Banach J. Math. Anal. 12 (2018), no. 4, 1064-1083
https://doi.org/10.1215/17358787-2018-0012

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

WEAK BOUNDEDNESS OF OPERATOR-VALUED
BOCHNER-RIESZ MEANS FOR THE DUNKL TRANSFORM

MAOFA WANG, BANG XU,  and JIAN HU
Communicated by Q. Xu

ABSTRACT. We consider operator-valued Bochner—Riesz means with weight
function h2 under a finite reflection group for the Dunkl transform. We estab-
lish the maximal inequality of the weighted Hardy—Littlewood maximal func-
tion, and we apply it to the maximal inequality of operator-valued Bochner—
Riesz means BY(h2; f)(z) for § > A, = 41 + ijl k. Furthermore, we also
obtain the corresponding pointwise convergence theorem.

1. Introduction

Given k = (Ki,...,kq) € [0,00)¢ C R4, let
d
he(z) = [ I, 2= (21,22, 24) € RY (1.1)
j=1

For Borel sets E C R?, we write

meas, (E) := /E h2(z) da.

For 1 < p < oo, the operator-valued L,-space is defined with respect to the
measure h2(z) dz on R? and | - ||, denotes the norm of L,(R% h2; L,(M)) (see
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[19]). Let || - || and (-,-) denote the Euclidean norm and the Euclidean inner
product on R?, respectively. Put

2

! =/ R(y)e 2 dy
Rd

and

E(=iz,y) = Va[e " ](y),
where V,, : C(RY) — C(RY) is the Dunkl intertwining operator associated with
h2(z) and the reflection group Z¢. The Dunkl transform f of f € L;(R% h2:
Ly(M)) is defined by

~

flx) = cx 5 fW)E(—iz,y)hi(y) dy, zeR" (1.2)

Note that V; is the identity operator on R?. In this case, ]/t\iS the classical Fourier
transform. The Dunkl transform enjoys many properties similar to those of the
classical Fourier transform (see [3], [23], [24]).

Let M be a von Neumann algebra equipped with a normal semifinite faithful
trace 7. For f € Li(R% h2; L1(M)), we define

b  Jed WX W) dy
Jo P200) dy

We say that f, . is weak type (1,1) if there is a positive constant Cy such that for

any f € L1(R% h%; Li(M)) and any A > 0, there is a projection e € P(L(RY) ®
M) satisfying

Cill £k
=

Here P(A) denotes the set of all projections in A, A = Lo (R?) @ M. Also, we
say that f, . is of type (p,p) (p may be equal to co) if there is a positive constant
Cy such that for any f € L,(R% h%; L,(M)),

I K?
< G| fllsp-

K?p -

Vr >0, |lefrrelloo < A, and T® /eL <

+
[sup™ fr.x|
r>0

We first consider the weak (1,1)-boundedness and (p, p)-boundedness of f, ..
In the scalar-valued case, that is, replacing M by complex numbers C, C', and Cy
reduced to be the weak (1, 1)-boundedness and (p, p)-boundedness of the weighted
Hardy-Littlewood maximal function

_ qup L/ W)Iexn, ()i (y) dy
r>0 fBT(I) h2(y) dy ’

However, this maximal function seems to be unavailable for operator-valued func-
tions since we cannot compare any two matrices or operators, which is a source
of difficulty in noncommutative analysis. Junge [13], [14] successfully overcame
this obstacle by describing the interaction with operator space theory (see Sec-
tion 2 for the definition of maximal function in noncommutative analysis). In fact,

M f(x) z € R%
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Junge [13] formulated a noncommutative version of Doob’s maximal inequal-
ity using Pisier’s theory (see [18]) of vector-valued noncommutative L,-space.
Later, Junge and Xu [14] developed a fairly complex noncommutative version
of Marcinkiewicz’s interpolation theorem. As a consequence, they obtained the
noncommutative Dunford-Schwartz maximal ergodic inequality and the non-
commutative Stein’s maximal ergodic inequality (see [14]). Based on the pre-
ceding statement, Mei [17] studied the operator-valued Hardy-Littlewood max-
imal inequality in R?. He made use of the geometric property of R? to reduce
the Hardy—Littlewood maximal inequality to several operator-valued martingale
inequalities, which can be viewed as Junge’s noncommutative version of Doob’s
maximal inequality, or Cuculescu’s weak type (1,1) inequality for noncommu-
tative martingales. Chen, Xu, and Yin [2] exploited Mei’s inequality to prove
maximal inequalities associated with integrable rapidly decreasing functions. (We
refer the reader to [6]-[9], and [12] for more information on the development of
noncommutative harmonic analysis. We also refer to [1], [10], [11], [15], and [16],
which consider the boundedness of the associated operators.)
The operator-valued Bochner—Riesz means B, is defined by

