Banach J. Math. Anal. 12 (2018), no. 2, 497-514
https://doi.org/10.1215/17358787-2017-0059

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

EXTRAPOLATION THEOREMS
FOR (p, q)-FACTORABLE OPERATORS

ORLANDO GALDAMES-BRAVO
Communicated by C. Badea

ABSTRACT. The operator ideal of (p, g)-factorable operators can be character-
ized as the class of operators that factors through the embedding Lq,(,u) —
LP?(u) for a finite measure u, where p,q € [1,00) are such that 1/p+1/q > 1.
We prove that this operator ideal is included into a Banach operator ideal
characterized by means of factorizations through rth and sth power factorable
operators, for suitable r,s € [1,00). Thus, they also factor through a posi-
tive map L®(my)* — L"(mg), where my and mgy are vector measures. We use
the properties of the spaces of u-integrable functions with respect to a vector
measure and the uth power factorable operators to obtain a characterization
of (p,q)-factorable operators and conditions under which a (p,q)-factorable
operator is r-summing for r € [1, p].

1. INTRODUCTION

The class of p-factorable operators (denoted by £,) was introduced by Kwapien
in [10], who discovered the following relation between such operators and the
p'-dominated operators, that is, £y = Dy. The equality L; = Dy, involv-
ing the generalization to the (p,q) case of the previous classes, is also known.
Moreover, (p,q)-dominated operators can be characterized as the product of p-
and ¢-summing operators, that is, D, = II, o II" (see [5, Theorem 19.3]).
Maurey [12] also studied the class of operators that factor through LP-spaces of

a finite measure, providing an extrapolation theorem for p-summing operators
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which establishes, in one of its versions, that II,(X,Y) = IL(X,Y) for every
r € [1,p], provided that IL,(X, ) = IL(X,¢?) for some 1 < r < p < oo and
that X is a Banach space (see [6, Theorem 3.17]). From this result, it is easy to
deduce a corollary for (p, ¢)-factorable operators. For instance, if 1 < r < p < oo,
1 <s<q< oo, Ha(X, 07) = Iy(X,¢"), and Ty (X, ¢*) = M (X, ¢*), then
L,,(X.Y)=L,(X,Y). Another extrapolation result follows from the Maurey—
Rosenthal theorem (see, e.g., [4, Corollaries 2-5]). In this case, if 1/p+1/q > 1,
r < p,and s < ¢, and if X and Y are, respectively, r’-convex and s-concave
Banach lattices, then any positive (p, ¢)-factorable operator is (r, s)-factorable.

As far as we know, there is no known connection between p-factorable and pth
power factorable operators in the literature. Our aim in this article is to estab-
lish such a connection and to obtain applications to the class of (p, ¢)-factorable
operators. To be precise, we provide a number of extrapolation results for (p, ¢)-
factorable operators via a new Banach operator ideal that can be characterized
by means of factorizations through L"-spaces of vector measures. After that, our
technique allows us to factor the involved operators through L"-spaces of scalar
measures.

We have organized the paper as follows. After the preliminary Section 2, we
introduce the class of operators that factor through pth power factorable operators
in Section 3. The class of pth power factorable operators was first defined in
[15, Chapter 5] and generalized in [9, Lemma 3.3]. These operators have two
main properties. First, every pth power factorable operator factors through an
LP-space of a vector measure (see, e.g., [15, Theorem 4.14], [9], [8]). Second, every
pth power factorable operator is rth power factorable for every r € [1,p] (see
[15, Section 2]). These two properties play a key role in our main results. Finally,
in Section 4, we prove that this class is in fact a Banach operator ideal. Then
we apply several results related to the compactness and convexity-concavity of
the operators involved to obtain extrapolation theorems on the Banach ideal of
(p, q)-factorable operators.

2. NOTATION AND PRELIMINARIES

Throughout the paper, we use standard notation of real Banach spaces and
consider only linear and continuous operators. Let X be a Banach space. The
unit ball is denoted by Bx, and the topological dual is denoted by X*. Given
a Banach space Y, the Banach space of linear and continuous operators from
X into Y with the usual norm is denoted by £(X,Y), and we understand that
T € L(X,Y) implies that T* € L(Y*, X*). The isometric embedding of a Banach
space into its bidual spaces is denoted by kx: X < X**. Let (2,3, u) be a
positive finite measure space. The space of classes of measurable functions equal
almost everywhere with respect to u is denoted by L°(u). Let A € X; hence
xa € L°(u1) denotes the characteristic function. A Banach function space (BFS
for short) over u is a Banach space Z(p) continuously embedded into L°(u) and
satisfying the following.

(i) (Ideal property). If g € Z(n) and |f| < |g| (f € L°(n)), then f € Z(p)
and || fll 2.y < N9l 2
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(ii) For every A € ¥, x4 € Z(1).
Observe that L>(u) C Z(u) C L*(p), since u is assumed to be finite. The Kothe
dual space is denoted by Z(u)’, that is, the BFS of all integral functionals of the
topological dual Z(u)*.

A BFS Z(p) is called o-order continuous or simply order continuous (OC for
short) if, for every sequence of functions (f;), € Z(p)" such that f; | 0, we have
1fill 4y + O (note that o-OC and OC coincide in BFS; see [15, Remark 2.5]).
A BFS Z(p) is called o-Fatou or simply Fatou if, for every sequence of functions
(f); € Z(p)* such that f; t f € L(u) and sup, 1fill 2y < 00, we have f € Z(u)
and || fill 5y T 1 fll 5~ The main characterizations of these properties are that
a BFS Z(u) is OC if and only if Z(u)* = Z(p)', and it is Fatou if and only
if Z(pn)” = Z(p). Recall that every BFS is a Banach lattice with the pointwise
order. Let X be a Banach lattice, let V' be a Banach space, and let p € [1, 00).
An operator R € L(V, X) is called p-convez if there exists a constant K > 0 such

that ) )
[ ms) ] = ()™
=1 i=1

for every choice of vy,...,v, € V. An operator S € L(X,V) is called p-concave
if there exists a constant K > 0 such that

" 1/p - 1/p
(S swly) ™ < K| (X lwil)
=1 =1

for every choice of x1,...,x, € X. In the case where V = X, and R and S are the
identity maps, we say that X is p-conver and p-concave, respectively. All these
definitions and results can be found in [11].

