Banach J. Math. Anal. 12 (2018), no. 1, 85-103
https://doi.org/10.1215/17358787-2017-0037

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

HORMANDER-TYPE THEOREMS ON UNIMODULAR
MULTIPLIERS AND APPLICATIONS TO MODULATION
SPACES

QIANG HUANG,! JIECHENG CHEN,? DASHAN FAN,® and XIANGRONG ZHU*'

Communicated by L. P. Castro

ABSTRACT. In this article, for the unimodular multipliers e?*(P) we establish
two Hormander-type multiplier theorems by assuming conditions on their phase
functions u. As applications, we obtain two multiplier theorems particularly
fitting for the modulation spaces, thus allowing us to extend and improve some
known results.

1. INTRODUCTION

Let T}, be a linear operator defined initially on the Schwartz space S(R") via
the Fourier transform

T f(€) =m(E)f(€), fe SR

The operator T, is called the Fourier multiplier with symbol m. An interesting
problem to investigate when studying T, is its boundedness on certain function or
distribution spaces. Among the many boundedness criteria found in the literature,
two of the most famous are the Mikhlin multiplier theorem and the Hormander
multiplier theorem. The Mikhlin multiplier theorem says that if the symbol m
satisfies the smoothness-decay condition

0°m(€)| < An)g] 1!
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for any ¢ # 0 and all multi-indices a with |a| < [n/2] + 1, then the operator
T, is bounded on LP(R") for 1 < p < oo. The Hérmander multiplier theorem,
while its condition looks a little complicated, is a more general criterion. Let
U € S(R") satisfy supp¥ C { € R" : 1 < [¢] < 4} and let )., U(£/27) =1 for
all ¢ € R"\{0}. For a fixed s € R, let (I — A)*? be the Fourier multiplier with
symbol (1+ |¢]2)*/2. We denote H* as the Hilbert space that consists of all f € S’
such that

1 £llae = [|(7 = A)2f]| 2 < 0.

The Hormander multiplier theorem (see [14, p. 104]) then states that the operator
T, is bounded on LP(R™) for 1 < p < oo, provided that m € L>*(R") satisfies

supHm(Qj-) s < 0
JEL
for a fixed s > n/2.
Let B, be the ball centered at the origin with radius ¢. With this notation,

clearly the above condition can be replaced by

HHS(B4\B1) < 00.

supHm(Qj )
jEL
In this article, our attention will be primarily focused on the unimodular Fourier
multipliers e’(”) defined via the Fourier transform by

D) f(€) = O f(€).

The family of unimodular Fourier multipliers is one of the most notable classes of
Fourier multipliers. It arises naturally when studying various physical phenomena
and Cauchy problems related to certain partial differential equations (PDEs). For
instance, ¢'P! is the fundamental operator of the wave equation, and ¢!PI” is the
fundamental operator of the Schrodinger equation. However, it is known that, for
any o > 0, the unimodular Fourier multiplier /P is bounded neither on the
Lebesgue spaces LP(R") nor on the Besov spaces B, , for p # 2, unless a = 1
and n = 1. On the other hand, in recent years, people have discovered that the
operator e'PI” is bounded on the modulation spaces M for all 1 < p,q < oo,
and s € R when 0 < a < 2. This newly found result makes spaces M,  very
attractive, since we might naturally expect them to play quite a different role
from that of Lebesgue spaces and Besov spaces in solving some PDE problems.

Modulation spaces M  were initially introduced by Feichtinger [11] in 1983 by
the short-time Fourier transform (see also [10]). His initial motivation was to use a
space different from that of the LP space to measure the smoothness of a function.
Nowadays, these spaces play a significant role in the study of harmonic analysis,
PDEs, and time-frequency analysis. In the following, we list a few of these results,
among numerous papers. (For the continuity of some operators on modulation
spaces, we refer the reader to [1], [6], [9], [16], and [21]-[24] and the references
therein. For applications to PDEs in the framework of modulation spaces, see
2], 3], 5], [7], [13], [15], [17], [19], [20], and [26] and the references therein.)
Similar to Besov spaces, which are defined based on the dyadic decomposition
on the frequency domain (see [25]), the modulation spaces are defined via the
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decomposition on the frequency domain based on unit squares. To define the
modulation spaces, we may use several methods. Below we briefly review a discrete
version of the definition.