0~

(1- ”j’%'g' ) T)Eaiz, y)hi(y) dy, @€ RY,

By ) = o [

lylI<R
where R > 0, § > —1, and f € L;(R% h%; Li(M)). The weak boundedness of
the operator-valued Bochner-Riesz means B, for the classical Fourier transform
was studied in [2]. In this article, we consider the weak boundedness of operator-
valued Bochner—Riesz means B for the Dunkl transform, which has applications
in physics for the analysis of quantum many-body systems of Calogero—Moser—
Sutherland type. From the mathematical analysis point of view, its importance
lies in that it generalizes the classical Fourier transform, and plays a similar role
as the Fourier transform in classical Fourier analysis.

This paper is organized as follows. In Section 2, we collect some prelimi-
naries which are needed in this article. In Section 3, we obtain the weak type
(1,1)-boundedness and type (p,p)-boundedness of operator-valued weighted
Hardy—-Littlewood maximal functions. The result can be stated as follows.

Theorem 1.1.

(i) For any f € Li(R% A2, Ly(M)), and X > 0, there is a projection e €
P(Loo(RY) @ M) satisfying

L CHme.

llefrrelloo <A forr >0, and T® /e 3

(i) We have that ||sup,~o frillkp < Collfllsp for any f € Ly(R% h2; L,(M)),
where p > 1.

In Section 4, we show the weak type (1,1)-boundedness and type (p,p)-
boundedness of operator-valued Bochner—Riesz means B (h?; f)(x) for § > A, :=
<1y 2?21 k;j, and we obtain the following result.
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Theorem 1.2.

(i) For § > A\, f € Li(R% A2 L1(M)), and X > 0, there exists a projection
e € P(Lso(RY) ® M) satisfying

HeB?g(hi,f)GHOO S A f07" R > 07 and TR /ei S CH{\‘HE,I
(ii) We have that || supfo BR(hZ; fllep < Cpllfllsp for any f € Ly(RY h2;
L,(M)), where p > 1.

b.a.u.

In Section 5, we show that B%(h%; f) == f as R — oo for 1 < p < oo and
f € L,(R% h2; L,(M)) for § > \,. The main result is the following.

I K?

Theorem 1.3. Let § > \,. For any f € L,(R% hZ; L,(M)), the following state-
ments hold:

(i) for 1 <p <2, B&(h%; f) — f (b.a.u.) as R — oo;

(ii) for 2 < p < oo, B4(h%; f) — f (a.u.) as R — oc.

Throughout the article we use the same letter C' to denote various positive
constants which may change at each occurrence. Variables indicating the depen-
dency of constants C' will often be specified in parentheses. We use the notation
X SYorY 2 X for nonnegative quantities X and Y to mean X < CY for
some inessential constant C' > 0. Similarly, we use the notation X ~ Y if both
X <Y and Y < X hold.

2. Preliminaries

Let M be a von Neumann algebra equipped with a normal semifinite faithful
trace 7. Denote the set of all positive z in M by S}, such that 7(supp(z)) < oo,
where supp(z) denotes the support of x, that is, the least projection e € M such
that ex = z (or ze = x). Let Sy be the linear span of S},. We define

lzll, = (T (1)) 7, Yz € Su,

where |2| = (z*z)2. The completion of (Suq, || - ||,) is denoted by L, (M), which
is the usual noncommutative L,-space associated with (M, 7). For convenience,
we usually set Lo (M) = M equipped with the operator norm || - || .

For 1 < p < oo, we define L,(M,l) to be the space of all sequences z =
(Zn)n>1 In L,(M) which admit a factorization of the following form. There exist
a,b € Ly,(M) and a bounded sequence y = (y,) C Loo(M) such that

Ty, = ay,b, n>1.
The norm of  in L,(M, {,) is given by

[1 1, (o) = mE{[lall2p Sup ([ | o] 1B]]2 }

where the infimum is taken over all factorizations of x as above.
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It is easy to see that L,(M, () is a Banach space with the norm || - ||z, A4,60)
and a positive sequence x = (x,) belongs to L,(M,{) if and only if there is
a € L; (M) such that z,, < a for all n. Moreover, in this case,

%] L, Mooy = Inf{[|all, : @ € L} (M) such that z,, < a,¥Vn > 1},

The norm of x in L,(M, () is conventionally denoted by || sup;s, 2, Note
that || sup,'s, @,||, is just a notation since sup,,~; z,, does not make any sense in
the noncommutative setting. We use this notation only for convenience.

