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ABSTRACT. We provide extension procedures for nonlinear expectations to the
space of all bounded measurable functions. We first discuss a maximal extension
for convex expectations which have a representation in terms of finitely additive
measures. One of the main results of this article is an extension procedure for
convex expectations which are continuous from above and therefore admit a
representation in terms of countably additive measures. This can be seen as a
nonlinear version of the Daniell-Stone theorem. From this, we deduce a robust
Kolmogorov extension theorem which is then used to extend nonlinear kernels
to an infinite-dimensional path space. We then apply this theorem to construct
nonlinear Markov processes with a given family of nonlinear transition kernels.

1. Introduction

Given a set M of bounded measurable functions X : 2 — R which contains
the constants, a nonlinear expectation is a functional £: M — R which satisfies
E(X) < E(Y) whenever X(w) < Y(w) for all w € Q, and E(algy) = « for all
a € R. If a nonlinear expectation &€ is in addition sublinear, then p(X) := £(—X),
X € M, is a coherent monetary risk measure as introduced by Artzner et al. [1]
and Delbaen [12], [13] (see also Follmer and Schied [24] for an overview of convex
monetary risk measures). Other prominent examples of nonlinear expectations
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include the g-expectation of Coquet et al. [11] and the G-expectation introduced
by Peng [27], [28] (see also Dolinsky, Nutz, and Soner [18] or Denis, Hu, and Peng
[17]). We also refer to Cheridito et al. [9] and Soner, Touzi, and Zhang [29], [30]
for the connection of the latter to fully nonlinear partial differential equations
and second-order backward stochastic differential equations (2BSDE).

The first part of this article deals with the extension of a nonlinear expecta-
tion from a subspace M to the space £> consisting of all bounded measurable
functions X: Q@ — R. In line with Cerreia-Vioglio et al. [5], we first show the
existence of a IEaXimal extension. In the case that £ is convex on M, the maxi-
mal extension £ is also convex and has a dual representation in terms of finitely
additive probability measures. We then focus on extensions which satisfy some
additional continuity properties. If £ is convex and continuous from above on a
Riesz subspace M, we construct an extension &£, which is continuous from below
on £ and has a dual representation in terms of o-additive probability measures
(see Theorem 3.10). With the help of Choquet’s capacitability theorem (see [10,
Théoreme 1]), we obtain the uniqueness of such an extension in a certain class of
expectations. Thus, our extension result can be viewed as a generalization of the
Daniell-Stone extension theorem, which states that a linear expectation £ which
is continuous from above on a Riesz subspace M has a unique linear extension £
to L over the o-algebra o (M) generated by M. While for linear expectations the
extension is still continuous from above, the same does not hold for convex expec-
tations. Note that the continuity from above of a convex expectation £ on £ is
a very strong condition which, in particular, implies that £(X) = £(Y) whenever
X =Y p-almost surely for some probability measure p, and that the representing
probability measures in the dual representation of £ are dominated by u as well.
However, nonlinear expectations are continuous from above on certain subspaces
of L (see, e.g., Cheridito, Kupper, and Tangpi [7] and the references therein).
Hence, nonlinear expectations can be constructed by defining them on a subspace
M and extending them to £, the space of bounded o (M )-measurable functions.

In the second part of the article, we illustrate this extension procedure in a
Kolmogorov-type setting. That is, for an arbitrary index set I we construct non-
linear expectations on £2(ST), where ST is the I'th product of a Polish space S.
To that end, we first consider a family of expectations £; on linear subsets M ; of
£>(S7), indexed by the set H of all finite subsets of I. In line with Peng [26],
under the natural consistency condition Ex(f) = E;(f o pr ) for every f € My
and all J/K € H with K C J, where pr;, denotes the projection from M; to
My, the family (£;) can be extended to the space M := {fopr,: f € M;,J €
H }. Moreover, if each £; is convex and continuous from above on M, the same
also holds for the extension on M. Hence, by the general extension result, The-
orem 3.10, from the first part, there exists a convex expectation € on £ which
is continuous from below such that £(f o pr;) = &;(f) for all f € M; and
J C I finite (see Theorem 4.6). The corresponding dual version in the sublinear
case leads to Theorem 4.7, which is a robust version of Kolmogorov’s extension
theorem. (We refer to Delbaen [14], Delbaen, Peng, and Rosazza Gianin [15],
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Cheridito, Delbaen, and Kupper [6], Follmer and Penner [23], or Bartl [2] for a
discussion on time consistency for dynamic monetary risk measures.)