Take a Schwartz function ¢ supported in the cube [—%, %]” satisfying

Y w6 =1, VEeR,

kezn

where we denote

or(&) = (& — k) for ke Z".

For each k € 7Z", denote a local square projection [J; on the frequency space via
the Fourier transform by

S (€) = er()](©)-
For a triplet (p,q,s) € [1,00] x (0,00] x R, the modulation space M, (R") is
defined by

1

My (B") = {f € SR : | llsg e = (3 (W IDSG) " < o0},

keZm

where (k) = (1+k[)2 (see [26] for details). We also denote M, (R") = M (R™).
We next recall some known results in the following theorems.

Theorem A ([I, Theorem 1]). Let 1 < p,q < o0, and s € R. The Fourier
multiplier ¢'P" is bounded from M3 (R™) to M (R™), provided 0 < o < 2.

Theorem B ([16, Theorem 1.1]). Let o > 2, and let u be a real-valued function
of class C!"2+3 on R™\{0}. Assume that u satisfies that, for some & > 0,

07| < A JEFFP |y < [n/2] + 1, when 0 < |¢] <1,
and that
07u()] < A g2, 2< Y < [n/2]+3, for [¢] > 1.

Suppose that 1 < p, ¢ < oo and s > (a — 2)n|l/p — 1/2|. Then the Fourier
multiplier ¢ P) is bounded from M; (R™) to M, (R™).

By checking the proof of Theorem A, it is not difficult to see that the conclusion
of the theorem can extend to symbols of the form m(¢) = ¢ where the u’s
are positively homogeneous functions of degree o € |0,2], smooth away from
the origin. More precisely, the conclusions of Theorem A and Theorem B are
essentially applicable to a class of unimodular multipliers e*(?) whose phase
functions are pu(§) = [¢€ |O‘Q(é—|), where the functions €2 are defined on the unit
sphere and satisfy some smoothness conditions.

The aim of this article is twofold. We will establish a Hormander multiplier
theorem on LP(R™) for the unimodular multipliers e**(P) by assuming the con-
dition merely on the phase functions u; and we will establish a Hormander-type
multiplier theorem for e(P) specifically working to the modulation spaces. In the
following, we give a more detailed description of our plan.
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We first study the L? boundedness of ") by using only the assumption on
(279 || g2 (see (1.1)). It will be more convenient if one can establish some
boundedness criteria for e(P) based directly on the smoothness and decay rate
of the phase functions p. This observation motivates us to formulate the following
two theorems, by virtue of the special structure of unimodular multipliers.

Theorem 1. Given L > n/2, assume that p satisfies
sup ||| e 5o\ By) < 00, (1.1)
jez

where p1;(€) = u(277¢). Then e P) is bounded on LP(R™) for 1 < p < oo, and

1€ £l o @ny = 525(1 + HHJHJLLIJEth;\Bl)) £ 1w ey -
j

On the other hand, if p satisfies the stronger condition

Z 1451l e (Ba\BL) < 00, (1.2)
jeZ

then e P) is bounded on LP(R™) for 1 < p < oo, and

‘ L+1
€MD) £|| Lo gny < 0(1 +) \IujIIHL<B4\Bl)> 1Mo geny-

j€Z
Theorem 2. For some L > n/2, if u is supported on By and satisfies
V2l 22y < 00, (1.3)

then e*P) s bounded on LP(R") for 1 < p < co. More precisely, we have
i L+1
™D flle < C(U+ ||Vl gr—20) " I1f]] 10

We will use the Hormander multiplier theorem to prove Theorem 1 in the case
1 < p < 00. When p = 1, the Hormander multiplier theorem is not applicable.
The L' boundedness of an operator T, is equivalent to m € FB (the inverse
Fourier transform of m is a bounded Borel measure). However, we will invoke
Young’s inequality to achieve the target. Thus, to obtain the L' boundedness of
e(P) - essentially we try to control the FL'-norm of e — 1. Note that FL' is
a Banach algebra. It is possible to take another approach (see [12]). In fact, we
may prove that for all p > 1,

