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NEW Lp-INEQUALITIES FOR HYPERBOLIC WEIGHTS
CONCERNING THE OPERATORS WITH COMPLEX

GAUSSIAN KERNELS
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Abstract. In this article the authors present a systematic study of several
new Lp-boundedness properties and Parseval-type relations concerning the
operators with complex Gaussian kernels over the spaces Lp(R, cosh(αx) dx)
and Lp(R, cosh(αx2) dx), 1 ≤ p ≤ ∞, α ∈ R. Relevant connections with various
earlier related results are also pointed out.

1. Introduction

In this article we consider the integral operator with complex Gaussian kernel
of a suitable complex-valued function f defined on R by

(Fβ,ε,δ,ξ,γf)(y) =

∫ +∞

−∞
exp[−βy2 − εx2 + 2δxy + ξy + γx]f(x) dx, (1.1)

where y ∈ R, and β, ε, δ, ξ, γ ∈ C. This type of integral operator is present
in numerous contexts in analysis, probability theory, and mathematical physics.
There are several types of examples such as the Fourier transform, the Poisson
formula for a solution of the heat equation, and the Mehler formula for the time
evolution of a harmonic oscillator (see [3], [4], [10], [14]–[16], among others).

This subject was originally of interest in the context of quantum field theory
(see [2], [17]). The complex Gaussian operator (1.1) has an intrinsic interest due
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to the basis role of the extended oscillator semigroup introduced by Howe [11]
(see also Folland [5, Chapter 5]).

In his important paper [14], Lieb extends the operator (1.1) in the context of
the spaces Lp(Rn), 1 < p < ∞. Moreover, he generalizes the results given by
Epperson in [4, Section 2] for (1.1). Lieb stated that for the nondegenerate case,
that is, (<δ)2 < <β<ε, the operator Fβ,ε,δ,ξ,γ has exactly one maximizer which

is a centered Gaussian function esy
2
, s ∈ C. For the degenerate case, that is,

(<δ)2 = <β<ε, the question of the existence of a minimizer is a subtle one. This
problem requires a complicated algebraic study, and precise conditions are not
given there.

The operator (1.1) is also related to the integral transform studied by Y. J. Lee
in [12] and [13].

Our main goal in this article is to establish new Lp-boundedness properties
and Parseval-type relations for the operators given by (1.1) over the spaces
Lp(R, cosh(αx) dx) and Lp(R, cosh(αx2) dx), where α ∈ R, and 1 ≤ p ≤ ∞.

Throughout this article we denote the norm of the space Lp(R, cosh(αx) dx) by

‖f‖p,µ1 =
(∫ +∞

−∞

∣∣f(x)∣∣p cosh(αx) dx)1/p

,

and we use

‖f‖p,µ2 =
(∫ +∞

−∞

∣∣f(x)∣∣p cosh(αx2) dx
)1/p

to denote the norm of the space Lp(R, cosh(αx2) dx).
By using results of [6] and [8], we prove that the operator Fε,β,δ,γ,ξ is bounded

from the spaces Lp(R, cosh(αx) dx) into Lp′(R, cosh(αx) dx) and from the spaces
Lp(R, cosh(αx2) dx) into Lp′(R, cosh(αx2) dx) under certain conditions of the
parameters. Here, p and p′ are given by p + p′ = pp′ if 1 < p < ∞, p′ = ∞
if p = 1, and p′ = 1 if p = ∞.

Moreover, under these conditions, for f, g ∈ Lp(R, cosh(αx) dx) or f, g ∈
Lp(R, cosh(αx2) dx), 1 ≤ p ≤ ∞, and since that the weights are greater than
or equal to 1, then we have the following Parseval-type relation:∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ ∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx. (1.2)

Let F′
ε,β,δ,γ,ξ be the adjoint of the operator Fε,β,δ,γ,ξ; that is,

〈F′
ε,β,δ,γ,ξf, g〉 = 〈f,Fε,β,δ,γ,ξg〉.

The aforementioned Parseval-type relation (1.2) allows us to obtain an inter-
esting connection between the operator F′

ε,β,δ,γ,ξ and the operator Fβ,ε,δ,ξ,γ.
We conclude that the operator F′

ε,β,δ,γ,ξ is the natural extension of the integral
operator Fβ,ε,δ,ξ,γ, that is,

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf ,

where Tf is given by

〈Tf , g〉 =
∫ ∞

−∞
f(x)g(x) dx.
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In this article we make use of the well-known facts that

(2πc)(−1/2) ·
∫ +∞

−∞
exp

[
νx− (x2/2c)

]
dx

(1.3)
= exp(cν2/2), ν ∈ C, c > 0.

We also point out how our work relates to various earlier results (see [7], [9]).
Inversion formulae for the operator (1.1) are obtained in [15, Theorem 2.1,

Corollary 2.1].

2. The operator Fβ,ε,δ,ξ,γ over the spaces Lp(R, cosh(αx) dx) and
Lp(R, cosh(αx2) dx), 1 < p < ∞

In this section we study the behavior of the operator Fβ,ε,δ,ξ,γ on the spaces
Lp(R, cosh(αx) dx) and Lp(R, cosh(αx2) dx), 1 < p < ∞, α ∈ R.

2.1. The case of the spaces Lp(R, cosh(αx) dx). Indeed, by following [6, Propo-
sition 2.1], we derive Theorem 2.1.

Theorem 2.1. Assume that 1 < p < ∞ and that α ∈ R. We have the following:

(a) for <β > 0, <ε > 0, <δ = 0, and ξ, γ ∈ C, or alternatively for (<δ)2 <
<β, <ε > 1, and ξ, γ ∈ C, or alternatively (<δ)2 < <ε, <β > 1, and
ξ, γ ∈ C, the operator Fβ,ε,δ,ξ,γ given by (1.1) is bounded from the spaces
Lp(R, cosh(αx) dx) into Lq(R, cosh(αx) dx) for any q (0 < q < ∞);

(b) for <β ≥ 0, <ε > 0, <δ = <ξ = 0, and γ ∈ C, or alternatively (<δ)2 ≤
<β, <ε > 1, <ξ = 0, and γ ∈ C, or alternatively (<δ)2 < <ε, <β ≥ 1,
<ξ = 0, and γ ∈ C, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces
Lp(R, cosh(αx) dx) into L∞(R, cosh(αx) dx).