Finally, we construct consistent families (£;) of nonlinear expectations by
means of nonlinear kernels, which are closely related to monetary risk kernels,
as introduced by Follmer and Kliippelberg [22]. For two subsets M and N of
L%, which contain the constants, a nonlinear kernel from M to N is a map-
ping £: S x M — R such that £(z,-) is a nonlinear expectation for all z € S
and E(-, f) € N for all f € M. We then focus on nonlinear kernels, which map
bounded continuous functions to bounded continuous functions, to deal with sto-
chastic optimal control problems (see, e.g., Yong and Zhou [32] or Fleming and
Soner [21]).

Notation. Let (2, F) be a measurable space, and denote by £°(€), F) the space
of all bounded F-B(R)-measurable random variables X : 2 — R. Let ba(£2, F) be
the space of all finitely additive signed measures of bounded variation on (2, F)
containing the subset ca(£2, F) of all o-additive signed measures. We denote by
ba (€2, F) the set of all positive elements in ba(Q, F), and we denote by ba’, (Q, F)
the set of those u € ba, (2, F) with u(Q) = 1. Analogously, we define ca, (Q, F)
and cal (Q, F).

Using the identification ba(€2, F) = (L>(£2, F))" (see [19, p. 258]), where (...)’
indicates the topological dual space, we write uX = fQX dp for p € ba(Q, F)
and X € L>*(Q,F). The space L2(2, F) and subspaces M C L>(Q, F) will
always be endowed with the supremum norm ||- ||, and their dual spaces ba(£2, F)
and M’ will be endowed with the weak*-topology. On subsets of these spaces we
take the trace topology. On L>(Q, F) we consider the partial order X > Y
whenever X(w) > Y(w) for all w € Q. For M C L>(Q, F), we write « € M
and R C M if alg € M and {alg : « € R} C M, respectively, where 1,4 is the
indicator function of A € F.

Structure of the article. In Section 2 we study general extension results for
nonlinear expectations and state their dual representations. The main extension
results for convex expectations, which are continuous from above, are provided in
Section 3. In Section 4 we discuss nonlinear versions of Kolmogorov’s extension
theorem which are finally applied to nonlinear kernels in Section 5.

2. General representation and extension results

In this section, we introduce the basic definitions and state a maximal extension
result for nonlinear expectations and their dual representations. Throughout, let
M C L>(92,F) with R C M. The following definition of a nonlinear expectation
is due to Peng [26].

Definition 2.1 ([26, Definition 2.4]). A (nonlinear) pre-expectation € on M is a

functional £: M — R which satisfies the following properties.

(i) Monotonicity: £(X) < E(Y) for all X,Y € M with X <Y.
(ii) Constant-preserving: £(a) = « for all o € R.

A pre-expectation £ on L£°(Q, F) is called an ezpectation.
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Note that a pre-expectation £: M — R satisfies |€(X)| < || X || for all X € M.
The extension procedure of positive linear functionals by Kantorovich (see [31,
p. 277]) indicates the following extension of a pre-expectation £: M — R to an
expectation E: L>(, F) — R. (For related extension results on niveloids, we
refer to Cerreia-Vioglio et al. [5].)

Proposition 2.2. For a pre-expectation £: M — R, define
E(X) = inf{&(X,): Xp € M, Xo> X}

for all X € L2(Q, F).

(a) E: L2(Q,F) — R is the mazimal expectation with 5|M = &; that is,
E(X) = E(X) for all X € M and for every expectation E:L2(Q,F) =R
with €|y = &, we have that E(X) < E(X) for all X € LX(Q, F).

(b) If M is convex and £ is convex, then & is conver.

(c) If M is a convex cone and & is sublinear, then £ is sublinear.

Proof. (a) Let X € £2(2, F). Note that £(X) > —oo since, for cach X, € M
with Xo > X, one has £(Xy) > &(—[|X]|lw) = —||X]lo- On the other hand,
X ||le € M implies that £(X) < E(|X|lo) = [| X]se. So E(X) is finite.

If X € M, then we have £(X) < £(X)) for all Xy € M with X, > X; that is,
E(X) = &(X). Since R C M, we thus obtain £(a) = «a for all @ € R. Now let
XY € ,COO(Q F) with X <Y. Then Yy > X for all Yy € M with Yy > Y, and
therefore £(X) < E(Y).