We note the following more specific terminology. Let 0 < p < oo, and let Z(u)
be a BFS. We call the pth power space (sometimes called the (1/p)th power space)
of Z(u), the space

)
X

Z(w)y = {f € Lo(w) : |fI'7 € Z(w)},

equipped with the quasinorm HfHZ(“)[p] = H]f|1/pHZ(M). If Z(u) is p-convex,

=

then Z(u)) is a BES if and only if the constant of p-convexity is 1 (see [15,
Proposition 2.23(iii)]). As a main property, it satisfies the inclusion Z(u) C
Z(1)p € Z(u)g for 1 < p < ¢ < oo, keeping in mind the fact that p is
finite (see [15, Proposition 2.22]). Let Z(u) be an OC BFS, let X be a Banach
space, and let 1 < p < oo. We say that T' € L(Z(u), X) is pth power fac-
torable if there exists a continuous linear operator Ty, : Z(u)p — X such that
Tjy is a linear extension of T', that is, T' = T}, o i), where i[, denotes the
inclusion Z(p) € Z(p)p (see [15, Definition 5.1]). Let X and Y be Banach
spaces. The class of all pth power factorable operators in £(Z(u),Y) is denoted
by Fp(Z(1),Y), and we denote by FM(X,Z(u)) the class of all operators
R € L(X,Z(n)) such that R* € F (Z(p)*, X*). We will use the following two
characterizations. We say that S € L(Z(u),Y™) is pth power factorable if and
only if there is some K > 0 such that ||Sf]y.. < KHfHZ(H)[p] for all f € Z(u)
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or, equivalently, |(f,S*y™")[ < Klly™*||y-)-

and every f € Z(u). Now assume that Z(u) has an OC dual space. Then given
R € L(X,Z(p)), we say that R* is qth power factorable if and only if there is
some K > 0 such that [(Rz,g)| < K]|x||X||gH(Z(H),)[q] for every x € X and every
g€ Z(ny = Z(u)"

Regarding vector measures, let X be a Banach space, and let m: ¥ — X be a
(countably additive) vector (space-valued) measure. For each z* € X*, we define
the following scalar measure as (m, z*)(A) := (m(A), z*). The space L°(m) is the
space of ||m|| almost everywhere classes of real functions, where ||m|| is the semi-
variation of m. It is said that a function f € L°(m) is m-integrable if it satisfies
the following.

f||Z(M)[p] for every y*** e (Y**)*

(i) For each z* € X*, f € L'(|(m,z*)|).
(ii) For each A € X, there is a unique vector denoted by [, fdm € X such
that ([, fdm,z*) = [, fd(m,z*) for all 2* € X*.

A Rybakov measure for m is any control measure of m, that is, a scalar
measure f: X — [0,00) such that ||m| < p < ||m||. Such a measure has
the form |(m,x*)| for some z* € X* (see [7, Section IX.2] for more details
on these measures). The space of (equivalence classes of) m-integrable func-
tions is denoted by L'(m), which is a BFS over any Rybakov measure with
norm || f|[ 114, = SUPs-ep,. Jo 1f1d[{m, z*)|. Note that LP(m) = L'(m)p ) and
that L'(m) = LP(m)y). The space LP(m) is p-convex and LP(m) C L'(m).
The integration map associated to a vector measure m: > — X is denoted
by I,,: L'(m) — X, and its restriction to the subspaces LP(m) is denoted by

I, Observe that, for every vector measure, we have that ]| = 1 (see [15,
(3.99)]). If Z(p) is an OC BFS, X is a Banach space, and T' € £(Z(u), X), then
the expression mq(A) := T'(xa), for A € ¥, defines a vector measure such that
|{mrp, 2*)| < mpr < pfor all * € X*. Moreover, we always have the factorization
T: Z(p) A LY(m7) Iy x , where [i] denotes the inclusion/quotient map (see,
e.g., [2]) and satisfies that ||[i]|| = ||7']|. We can find all these definitions and
results in [7] and [15].

The definition of the operator ideal of (p, ¢)-factorable operators, denoted by
L, ., can be found in [5, Section 17.10]. Here we give a characterization. Let X
and Y be Banach spaces, and let p,q € [1,00) be such that 1/p + 1/q > 1,

T € L(X,Y) is (p,q)-factorable if there exists a factorization ky o T: X LS

L9 () =N LP(p) 5 v*, where f is a finite measure and I is the natural inclusion.
The norm is given by vy, ,(T) := inf | R||||]|||.S]|, where the infimum is taken over
all such factorizations. In the case where we include the norm, it is denoted
by [£,4, ¢ (see [5, Theorem 8.11]). We have that £, C L, , is satisfied when
I1<r<p<ooand 1l <s <g < oo. The ideal of p-integral operators, denoted
by [Z,,p], is characterized by the (p, 1)-factorable operators, that is, Z, = L, .
Recall that every p-integrable operator is p-summing, a class which is denoted
by [II,,7,]. General information regarding the theory of operator ideals can be
found in [5], [6], and [16].
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3. FACTORIZATION THROUGH pTH POWER FACTORABLE OPERATORS

In this section, we define the class of F, ,-factorable operators and obtain the
first characterizations and properties of this class. Note that pth power factoriza-
tion makes sense only when it is defined over an OC BF'S of finite measure, but
the codomain is open to be any vector space. We have used this fact to define our
class, that is, Banach operators that factor through a BFS that satisfies order con-
tinuity and Fatou conditions. Despite the fact that such conditions are restrictive,
there are several operator ideals characterized by means of factorizations through
BFS’s with these conditions. For example, p-nuclear operators factor through an
(P space, p-factorable operators factor through LP-spaces over finite measures,
and certain (g, p)-summing operators factor through Lorentz spaces. The class
of operators that factor through an OC and Fatou BFS with OC dual space is
clearly an operator ideal with the usual norm. We focus our study on a subclass
of this operator ideal, defined by means of conditions of pth power factorization
for the operators involved. We will see that this class is in fact a Banach operator
ideal that has applications to the study of (p, ¢)-factorable operators.