Proof. Assuming that 1 < p < ∞, p+ p′ = pp′ and that α ∈ R,
(a) from Hölder’s inequality, we get∣∣(Fβ,ε,δ,ξ,γf)(y)

∣∣
≤

∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣∣∣f(x)∣∣ dx

=

∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣

×
∣∣f(x)∣∣(cosh(αx))1/p(cosh(αx))−1/p

dx

≤
(∫ +∞

−∞

∣∣f(x)∣∣p cosh(αx) dx)1/p

×
(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′(cosh(αx))−p′/p

dx
)1/p′

= ‖f‖p,µ1

(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′(cosh(αx))−p′/p

dx
)1/p′

;
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we therefore have∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy) dy

≤ ‖f‖qp,µ1

∫ +∞

−∞

(∫ +∞

−∞

∣∣exp[−βy2 − εx2

+ 2δxy + ξy + γx]
∣∣p′(cosh(αx))−p′/p

dx
)q/p′

cosh(αy) dy;

hence, for <δ = 0, we see that∥∥(Fβ,ε,δ,ξ,γf)(y)
∥∥
q,µ1

≤ ‖f‖p,µ1

(∫ +∞

−∞
exp

[
(−<εx2 + <γx)p′

](
cosh(αx)

)−p′/p
dx

)1/p′

×
(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

]
cosh(αy) dy

)1/q

(2.1)

= ‖f‖p,µ1

(∫ +∞

−∞
exp

[
(−<εx2 + <γx)p′

](eαx + e−αx

2

)−p′/p

dx
)1/p′

×
(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

](eαy + e−αy

2

)
dy

)1/q

.

In addition, taking into account that (x−<δy)2 ≥ 0, we obtain that 2<δxy ≤
x2 + (<δ)2y2; thus∥∥(Fβ,ε,δ,ξ,γf)(y)

∥∥
q,µ1

≤ ‖f‖p,µ1

(∫ +∞

−∞
exp

[(
−(<ε− 1)x2 + <γx

)
p′
](
cosh(αx)

)−p′/p
dx

)1/p′

×
(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
]
cosh(αy) dy

)1/q

(2.2)

= ‖f‖p,µ1

(∫ +∞

−∞
exp

[(
−(<ε− 1)x2 + <γx

)
p′
](eαx + e−αx

2

)−p′/p

dx
)1/p′

×
(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
](eαy + e−αy

2

)
dy

)1/q

.

Analogously, taking into account that (<δx−y)2 ≥ 0, we obtain that 2<δxy ≤
(<δ)2x2 + y2; hence∥∥(Fβ,ε,δ,ξ,γf)(y)

∥∥
q,µ1

≤ ‖f‖p,µ1

(∫ +∞

−∞
exp

[(
−
(
<ε− (<δ)2

)
x2 + <γx

)
p′
](
cosh(αx)

)−p′/p
dx

)1/p′

×
(∫ +∞

−∞
exp

[(
−(<β − 1)y2 + <ξy

)
q
]
cosh(αy) dy

)1/q

(2.3)

= ‖f‖p,µ1

(∫ +∞

−∞
exp

[(
−
(
<ε− (<δ)2

)
x2 + <γx

)
p′
](eαx + e−αx

2

)−p′/p

dx
)1/p′

×
(∫ +∞

−∞
exp

[(
−(<β − 1)y2 + <ξy

)
q
](eαy + e−αy

2

)
dy

)1/q

.
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Under the hypothesis considered, the integrals involved in (2.1), (2.2), and (2.3)
converge; therefore

‖Fβ,ε,δ,ξ,γf‖q,µ1 ≤ C‖f‖p,µ1

for a certain real constant C depending on p and q.
Consequently, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces Lp(R,

cosh(αx) dx) into Lq(R, cosh(αx) dx).
(b) Following the same technique, we find by applying Hölder’s inequality that

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

≤ ‖f‖p,µ1 sup
y∈R

{(∫ +∞

−∞

∣∣exp[−βy2 − εx2

+ 2δxy + ξy + γx]
∣∣p′(cosh(αx))−p′/p

dx
)1/p′}

.

Next we observe that

sup
y∈R

{(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′

×
(
cosh(αx)

)−p′/p
dx

)1/p′}
= sup

y∈R

{(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′

×
(eαx + e−αx

2

)−p′/p

dx
)1/p′}

= sup
y∈R

{(∫ +∞

−∞
exp

[
(−<βy2 −<εx2 + 2<δxy + <ξy + <γx)p′

]
×

(eαx + e−αx

2

)−p′/p

dx
)1/p′}

;

therefore, for <δ = 0, we have

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

≤ ‖f‖p,µ1 × sup
y∈R

{
exp[−<βy2 + <ξy]

}
(2.4)

×
(∫ +∞

−∞
exp

[
(−<εx2 + <γx)p′

](eαx + e−αx

2

)−p′/p

dx
)1/p′

.

Now taking into account that (x − <δy)2 ≥ 0, we can see that 2<δxy ≤
x2 + (<δ)2y2; consequently,

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

≤ ‖f‖p,µ1 × sup
y∈R

{
exp

[
−
(
<β − (<δ)2

)
y2 + <ξy

]}
(2.5)

×
(∫ +∞

−∞
exp

[(
−(<ε− 1)x2 + <γx

)
p′
](eαx + e−αx

2

)−p′/p

dx
)1/p′

.
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Analogously, taking into account that (x−<δy)2 ≥ 0, we obtain that 2<δxy ≤
x2 + (<δ)2y2; thus

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

≤ ‖f‖p,µ1 sup
y∈R

{
exp

[
−(<β − 1)y2 + <ξy

]}
(2.6)

×
(∫ +∞

−∞
exp

[(
−
(
<ε− (<δ)2

)
x2 + <γx

)
p′
](eαx + e−αx

2

)−p′/p

dx
)1/p′

.

Now the conditions on the parameters show that the integrals involved in (2.4),
(2.5), and (2.6) converge; hence

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖p,µ1

for a certain real constant C depending on p.
Thus the operator Fβ,ε,δ,ξ,γ is bounded from the spaces Lp(R, cosh(αx) dx) into

L∞(R, cosh(αx) dx). �

From this result it follows that, if <β > 0, <ε > 0, <δ = 0, and ξ, γ ∈ C,
or alternatively if (<δ)2 ≤ <β, <ε > 1, <ξ = 0, and γ ∈ C, or alternatively
if (<δ)2 < <ε, <β ≥ 1, <ξ = 0, and γ ∈ C, then the operator Fε,β,δ,γ,ξ is
bounded from the spaces Lp(R, cosh(αx) dx) into Lp′(R, cosh(αx) dx), 1 < p < ∞,
p+ p′ = pp′.