If £: £L2(Q, F) — R is another expectation with €|y, = & and X € L®(Q, F),
then

E(X) < E(Xy) = E(Xo)

for all Xy € M with X, > X. Hence, £(X) < £(X).
The statements (b) and (c) follow directly from the definition of &. O

Remark 2.3. For a pre-expectation £: M — R, let £(X) = sup{&(Xy): X, €
M, X, < X} forall X € £2(Q, F). Then, one readily verifies that £: £*(Q, F) —
R is the smallest expectation which extends £. However, convexity of £ usually
does not carry over to E.

Throughout the remainder of this section, let M C £L>®(Q, F) be a linear sub-
space with 1 € M. In this case, we can give an explicit description of g by using
tools from convex analysis and duality theory. For a convex function £: M — R,
let £* be its conjugate function

E*(p) = sup (uX — E(X)),
XeM
where p1: M — R is a linear functional. We start with the well-known represen-
tation of convex pre-expectations on M. For the sake of completeness, we give a
proof in the Appendix.
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Lemma 2.4. Let £: M — R be a convexr pre-expectation. Then, every linear
functional p: M — R with £ (1) < oo is a linear pre-expectation. Furthermore,
one has

E(X) = max(uX — E(w) forall X € M, (2.1)

neM’
where the mazimum is attained on the convexr compact set {p € M': E*(n) < a}
for every a > || X ||l — E(X). If € is sublinear, then E*(u) < oo implies that
E*(1) =0 for all e M', and we obtain that

E(X) =max{pX : pe M E(u) =0}.

The preceding lemma shows that a convex pre-expectation has the translation
property; that is, £(X + «a) = E(X) + a for all X € M and « € R. In particular,
& is 1-Lipschitz continuous, and p(X) := £(—X) defines a convex risk measure
on M. (For a discussion of risk measures, we refer to Follmer and Schied [24] and
the references therein.)

Remark 2.5. We apply Lemma 2.4 to the linear case. Let u € M’ be a linear
pre-expectation. Then,

i(X) =max{vX : v € bal (Q, F),v[yy = p} forall X € L2(Q,F). (2.2)

In fact, by Proposition 2.2(c), fi is a sublinear expectation, and an application of
Lemma 2.4 with M = £>*(Q, F) yields

i(X) = max{vX : v € ba(Q, F),a*(v) = 0}.

For each v € ba(Q, F) with u*(v) = 0, another application of Lemma 2.4 implies
that v € bal (€, F), and from fi(X) > vX for all X € £L2(Q,F), we see that
vXo < (Xo) = u(Xo) for all Xo € M. As M is a linear subspace, it follows
that vy = p. This implies < in (2.2). On the other hand, each v € bal (Q, F)
with |y = p is an expectation extending p, and therefore j1(X) > v X by the
maximality of fi.

Theorem 2.6. Let £: M — R be a convexr pre-expectation on M. Then, the

mazimal extension £ has the representation

E(X)= max (A(X)-&(W)= max (VX — & (v|y)) (2.3)
neM vebal (Q,F)
Ex(p)<oo

for all X € L£2(Q, F). Moreover, £*(v) = E*(v|y) for all v € bal, (Q, F).

Proof. By Lemma 2.4, we have that every pu € M’ with £*(u) < oo is a linear
pre-expectation on M, and therefore, 1 is well defined. Let X € £>(Q, F). By

the maximality of 5 , we have that

sup (f(X) — &) <E(X)  and sup (VX — E*(v]w)) < E(X)
ueM’ vebal (Q,F)
Ex(p)<oo

as the left-hand sides are expectations extending £. By Lemma 2.4 appligd to &
and M = L£>((, F), there exists a linear expectation v € ba! (2, F) with £*(v) <
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~

oo and £(X) = vX — é\*(y) Then, pu := v|y € M’ is a linear pre-expectation
with £*(u) < £*(v) < co. By Remark 2.5, we get that

E(X) = vX - E'(v) < A(X) - €°(u) < E(X).