Definition 3.1. Let 1 < p,q < 0o, let X and Y be Banach spaces, and let T' €
L(X,Y). We say that T is F,, ,-factorable if there exist a finite measure p, an OC
and Fatou BFS Z(u) with OC dual space, and two operators R € Fi"* (X, Z(p))
and S € F,(Z(n),Y™) such that ky oT = So R.

From now on, unless otherwise specified, X and Y will be Banach spaces. Let
1 < p,q < co. We denote by F,,(X,Y) the class of all F, ,-factorable operators
in £(X,Y), endowed with the norm (justified in the following section) defined as
©pq(T) :=1inf ||S||||R||, where the infimum is taken over all operators R and S as
in the definition above. Throughout this section, we assume that [F,,, ¢,4) is a
normed operator ideal.

Remark 3.2. Suppose that T € L(X,Y) factors through a BFS. Then T is
JFi 1-factorable since every continuous operator (between the suitable spaces) is
1st power factorable. Observe that we do not need an extension to the 1st power
space, so we do not need the order continuity or Fatou conditions. For exam-
ple, the class of the F -factorable operators includes all the p-factorable and
p-integrable operators for every p € [1,00). The Fatou condition is required to
obtain a commutative diagram as in the following remark. For instance, F, ;-
factorization does not require the BF'S in the factorization to be Fatou.

Remark 3.3. From the canonical factorizations of pth power factorable operators
(see [15, Section 5.2]), and taking into account the fact that Z () and Z(u)* are
OC and Z(u) is Fatou, we deduce the following two factorization schemes:

Y

((R*)[q])*okx)f \ / ]*;p] (3.1)
(Z(n))) — 20y

T y¢ ky

R S

Ta] (o]
Nig)— Z(W)" = Z(p)— Z(1)pp
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where ji and if, are continuous inclusions. Observe that the order continuity
of Z(p) and Z(p)* implies that Z(u)* = Z(p)" and also Z(u)™ = (Z(n)*)* =
(Z(p)')* = Z(u)". Thus, Fatou and reflexive are the same for Z(u). This allows
us to identify the operator R with the composition R** o kx. In consequence,
the diagram makes sense. Moreover, if Z(u) is OC, then so is Z(u)y (see [15,
Lemma 2.21(ii)]). Thus ((Z()")q)* = ((Z(0))q)"

The factorization scheme above is equivalent to the following one (see [9,
Lemma 3.3]):

k}y oT

/ \ / \ (32)

LY (mpg-) g[ﬂ (mpg)* —>Lp (ms) (—>L1 (mg)

where 7, denotes the canonical inclusion. Recall that every pth power factorable
operator is rth power factorable for every r € [1,p]. As a result, T' factors through
L"(my) for r € [1,p].

Let us prove that [F,,, ¢, is a Banach operator ideal. The proof is quite
standard just following the guidelines of [6, Theorem 5.2].

Theorem 3.4. Let 1 < p,q < o0, and let Xy, X, Yy, and Y be Banach spaces.
Then we have the following.

(1) Fpq(X,Y) is a linear subspace of L(X,Y') containing all the finite-rank
operators of L(X,Y). Moreover, ¢,, is a Banach space norm on
Foo( X, Y), and ||T|| < ¢pq(T) for all T € F, (X, Y).

(ii) The composition of an F,,-factorable operator with any operator is F, 4-
factorable. More formally, if T € F,,(X.Y), G € L(Xo,X) and F €
L(Y,Yy), then FTG € F,o(X,Y) and pq(FTG) < [[F|lgpq(D G-

Proof. (i) The definition of ¢, , ensures that ||T|| < ¢,,(T), for every T €
Fpqg(X,Y). Let 2 € X* and yp € Y. A trivial factorization of the finite-rank
operator F(z) = (z,x{)yo (x € X) is given by the operators S; € L(R,Y)
defined as Si(t) := typ and Ry € L(X,R) defined as Ry (z) := (z,x§). It provides
the first part of the first statement as follows. Observe that R can by identi-
fied with the BFS L*(v) (1 < s < oo) by just taking € as the singleton set
with the trivial o-algebra and having v be the trivial probability measure. Since
R (t) = tzf, we have that such an operator and ky o Sy (see [15, Lemma 5.4]) are
both rth power factorable for every r € [1,00). Clearly ky o F' = ky 0 S1 0 R, and
enaF) < IRy o Sl = Il - ol

Since axioms of normed space are easy to verify, let us show completeness. It
is enough to show that absolutely convergent series converge. Accordingly, let
(T7);, € Fpq(X,Y) be a sequence for which >, ¢, ,(T;) < oo. We immediately
have Y. ||Ti|| < oo, so >, T; converges, say, to ' € L(X,Y). We are going to
prove that T' € F, ,(X,Y) and that ¢, (1) <> . v, q(T7).