The definition of L,(M, () can be extended to an arbitrary index set /. Then
L,(M,lx(I)) can be defined similarly as before. More precisely, L,(M, l(I))
consists of all families (x;);es in L,(M) which can be factorized as x; = ay;b with
a,b € Ly,(M) and a bounded family (y;)ier C Loo(M). The norm of (z;);e; in
L,(M,lx(I)) is defined as

inf {{|al2p sup [|y: [l Ib]l2p }

with the infimum running over all factorizations as above. As before, this norm
is also denoted by || sup;; 2|,

One can easily check that for any index set I and 1 < p < oo, a family (z;)er
in L,(M) belongs to L,(M, l (1)) if and only if

sup HsuerxiH < 00.
JCI,J is a finite set i€J p

If this is the case, then we have

Hsup*xi”p = sup Hsuerxin.
el JCI,J is a finite set i€J

We will present some necessary materials related to the Dunkl transform asso-
ciated with the reflection group Z¢ and the weight h?(x) given in (1.1). Our main
reference is [23], where materials on Dunkl analysis associated with general finite
reflection groups can also be found.

Recall that k = (ki,...,kd), K1,-..,%q¢ > 0 and the weight h%(z) in (1.1).
For 1 < j < d, let 0; denote the reflection with respect to the coordinate plane
x; = 0, that is,

_ d
xo; = (T1,...,Tj_1,—Tj, Tjs1,...,2q), T R

Let Z¢ denote the reflection group generated by the reflections o1, . . ., o4. Clearly,
Z¢ is an Abelian group, and the weight h,(z) is invariant under Z¢.
Define a family of difference operators E; by
Bif(z) = @)= faoy) g1 4
L

Let 0; denote the partial derivative with respect to the jth coordinate z;. The
Dunkl operators Dy ;, j = 1,...,d, with respect to the weight h?(z) and the
group Z¢ are defined by

D&j = 8j+/<ojEj, jzl,,d
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A remarkable property of these operators is that they mutually commute. We
denote by P? the space of homogeneous polynomials of degree n in d variables,
and we denote by II := II(R?) the C-algebra of polynomial functions on R
A fundamental result in Dunkl theory states that there exists a linear operator
Vi : 1% — 11 determined uniquely by

V.P?c P, Vi()=1, and D, ;V.=V.0, 1<i<d.

Such an operator is called the Dunkl intertwining operator.
For the weight function h2(z) and the reflection group Z¢, the following very
useful explicit formula for V,, was obtained in [25, Theorem 4.3]:

d
Vo f(z) = cn/ Pt wat) [[(+ )0 — 2y ae, (2.1)
[-1,1)4 j=1
where ¢, = H;l 1 \/(fézr ;, and if any k; is equal to zero, then the formula holds
under the limits
! 1 ~1
lime, [ g(t)(1—)"'dt = g +9(=1) )
pn—0 _1 2

In particular, the formula (2.1) extends V,; to a positive operator on the space of
continuous functions on R?. It should be pointed out that such an explicit formula
for V,, is available only in the case of Z4. In the case of a general reflection group,
a very deep result on the operator V,; is due to Rosler [20, Theorem 2.1], who,
among other things, proved that V, extends to a positive operator on C(R?). In
fact, the Dunkl transform associated with Z¢ and & is defined by (1.2) with

EH(_ixJ y) = Vﬂ[eii@’»](y)a €, Z/ € Rd'

For necessity, we recall some definitions. Given y € RY, the generalized trans-
lation operator f — 7, f is defined on Ly(R%; h2; Ly(M)) by

7, f(€) = Bu(—iy, ) F(€), €€ R%
For f € Ly(R% h2; Ly(M)) and g € L?(R% h2), the convolution is defined by

Fog@) = [ F@)ma W) . e R
where ¢¥(y) = g(—y). The following is cited from [21, Theorem 2.1].