P fan < (e = Uz + DI < Bt ]

for some ¢ > 0. Thus the condition |[e® —1|| 7.1 < oo is weaker than the condition
(14> ez sl geBas)) "+ < o0 in Theorem 1. But our aim, for the convenience

of application, is to establish sufficient conditions for e#(”) to verify their bound-
edness on LP by merely checking the regularity conditions of u. Also, a bright
point appears in Theorem 2. When p is a compact supported function, we find
that we can use the weaker condition ||V?pu| gr-2 < oo instead of ||u||gr < oo to
obtain the L? boundedness of e*(P) where L > n/2 is optimal in the Hérmander
multiplier theorem.
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On the other hand, Theorem A and Theorem B are Mikhlin-type multiplier
theorems on the modulation spaces. We observe that the phase functions in the
theorems are essentially the function p(§) = |€ |5Q(%), where € satisfies certain

smoothness conditions on the unit sphere. Therefore, it will be more interesting
and handy if we establish some Hormander-type theorems for unimodular Fourier
multipliers on the modulation spaces to fit the special structure of Mpﬁq(R”). This
observation inspires us to establish the following two Hormander-type theorems
on My (R™).

Theorem 3. Fix any L > n/2. If the phase function p satisfies

(1) SUp;>_pn ||:uj||HL(B4\B1) < A; and
(2) SUP|y|>n ||V2M||HL—2(B(y,2\/ﬁ)) < A,
then e ®) is bounded on M: (R™) for all (p,q,s) € (1,00) x (0,00) x R, and

1€ Fllagg ey < C(L+ A5 Fllagg - (1.4)
Additionally, if condition (1) is replaced by
Z ||Mj||HL(B4\B1) < Aa
i>—n
then (1.4) holds for all1 < p < o0, 0 < q < oo, and s € R,

Theorem 4. Let Ny = [n/2] + 1. If
(1) sup;s_, |1l pvopomyy < C, and
(2) IVl gvo-2By2ymy) < Clyl° for any ly| > n, where § > 0,

, , +on|t-1
then e*(P) s bounded from M;,q e

q < oo, and s € R. Precisely, we have

||ei“(D)f||M;,q(R”) < C”f”M;TZMl%i%I

(R™) to My (R™) when 1 < p < 00,0 <

(R™)

for all (p,4,5) € (1,00) x (0,00) X R.
Furthermore, if condition (1) is replaced by

Z HNJ’||HN0(B4\31) <C,

j>-n
then, in the conclusion, the range of p can be enlarged to 1 < p < oo.

Before proceeding, we offer the following comments as a way to clarify the
comparison of our theorems to some known results.

As mentioned before, a Hormander-type multiplier theorem is “better” than
a Mikhlin-type multiplier theorem since a symbol satisfying the condition in the
latter must satisfy the condition in the former, but it is not always true vice versa.
Hence, Theorems 3 and 4 encompass a wider scope than that of Theorems A
and B. Actually, if n = 2,3 and g > %, then one can use Theorem 3 to check that
the unimodular multiplier ¢’“(?), with ;(¢) = [sin|[£]]?, is bounded on M (R™)
forall 1 <p<oo,1<q<oo,and s e R. But this conclusion cannot be derived
from Theorem A or B.
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Regarding the special case u(&) = \flﬁQ(é—'), the boundedness of () on the

spaces le,q(]R”) when 0 < f <2 and 1 < p < oo needs a smoothness condition

Q € CE1H3(87=1) in Theorems A and B. But in Theorem 3 we assume a weaker
regularity condition Q € C*(S™™!), (L > n/2), to achieve the same conclusion.
We also observe that Theorem 4 represents a substantial improvement over the

main theorem in [16]. For the special case pu(§) = |€ \59(%), where the Hessian
11

determinant of y is nonzero at some point &, the index 5n]5 — 5| is optimal.