Let £ > 0. For each ¢ > 1, we find a finite measure space (£;, %;, i1;) such that
wi(Q) = 1/2', an OC, Fatou BFS Z;(p;) with OC dual space, so that ygo, €
Bz, and operators R;: X — Z;(p;) and S;: Zi(p1;) — Y™ such that S; is pth
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power factorable, R} is qth power factorable, and ky o T; = S; o R;. Thus, the
operator T; factors as

(R)a)* Sifp] s
X (Zw)) ) = Zews)" = Zius) = Zilui)) = Y™,

where R; and S; are chosen so that [|Sjy,|| < ¢,.4(T;) 4+ /2" and 1R; il = 1/2¢
Hence, 3, [[Sip)ll < 22, ¢pq(Ti) + € and 3, [|R; || = 1. Observe that by the
election of Z;(y1;), we necessarily have ||| < [|Sipy || and || R[] < [|R7 || for every
i > 1. Let (©,%) be the direct sum measurable space of the (€2;,3;), assuming
that the (2;’s are pairwise disjoint, and let Q := |, Q; and £ := {A C Q: ANQ; €
Y; for all i}. Define a probability measure p on ¥ by specifying that for each j
and for each A; € ¥;, pu(A4;) := pj(A;). Then we define the BFS Z(;) by means

of the norm

1S 17
||f‘|z(u) T Z (23 “Sj[p]H)l/p2 Hlez'HZi(ui)’

7

(3.3)

where f € L°(p). To show that | - || ;) is a BFS norm is routine. Let us show that
it is an OC and Fatou norm with OC dual norm. First, we claim that Z(u) is OC.
Let (f;); be a sequence of positive functions in Z(u) such that f; | 0, and define
1/p2
o = %, for £ > 1. Let ¢ > 0, and take 7 = 1. Then there exists ¢; > 1
SSASDRE
such that ZkZil akal\ﬂk HZk(Mk

for each k € {1,...,i; — 1} there exists j; > 1 such that [|f; HZ
k

) < ¢/2. In addition, by order continuity of Z(uy),

&
o2kt

k(pe)

for every j > ji. Take jo := max{ji,...,ji,—1}; hence Hfjo\nkH < gogrr for

Z(pk)

every k € {1,...,i; — 1}. Moreover, ||fj0|9k ||Zk(#k) < ||f1|ﬂk | : for every k > 1.

Zy (s
Therefore,

1Fioll 2 = Z akllfjomkHZk(#k) + Z Oékajo\Qk ”Zk(uk) < E.

1<k<ii—1 k>iq

Thanks to the ideal property of BFS’s, || fjl| ;) 4 0. Now, we show that Z ()" is

OC. Let 0 < g; € Z(p) be a sequence such that g; | 0. Since Zj(uy)" is OC, for

each k > 1 there exists jy > 1 such that [|g;, HZ ) < g/2kL for every j > ji.
ke Zy (p)’
Let j > ji. Hence, there exists f. € By, such that

19ill 2y = sup ||f9j||L1(u) = ||fagj||L1(u) +¢/2
fe€Bz)

_ ; 1 fetoy 9ito, 1., +5/2 < ; 1 eto, | 9000, 11, +E/2 <

Again, by the ideal property of Z(y)’, we conclude that ||g;[| ,, | 0. Let us prove

that Z(u) is Fatou. Let € > 0 and f € Z(p); thus there exists h. € Z(p)" such
< *. Taking i <
that “f'QkHZk(uk)“ < ||h€,k|ﬂkf|ﬂk ||Ll(ﬂk) + ¢/2%. Taking into account that oy < 1
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and that Zy(uy) is Fatou for every k > 1, we obtain

HfHZ(M) = ;akHﬁQkHZk(Mk) = ; “f'QkHZk(uk)"
k
S Z Hhs,kmkﬁgk HLl(ch) + 6/2
< sup Z 1Rl fioy 11y T8 = Ifllzgr +e
heZ(u)!

It is time to show the factorization scheme. Define S € L(Z(p), Y**) by S(f) :==
> Si(flg ), and define R € L(X, Z(u)) by R(x) := ), Ri(7)xq,. Clearly, S and
R are linear and ||R|| < 1. Let us check that ky o T = S o R:

SoR(x ZS ((Z RAI)Xm) Q)
- Zsj Rj(2)) = D _ky o Ty(w) = ky o T(x).

Now we claim that S is pth power factorable. Let f € Z(u). From (3.3), we get

s = T TVl 4
Therefore, we have that
Az, _Zz” ||Zg )i/p 1 P
S(Z@”ié’]” el Y
P = 1y = 1, (35)

Finally, thanks to (3.4), Holder’s inequality, and (3.5), we obtain

IS5l = |38l .. < 2lISihig)
<> _lSi 1771
/ /
= (S 1Si) " SISl g,
i %
1/p
gznsﬂ,ﬂu'( =i )
< Sl 3 Wi, < 2081 Wl

Y x*
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This means that S is pth power factorable and [|S]| < [[Sy[| < 3=, [[Sjy, [l Now

we prove that R* is gth power factorable. First note that R*(g) = >, R (gla,).
Taking into account Holder’s inequality, we proceed as follows:

IR (9) HZR* 90)[ . = X IAita)
= Z ”R (Zi(1i))(q
(ZHR al ) ( |
N D(; 91 H?Ziwi)')[q])l/q
=D(C s i oo, )1 ) ")
i T€Bz(uy
< D(fggfw ;\ 10 0) = DIl iz,

Then R* is gth power factorable and |R*|| < |[(R*)yll < D = (27 —1)~'. In
conclusion, 1" is F, ,-factorable, with

epq(T) < ISIIIIR] = ISR < Z 157 1] Z [Sipll < Zsop,q(T +e

1/q
)’)[q]>

e,

Since ¢ is arbitrary, we also have that ¢, (1) < > . ¢, (T7).