From this theorem and since the weight cosh(αx) is greater than or equal to 1,
Proposition 2.2 in [8] yields the following result.

Theorem 2.2. For α ∈ R the following Parseval-type relation holds:∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ ∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx,

where f, g ∈ Lp(R, cosh(αx) dx), and <β > 0, <ε > 0, <δ = 0, and ξ, γ ∈ C,
or alternatively (<δ)2 < <β, <ε > 1, and ξ, γ ∈ C, or alternatively (<δ)2 < <ε,
<β > 1, and ξ, γ ∈ C.

In [8] we find the following corollary.

Corollary 2.1. If f ∈ Lp(R, cosh(αx) dx), and 1 < p < ∞, for <β > 0, <ε > 0,
<δ = 0, and ξ, γ ∈ C, or alternatively for (<δ)2 < <β, <ε > 1 and ξ, γ ∈ C, or
alternatively for (<δ)2 < <ε, <β > 1, and ξ, γ ∈ C, then

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf

on (Lp(R, cosh(αx) dx))′.

2.2. The case of the spaces Lp(R, cosh(αx2) dx). By following [6, Proposi-
tion 2.1], we derive Theorem 2.3 below.

Theorem 2.3. Assume that 1 < p < ∞ and that α ∈ R. We then see that

(a) if <β > |α|
q
, <ε > |α|

p
, <δ = 0, and ξ, γ ∈ C, or alternatively (<δ)2 <

<β − |α|
q
, <ε − |α|

p
> 1, and ξ, γ ∈ C, or alternatively (<δ)2 < <ε − |α|

p
,

<β − |α|
q

> 1, and ξ, γ ∈ C, then the operator Fβ,ε,δ,ξ,γ given by (1.1) is
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bounded from the spaces Lp(R, cosh(αx2) dx) into Lq(R, cosh(αx2) dx) for
any 0 < q < ∞;

(b) if <β ≥ 0, <ε > |α|
p
, <δ = <ξ = 0, and γ ∈ C, or alternatively (<δ)2 ≤

<β, <ε− |α|
p
> 1, <ξ = 0, and γ ∈ C, or alternatively if (<δ)2 < <ε− |α|

p
,

<β ≥ 1, <ξ = 0, and γ ∈ C, then the operator Fβ,ε,δ,ξ,γ is bounded from
the spaces Lp(R, cosh(αx2) dx) into L∞(R, cosh(αx2) dx).

Proof. Assuming that 1 < p < ∞, p + p′ = pp′ and that α ∈ R, we see the
following.

(a) Hölder’s inequality shows that∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣

≤
∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣∣∣f(x)∣∣ dx

=

∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣

×
∣∣f(x)∣∣(cosh(αx2)

)1/p(
cosh(αx2)

)−1/p
dx

≤
(∫ +∞

−∞

∣∣f(x)∣∣p cosh(αx2) dx
)1/p

×
(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′(cosh(αx2)

)−p′/p
dx

)1/p′

= ‖f‖p,µ2

(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′

×
(
cosh(αx2)

)−p′/p
dx

)1/p′

,

which leads us to the following inequality:∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy2) dy

≤ ‖f‖qp,µ2

∫ +∞

−∞

(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′

×
(
cosh(αx2)

)−p′/p
dx

)q/p′

cosh(αy2) dy;

hence, for <δ = 0, we have

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖p,µ2

(∫ +∞

−∞
exp

[
(−<εx2 + <γx)p′

](
cosh(αx2)

)−p′/p
dx

)1/p′

×
(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

]
cosh(αy2) dy

)1/q

(2.7)
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= ‖f‖p,µ2

(∫ +∞

−∞
exp

[
(−<εx2 + <γx)p′

](eαx2
+ e−αx2

2

)−p′/p

dx
)1/p′

×
(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

](eαy2 + e−αy2

2

)
dy

)1/q

.

Moreover, 2<δxy ≤ x2 + (<δ)2y2 implies that

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖p,µ2

(∫ +∞

−∞
exp

[(
−(<ε− 1)x2 + <γx

)
p′
](
cosh(αx2)

)−p′/p
dx

)1/p′

×
(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
]
cosh(αy2) dy

)1/q

(2.8)

= ‖f‖p,µ2

(∫ +∞

−∞
exp

[(
−(<ε− 1)x2 + <γx

)
p′
](eαx2

+ e−αx2

2

)−p′/p

dx
)1/p′

×
(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
](eαy2 + e−αy2

2

)
dy

)1/q

.

Since 2<δxy ≤ (<δ)2x2 + y2, one obtains that

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖p,µ2

(∫ +∞

−∞
exp

[(
−
(
<ε− (<δ)2

)
x2 + <γx

)
p′
](
cosh(αx2)

)−p′/p
dx

)1/p′

×
(∫ +∞

−∞
exp

[(
−(<β − 1)y2 + <ξy

)
q
]
cosh(αy2) dy

)1/q

(2.9)

= ‖f‖p,µ2

(∫ +∞

−∞
exp

[(
−
(
<ε− (<δ)2

)
x2 + <γx

)
p′
](eαx2

+ e−αx2

2

)−p′/p

dx
)1/p′

×
(∫ +∞

−∞
exp

[(
−(<β − 1)y2 + <ξy

)
q
](eαy2 + e−αy2

2

)
dy

)1/q

.

The hypothesis considered guarantees that the integrals involved in (2.7), (2.8),
and (2.9) converge; hence

‖Fβ,ε,δ,ξ,γf‖q,µ2 ≤ C‖f‖p,µ2

for a certain real constant C depending on p and q.
Thus the operator Fβ,ε,δ,ξ,γ is bounded from the spaces Lp(R, cosh(αx2) dx) into

Lq(R, cosh(αx2) dx).
(b) Using Hölder’s inequality, it follows that

sup
y∈R

{
|Fβ,ε,δ,ξ,γf |

}
≤ ‖f‖p,µ2 sup

y∈R

{(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′

×
(
cosh(αx2)

)−p′/p
dx

)1/p′}
.
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It also follows that

sup
y∈R

{(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′(cosh(αx2)

)−p′/p
dx

)1/p′}
= sup

y∈R

{(∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣p′

×
(eαx2

+ e−αx2

2

)−p′/p

dx
)1/p′}

= sup
y∈R

{(∫ +∞

−∞
exp

[
(−<βy2 −<εx2 + 2<δxy + <ξy + <γx)p′

]
×

(eαx2
+ e−αx2

2

)−p′/p

dx
)1/p′}

;

therefore, for <δ = 0, we see that

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

= sup
y∈R

{
exp[−<βy2 + <ξy]

}
(2.10)

×
(∫ +∞

−∞
exp

[
(−<εx2 + <γx)p′

](eαx2
+ e−αx2

2

)−p′/p

dx
)1/p′

.