Additionally, we compare our results to a recent paper by Zhao, Chen, Fan, and
Guo [27], in which the authors also studied the boundedness of unimodular Fourier
multipliers on the modulation spaces. However, to obtain the main results (see,
e.g., [27, Theorems 4.8, 4.9, 4.10]), their proofs are based on obtaining estimates of
lower and upper bounds for the operator norms of e#(”). To this end, additional
conditions, such as homogeneity or nondegeneracy, are assumed on the phase
functions p. These assumptions, however, are not needed in Theorems 3 and 4.
Also, we assume less regularity on p in our results.

Similar to the characterization of multipliers in Lebesgue spaces, the M
boundedness of T}, is equivalent to m € M; . We may directly consider the mod-
ulation space norm corresponding to e’?) (e.g., | F~'(e™ —1)||ar, ..) to establish
the M;, boundedness of eD) However, we will not pursue this approach for
various technical reasons. More importantly, as we emphasized before, the aim of
this article is to establish some sufficient boundedness criteria that can be easily
verified by checking the regularity conditions merely on .

This article is organized as follows. In Section 2, we will prove some necessary
lemmas. The proof of Theorem 1, in which we use the Hormander multiplier the-
orem to obtain the criterion of LP boundedness of e®P) for 1 < p < oo, will
be presented in Section 3. The computation is rather technical when L is a non-
integer in the process of executing the proof. When p = 1, we will decompose
the multiplier into two multipliers so that Young’s inequality can be applied. In
Section 4, we will prove Theorem 2. Again, since the Hormander multiplier theo-
rem does not work on the L' boundedness, we will not only apply the Hérmander
multiplier theorem but also invoke Young’s inequality. In order to obtain a weaker
regularity condition in Theorem 2, we will construct an auxiliary phase function
17,(§) and use the elliptic estimate for the Neumann problem. Theorems 3 and 4
are deduced from Theorems 1 and 2. Their proofs will be presented in Section 5
and Section 6, respectively. Recently, there have been many investigations in the
inverse direction (see, e.g., [8], [18]), where sharp continuity estimates in L” are
deduced from results in modulation spaces.

In this article, C' always denotes a positive constant that is independent of
all essential variables. We use the notation A ~ B to mean that there are two
positive constants ¢; and ¢, independent of all essential variables such that ¢; A <
B S CQA.



HORMANDER-TYPE THEOREMS ON UNIMODULAR MULTIPLIERS 91

2. SOME LEMMAS

For the Besov spaces B, , it is well known that H*® = Bj,. For any (p,q,s) €
(1,00) x [1,00) x (0,1), we may use the following equivalent norm (see [26, pp.
17-18]) of B3,

/]

Ay, ™ ||f||B;,q7
where

. s dhy
s, = Wl + ([ 100 [ 56+ 1) = ) a0
R" R™ ]
The following lemma will play a pivotal role in the proof of our main theorems.

Lemma 5. Let u € HY be supported in the unit ball By. For any L € (n/2,
n/2+ 1), there exists a constant C, which depends on the choice of L, such that
le = gz < Cllpllae + el

Proof. For a multi-index a with || > 0, a direct computation involving an induc-
tion argument yields that V(e — 1) can be represented as

n

. 0% uN\ki )
of il _ o i
V(e 1) = Z C(kl’al’""k”’a")H<axai> et = foe. (2.1)
i kil as|=[al =1
O
Here in the expression
n 80&1[1, ki
fa: Z C(klaah'"7kn7an)H(axai> )
Yitq kilail=lal i=1

each a; (i =1,...,n) is a multi-index which may be equal to zero, and C'(k, o,
..., kn, o) are constants depending on ay,...,a, and ki, ..., k,. We formulate

the required estimate for f, as a separate lemma in the following.