The ideal property (ii) simply takes into account the fact that pth power fac-
torable operators have the left ideal property (see [15, Lemma 5.4]); that is, the
composition on the left-hand side with another operator of Banach spaces is pth
power factorable. So, the factorization

Xo S X L5 Z2(u) S v Dy

produces the corresponding extensions through the ¢th power space of Z(u)":
G*o Rf‘q] 0 jig, and through the pth power space of Z(p): F** o Spy o). Therefore,

Ppg(GTE) < |G" o R7|| - [F™ o S| < (|G - [|R[} - IS} - (1 71]-
The arbitrary factorization So R implies that ¢, ,(GTF) < ||G||- ¢, (T)-||F||. O

The following proposition is an immediate consequence of the definition. It
establishes the first inclusion property for F, ,-factorable operators.

Proposition 3.5. Let 1 <r<p<ooandl < s < qg<oo. Let X and Y be
Banach spaces. Then F, (X,Y) C F.s(X,Y), and ¢, (T) < ¢, ,(T) for every
TeF,,(X,Y).

Proof. We just prove the norm equality. Let ¢ > 0 and 7" € F,,(X,Y’). Hence
there exist a finite measure u, a Fatou and OC BFS with OC dual space Z(u),
and two operators R € F**(X, Z(uu)) and S € F,(Z (), Y**) such that ky oT =
S o R. On the one hand, we know that S = Sp,j oif) = S 0 i) and also that
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R = RE‘S] O Jls] = qu} © Jig- On the other hand, from the diagram above, we can
choose R and S so that

epa(T) +e = | RIIS]] = | By o Jig 1S 0 imll = (1B 0 dis |15 © i | = prs(T),
obtaining the inequality from the arbitrary choice of € > 0. O

As we have seen in the preliminary section, several characterizations of pth
power factorable operators exist. We present below some of these characteriza-
tions in order to provide some new ones for F, ,-factorable operators.

Proposition 3.6. Let 1 < p,q < oo, let X and Y be Banach spaces, and let
T € L(X,Y). Then the following statements are equivalent.

(i) T € Fpqo(X,Y).

(ii) There exist a finite measure u, an OC and Fatou BFS Z(u), with OC dual
space, and two operators F € L(X,((Z(1)')q)) and G € L(Z(p)p), Y™)
such that ky oT = G oip) o (jig)* o F, where i, and jig are the inclusions
into the pth and qth power spaces of Z () and Z(u)', respectively.

(iii) There exist a finite measure p, an OC and Fatou BFS Z(u), with OC dual
space, and two operators R € L(X,Z(n)) and S € L(Z(un), Y™™ ) such that
ky oT = S o R and the diagram

T ky

X Yc

g i

Li(mp-)* —L= LP(my)

Y**

commutes, where F' and G are bounded operators, H = [i] o [j]*, and [i]
and [j] denote the inclusion/quotient maps.

Proof. (i) = (ii): This is clear from diagram (3.1).
(ii) = (iil): We use the characterization of pth power factorable operator given
in [9, Lemma 3.3] to obtain the factorization

. I”*"R*OICX q * [4]* (4] P Im *ok
T: X % Limg)* = Z(p) — LF(mg) — Y™,

where [j] and [i] are not inclusions necessarily.

(iii) = (i): By hypothesis, it follows that Z(u) <@> LP(mg) and Z(u)' ﬂ>

Li(mp-~). Hence, the characterization in [9, Lemma 3.3] again implies (i). O

Note that characterization (ii) of the above proposition coincides with the char-
acterization of (p, ¢)-factorable operators when we take Z(u) := L¢(pu) for a suit-
able ¢ € [1,00) (see [5, Theorem 18.11]). We study this fact in the next section.

We now proceed to prove that, with additional conditions, there is an interpre-
tation of the F, ,-factorable operators in terms of interpolation.

Theorem 3.7. Let 1 < p,q < 00, let X and Y be Banach spaces such that'Y
and Y* are reflezive, and let T € L(X,Y"). Then the following two statements are
equivalent.

(i) T € Fpqo(X,Y).
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(ii) There exist a finite measure u, an OC and Fatou BFS Z(u), with OC
dual space, a constant K > 0, and operators R € L(X,Z(u)) and S €
L(Z(u),Y™) such that Ky oT = So R and

[T,y < K (el 15 by )y gy, ) (1]

for every x € X, y* € Y* and every 6 € (0,1).
Then (i) = (ii).
If in (i) we have that R(X) is dense in Z () and S* o ky«(Y™) is dense in
Z(p), then (ii) = (i).
Proof. (i) = (ii): Let € X and y* € Y*. From the factorization ky o T = So R,
the characterization of sth power factorable operators given in Section 2, and

taking into account the fact that y* = (k} o ky«)y*, by reflexivity of Y and Y™,
we get

(T, y")

1-6
y RxHZ(.U’)[p]) ’

= |(Tz, (K} o ky-)y*)
= |(Rz,(S* o ky*)y*>‘6
< K[|zl x|| (5% 0 ky+)y*

= |(ky o Tz, ky-y")|
(R, S*(ky*y*)>|1_0

011 « 1-60
(Z(M)')[q]) (||y | RxHZ(#)[p]) ’
for some K > <||qu]‘|)9<||5[p]||||]€y* )1=% and for every 6 € (0, 1).

(ii) = (i): This follows from the next property of the exponential map. We
claim that 0 < a < b7 - 177 for every § € (0,1) implies that @ < b and a < c.
Assume that b < ¢, thus a < c¢. Moreover, b’ - ¢'7% is a decreasing function
of . Hence, by continuity of such a function, we have that a < inf{t? - =% :60 €
(0,1)} = b. Analogously, we get the same result assuming that ¢ < b. By applying
this property, the characterization given in Section 2, and the density hypothesis,
we obtain our result. Let € > 0, and fix f € Z(u)’ and x* € X*. By density of
(S*oky+)(Y™), there exists y5 € Y* such that || f — (S*(ky+))ysll 2wy < €/2. Thus,
there exists some Ky > 0 such that

(Re, )] < [(Ro, f = (8" o ky-)yg)| + |(Rz, (5" 0 ko )yi)|
< Kollllx (/24 (5" © by )i | 2,
< Kozl (/2 + (5" 0 k)i = |y, + 1 Nezmna)
< Kozl (2 + 1l zgoyy, )-