Proposition 2.1. If f(z) = fo(||x|) is a continuous radial function in L*(R%; h?),
then for almost-everywhere y € R% and almost-everywhere v € R,

7y f (@) = Vi [fo(VIl2]? + Iyl = 2(z, ) ] ().

Let Au(R% Ly(M)) = {f € Li(RGA2 Li(M)) : f € Li(R%h2; Ly(M))
We have the following properties whose proof is similar to the argument of [2:
Section 3].

Proposition 2.2. Assume that f € A.(R% Li(M)) and that g € L*(R;h2) is
bounded. Then

)

)
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(i) the following inverse formula holds:
@) = e | F)Ealiz,y)h3(y) dy;
R

(i) Jpa 7y f(2)g(2)hi(2) do = [pa f(2)Tyg(x)hi(x) da;
(iil) 7y f(2) = 7 f(=y).

Proposition 2.3.

(i) Let f € L*R%h2) be radial and nonnegative. Then 7,f > 0, 7,f €
LY (R4 h?) and

/Rd 7y f (@) hi(x) do = 5 F(z)h(z) d.

(ii) The generalized translation operator T,, initially defined on the intersec-
tion of L' and L, can be extended to all radial functions in LP(R%; h?),
1 <p<2 and 7, : [F (R:AR2E) — LP(RY R2) ds a bounded operator,
where LY. ((R% h?) denotes the space of all radial functions in LP(RY; h?).
(iii) For any f € LL4(R% h2; Li(M)),

rad ) ok

/Rd Tyf($)hi($) dxr = y f(x)hi(;p) dr.

We see from Proposition 2.3 that the operator 7, can be extended to a bounded
operator on L ,(R%A2) (1 < p < oo). Also, it follows that the definition of

rad

[ *x g can be extended to all g € L? ,(R%h2) and f € Ly (R h2; L,y (M)) with
1 <p<2 and 213 + 1% = 1. The generalized convolution satisfies the following

basic property:
e g(§) = f(€)g(§). (2.2)
3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Before this, we recall Yeadon’s weak
type (1, 1) maximal ergodic inequality for semigroups, which is stated as follows.

Lemma 3.1. Let (1})i>0 be a semigroup of linear maps on M. Each (1) for
t > 0 satisfies the following properties:
(i) (Ty) is a contraction on M : | Tx||s < ||Z]leo for all z € M;
(i) (T3) is positive: Tx > 0 if x > 0;
(i) 7o T < 71:7(T(x)) < 7(x) for all z € Ly N M.
Let x € L (M). Then for any X\ > 0, there exists a projection e € M such that

eMy(x)e <\, forallt >0, and  T(e) < @,
where M, is defined as
1 t
M, = —/ T°ds, Vt>D0.
t Jo
Junge and Xu [14] proved the following quite complicated noncommutative
Marcinkiewicz’s theorem for L,(M; (o).
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Lemma 3.2. Let 1 < py < p; < oo, and let S = (S,)n>0 be a sequence of maps
from LI (M) + L} (M) into Lj (M). Assume that S is subadditive in the sense
that S, (z +y) < Sy(z) + Su(y) for alln € N. If S is of weak type (po,po) with
constant Cy and of weak type (p1,p1) with constant Cy, then for any po < p < p1,
S is of type (p,p) with constant C, satisfying

C, < Coic? (p—o - %)_2,

where 0 is determined by % = 11);00 + pil and C' 1s a universal constant.

With this interpolation result, Junge and Xu proved that there exists a constant
C, such that

[sup* (@), < Collall, Vo € L,(M). (3.1)

Moreover, if additionally each T; satisfies:
(iv) T; is symmetric relative to 7 : 7(T'(y)*x) = 7(y*Tx) for all z,y in the
intersection Lo(M) N M, then

Hsup+Tt H < Cpllzllp, VYa e L,(M),

with C), a constant depending only on p.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. (i) For any f € Li(R% h%; L;(M)). By decomposing [ =
fi = fo +i(fs — fa) with positive f; (j = 1,2,3,4), we can assume that f is
positive. Then we can define
Jea f@)TaxB, (y)R2(y) dy
fBT(x) hZ(y) dy 7

where B,(z) :={y e R?: ||Jz —y|| < r} denotes the ball centered at x € R? with

fr,n( ) -

radius r > 0 and V,(z) := meas,(B,( fB 2)dz, r > 0, z € R% Let
o =d+ 2|k| + 1, and define for j > 0, Bm = {a: 2 = 17“ < |lz|] < 2797}, where
k| = Z;l:l Kj, k= (K1,...,kKq). First we recall the Poisson kernel
£
P(z) = cip——,
A = Tl
dF(|H|+*