Since 2<δxy ≤ x2 + (<δ)2y2, it follows that

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

≤ ‖f‖p,µ2 × sup
y∈R

{
exp

[
−
(
<β − (<δ)2

)
y2 + <ξy

]}
(2.11)

×
(∫ +∞

−∞
exp

[(
−(<ε− 1)x2 + <γx

)
p′
](eαx2

+ e−αx2

2

)−p′/p

dx
)1/p′

.

Analogously, since 2<δxy ≤ x2 + (<δ)2y2, it follows that

sup
y∈R

{∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣}

≤ ‖f‖p,µ2 sup
y∈R

{
exp

[
−(<β − 1)y2 + <ξy

]}
(2.12)

×
(∫ +∞

−∞
exp

[(
−
(
<ε− (<δ)2

)
x2 + <γx

)
p′
](eαx2

+ e−αx2

2

)−p′/p

dx
)1/p′

.

Now, when the conditions in the parameters of the integrals involved in (2.10),
(2.11), and (2.12) converge, we see that

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖p,µ2

for a certain real constant C depending on p.
Thus the operator Fβ,ε,δ,ξ,γ is bounded from the spaces Lp(R, cosh(αx2) dx) into

L∞(R, cosh(αx2) dx). �
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In view of this result, for α ∈ R, it follows that for <β > |α|
p
, <ε > |α|

p′
, <δ = 0,

and ξ, γ ∈ C, or alternatively (<δ)2 < <ε − |α|
p′
, <β − |α|

p
> 1, and ξ, γ ∈ C,

or alternatively (<δ)2 < <β − |α|
p
, <ε − |α|

p′
> 1, and ξ, γ ∈ C, the operator

Fε,β,δ,γ,ξ is bounded from the spaces Lp(R, cosh(αx2) dx) into Lp′(R, cosh(αx2) dx),
1 < p < ∞, p+ p′ = pp′.

Using this fact and taking into account that the weight cosh(αx2) is greater
than or equal to 1, Proposition 2.2 in [8] yields the following.

Theorem 2.4. If we suppose that 1 < p < ∞, p+ p′ = pp′ and that α ∈ R, then
the following Parseval-type relation holds:∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ ∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx

for f, g ∈ Lp(R, cosh(αx2) dx), and <β > |α|
p
, <ε > |α|

p′
, <δ = 0, and ξ, γ ∈ C,

or alternatively (<δ)2 < <ε − |α|
p′
, <β − |α|

p
> 1, and ξ, γ ∈ C, or alternatively

(<δ)2 < <β − |α|
p
, <ε− |α|

p′
> 1, and ξ, γ ∈ C.

In view of Corollary 2.1 in [8], we recognize the following.

Corollary 2.2. For f ∈ Lp(R, cosh(αx2) dx), with 1 < p < ∞, p + p′ = pp′,

and α ∈ R, and if <β > |α|
p
, <ε > |α|

p′
, <δ = 0, and ξ, γ ∈ C, or alternatively

(<δ)2 < <ε− |α|
p′
, <β − |α|

p
> 1, and ξ, γ ∈ C, or alternatively (<δ)2 < <β − |α|

p
,

<ε− |α|
p′

> 1, and ξ, γ ∈ C, then we get

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf

on (Lp(R, cosh(αx2) dx))′.

3. The operator Fβ,ε,δ,ξ,γ over the spaces L1(R, cosh(αx) dx) and
L1(R, cosh(αx2) dx)

We now prove Lp-boundedness results corresponding to the case when p = 1.

3.1. The case of the spaces L1(R, cosh(αx) dx). By following [6, Proposi-
tion 3.1], we now prove Theorem 3.1.

Theorem 3.1. If we assume that α ∈ R, then we have the following.

(a) If <β > 0, <ε ≥ 0, <δ = <γ = 0, and ξ ∈ C, or alternatively (<δ)2 < <β,
<ε ≥ 1, <γ = 0, and ξ, γ ∈ C, or alternatively (<δ)2 ≤ <ε, <β > 1, <γ =
0, and ξ ∈ C, then the operator Fβ,ε,δ,ξ,γ given by (1.1) is bounded from the
spaces L1(R, cosh(αx) dx) into Lq(R, cosh(αx) dx) for any q (0 < q < ∞).

(b) If <β ≥ 0, <ε ≥ 0, and <δ = <γ = <ξ = 0, or alternatively (<δ)2 ≤ <β,
<ε ≥ 1, and <γ = <ξ = 0, or alternatively (<δ)2 ≤ <ε, <β ≥ 1,
and <γ = <ξ = 0, then the operator Fβ,ε,δ,ξ,γ is bounded from the spaces
L1(R, cosh(αx) dx) into L∞(R, cosh(αx) dx).
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Proof. (a) First note that∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣

≤
∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣∣∣f(x)∣∣ dx

=

∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣

×
∣∣f(x)∣∣ cosh(αx)(cosh(αx))−1

dx

≤
∫ +∞

−∞
sup
x∈R

{ | exp[−βy2 − εx2 + 2δxy + ξy + γx]|
cosh(αx)

}∣∣f(x)∣∣ cosh(αx) dx
=

∫ +∞

−∞
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx)

}
×

∣∣f(x)∣∣ cosh(αx) dx;
therefore, for any 0 < q < ∞, we have∣∣(Fβ,ε,δ,ξ,γf)(y)

∣∣q
≤ ‖f‖q1,µ1

·
(
sup
x∈R

{exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]
cosh(αx)

})q

.

Thus, we clearly find that∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy) dy

≤ ‖f‖q1,µ1
·
∫ +∞

−∞

(
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx)

})q

× cosh(αy) dy,

and consequently,

‖Fβ,ε,δ,ξ,γf‖q,µ1

≤ ‖f‖1,µ1

(∫ +∞

−∞

(
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx)

})q

× cosh(αy) dy
)1/q

.