Since ¢ > 0 is arbitrary for a fixed f € Z(u), we have that R* is gth power
factorable. To show that S is pth power factorable, we just take into account the
fact that (kj o ky+)y* = y* € Y* = Y** and proceed in an analogous way. O

Y*

The dual operator ideal of an operator ideal [, w] is defined as follows. Let
T € L(X,Y). We say that T € Y%!(X,Y) if and only if T* € U(Y*, X*) and has
norm wae(T) := w(T™). This operator ideal is denoted by [U,w]! (see, e.g., [16,
Section 4.4]). It is easy to show that £,, = L3 (see, e.g., [16, Section 19.1.4]).
The class of F, ,-factorable operators sometimes satisfies the same property.
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Proposition 3.8. Let 1 < p,q < oco. Let X and Y be Banach spaces such that
Y is reflexive. Then Fpq(X,Y) = FU(X,Y).

Proof. Let X and Y be Banach spaces, and let T' € F,, ,(X,Y"). Then there exist
a finite measure p and an OC and Fatou BFS Z(u), with OC dual space, such

X

that kx« o T%: Y* = (Y*)* SR Z(w) B ox (X*)** for some operators R
and S, where kx- o R* is gth power factorable. Now, taking into account the
fact that Y is reflexive and Z(u) is so (thanks to the order continuity and Fatou
properties), we have that S* = S, hence it is pth power factorable. This means
that 7% € F,,(Y*, X*). The conditions on Z(u)" also hold, because it is OC and
the dual Z(u)"” = Z(u) is so by hypothesis. Moreover, Z(u)" is also Fatou since
(Z(w)")" = (Z(w)") = Z(u)', and Z(p)" is also OC since it coincides with Z(u).
With this and by the same process, we obtain the other inclusion. The equality
of norms is trivially fulfilled. O

Remark 3.9. As we have seen, there are several situations where we need reflex-
ivity properties of the range or its dual. This is due to the definition of F, ,-
factorable operator, in which we have included a factorization through an oper-
ator S € F,(Z(p),Y ™). This bidual as a range space has a main role in the
following section, in which we relate this class with the class of (p, g)-factorable
operators.

To finish the section, we construct an example related to the Hardy operator
and based on the example shown in [9, Section 3].

Ezample 3.10. Let  := [0,1], and let (2,3, ) be a measure space so that
dr < p. Let m: X — E be a Banach space-valued measure such that dr <
(m,x}) < dz, for some xj € Bpg-, and let the Radon-Nikodym derivative be
% > 1. For example, if £ := L'[0,1] and m(A) = xa, we have that
(m,xp,1) = dx and so d{m,z)/dx = 1, for zf = xp1 € Brepa. Let 1 <
u < r < oo, let X(u) be a BFS, and let h € L*(Q)XW = {f € L) :
f-L*(Q) C X(pn)}, the space of multiplication operators, which makes sense
since dz < p. Also, it is a Banach space endowed with the norm (|| ;. q)x () =

SupfeBLu(Q) H f“X
We define the operator G: L' (m)—
/ f X[Oy
Note that the operator G is the Hardy operator when h(y) = 1/y and X (u) is
chosen suitably. Let v € [u, r]. We claim that G is F, ,-factorable for p € [1,v/u]
and ¢ € [1,v']. We have the factorization

G: L'(m) % L°(Q) 2 X (),

where V f(y fQ J * X[o,y) dr denotes the Volterra operator and M, is the mul-
tiplication operator The operator M, is pth power factorable for p € [1,v/ul.
Thus, by the definition of h,

I M f ) < NPl Lu@yxen [ fllu@) < Kl fllze@,
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for some K > 0. Now, let us check that V' is continuous. Since v < r and
dlm.zg) 1, we have that

dx
m T 1/r
IV flisey < 0oy < ([ 17250 o)

1/
—c( [ 191 )" <l

for some C' > 0. The adjoint operator of V' is defined as V*g( fQ 9 Xy, dr.
Let ef € B such that pg := |(m,e*)| is a Rybakov measure of m. As L"(m) is
OC, we have that L"(m)* = L"(m)’ = L"(m)" (), Taking into account the fact
that L"(m) C L'(m) and Fubini’s theorem, we obtain

IV*gllramy = sup  ||f - V7glleiue) < sup  sup /f V*gd‘ m, e’

fEBLT(m) GBLT(m) e*EBpx

< sup  sup /|f ‘/‘g |dxd‘me

fGBL'r(m) e*EBpx

= sup /‘g(x sup /‘f |d‘me
FEBLr(my J0 e*€Bgx

— s / 196@) [ Fllz30my d < llglzer < Dllgllyr oy,

JEBLr (m)

for some D > 0 and any ¢ € [1,v']. This means that V* is gth power factorable.

4. EXTRAPOLATION THEOREMS

In the previous section, we presented the Banach operator ideal of F), ;-
factorable operators. We now show that every F, ,-factorable operator between
finite-dimensional Banach spaces is 1-summing. Moreover, with a condition on the
indexes, it is not hard to show that there is continuous inclusion from the oper-
ator ideal of (p, ¢)-factorable operators into the operator ideal of F, ,-factorable
operators. Thanks to this fact, we show a number of extrapolation results and
also characterize (p, ¢)-factorable operators.

From the characterization of (p, ¢)-factorable operators by means of the embed-
ding LY (1) = LP(p), it is not hard to show the first inclusion relation between
such operators and the F), ,-factorable operators.

Proposition 4.1. Let 1 < p,q,r,s < oo such that 1/(pr)+1/(gs) > 1. Let X and
Y be Banach spaces. Then L, ,(X,Y) C F, (X,Y) and ¢, s < oy 4. In particular,
if 1/p? +1/¢* > 1, then L£,,(X,Y) C Fp (X, Y).