Lemma 6. Let L be a positive number, and let k be the integer satisfying L—1 <
k < L. For any o with |a] < k < n/2, there exists a constant C' depending on
at, ..., and ky, ...k, such that

I fallaz-r < Cllullze (lullis" +1).
Proof. By the definition of f,, a direct computation gives that

’fa(x) - foz(y>‘

ST DR (= WO § (4 )]

>iey kileil=lal i=1 i=1
ce > () @ -G
2icq kilag|=lal =1 i=1

<c Y S @-(52) v

io1 kilou|=laf 5.k;>0
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(gl +gw])
<c ¥ 3 2;;7@)-2::3@)(gj;j@p o))

Z kilai|=|a 5,k;>0
0% ‘

( 8:6‘11 g:if (v) D ki

<C DY D V() = Vu(y))|

Yicy kileu|=|al 4,k >0

< TV uta)| + [V,
Take pj, p; such that

{02 (o + 2 - 1),

0, kigég or || + 5 < L,
e 5)04 +5 — L), ki > ¢ and |ag| + 2 > L.
J 7 2

RIS Z?*I'—

In the above notation, 5{ =1ifi=j and 53 = 0if ¢ # j. It is easy to check that,
when k; > 0 and > | ki|oy| = |a, we have

1

]5—3—1—12;; —max{ (]aj|—|— L)}

DS (k,»—éf)(|ozi|+g—L>

ki>67 Jai|+2>L
2 Sk <| [ L)
n 2

ki>87 |ag|+2>L

Zk@]—(—q) Sk

k¢>5g,|a¢‘+%>L

2
< —lo| <1
n

For any h € R", using the support condition supp p C B; and Holder’s inequality,
we obtain

‘fa(a: +h) — fa(:v)|2 dz

<0/ Z SV 4 b) = V()

L kilai|=|a] k;>0
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x JT(Vuta + 0] + [V u()[)* ™ de
i=1

<0/ Z > |Vuu(e £ h) = Vi }H|v0<z D d

| Kilai|=lal k;>0

¢ Z > MIveont £ = voue)F, HH!V“Z )

Yoiey kilai|=lal k>0

=0 > S|Vuu£h) - V(- ||2pH||V°‘ il (22)

2isy kilai|=|al k>0

pi

By the Sobolev embedding theorem and the selection of p;, we know that
HVO‘WHQ(ki_é;‘_)m < C|pll e+ So, by using an equivalent norm | - [|zs  of the Besov

space H=* and the fact L — k < 1, we get

[ fall re-s
//|fa(a:+h)—fa(x)]2|h|"+2(L_k)dxdh>2
<o([ X SlveneEn vl

iz kilail=lal k;>0

. 1
XH“W loge 413, dalhl" 22 dp)

<C/n S > V(- £h) = Vp( H2p]

1 kilag|=|al k;>0

1
2K g dhy

=Y IVl

Yo kilas|=lal ki>0

(2.3)

By the choice of p;, the embedding theorem between Besov spaces here gives
H" = Bj, C BQLﬁ;f;raj. Hence (2.3) means that

[ fallmre-+

<c ZHV%NIIBMHMHZ“

ity kilag|=lal k;>0

<c > Z||uum+a (el +1)

S kilas|=]a] k>0

< Cllpllze (lullfz" +1).

This proves Lemma, 6. O
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We return to the proof of Lemma 5. By Lemma 6 and (2.2), we have that

e — 1l ge ~[le™ = 1+ > [[VeEe™ = 1) 0

0<|a|<k
<Clplla+ Y fa™mrs.
0<|a|<k

Here, without loss of generality, we always consider the case n > 1 since the case
n = 1 is easier. It gives p = (L ik n/2 > 1. As L — k < 1, by an equivalent

norm of the space HX=* (see [25]) and using Holder’s inequality, we know that

I foe™ |72

~ ( / [falw + Ryt — £, ()€ ) || 72 gy dh)5

<C// fa:v+h f(z ))ew(m+h)|2

+ ‘foé(l,)(eiu(x-i—h) . eiu(:c))‘z) |h’—n—2(L—k) dr dh) 2

<c([ [ (fulorn) = s

+ | fal@) ||z + ) = () [?) |7 2H) dh) ’

< C(Iallr
+ </Rn ||fa|]§p/ </Rn|,u(x +h)— u(x)}2p> dx>;|h|"2(Lk) dh)é
o O falls-s + Wfalla Il g2 2.0

Since L — k —n/2 > —% and L —n/2 > L —k — %, the embedding theorem

between Besov spaces ylelds that
| fallep < Cl fall zrr—+; el g < Mol e
Thus, (2.4) and Lemma 6 imply that
I fac e < C (1 fallimss + N fulla Il 5z )
< O fallzrz=r + 1 fall re—rsllpl me)
< C(flullme + ||M||§1L> (L4 Nl )
< O(||pllge + [lpll5E).