It remains to show that £*(v) = £*(v|y) forall v € bal, (Q2, F). Clearly, £*(v|y) <
£*(v). To show the inverse inequality, let v € bal (Q,F) with £*(v|y) < oo,
X € L2®(Q,F) and £ > 0. Then, there exists some Xy, € M with Xy > X and
E(Xo) < E(X) + . Hence, we get that

vX —E(X) <vX —E(Xy) +e < vXo—E(Xo) +& < E W) +e.

Letting € \, 0, we obtain that v.X — £(X) < E*(v|ar) and the proof is complete.
0

3. Continuous extensions of nonlinear expectations

Although the maximal extension £ is rather straightforward, its representation
(2.3) is in terms of finitely additive measures in bal (Q, F). In this section, we
focus on an alternative extension admitting a representation with probability
measures in ca} (€2, F). Throughout this section, let M C £L>*(Q, F) be a linear
subspace with 1 € M.

Definition 3.1. Let £: M — R be a pre-expectation on M.

(a) We say that & is continuous from above if £(X,,) N\ E(X) for all (X,,)nen €
MY and X € M with X,, \, X as n — oo.

(b) We say that & is continuous from below if £(X,,) / E(X) for all (X, )nen €
MY and X € M with X,, /' X as n — oo.

In Fan [20], a function f: £ x F — R defined on arbitrary sets F and F is
said to be convex on F if, for all y1,y2 € F and A € [0, 1], there exists an element
Yo € F such that

flzyyo) < Af(z,y1) + (L= XN)f(z,y2) forallz € E.

Analogously, concavity on E is defined. By Fan’s minimax theorem (see [20,
Theorem 2]), one has

)
Nex e ov) = phrgp o w)

if £ is a compact Hausdorff space, f(-,y) is upper-semicontinuous on F for each
y € F, and f is convex on F' and concave on FE.

Lemma 3.2. Let £: M — R be a convex pre-expectation. Then, £ is continuous
from above if and only if every u € M' with £* () < oo is continuous from above.

Proof. Recall that by Lemma 2.4, one has £(Y) = max,epr (1Y — E*(p)) for all
Y € M, and let (X,,)nen € MY such that X,, \, X for some X € M.
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If £ is continuous from above, then for every p € M’ with £*(u) < oo and all
A > 0, one has

0 < pX, — pX = p(X, — X) = 2"u(MX, — X))
<ATTENX, — X))+ A7E (W) N\ ATTE (1) asn — oo
Letting A — oo, we thus obtain that inf, ey X, = puX.

Conversely, if every p € M’ with £*(u) < oo is continuous from above, we
apply Fan’s minimax theorem with F := {u € M’ : £ (n) < || X1l — E(X)},
F:=Njand f: EX F = R, (u,n) — pX, —E*(u), and we obtain

X) = X — &£(u)) = max inf (uX,, — &
E(X) = ma(uX — £ () = max inf (1X, — €"(1))

= inf max(uX, — €°(n)) = inf £(X,),

so that £ is continuous from above. O

Remark 3.3. Let £: L(), F) — R be a convex expectation which is continuous
from above. Then, Lemmas 2.4 and 3.2 imply that

P = {p € cal (Q,F): E(n) < n}
is a compact subset of ba(2, F) for all n € N. Hence, for all n € N there exists
a probability measure v, € cai(Q,}" ) such that all p € P, are v,-continuous
and the family {;7‘1: p € P,} is uniformly integrable (see [4, p. 291]). Therefore,

every p € cal (Q,F) with £*(u) < oo is absolutely continuous with respect to the
probability measure v := Y >° , 27"1,. By Lemmas 2.4 and 3.2, we have that

E(X)=E(Y)
for all X|Y € £>°(Q, F) with X =Y v-almost surely.

Since the continuity from above on £(£2, F) of a convex expectation & already
implies that £ is dominated by some reference measure, this assumption is too
strong in many applications. This motivates the following.

Definition 3.4. Let £: L>(, F) — R be a convex expectation. Then, we say
that (2, F,&) is a convex expectation space if there exists a set of probability
measures P C cal (2, F) such that
E(X) = sup(uX — € (n))
neP
for all X € £>(Q, F). If in addition £ is sublinear, then (2, F,&) is called a
sublinear expectation space.

The following proposition is a standard result which shows that in a topological
space {2 tightness is sufficient to at least obtain continuity from above on Cj(€2).
For the reader’s convenience, we provide a proof of this statement.