Proof. Let T € L, ,(X,Y). Then there exists a probability measure x4 such that
T: X 3 07 () L po(u) v+,

where [ is the canonical inclusion. Choosing any ¢ € [pr, (¢s)’], we have the
factorization for such an inclusion map

Lo LY () & LT () 3 Lo(u) &5 L () &5 L2 (),
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Since L*/*(u) = L*(p1)p), we have that R := Iy o I; o Ry € Fi%l(X, L¢(p)) and
S = Spolyoly € F.(L(n),Y*™) (see [15, Lemma 5.4]). Let ¢ > 0, and choose
Ry and Sj so that

apq(T) +& 2 [[Soll I Roll = [[Sollll£a o Ia[[[[72 o Lu|[[| Roll = ¢r.s(T).

The equality of the norms of the inclusion maps is given by the choice of i as a
probability measure. 0

With this inclusion property and conditions for compactness of the opera-
tors involved, we can obtain some extrapolation results. For example, when the
operator is over finite-dimensional Banach spaces, such operators are actually
absolutely summing.

Proposition 4.2. Let 1 < p,q < oo be such that 1/p+1/q > 1, and let E and
F' be finite-dimensional spaces. Then F, (E,F) CIL(E, F) and m < @, ,.

Proof. Let T € F,,(E,F). Hence there exist a BFS Z(;) and two operators
Re FM™(E, Z(p)) and S € F,(Z(p), F) such that T = S o R. Observe that the
vector measures mp+ and mg take values in the finite-dimensional spaces E* and
F, respectively. This implies that LI(mp-)* = L7 (|mg-|) and LP(mg) = LP(|mg])
order isomorphically (see, e.g., [15, Remark 3.17]). In consequence, taking into
account diagram (3.2) and Maurey’s factorization theorem (see, e.g., [5, Theo-
rem 18.9]), there exists a probability measure pq such that 7" factors through the
embedding L (po) < L(po); that is, T € L11(E, F) = T,(E, F) C I (E, F).
Let € > 0, and take R and S as above, that is, that satisfies (3.2) and also

0oa(T) +& 2 o1a(T) +e > ISIIIR] = [|[a]| | 5]

= [ Lns IG5 | = M NE NN INGII, .
2 g o FIING o I, | 2 a11(T) = a(T) 2 m(T),  (4.1)

R*

where L®(|mp«|) 4 L (o) < L (o) LN L*(Jms]). Recall (see Proposition 3.5,
[5, Theorem 18.9]) that [|[i][| = [IS1|, 7}l = [ &]l, and |[Lns| = [[Imp. [ = 1. O

There are some other conditions that imply compactness of the operators
involved.

Theorem 4.3. Let 1 < p,q < 0o and 1 < r,s < oo be such that 1/(pr)+1/(gs) >
1. Then L, (', 0") C Ly, (0", 0") for every w € [1,2), t € (2,00], u € (1,7], and
v e (1,s].

Proof. Let T € L, ,(¢*,¢*). By virtue of Proposition 4.1, T is F, ,-factorable.
Keep in mind (3.2), which establishes the factorization of ky o T' through a pos-
itive operator L'(mpg)* — L%(mg), for v € (1,r] and v € (1,s]. Thanks to
[15, Lemma 3.53(v)], we can ensure that the ranges of the vector measures mg
and mpg~ are relatively compact. Now, [15, Proposition 3.56] says that this is
equivalent to the fact that the restrictions of the integration maps L(ﬁ)}l and
L(#g are compact. Finally, the proof of [13, Theorem 1] gives the isomorphic
identities L"(mg) = L“(|ms|) and LY(mpg<) = L’(Jmg-|). That is, R factors
through LU(mpg-)* = L"(Jmg-|) for every v € (1,s], and S factors through
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L*(mg) = L*(Jmg|) for every u € (1,7]. In conclusion, ky o T = S o R factors
through a positive map [i]o[j]*: LY (Jmg-|) — L*(|msg|) (see Proposition 3.6(iii));
that is, T' € L, ,(¢",¢*) (see [5, Theorem 18.11]). The proof of the norm inequality
is as in (4.1), taking into account Propositions 3.5 and 4.1. O

Remark 4.4. Once we have diagram (3.2), there are several possible ways that
lead us to an (r, 1)-factorable, and thus r-summing, operator. One direction we
can follow, studied above, consists of finding conditions that ensure that L!(mp-)
is an abstract Lebesgue (AL) space (see, e.g., [3], [13]-[15]). Another direction we
can take is oriented to finding factorizations through LP-spaces of a finite scalar
measure. For example, we can study if the vector measures involved, mg and
mpg+, have o-finite variation (see, e.g., [1]). Let T' € £, ,(X,Y). Hence there is a
probability measure g such that ky oT: X — Y™** factors through the natural
embedding I: L% (1) < LP(p). From the proof of Proposition 4.1, we have that
such embedding is F, s-factorable, provided that 1/(pr) + 1/(¢s) > 1. Moreover,
we know that the canonical embeddings F' := (Iy01;)* and G := [0 I3 have finite
variation (where the I;’s are defined in the proof of this proposition). Neverthe-
less, despite the fact that we cannot ensure that such embeddings are compact,
in the case where the Radon-Nikodym derivatives d|mp|/du € L¢/" (1) and
dimg|/dp € L' (u), by virtue of [15, Proposition 5.13], we can factor this
embedding as

I L (5) = L(mp) € L (Jmpl) = L) — L (Imei) € L7 (me) — L7(1).
and so we obtain an (r, s)-factorable operator.

We conclude the article with a characterization of the £, , operator ideal. Let
1 <p,q,r,s < oo besuch that 1/pr+1/gs > 1 and T € L(X,Y). Observe that
1/u?+1>1 for every 1 < u < r. From Propositions 3.5 and 4.1, we have that

To(T) < 1(T) = s (T) S 0ur(T) < 0a(T) < upa(T).