Hence, for <δ = 0, we have

‖Fβ,ε,δ,ξ,γf‖q,µ1

≤ ‖f‖1,µ1 sup
x∈R

{exp[−<εx2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

]
cosh(αy) dy

)1/q

(3.1)

= ‖f‖1,µ1 sup
x∈R

{exp[−<εx2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

](eαy + e−αy

2

)
dy

)1/q

.
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Given that 2<δxy ≤ x2 + (<δ)2y2, we have

‖Fβ,ε,δ,ξ,γf‖q,µ1

≤ ‖f‖1,µ1 sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
]
cosh(αy) dy

)1/q

(3.2)

= ‖f‖1,µ1 sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
](eαy + e−αy

2

)
dy

)1/q

.

Similarly, from 2<δxy ≤ (<δ)2x2 + y2, it follows that

‖Fβ,ε,δ,ξ,γf‖q,µ1

≤ ‖f‖1,µ1 sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
]
cosh(αy) dy

)1/q

(3.3)

= ‖f‖1,µ1 sup
x∈R

{exp[−(<ε− (<δ)2)x2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[(
−(<β − 1)y2 + <ξy

)
q
](eαy + e−αy

2

)
dy

)1/q

.

Since the integrals involved in (3.1), (3.2), and (3.3) converge, we get

‖Fβ,ε,δ,ξ,γf‖q,µ1 ≤ C‖f‖1,µ1

for a certain real constant C depending on q.
Accordingly, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces L1(R,

cosh(αx) dx) into Lq(R, cosh(αx) dx), 0 < q < ∞.
(b) Likewise, taking into account that∣∣(Fβ,ε,δ,ξ,γf)(y)

∣∣
≤

∫ +∞

−∞
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx)

}
×

∣∣f(x)∣∣ cosh(αx) dx,
we get

‖Fβ,ε,δ,ξ,γf‖∞

= sup
y∈R

∫ +∞

−∞
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx)

}
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×
∣∣f(x)∣∣ cosh(αx) dx

≤ ‖f‖1,µ1 sup
y∈R

sup
x∈R

{ | exp[−βy2 − εx2 + 2δxy + ξy + γx]|
cosh(αx)

}
;

hence, for <δ = 0, we have

‖Fβ,ε,δ,ξ,γf‖∞
(3.4)

≤ sup
x∈R

{ | exp[−<εx2 + <γx]|
cosh(αx)

}
sup
y∈R

{
exp[−<βy2 + <ξy]

}
.

Moreover, since 2<δxy ≤ x2 + (<δ)2y2, then we have

‖Fβ,ε,δ,ξ,γf‖∞
≤ ‖f‖1,µ1 sup

y∈R

{
exp

[
−
(
<β − (<δ)2

)
y2 + <ξy

]}
(3.5)

× sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx)

}
.

Again inequality 2<δxy ≤ (<δ)2x2 + y2 leads to

‖Fβ,ε,δ,ξ,γf‖∞
≤ ‖f‖1,µ1 sup

y∈R

{
exp

[
−(<β − 1)y2 + <ξy

]}
(3.6)

× sup
x∈R

{exp[−(<ε− (<δ)2)x2 + <γx]
cosh(αx)

}
.

If the conditions on the parameters are that the integrals involved in (3.4),
(3.5), and (3.6) converge, then

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖1,µ1

for a certain real constant C.
Thus the operator Fβ,ε,δ,ξ,γ is bounded from the spaces L1(R, cosh(αx) dx) into

L∞(R, cosh(αx) dx) for all α ∈ R, which evidently completes the proof of Theo-
rem 3.1. �

From this result it follows that, for <β ≥ 0, <ε ≥ 0, and <δ = <γ = <ξ = 0,
or alternatively (<δ)2 ≤ <ε, <β ≥ 1, and <γ = <ξ = 0, or alternatively (<δ)2 ≤
<β, <ε ≥ 1, and <γ = <ξ = 0, the operator Fε,β,δ,ξ,γ is bounded from the spaces
L1(R, cosh(αx) dx) into L∞(R, cosh(αx) dx).

Using this fact and the fact that the weight cosh(αx) is greater than or equal
to 1, Proposition 3.2 in [8] yields the following.

Theorem 3.2. For all α ∈ R, the following Parseval-type relation holds:∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ ∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx

for f, g ∈ L1(R, cosh(αx) dx) with <β ≥ 0, <ε ≥ 0, and <δ = <γ = <ξ = 0, or
alternatively (<δ)2 ≤ <ε, <β ≥ 1, and <γ = <ξ = 0, or alternatively (<δ)2 ≤
<β, <ε ≥ 1, and <γ = <ξ = 0.
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From Corollary 3.1 in [8] we obtain the following.

Corollary 3.1. If we assume that f ∈ L1(R, cosh(αx) dx), and α ∈ R, for <β ≥
0, <ε ≥ 0, and <δ = <γ = <ξ = 0, or alternatively (<δ)2 ≤ <ε, <β ≥ 1,
<γ = <ξ = 0, or alternatively (<δ)2 ≤ <β, <ε ≥ 1, and <γ = <ξ = 0, then it
follows that

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf

on (L1(R, cosh(αx) dx))′.

3.2. The case of the spaces L1(R, cosh(αx2) dx). By following [6, Proposi-
tion 3.1], we prove Theorem 3.3 below.

Theorem 3.3. If we assume that α ∈ R, then

(a) if <β > |α|
q
, <ε ≥ 0, <δ = <γ = 0, and ξ ∈ C, or alternatively (<δ)2 <

<β − |α|
q
, <ε ≥ 1, <γ = 0, and ξ ∈ C, or alternatively (<δ)2 ≤ <ε,

<β− |α|
q
> 1, <γ = 0, and ξ ∈ C, then the operator Fβ,ε,δ,ξ,γ given by (1.1)

is bounded from the spaces L1(R, cosh(αx2) dx) into Lq(R, cosh(αx2) dx)
for any q (0 < q < ∞);

(b) if <β ≥ 0, <ε ≥ 0, and <δ = <γ = <ξ = 0, or alternatively (<δ)2 ≤ <β,
<ε ≥ 1, and <γ = <ξ = 0, or alternatively (<δ)2 ≤ <ε, <β ≥ 1,
and <γ = <ξ = 0, then the operator Fβ,ε,δ,ξ,γ is bounded from the spaces
L1(R, cosh(αx2) dx) into L∞(R, cosh(αx2) dx).

