) = o [ [ [FO&OP 00| P aote)r. (59)
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Proof. For f,g € C3°(R™), we obtain Parseval’s relation by the inversion formula
(8.5) and Fubini’s theorem:

400
Core [ [ FOE0TED]c0)|  do(e)
— Cos / g / T@)enen () dias () [c(M)| > do(€) dA
0 Sn— Rn

+o0
S]]

= | f(@)g(x)dp. 4 (x).

R

)

(A& ergal@)|cAD)] ~* dor(€) AN 9] ez ()

By taking f = g, we obtain (8.8) for f € C§°(R"™), and the result can be extended
to L*(R™, dpu.,) since C§°(R™) is dense in L*(R™, dpu.,). It remains to prove the
surjectivity of the generalized Helgason—Fourier transform. This can be done in
a similar way as in [15, Theorem 6.14], and therefore we omit the details. 0J

Having obtained the main results, we now study the limit ¢ — +o0o of the
previous results. It is anticipated that in the Euclidean limit we recover the usual
inversion formula for the Fourier transform and Plancherel’s theorem on R™. To
see that this is indeed the case, we observe that from (5.9)

1 B (A,_1)?
]c()\t)P - qn—192n—22-2

D(252 +iXt) |2
T(iMt)

(8.9)

n
2

“dth,f{n_l - ??ﬂ)
2

alized Helgason inverse Fourier transform (8.5) simplifies to

being the surface area of S*~1. Finally, using (8.9), the gener-

[(%5F +iAt) )2

Tog | o)

fx) =

—+00
27'(' ntn 1/ g1 f(/\ £ t)e)\ft( )
+oo )\nfl

FO& Derale) w46 A (8.10)

Snfl
with

(ixt) |2
N™(Xt) _‘ I
r

T 100 (At)" L.

Some particular values are N(U(\t) = 1, N®(\) = coth(At), N® = 1, and

NO(\t) = W Since limy_, oo N™ (M) = 1, for any n € N and X € R*

(see [1]), we conclude that in the Euclidean limit the generalized Helgason inverse
Fourier transform (8.10) converges to the usual inverse Fourier transform in R”"
written in polar coordinates:

f(z) = 1 / +Oo FOOMAON gegn z, A € R”
S @nr o Je C ’
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Finally, Plancherel’s theorem (8.8) can be written as

/Rn’f(f” dpsa(®) = o /+Oo/8n1 k An(l Mooy € 61D

and therefore we have an isometry between the spaces L?(R™, dyu. ;) and L*(RT x
Sn—t, MZ—(;M dAd€). Applying the limit ¢ — +oo to (8.11), we recover
Plancherel’s theorem in R™:

/Rn!f(x)l o= o

9. HEAT KERNEL ASSOCIATED TO THE PROPER VELOCITY GYROGROUP

| FOE) P A1 de .

S§n—1

We consider the following initial value problem for the heat equation associated
to the generalized Laplace-Beltrami operator A, ;:

Oru(z, 1) = AL u(x, 7)
u(z,0) = f(z),

where (z,7) € R" x R*, f € C§°(R™), and u(z,t) is assumed to be C* and com-
pactly supported in the spatial variable for simplicity. Applying the generalized
Helgason—Fourier transform in the spatial variable and using Proposition 7.3, we
have

7> 0.

01N € 7) = = + Up — )3, €, 7)
u(X, &, 0) = f(\€)

Therefore, we obtain

A€ 7) = OIS T ).

Applying the inverse Helgason—Fourier transform and using Corollary 7.6, we get

u(z,7) = (pr * f)(),

where p, is given by applying the inversion formula (8.2)

pT(x):C”’t’Z/ Ty () (M) .
0

APPENDIX A: SPHERICAL HARMONICS

A spherical harmonic of degree & > 0 denoted by Y}, is the restriction to S"~*
of a homogeneous harmonic polynomial in R™. The set of all spherical harmonics
of degree k is denoted by H(S™'). This space is a finite-dimensional subspace of
L*(S™ 1), and we have the direct sum decomposition