Lemma 5 now is derived from (2.1) and (2.4). Precisely,

e = 1le < Nlplla+ D fac™ e

0<|a|<k

Cllullzre + Nlell3) <

Cllllze + llellz2").
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Remark. If L = [n/2] + 1, then by Lemma 6, one can obtain

le™ =1l gre < Cllpllre + llpllzze) -

But when L is a noninteger, we are not able to prove the same estimate. In the
proof of (2.4), if we use the inequality |e#@+h) — (@2 < C|u(z + h) — pu(x)|*,
where L — k < ¢ < 1, then we have

le™ = U < Colllullme + ll3:),

which is an improvement of Lemma 5.

Lemma 7 ([26, p. 37]). Let L > n/2 and f € H*(R™). We have

This lemma is a direct consequence of the Plancherel equality and the definition
of H'. In fact, by the Plancherel equality, Holder’s inequality, and the fact L >
n/2, one knows that

Al = [ @+ 1) F 0+ 6P L)
<([ e (s eryiere)”

= Cllf 1l @

L L
2 2

3. PROOF OF THEOREM 1

The first part of Theorem 1 is a direct corollary of the Hormander multiplier
theorem and Lemma 5. For any L > n/2, take | < L such that n/2 <1 <n/2+1.
By the Hormander multiplier theorem, for 1 < p < oo, we have that

HeimD)HLLLP < C'sup ||e' a1 (B\BY)-

JEZ

On the other hand, for any j € Z, we can extend p; from By \ B; to Bg in the
sense that /i, is supported in Bg and [1;(§) = p;(€) for € € B, \ By. Additionally,
we may choose fi; such that

H/leHl(BG) < OH:“J'HHZ(B4\B1)'

Hence, from Lemma 5, we see that
1P o—rp < Csup [[€7 || iy < C(1+sup e — 1)
j€Z j€z

~ ~ I+1
<C(1+ SlelIZ)(||Mj||Hz + |]155h) < C'Slelg(l + sl 0\ 81))
J J

+1 L+1
< Csup(L+ pjllmmasy) < Csup(L+ ||lujllaemasy) -
JjEZ JjEZ

We thus complete the proof of the first part of Theorem 1.
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To prove the second part of Theorem 1, we take a function ® € C§°(B2)
satisfying ®(z) = 1 for z € By, and set ¢;(z) = ®(2/"1z) — ®(2/z). By the
definition, we have that supp(v) C By \ By, ¥j(x) = ¢o(27z), and

ij(x) =1 forall x #0.
jez
For 1 < p < oo, first we have
e P flle = [[(e# )| < (€™ = 1)F) || + 1 Fllo
<™ ="« £l + I f1lees

where g" denotes the inverse Fourier transform of a function g. Thus, Young’s
inequality yields that

[P fllzr < (1" = Y|y + D) l12o

< (S llwste = 0] s+ 1) 10

jez
Next, an easy scaling argument gives that
7 Qs vV
1P £l < (ZH [o(e® —1)]"|,, + 1)\|f||Lp.
j€z
Similar to the proof for the first part, for any j € Z, extend p;xp,\ 5, to fi; such
that fi; is supported in Bg and

12l e < Cllwsllesam)-
Since 1) is supported in By \ By, by Lemmas 7 and 5, we have that
I N T AT TE
< Clle™ =1 g
< O(llagllme + igll5E")
< sy + M 155 5 )
This completes the proof of Theorem 1. 0

4. PROOF OF THEOREM 2

We begin the proof by introducing an auxiliary phase function
1p(6) = nl€) = A —b=p(&) = ) ai& b,
i=1

where b is a real number and A = (ay,aq,...,a,) is a vector in R™, and they are
to be chosen. Take a function ¢ € C§°(B,) satisfying p(z) =1 for x € B;. As i
is supported in By, checking the Fourier transform we have that