For this reason, we are interested in finding conditions that allow us to reverse the
inequality (e). As we noted in the preliminary section, despite Z(u) being a BFS,
its pth power space Z(j)j,) may be a quasi-BFS; hence the following definition is
a seminorm, instead of a norm: || fls, z(u,, == sup{|{f, )| : € € B(z(u),,+ }» where
feLllu). Let 1 <p<ooand 0 < g < oo, let Z(uu) be a BFS, and let X be
a Banach space. An operator T' € L(Z(n), X) is bidual (p, q)-power-concave if
there is a constant K > 0 such that

SITHI < K[> 1517
j=1 j=1

for every choice of fi,...,f, € Z(n) and n € N (see [15, Definition 6.1]). Let
1<pg<ocandl <r,s<o0,andlet X and Y be Banach spaces. Let us denote
by F:#(X,Y) the set of all operators T' € L(X,Y’) such that there exists an OC
and Fatou BFS Z(u), with OC dual space which is r-convex and s-concave, so
that kyoT = SoR for some operators R € Fi"*(X, Z()) and S € Fp(Z (1), V™).

9

b,Z(1)(q)
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Obviously, Fp,¢(X,Y) = F)>°(X,Y). Let us denote F, (X,Y) := F;7(X,Y) and

consider this subclass with the norm ¢, ,.

Theorem 4.5. Let 1 < p,q,r,s < oo be such that 1/(pr) + 1/(¢gs) = 1. Let X
and Y be Banach spaces, and let T € L(X,Y). Then the following statements are
equivalent:

(i) T e L, 5(X,Y),

(i) T e FIr(X,Y).
In this case, o, s(T) = p,4(T).

Proof. (i) = (ii): This follows from the proof of Proposition 4.1, by just taking
c¢=prand Z(p) = L°(u), which is c-concave and c-convex. Moreover, ¢, ,(T") <
a,s(T).

(ii) = (i): Define ¢ := pr. Hence ¢ = g¢s, thus r = ¢/p and s = ¢//q. Keep
in mind that ky o T: X 5 Z (1) 2 Y**, where Z (u) is c-concave and c-convex,
and S is pth power factorable. Thanks to [15, Proposition 6.2(iii)], S is bidual

My,

(p, ¢)-power-concave, which implies, by [15, Theorem 6.27(iii)], that S: Z(u) —

S
Le(hdu) 3 L/P(hdp) ( 0—)>[p] Y**, for some 0 < h € L'(u), where M, denotes the
multiplication operator and -, denotes the canonical inclusion map. Analogously,

. , Mxa Ay (Ro)lg] <-4 1
R*: Z(pn) — L¢(gdp) — L% (gdu) — X*, where 0 < g € L'(p). Let us

choose 1 so that ||7,| <1 and ||7,|| < 1. Taking duals in the second factorization
and combining this with the first one, we obtain that ky o T factors through the
positive map U: L* (gdu) — L"(hdu) defined by U := v, o M, o M o~;. By

virtue of [5, Corollary 18.10], U factors as U: L* (g dp) i L (o) =R L™ (o) %
L"(hdu), so that a,s(U) = ||U| = ||Uz||||]|||U1]]. Thus, we conclude that T €
L, (X,Y).

In order to show the norm inequality, we describe our arguments for the pth
power operator S; the same will be valid for R*. From [15, Theorem 6.27(iii)],
one can easily check that ||S|| = ||(So)|l, just by testing with simple functions
and taking into account that ||y, o M, || <1, by the election of x. That is, given
£ > 0, there exist f € Bpe/p(q,) and a suitable simple function sy € By(,) such
that

[1(So) || = /2 < [[(S0)i () |y
< H(So)[p} (% © MXQ(Sf))‘ yor T H(SO)[p] (f — O MXQ(Sf)) ||Y
< |[S(s)ly.. +e/2 < |IS]| + /2.

Thus, [|S]| > ||(So)pll[7p © My, |- An analogous result is obtained for R*; that is,
R[] = [|R*[| = [| My, o7 [I[I(Ro)f o kx||- Let € > 0. Then choose Z(y), R, and S
such that

opa(T) + 2 ISR = |[(So)wl|[ [l © Mg N1M5, © 33 1l[| (Ro)fy o kx|
= || (So)ip| s (p © Myg © M, 0 33)[[ (Ro)iy 0 kx| = o (T).

The arbitrariness of ¢ brings us to the result. O

Y ®*
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Corollary 4.6. Let 1 Su<p< oo and 1l <v < q < oo be such that 1/pu +
1/qu > 1. Let r € [u,p] and s € [v,q| be such that 1/(rt) + 1/(sw) = 1, and
let X andY be Banach spaces such that F; (X,Y) C F[L,(X,Y) for some c €
[pu, (qu)]. Then L, ,(X,Y) C L, (X,Y).

The proof is a simple application of Proposition 4.1 and Theorem 4.5. After
some computations, it is possible to obtain indexes that satisfy the conditions of
this corollary.

Example 4.7. Let us take the following values in the corollary above: p = 12;u =
4,9 = s = %;v = w = %;r = Tt = % ~ 6.7. Therefore, we have:
pu = 48 qu = sw = B2t = (sw) = (qu) = %2. Thus, 1/(pu) + 1/(qv) ~
1.000033 > 1 and 1/(rt) + 1/(sw) = 1. Let X and Y be Banach spaces, and
let Yy a finite-dimensional subspace of Y. From the proof of Theorem 3.4(i),
every finite-rank operator is F; ,-factorable for every t,w € [1,00); hence it is
clear that F ,(X,Yy) € F/L,(X,Y;). The corollary above implies that, for every

finite-dimensional subspace Yy C Y, EIQ%(X, Yy) C LZ%(X, Yo).
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