Snl @% Snl

The following integrals are obtained from the generalization of Proposition 5.2
n [24].
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Lemma A.1. Let v € C,k € Ny, t € RY, and Y}, € Hp(S"1). Then

| () o

t
ok (W v+k v+k+1 n |z T
=2 (n/2)kX2F1< ) g Ty )Y’“<¥>’ (A1)

where x € R", (v); denotes the Pochhammer symbol, and do is the normalized
surface measure on S*1. In particular, when k = 0, we have

[ (ag) aoe =en (5. 55 1), (A2)

t

The Gauss hypergeometric function oF} is an analytic function for |z| < 1
defined by

> Q) b kzk

k=0
with ¢ ¢ —Ny. If Re(c —a —b) > 0 and ¢ ¢ —Nj, then there exists the limit
lim; ;- 9 F1(a,b; ¢;t) and equal to

I'(e)l'(c—a—Db)

oF1(a,b;c; 1) = Tle—aT(c—b)’ (A.3)
Some useful properties of this function are
oFi(a,bic;2) = (1 —2) "% F(c—a,c—bc2), (A.4)
oFi(a,b;c;2) = (1 — 2)"%F, (a, c—b;c z—il)’ (A.5)
d ab
EQFI(a,b;c;z)zngl(a—i—l,b—i—l;c—i— 1;2). (A.6)

APPENDIX B: JACOBI FUNCTIONS

The classical theory of Jacobi functions involves the parameters a, 5, A € C (see
[13], [14]). Here we introduce the additional parameter ¢ € RT since we develop
our hyperbolic harmonic analysis on a ball of arbitrary radius t. For «a, 8, A € C,
t € R, and a # —1,—2,..., we define the Jacobi transform as

400
T sg(M) = / 9(r) P (P () dir (B.1)

for all functions g defined on R* for which the integral (1B.1) is well defined. The
weight function w, s is given by

Wa p(r) = (2 sinh(r))m+1 (2 COSh(T)) Q’BH,

and the function 4,0&‘;’6 ) (r) denotes the Jacobi function which is defined as the even

C® function on R that equals 1 at 0 and satisfies the Jacobi differential equation

2

<% + ((2a+ 1) coth(r) + (284 1) tanh(r)) d% + () + (a+ B+ 1)2> 90(;;’5) (r) = 0.
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The function gof\?f’ﬁ ) (r) can be expressed as a hypergeometric function

gogff’ﬁ)(r):2F1<a+ﬁ+21+2)\t,a+5+21 Z)\t;
Since @E\i"ﬁ ) are even functions of At € C, then Japg(At) is an even function
of At. Inversion formulas for the Jacobi transform and a Paley—Wiener theorem
are found in [14]. We denote by C§%(R) the space of even C*°-functions with
compact support on R and by £ the space of even and entire functions g for

which there are positive constants A, and C,,,n = 0,1,2,..., such that, for all
AeCandalln=0,1,2,...,

|g(N)] < Cyn(1+[A]) el M,
where Im()) denotes the imaginary part of A.

Theorem B.1 ([14, p. 8] (Paley—Wiener theorem)). For all a, 5 € C with o #
—1,-2,..., the Jacobi transform is bijective from C§R(R) onto £.

a+1;— sinh2(r)>. (B.2)

The Jacobi transform can be inverted under some conditions (see [14]). Here
we only refer to the case used in this article.

Theorem B.2 ([14, p. 9]). Let o, 5 € R such that « > —1,a+ 3+ 1> 0. Then,
for every g € C§%R(R), we have

1 +o00 . -
= o /0 (Jas9) MRS (1) |ca s (M), (B.3)

where cq g(At) is the Harish-Chandra c-function associated to Jn 5(At) given by

) QeHAHIZINT (o + 1) (i)
Ca,B = @ i a— 7 '
F( +ﬁ+21+ )\t)r< B—;l—i— At)

g(r)

(B.4)

This theorem provides a generalization of Theorem 2.3 in [14] for arbitrary

t € R*. From [14] and considering ¢ € R* arbitrary, we have the following
asymptotic behavior of ¢%;° for Im()\) < 0:

lim o7 (r)el=NFatfelr — (). (B.5)

r—-+00
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