(¢*P ) (@) = [(e* = D f] (@) + f(x)
= [(e" = Def] (@) + f().
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Thus, with the definition of u Ap We obtain that
(P f)(x) = ("o f)V (@) + f(a) = ¢ * f(x)
= e (" arpf) (w + A) + flo) = ¢ f(3).
For any ff, band 1 < p < oo, Young’s inequality yields that
1P fllze < {]|(€"500) ]| 1 + CHIfIl o
< ("5 = 1)) ||, + CHIf e

Again, we may construct a function /i ;, supported in By that satisfies f1 A,b(f ) =
ty(§) for £ € By and

i gpllme < Cllpgyllae s, (4.1)

Now, Lemma 5 implies that, for any f satisfying || f||z» = 1,
Hem(D)fHLp < H(eiﬁgyb _ 1)v « g5”1 +C
<O+ [[(e"5e =1)",) < ¢+ ™30 = 1|2
. L1 L+1
SO+ agplee)™ < CA+ lnaplues,))
To complete the proof of the theorem, it remains to check that

inf 17, 152y < CIVllr-2(s. (42)
Choose 14_1', b such that

/ugbdx—/ Oipg,dr =0, j=12...n.
By By ’

We note that (4.2) is a direct consequence of Poincare’s inequality when L > 2. To
prove (4.2) for a general L € R, we need to invoke the following elliptic estimate
for the Neumann problem.

Lemma 8 ([25, p. 233]). Let u be the solution of the Neumann problem

Au =g, x€ By,
8u_0’ xG@Bl

=

/ g=70,
B

IVullgr-1s,) < Cllullgri,) < Cllgllar-—2s,)-

If

then for any L € R one has

This lemma is a special case of a result in [25, p. 233]. Clearly, in the lemma
one can replace By by By. By an argument of duality, there exists a function
g € C* with ||g||g-- = 1 such that

ez pll e oy < 20,90 1
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Set
1

= — g and g=g—a.
| B2| J,

a

Then
gl < C.

Let u be the solution of the Neumann problem

Au=g, x€ By,
g—z = O, WS 832
By the above lemma, one obtains

[ull 2252y < Cllgll-25,) < C.

Recall that [ B, WAy dx = 0. Using the duality, we now have

lrezpllre s, = 2‘/ Mg,b§d$’ = 2‘/ Mg,bﬁudx‘
B2 B2
—2| [ Vug,Vuda|
By ’

Holder’s inequality thus gives

HPJ,@,bHHL(BQ) < O||Vﬂg,b”HL*1(Bz)||VUHH*L+1(B2)

< OIVgyllae-1myllgla-rm) < ClVEgl ae-108,)-
A similar argument gives
||v:u,&b||HL*1(Bz) < CHVQM/TJ;HHL*?(BZ) = C||V2M||HL*2(B2)~
Combining all estimates, we finally obtain
gl ) < ClIVpglle-18,) < CIV il 28y,
where C' is a constant independent of A and b. This completes the proof of
Theorem 2. 0
5. PROOF OF THEOREM 3

Theorem 3 is a direct corollary of Theorems 1 and 2. The definition of the
modulation spaces gives

1
1€ Fllags , (rmy = (Z <k>sq||Dk€W(D)f”%P> E

kezn
where
Dkew(D)f = g * eiu(D)f‘

First, by using the definition of the local projections [J, and checking the Fourier
transform, it is easy to see that