Proof. (a) We begin by observing that∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣

≤
∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣∣∣f(x)∣∣ dx

=

∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣

×
∣∣f(x)∣∣ cosh(αx2)

(
cosh(αx2)

)−1
dx

≤
∫ +∞

−∞
sup
x∈R

{exp[−<βy2 − εx2 + 2<δxy + <ξy + <γx]
cosh(αx2)

}∣∣f(x)∣∣ cosh(αx2) dx

= ‖f‖1,µ2 · sup
x∈R

{ | exp[−βy2 − εx2 + 2δxy + ξy + γx]|
cosh(αx2)

}
.

Hence, for any 0 < q < ∞, we have∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q

≤ ‖f‖q1,µ2
·
(
sup
x∈R

{exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]
cosh(αx2)

})q

.
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Thus, we clearly find that∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy2) dy

≤ ‖f‖q1,µ2
·
∫ +∞

−∞

(
sup
x∈R

{exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]
cosh(αx2)

})q

× cosh(αy2) dy;

therefore,

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖1,µ2

(∫ +∞

−∞

(
sup
x∈R

{exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]
cosh(αx2)

})q

× cosh(αy2) dy
)1/q

.

Consequently, for <δ = 0, we have

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖1,µ2 sup
x∈R

{exp[−<εx2 + <γx]
cosh(αx2)

}
×

(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

]
cosh(αy2) dy

)1/q

(3.7)

= ‖f‖1,µ2 sup
x∈R

{exp[−<εx2 + <γx]
cosh(αx2)

}
×

(∫ +∞

−∞
exp

[
(−<βy2 + <ξy)q

](eαy2 + e−αy2

2

)
dy

)1/q

.

Applying inequality 2<δxy ≤ x2 + (<δ)2y2, we obtain that

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖1,µ2 sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx2)

}
×

(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
]
cosh(αy2) dy

)1/q

(3.8)

= ‖f‖1,µ2 sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx2)

}
×

(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
](eαy2 + e−αy2

2

)
dy

)1/q

;

hence, from 2<δxy ≤ (<δ)2x2 + y2, it again follows that

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖1,µ2 sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx)

}
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×
(∫ +∞

−∞
exp

[(
−
(
<β − (<δ)2

)
y2 + <ξy

)
q
]
cosh(αy) dy

)1/q

(3.9)

= ‖f‖1,µ2 sup
x∈R

{exp[−(<ε−<δ2)x2 + <γx]
cosh(αx)

}
×

(∫ +∞

−∞
exp

[(
−(<β − 1)y2 + <ξy

)
q
](eαy + e−αy

2

)
dy

)1/q

.

The hypothesis considered on the parameters implies that the integrals involved
in (3.7), (3.8), and (3.9) converge and that

‖Fβ,ε,δ,ξ,γf‖q,µ2 ≤ C‖f‖1,µ2

for a certain real constant C depending on q.
Thus, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces L1(R, cosh(αx2) dx)

into Lq(R, cosh(αx2) dx).
(b) Similarly, taking into account∣∣(Fβ,ε,δ,ξ,γf)(y)

∣∣
≤

∫ +∞

−∞
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx2)

}
×

∣∣f(x)∣∣ cosh(αx2) dx,

we get

‖Fβ,ε,δ,ξ,γf‖∞

= sup
y∈R

∫ +∞

−∞
sup
x∈R

{ | exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx]|
cosh(αx2)

}
×

∣∣f(x)∣∣ cosh(αx) dx
≤ ‖f‖1,µ2 sup

y∈R
sup
x∈R

{ | exp[−βy2 − εx2 + 2δxy + ξy + γx]|
cosh(αx2)

}
;

hence, for <δ = 0, we have

‖Fβ,ε,δ,ξ,γf‖∞
(3.10)

≤ sup
x∈R

{ | exp[−<εx2 + <γx]|
cosh(αx2)

}
sup
y∈R

{
exp[−<βy2 + <ξy]

}
.

If we again take into account that 2<δxy ≤ x2 + (<δ)2y2, then we see that

‖Fβ,ε,δ,ξ,γf‖∞
≤ ‖f‖1,µ2 sup

y∈R

{
exp

[
−
(
<β − (<δ)2

)
y2 + <ξy

]}
(3.11)

× sup
x∈R

{exp[−(<ε− 1)x2 + <γx]
cosh(αx2)

}
.
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From inequality 2<δxy ≤ (<δ)2x2 + y2, we have

‖Fβ,ε,δ,ξ,γf‖∞
≤ ‖f‖1,µ2 sup

y∈R

{
exp

[
−(<β − 1)y2 + <ξy

]}
(3.12)

× sup
x∈R

{exp[−(<ε− (<δ)2)x2 + <γx]
cosh(αx2)

}
.

From the hypothesis considered, the integrals involved in (3.10), (3.11), and
(3.12) converge; thus

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖1,µ2

for a certain real constant C.
Consequently, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces L1(R,

cosh(αx2) dx) into L∞(R, cosh(αx2) dx) for all α ∈ R, which completes the proof
of Theorem 3.1. �

By virtue of this result, it follows that the operator Fε,β,δ,γ,ξ is bounded from
the spaces L1(R, cosh(αx2) dx) into L∞(R, cosh(αx2) dx), for <ε ≥ 0, <β ≥ 0,
and <δ = <γ = <ξ = 0, or alternatively (<δ)2 ≤ <ε, <β ≥ 1, and <γ = <ξ = 0,
or alternatively (<δ)2 ≤ <β, <ε ≥ 1, and <γ = <ξ = 0.

Using this assertion and the fact that the weight cosh(αx2) is greater than or
equal to 1, Proposition 3.2 in [8] yields the following.

Theorem 3.4. For any α ∈ R, the Parseval-type relation∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ ∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx

holds for f, g ∈ L1(R, cosh(αx2) dx) with <ε ≥ 0, <β ≥ 0, and <δ = <γ = <ξ =
0, or alternatively (<δ)2 ≤ <ε, <β ≥ 1, and <γ = <ξ = 0, or alternatively
(<δ)2 ≤ <β, <ε ≥ 1, and <γ = <ξ = 0.

Next, from Corollary 3.1 in [8], we obtain the following.

Corollary 3.2. If we assume that f ∈ L1(R, cosh(αx2) dx) and α ∈ R and that
<ε ≥ 0, <β ≥ 0, and <δ = <γ = <ξ = 0, or alternatively (<δ)2 ≤ <ε, <β ≥ 1,
and <γ = <ξ = 0, or alternatively (<δ)2 ≤ <β, <ε ≥ 1, and <γ = <ξ = 0, then
it follows that

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf

on (L1(R, cosh(αx2) dx))′.