where ¢y, = 2113 . We claim that f %, P, is weak (1,1). By using the

Dunkl transforms of the Poisson kernel and the heat kernel, we deduce that

t2
[ e Pi(w f* gs)(x)e = s =3 ds,
\/27T

JIE3

where q,(z) = (2t)"("2)e="5 . Recall that the heat-diffusion semigroup on R¢
is given by T'g = g *, q;, Where g is a Schwartz function on RY. If we consider
the heat-diffusion semigroup on L. (R?) ® M given by S! = T? ® idy, then it
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is obvious that (S%);>¢ satisfies Lemma 3.1(i)—(iii). Hence, for any A > 0, there
exists a projection e € P(A) such that

eMi(fle <\, Vit>0, and T®/€J‘ < ||f/|\|n,1’

where

0

A straightforward calculation shows that ||s¢’(s)|[1 < co. Hence, by Lemma 3.1,
for any A > 0 there exists a projection e € Lo (R%) ® M such that

sup [[ef # Prello < ||s¢(s)|], sup||eM,(fe|| , < A
t>0 t>0

and

1 < Hf”ff,l
T®/e STy

Now it suffices to prove that f, , can be controlled by the Poisson integral. Note
that

xs,,(Yy) = 277r)7 - (2797) 7 xz, ,(y)

2 Iy
(2772 + |lyl?)2
< C(277r) 7 Py (y), (3.2)

<C@7r)7t

XBr,j (y)

where (' is a constant independent of r and j. Since x g, and P. are both bounded
integrable radial functions, due to (3.2), it follows from Proposition 2.3 that

TaXB,, (y) < C(277)7 7 Py (y)-
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This shows that for any positive integer m,

m

/Rd 1) ZTIXBr,j(y)hi(y) dy < C

Jj=0

NE

277! y f )T Poi, (y) B2 (y) dy

<.
Il
o

NE

C (27jr>071f *K PQ*jr(x)'

<.
I
o

Note that > xs,;(y) converges to xp,(y) in L'(R% h7). Then the bounded-
ness of 7, on L. ,(R% h2) shows that > i TeXB,,; (y) converges to 7,xp,(y) in

L (R4 h%). By passing to a subsequence, if necessary, we can assume that

> =0 XB,,;(y) converges to xp,(y) for almost every y. Thus all the functions
involved are uniformly bounded by 7,xp,(y). This shows that »7" 7.xs,,(y)

converges to 7,y g, (y) in LY |

(R4; h?). Consequently, we have

lim | S Z X, W) dy = | F©)7exs, (W) dy.
m o0 R
Thus we obtain that

Frw S C Y (27)77 % Posy ().
§=0
However, we have shown that for any A > 0, there exists a projection

e € Loo(RY) ® M

such that, for any r > 0,

lef %o Prells S A and T®/6L < ||fﬂﬁ,1.

Therefore, we infer that

SUIO) Hefr,nenoo <C E (27].) SUP lef *x Pa-irelloc S
r> X
Jj=0

ol
T®/€ STy

(ii) If instead of using Yeadon’s inequality we use Junge and Xu'’s inequality
(3.1), then, in the same spirit, we can deduce that for 1 < p < oo, there exists an
absolute constant C),, > 0 such that

and

Coll Fllss

+
HSUp fT7K’HK]p —
r>0

which finishes the proof of Theorem 1.1. 0
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Remark 3.3. Indeed, Theorem 1.1 also holds for general reflection groups on R¢
in the noncommutative setting. But in this article, we only consider the operator-
valued Bochner-Riesz means under the group Z¢. Therefore, we do not include
the proof for the case of general reflection groups here.

The Hardy-Littlewood maximal function can be used to study the maximal
estimate of f %, ¢. under certain conditions on ¢, where

A (RY) = {Q/Z;E L'(R% h2(x)) : ¢ € L' (R hj(2)) }.

Theorem 3.4. Let ¢ € A.(R?) be a real-valued radial function which satisfies

|6(z)] < (1 + [|l=]) M

Let ¢e(s) = o @(2) for s € RY and € > 0. Then we have the following.
(i) If f € Ly(R% h%; Li(M)), then for any o > 0, there exists a projection

) K

e € P(A) such that

e>0

sup||e(f *. ¢e)e|| . < and T®/ L<C’||f||'“.