Oy = Z Oy Ok

li1<1
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and that

Z U = La,

kezZm

where [, is the identity operator.
With these identities, if £ = 0, we have

Doei”(D)f = Doei“(D) Z D](f)

l71<1

Now we show that (lpe’*”) is an LP multiplier. In fact, following the proof for (1)

in Theorem 1, to prove that o) is an LP multiplier, we need to check that,
for L > n/2,

ilel]@Z)HM(Q_j')SO(Q_j')||HL(B4\Bl) < 0

Note that ¢(277-) is supported on B ;. Since /n2’ < 1 when j < —log,(y/n +
2), we have

||:u(27j')90(27j'>HHL(B4\B1) =0

whenever j < —% log, n. For j > —% log, n, it is easy to check that

1627 )0 e sy = QW e g-

Thus by Theorem 1, Theorem 3(1) yields that, for 1 < p < oo,

1T0e™ P flle = > N0 -

l71<1

Similarly, we can show that for, 1 < p < oo,

1Tk flle =) (| Tan(H)]] 0
l71<1
when |k| =1,2,... n.
We continue to investigate the terms Oge’(P)f, for |k| > n. For any k € Z"
with |k| > n, again we have

Ope™P) f = Oge?) Z Ot (f)-

l71<1

Recalling the support condition of [J; in the frequency domain, following the
proof of Theorem 2, we may assume that p is supported on the ball B, 5 + k.
Thus, following the same proof as in Theorem 2, we know that, for L > n/2,
Theorem 3(2) implies that for |k| > n and 1 < p < oo,

1Tk P flle =) N0 ()]] -

l71<1
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Combining the estimates of ||de™P) f||» for all k, we have that, for 1 < p < oo,

1

<§3%fwﬂwwwwﬂ;)qf(EZuwWEZHDMjUMEJ;

kezn kezn l71<1
1
< (3 W0 l,) "
kezn

Furthermore, if Theorem 3(1) is replaced by

Z ||Mj||HL(B4\B1) < Aa

jz-n

then by Theorem 1, we have that, for all £k € Z™ and 1 < p < o0,

Tk flle = > [T

|71 <[k|+1

This inequality clearly yields

€2 Fllg, < Cll g,

p,qa —

for 1 < p < oo. This completes the proof of Theorem 3. O

6. PROOF OF THEOREM 4

As we see in the proof of Theorem 3, Theorem 4(1) and Theorem 1 together
yield that, for all 1 < p < oo,

I00e™ ™ £l < 100l

On the other hand, for any term pe®™P)f where |k| > 1, choose
dr € C(B(k,2)) satisfying ¢, = 1 on the support of . Also, let fi; be an
extension of pxg,, ,, as we did before. A direct computation yields that for all
1 <p=< oo,

10k fll, = || D™ /)]

< [[(e¥r)" * (Onf)],
< || (e i) || 11T,
<C(1+]| [ng(ew - 1)}VH1)||Dkf||p
= C(1+ || dr (|72 (e — 1)V]| )Tkl
= C (14 [[(e™ ) — 1)V ) 1T 1l
= C'(1+ (| — 1 g ) || T £ -

From Lemma 5, we know that

[P = Tl = 3 (T 1))

|| <No
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— Z |k|—5(\a|—%)||va<€iﬁk _ 1)H2

|a|<No

< Z ’k’—é(\aF%)(l_{_HﬂkHHNO)W

|| <No

—5(lal—2 lev|
< Z ||~ 2)(1+||M||HNo(B(/lc,l)))

|| <No

< 30 [ oUel= D) ol

la|<No
= C|k|%
Thus, for any k € Z™ with |k| > 1 and p = 1, 00, we have
|5 £l < CIRI [ Defller < CIFZ £ |2
On the other hand, it is easy to see that, with the Plancherel equality, we have
1T fll e =111l -
Thus, an interpolation (see [4]) yields that for all 1 < p < oo and |k| > 1,
D™ flle < Ol P2 £ o
As before, we know that for any |k| > 1,
0™ P fllee <> IOk POy £ o

i<t
< Ok MP=Y2EN |0 £l o
i<t

iu(D

Combining the last estimate with the estimate obtained for ||[Coe™”) f|1», we

have that for 1 < p < o0,

16 g, = (32 (1+ k1) [Due )

kezmn

< O(3 () )

keZmn
- CHfHM;j;nJH/pfl/Q\ .

Finally, if Theorem 4(1) is replaced by
Z il e BBy < A,
jz—n
then we also have, for 1 < p < o0,
100 fllpo <> 110 £l 2o
l7]<1

This completes the proof of Theorem 4. O
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