4. The operator Fβ,ε,δ,ξ,γ over the spaces L∞(R, cosh(αx) dx) and
L∞(R, cosh(αx2) dx)

In this section, we prove Lp-boundedness results corresponding to the case
when p = ∞.
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4.1. The case of the spaces L∞(R, cosh(αx) dx). Indeed, by following [6, Pro-
position 4.1], we are led to the following result.

Theorem 4.1. If we assume that α ∈ R, then
(a) for <ε > 0, (<δ)2 < <ε<β, and γ, ξ ∈ C, the operator Fβ,ε,δ,ξ,γ given by

(1.1) is bounded from the spaces L∞(R, cosh(αx) dx) into Lq(R,
cosh(αx) dx) for any q (0 < q < ∞);

(b) for <ε > 0, (<δ)2 ≤ <ε<β, and <ε<ξ + <δ<γ = 0, the operator Fβ,ε,δ,ξ,γ

is bounded from the spaces L∞(R, cosh(αx) dx) into L∞(R, cosh(αx) dx).
Proof. (a) Note that∣∣(Fβ,ε,δ,ξ,γf)(y)

∣∣
≤

∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣∣∣f(x)∣∣ dx

≤ ‖f‖∞
∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣ dx

= ‖f‖∞
∫ +∞

−∞
exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx] dx;

thus, for any 0 < q < ∞, we get∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy) dy

≤ ‖f‖q∞ ·
∫ +∞

−∞

(∫ +∞

−∞
exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx] dx

)q

× cosh(αy) dy.

By virtue of (1.3) and because <ε > 0 we see that∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy) dy

≤ ‖f‖q∞
∫ +∞

−∞

( π

<ε

)q/2

exp
[
−q<βy2 + q(<δ)2

<ε
y2

+ q<ξy + q<δ<γ
<ε

y +
q(<γ)2

4<ε

]
cosh(αy) dy

and therefore that

‖Fβ,ε,δ,ξ,γf‖q,µ1

≤ ‖f‖∞ ·
(∫ +∞

−∞

( π

<ε

)q/2

exp
[
−q<βy2 + q(<δ)2

<ε
y2

+ q<ξy + q<δ<γ
<ε

y +
q(<γ)2

4<ε

]
cosh(αy) dy

)1/q

,

which converges under the above conditions.
Hence, we have

‖Fβ,ε,δ,ξ,γf‖q,µ1 ≤ C‖f‖∞
for a certain real constant C depending on q.
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Thus, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces L∞(R, cosh(αx) dx)
into Lq(R, cosh(αx) dx), 0 < q < ∞.

(b) Also note that

‖Fβ,ε,δ,ξ,γf‖∞

≤ C‖f‖∞ · sup
y∈R

{∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣ dx}

= C‖f‖∞ · sup
y∈R

{∫ +∞

−∞
exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx] dx

}
.

By virtue of (1.3) and because <ε > 0, this expression is equal to

C‖f‖∞ · sup
y∈R

{( π

<ε

)1/2

exp
[
−<βy2 + (<δ)2

<ε
y2 + <ξy + <δ<γ

<ε
y +

(<γ)2

4<ε

]}
,

which is bounded under this hypothesis, and therefore the above expression is
bounded.

Hence we have

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖∞
for a certain real constant C.

In this way, the operator Fβ,ε,δ,ξ,γ is bounded from the spaces L∞(R,
cosh(αx) dx) into L∞(R, cosh(αx) dx). �

From this result, for all α ∈ R, we see that the operator Fε,β,δ,γ,ξ is bounded
from the spaces L∞(R, cosh(αx) dx) into L1(R, cosh(αx) dx), for <β > 0, (<δ)2 <
<ε<β, and γ, ξ ∈ C.

By Proposition 4.2 in [8], the following can be seen.

Theorem 4.2. For all α ∈ R, the following Parseval-type relation∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ +∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx

holds for f, g ∈ L∞(R, cosh(αx) dx) with <β > 0, (<δ)2 < <ε<β, and γ, ξ ∈ C.

In addition, as a consequence of Corollary 4.1 in [8], we obtain the following.

Corollary 4.1. For α ∈ R, and f ∈ L∞(R, cosh(αx) dx), <β > 0, (<δ)2 <
<ε<β, and γ, ξ ∈ C we get

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf

on (L∞(R, cosh(αx) dx))′.

4.2. The case of the spaces L∞(R, cosh(αx2) dx). By following [6, Proposi-
tion 4.1], we obtain the following result.

Theorem 4.3. If α ∈ R, then
(a) if <ε > 0, (<δ)2 < <ε(<β − |α|

q
), and γ, ξ ∈ C, then the operator

Fβ,ε,δ,ξ,γ given by (1.1) is bounded from L∞(R, cosh(αx2) dx) into Lq(R,
cosh(αx2) dx) for any q (0 < q < ∞);
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(b) if <ε > 0, (<δ)2 ≤ <ε<β, and <ε<ξ + <δ<γ = 0, then the opera-
tor Fβ,ε,δ,ξ,γ is bounded from the spaces L∞(R, cosh(αx2) dx) into L∞(R,
cosh(αx2) dx).

Proof. (a) Observe that∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣

≤
∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣∣∣f(x)∣∣ dx

≤ ‖f‖∞
∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣ dx

= ‖f‖∞
∫ +∞

−∞
exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx] dx

such that, for any 0 < q < ∞, we get∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy2) dy

≤ ‖f‖q∞ ·
∫ +∞

−∞

(∫ +∞

−∞
exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx] dx

)q

× cosh(αy2) dy.