(i) If 1 < p < oo, then

||Seup+f *x QbsH <C Hf”filh feL (Rd hZ L <M>)7

K,p — ) K?

where A, (R?) = {(be LR k2 (x)) : ¢ € LY(RY; h2(x))}.

Proof. First we prove part (i). Let f € Li(R% h2; L1(M)). We assume without
loss of generality that f is positive. On the other hand, it is easy to reduce the
problem to the case when ¢ is positive too. Indeed, by decomposing ¢ into its real
and imaginary parts, we need only consider each part separately. Since f > 0, we
have

f s Re(9e) < f o [Re(9e)| < f #i |0
This gives the announced reduction. Thus in the sequel, we assume that ¢ > 0.
Given a function f € Li(R% h2;L;(M)) and a cube Q € R? centered at x and

) K

with sides parallel to the axes, we put

fale |Q|/f iy

Let Iy = [-1,1]%, and let I; = {t € R?: 2971 < |[¢| < 27} for j = 1,2,.... Also,
let [; = [—27,27] and

= Z ¢(y)X2j*1§||yH§2j (y).
§=0

Then we obtain

m

7o () TaX2i- 1< yl1<20 (1)) < 02(1 +2) P X gy <2 (1),
j=0 j=0
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which implies that

FEY) Y me(d(y)xo1<py<2 (1) R (y) dy

<ed (14+2)2 N fey)ma(Xam << (1)) h2(y) dy

0 R?
<c 2(1—1—21 e 1/ f(ey) Tm(XQJ 1<||y||<2](y>)h2(y) dy

Jga [ ey Txxf( )hQ(y) dy

i)

S Z(1+2j) —2Ax —1(2] 2k

<CY (2 ().

Since ¢(y) < (1 + ||yl|)"2*1 < ePi(y), we infer that 7,¢0(y) < 7.Pi(y) is
bounded. Arguing as in Theorem 3.4, we can show that the left-hand side of
the above inequality converges to f *, ¢.. Note that Theorem 1.1 remains true
with balls replaced by cubes. Thus we obtain that for any o > 0, there exists a
projection e € P(A) such that

supH (f *x &c)e o < C’Z sup lle -7, oo S

e>0

and

ro ot ol

a
Now we prove part (ii). It is clear that the map f — f *, ¢. is of type (oo, 00)

with constant ||¢||x1. On the other hand, since we have assumed that ¢ > 0,
we obtain that f %, ¢. > 0, for f > 0. Thus by the interpolation theorem
(see Lemma 3.2), we deduce the desired (p, p)-type maximal inequality, that is,
part (ii). O
4. Proof of Theorem 1.2

Recall that the Bochner—Riesz means of order ¢ of f € Li(R% h2; L1(M)) are

defined by
Byt N(w) = | FOE(iz, P (RN g, R >0,
R

where ®°(z) := (1 — ||z[|?)%.. It is known that @(w) = ¢°(z), where

o (x) = 2%l 7072, spn (2]) = 6™ (llll)-

Here J, denotes the Bessel function of the first kind. Since ¢°(x) is radial, we
have ¢°(z) = ®°(x).
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Lemma 4.1. Let ¢%(x) := R 63 (Re) for R > 0. Then &%(€) = 65 (R™1€) =
().
Proof. By the definition of ¢%(x), t = Ry, and the properties of E,(x,y), we have

(€)= / (i€, )50 2 () dy

B (—i&,y)R**1¢° (Ry)hi(y) dy

g\

/ B, (=i€, ) ()2 (1)t
/Rm z—wé() 2(t)dr

() u

Remark 4.2. Using Lemma 4.1, the inverse formula, and (2.2), we obtain that
Bi(hy; () = e | FO)Euliz, 0 (RIEH(E) dS
| T Bz, O0(em(©) de

. / (o SR Enlin, )2(6) d

The following lemma is cited from [24, Lemma 4.3].

Lemma 4.3.
(i) For each a € R, z=*J,(2) is an even entire function of z € C and

d —a _ —o
%[2 Jo(2)] = =27 Jau1(2).

(ii) For each a € R,
‘x_aja(x)‘ < C(l + |x|)_a_§,
where J, denotes the Bessel function of the first kind.

If f € S(RY%Li(M)), then we can define the spherical mean operator on
S (R% Li(M)) by

5.4 = == [ maf@Iw) duly)

Wd-1

where S denotes the Schwartz class, dw is the usual measure on S¢ ', and wy_;
is its total mass.