By virtue of (1.3) and because <ε > 0, we get that∫ +∞

−∞

∣∣(Fβ,ε,δ,ξ,γf)(y)
∣∣q cosh(αy2) dy

≤ ‖f‖q∞ ·
∫ +∞

−∞

( π

<ε

)q/2

exp
[
−q<βy2 + q(<δ)2

<ε
y2 + q<ξy

+
q<δ<γ
<ε

y +
q(<γ)2

4<ε

]
cosh(αy2) dy

and therefore that

‖Fβ,ε,δ,ξ,γf‖q,µ2

≤ ‖f‖∞ ·
(∫ +∞

−∞

( π

<ε

)q/2

exp
[
−q<βy2 + q(<δ)2

<ε
y2 + q<ξy

+
q<δ<γ
<ε

y +
q(<γ)2

4<ε

]
cosh(αy2) dy

)1/q

,

which converges under the above conditions.
Hence, we have

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖q,µ2

for a certain real constant C depending on q.
The operator Fβ,ε,δ,ξ,γ is thus bounded from L∞(R, cosh(αx2) dx) into Lq(R,

cosh(αx2) dx), 0 < q < ∞.
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(b) Also observe that∥∥(Fβ,ε,δ,ξ,γf)(y)
∥∥
∞

≤ C‖f‖∞ · sup
y∈R

{∫ +∞

−∞

∣∣exp[−βy2 − εx2 + 2δxy + ξy + γx]
∣∣ dx}

= C‖f‖∞ · sup
y∈R

{∫ +∞

−∞
exp[−<βy2 −<εx2 + 2<δxy + <ξy + <γx] dx

}
.

By virtue of (1.3) and because <ε > 0, this expression is equal to

C‖f‖∞ · sup
y∈R

{( π

<ε

)1/2

exp
[
−<βy2 + (<δ)2

<ε
y2 + <ξy + <δ<γ

<ε
y +

(<γ)2

4<ε

]}
,

which is bounded under this hypothesis and thus the above integral converges.
Hence, we have

‖Fβ,ε,δ,ξ,γf‖∞ ≤ C‖f‖∞
for a certain real constant C.

Hence, the operator Fβ,ε,δ,ξ,γ is bounded from L∞(R, cosh(αx2) dx) into L∞(R,
cosh(αx2) dx). �

From this result it follows that, for all α ∈ R, the operator Fε,β,δ,γ,ξ is bounded
from L∞(R, cosh(αx2) dx) into L1(R, cosh(αx2) dx), for <β > 0, (<δ)2 < <β(<ε−
|α|), and γ, ξ ∈ C.

From Proposition 4.2 in [8], the following can be seen.

Theorem 4.4. For all α ∈ R the following Parseval-type relation holds:∫ +∞

−∞
(Fβ,ε,δ,ξ,γf)(x)g(x) dx =

∫ +∞

−∞
f(x)(Fε,β,δ,γ,ξg)(x) dx,

where f, g ∈ L∞(R, cosh(αx2) dx) with <β > 0, (<δ)2 < <β(<ε − |α|), and
γ, ξ ∈ C.

By virtue of Corollary 4.1 in [8], we obtain the following.

Corollary 4.2. For all α ∈ R and f ∈ L∞(R, cosh(αx2) dx), <β > 0, (<δ)2 <
<β(<ε− |α|), and γ, ξ ∈ C, we have

F′
ε,β,δ,γ,ξTf = TFβ,ε,δ,ξ,γf

on (L∞(R, cosh(αx2) dx))′.

5. An interesting particular case: The
Gauss–Weierstrass semigroup

The Gauss–Weierstrass semigroup on R (see [18, p. 103]) is given by

(ez∆f)(y) = (4πz)−1/2

∫ ∞

−∞
exp

[
−(y − x)2/4z

]
f(x) dx,

where <z ≥ 0 (and z 6= 0).
This operator corresponds to the case when β = ε = δ = 1/4z, and ξ = γ = 0.
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By virtue of Theorem 3.2 and taking into account that <δ = 0 corresponds
to the line <z = 0 and that the case <δ = 1 corresponds to the circumference
<z = 4|z|2, we get the following.

Theorem 5.1. The following Parseval relation holds:∫ +∞

−∞
(ez∆f)(x)g(x) dx =

∫ ∞

−∞
f(x)(ez∆g)(x) dx (5.1)

for f, g ∈ L1(R, cosh(αx) dx), α ∈ R, <z = 0 (and z 6= 0), or alternatively,
<z = 4|z|2 (and z 6= 0).

Moreover from Corollary 3.1, we have the following.

Corollary 5.1. For f ∈ L1(R, cosh(αx) dx), α ∈ R, <z = 0 (and z 6= 0), or
alternatively, <z = 4|z|2 (and z 6= 0), it follows that

(ez∆)′Tf = Tez∆f (5.2)

on (L1(R, cosh(αx) dx))′.

By virtue of Theorem 3.4, we obtain the following.

Theorem 5.2. The following Parseval relation holds that∫ +∞

−∞
(ez∆f)(x)g(x) dx =

∫ ∞

−∞
f(x)(ez∆g)(x) dx (5.3)

for f, g ∈ L1(R, cosh(αx2) dx), α ∈ R, <z = 0 (and z 6= 0), or alternatively,
<z = 4|z|2 (and z 6= 0).

Moreover from Corollary 3.2 we have the following.

Corollary 5.2. For f ∈ L1(R, cosh(αx2) dx), α ∈ R, <z = 0 (and z 6= 0), or
alternatively, <z = 4|z|2 (and z 6= 0), it follows that

(ez∆)′Tf = Tez∆f (5.4)

on (L1(R, cosh(αx2) dx))′.

Remark. The Gauss–Weierstrass semigroup appears in [1, p. 521] as well as other
publications.
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forms associated with a pair of operators on Hilbert space, Integral Transforms Spec. Funct.
24 (2013), no. 1, 1–8. Zbl 1277.44002. MR3011918. DOI 10.1080/10652469.2011.648379.
401

10. T. Hida, Brownian Motion, Springer, New York, 1980. Zbl 0432.60002. MR0562914. 399
11. R. Howe, “The oscillator semigroup” in The Mathematical Heritage of Hermann Weyl

(Durham, NC, 1987), Proc. Sympos. Pure Math. 48, Amer. Math. Soc., Providence, 1988,
61–132. Zbl 0687.47034. MR0974332. DOI 10.1090/pspum/048/974332. 400

12. Y. J. Lee, Integral transforms of analytic functions on abstract Wiener spaces,
J. Funct. Anal. 47 (1982), no. 2, 153–164. Zbl 0487.44006. MR0664334. DOI 10.1016/
0022-1236(82)90103-3. 400

13. Y. J. Lee, Unitary operators on the space of L2-functions over abstract Wiener spaces,
Soochow J. Math. 13 (1987), no. 2, 165–174. Zbl 0661.46042. MR0960656. 400

14. E. H. Lieb, Gaussian kernels have only Gaussian maximizers, Invent. Math. 102 (1990),
no. 1, 179–208. Zbl 0726.42005. MR1069246. DOI 10.1007/BF01233426. 399, 400
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