The generalized convolution of f with a radial function can be expressed in
terms of the spherical means S,f. In fact, if f € S(R?% L;(M)) and g(z) =
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go(||x]]) is an integrable radial function, then, using the spherical-polar coordi-
nates and Proposition 2.2, we have

(f *x 9)(z) = 5 W) mag” ()i (y) dy
= [ @) dy
_ 007,2>w r . flx 2/ / r
| ) [ m@izon

= w1 /OOO S, (f)go(r)r® dr.

We also need the following lemma.

Lemma 4.4. Let G = Z4, and let ¢(z) = ¢o(||z||) € L*(RY, h?) be a radial func-
tion. Assume that ¢g is differentiable, hmr_m ¢o(r) =0, f e Ll(]Rd h%; Li(M)),
(§

and [;° r?Heh(r)| dr < 0o. Let ¢(s) = —md(2) for s € RY and e > 0. Then
we have the following.

(i) Let f € Li(R%; h%; Li(M)). Then for any o > 0, there exists a projection
e € P(A) such that

sup” (f *x &c) || < and T®/ L<C'”f||"il

e>0

(ii) Let 1 <p < oo. Then

Hsgg*f tn Ocl| < Collflleps [ € Lp(RY A2; Ly(M)).

K,p — Y K7

Proof. (i) Let f € S (R%; L1(M)). By an argument similar to that in Theorem 3.4,
we can assume that f and ¢ are positive. By definition of the spherical means
Sif, we can write

_ Jo P Sif () dt

fr,ﬁ for t2/\“ dt

The assumption on ¢q implies that
im on(r) | Suf (@) di = lim on(r) [ 7 f(@E(y) dy
T—00 0 r—00 R4
= lim ¢o(r) | f(x)h(y)dy
R4

r—00

=0.

Therefore, using the spherical-polar coordinates and integrating by parts, we get

(F 5000 = = [ mul @) (L) dy

1 (e.)
= wd16d+—2,€/0 Sy (f)(@) o (g)rz’\” dr
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:wdlﬁfoo ¢o<f)d/rt%”5’t(f)($) dt
—wy 1 d+2|n/ / 2% S, (f)(x) dt = ¢0< >

Wi 22 +1 4
- 2>\R+1/0 fz—:R,/{R (bO(R) dR

Hence, using Theorem 1.1, for any o > 0, there exists a projection e € P(A) such

that
[ £l
a )

sup leferello < and T®/el <(C

which implies that

Wd—-1
2. +1

ro ot <ol

(ii) The proof of part (ii) is by the interpolation theorem (see Lemma 3.2),
where we deduce the desired (p, p)-type maximal inequality. We thus complete
the proof of the lemma. O

sup|le(f *. ¢c)e|| . < sup|le(forn)e] / R*+1¢0(R)dR < o
e>0 e>0 0

and

Proof of Theorem 1.2. Note that ¢(z) satisfies the conditions of Lemma 4.4. Then
we obtain the weak type (1, 1) and (p, p) type of the Bochner—Riesz means. Indeed,
since

# () = 22 50 s (lel) = 6 (lall). for > A,

it is easy to see that ¢°(r) is radial and lim,_,, ¢*°(r) = 0. Due to Lemma 4.3,
we infer that

S (1) = 2o ),
Note that J,(r) = O(r~2). Then we obtain that

et N —5-1 1
r r J,\n+5+2( r) < Cré_t'_l_)\ﬁ'

Therefore, the proof of Theorem 1.2 is complete. 0

5. Proof of Theorem 1.3

Recall the noncommutative version of the almost-everywhere convergence. Let
M be a von Neumann algebra equipped with a semifinite normal faithful trace 7.
Let z,,x € Lo(M). Then

(i) (x,) is said to converge bilaterally almost uniformly (b.a.u. for short) to
x if for every € > 0, there is a projection e € M such that

T(eh) <e and lim He(:pn — :E)eHOO =0;
n—oo
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(ii) (x,) is said to converge almost uniformly (a.u. for short) to x if for every
e > 0, there is a projection e € M such that

m(et) < e and lim ||(z, — x)e|| _ = 0.

n—00 o

Obviously, z, == z implies x,, Dau, o In the commutative case, both con-
vergences in the definition above are equivalent to the usual almost-everywhere
convergence by virtue of Egorov’s theorem. However they are different in the non-
commutative case. Similarly, we can introduce these notions of convergence for
functions with values in Lo(M) and for nets in Lo(M).

Recall that the map x — 2P (1 < p < 2) is convex on the positive cone M,
of M. Thus, for f € L,(L(R¢® M)) (1 < p <2), we get

/ If| dt < (/ |f|pdt>;, VA CRY |A| = 1.
A A
By iterating this inequality, we obtain the following lemma.

Lemma 5.1 ([17, Lemma 3.5]). If f € L,(Lo(R?® M)), 1 < p < co,then

/|f|dt< /|f|pdt , VACR?Y|Al=1. (5.1)

Recall also that for any bounded linear operators a,b on a Hilbert space H,
where a is positive and ||b|| < 1, if 7" is an operator monotone function defined

for positive operators (e.g., T'(a) = a%,p > 1), then
b*T'(a)b < T(b*ab).

This is the so-called Hansen’s inequality (see [5, Theorem 2.1]). In particular, we
have

brab < (b*aPb)>. (5.2)

We also need the following lemma whose proof can be done by imitating the
classical proof in [22].

Lemma 5.2 ([22, Theorem 1.2.19]). If f € L,(R% k2L, (M)), 1 < p < o0,
moreover, for f € Co(RY) @ M, p= o0, and § > )., then

HB};(hi; f) - f||ﬁ7p —0, as R— oc.

Proof of Theorem 1.5. (i) Without loss of generality, we can assume that f is
self-adjoint. For any given f € L,(R% h2; L,(M)) and € > 0, we choose g, =
> i PrTy, Where zp € SXA and ¢y : R? — C are continuous functions with
compact support, such that

1\re
115 = gallly = 15 = 9all2 < (57) 5 (5.3)
Choose i ,, € P(Lso(R?) ® M) such that

1
||€in|f _gn|peinHLm(Rd)®M < <§>Z) and T®/(ein)l < 2_n
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T®/(e§)l <e.

Hei(gn - f)emLoo(Rd)@M SHeﬂg" - fleiHLoo(Rd)®M

3 g __ g
Taking ef = A\, €] ,,, we have

And by using (5.2),

1

<[klon — S} oo
1

<2_n’ n 2 L.

On the other hand, using (5.3) and Theorem 1.2, we can find a sequence
(€5.0)n € P(Los(RY) ® M) such that

1\»
65 BB lgn = F1) 5l orone < (57) (5.4)

Let e5 = A\, €3,,- Then we have

7'®/(e§)l < €.

By (5.1), (5.2), and (5.4), we obtain that
e (4% o
< He2nB(S (h2 |gn f’ 62n||Loo (RHYQM

< [|€5,0 (BR(hii lgn = f17)¥ )eanLm(Rd) M

< |5 B (R |gn — f|p)e2,n”zo@(Rd)®M

f)es H Leoo(R)QM

1
< —, VYn>0.
271,7 n_

Using Lemma 5.2, we have
. 5 (12, _
Jim [| By(hg; gn)

g"HLoo(]Rd)®M =0, Vn>1.

Set e® = e] A e5. Then we obtain that

T® /(65)L < 2e.

€8HLOO (R)QM

Hence, we deduce that
e (Br(hi: f) -
< [le*(9n = D[l arone 1€ (BrAE 9 = 90)) €| mayene
+ He (B(; (h%; gn) — By r(he: f )e HLOO(Rd)&M

S ||€1 gn_ elHLoo Rd ®M+HBR h2;gn)_g"”Lm(Rd)®M
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+ 2 (Br(hi: gn) — Br(his 1)) esll 1 mayom
3

< —.
= on

Thus we have
z%ii%olles(B%(hi; f)— f)66||Loo(Rd)®M =0.

This completes the proof of (i).
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(ii) The proof of (i) works well for part (ii) of the theorem with some minor
changes. Let g, and €5, €5, e be as above. Since p > 2, by (5.1) and (5.2), we

obtain that
65 (9 = £y orone = €519 = £ 12 s

< 1leflgn = P E - maron
< 2in Vn > 1,

and also

¢ (BR(h2: 9a) = Bz, ), oy

= (65| B2 90) — BROZ LS o

< (||lesBR(h2, 19 — f|2>6§HLoo(Rd)®M)%

< (llesBr (. lgn = FI7)es |, _ ayond)

1
<, VYn>1
on =

3=

Hence, as in the proof of (i), we can complete the proof.
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