Proposition 3.5. Let Q2 be a topological space with Borel o-algebra F on €2, and
let £: Cp(Q) — R be given by

E(X) :=suppX forall X € Cp(),

peP
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where P C Cai(Q, F) is tight. Then, the sublinear pre-expectation £ is continuous
from above.

Proof. Let (X,)nen be a sequence in Cp(€2) with X, N\, 0 and £ > 0. We may
assume without loss of generality that X; # 0. As P is tight, there exists a
compact set K C () such that

sup (@ K) < ]|,
HeP

By Dini’s lemma, we have that || X, 1|/ — 0. Hence,
S(Xn) < sup M(anK) =+ sup M(Xn<1 - 1K>)
BEP HEP
< [ Xnlxlloo + [ Xaloo sup p(€2\ K)
neP

<[ Xolgllew +€— € asn— oo.

Letting € \, 0, we obtain that lim, ., £(X,) = 0, and therefore, £ is continuous
from above at 0. Since £ is sublinear, it is continuous from above. |

The following lemma is a variant of Extensions du théoreme 1(a) in Cho-
quet [10].

Lemma 3.6. Let F C 2% be a o-algebra, and let £: L>(Q, F) — R be continuous
from below. Then, £: L>(Q,2%) — R is continuous from below as well.

Proof. Let X € L£>2(£,29), and let (X, ).en be a sequence in £2°(€,2%) with
X, /' X. Fix e > 0. Then, for every n € N, there exists an X € L>*(Q, F) with
X0 Xf < X and
E(XF) < E(X,) +e

for all n € N. Define Y, := infj>, X§. Then, Y, € £L>®(Q,F) with X,, <Y, <
Y1 < || X[ and

E(Y,) S E(XY) <E(X,) +e
foralln € N. As X,, <Y, <[ X« for all n € N, we get that Y := sup,,cy Yn €
L2(Q,F) with X = sup,enXn < sup,enyYn = Y and Y,, 7 Y. Since € is
continuous from below, we obtain that

E(X)<EY) = lim £(Y,) < lim £(X,) +e¢.
n—,oo n—oo

Letting £ \, 0, we obtain that £(X) < lim,_e &(X,), and therefore, £(X)
lim,, 00 E(X,).

Let F C 2% be a o-algebra. For a convex expectation £: L*(Q, F) — R
which is continuous from below, the following example shows that, in general,
there exists not even one p € cal (Q,F) with £*(u) < co. However, if & is
dominated by some reference measure v € cal (Q2, F), that is, £(X) = £(Y) for
all X, Y € £2°(Q, F) with X =Y v-almost surely, then £ can even be represented
by probability measures which are absolutely continuous with respect to v (see
[24, Theorem 4.33]).

(I
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Ezxample 3.7. Let Q be a set of cardinality |2] = N;. Let
A:={Ae2%: |A =R or [Q\ 4] =Ry}

)\(A) — {07 |A| = Ny,

and

]-7 |Q\A|:NO

for all A € A. Then (9,4, \) is a probability space and by Proposition 2.2 and
Lemma 3.6, 2 L£>(Q,2%) — R is a sublinear expectation which is continuous
from below and extends A. However, by a result due to Bierlein [3, Satz 1C],
there exists no p € ca}r(Q, 2%) with 1|4 = X. Hence, by Theorem 2.6, there exists

no p1 € cal (€2, 29?) with (1) < co. Assuming the continuum hypothesis, we may
choose 2 =[0,1] and A: A — R as the restriction of Lebesgue measure to A.

For X, Y € L>®(Q, F), let (X ANY)(w) := min{X (w),Y(w)} and (X VY)(w) :=
max{X (w),Y (w)} for all w € Q. For the remainder of this section, we assume
that the linear subspace M of L>(Q, F) is a Riesz subspace, that is, M AM = M
or, equivalently, MV M = M. Here, M AN M and M V M are the sets of all X AY
and X VY with X,Y € M, respectively. Typical examples for Riesz subspaces of
L>®(Q, F) are

(i) the space span{ls: A € A} of all A-step functions, where A C F is an
algebra;

(ii) the space Cp(2) of all continuous bounded functions 2 — R, if 2 is a
topological space and F is the Borel o-algebra on 2.

Denote by M, and M; the set of all X € L£2(£2,29) for which there exists a
sequence (X, )neny € MY with X,, 7 X and X,, \, X, respectively. Later in this
article, we will use the following version of Choquet’s capacitability theorem (see
[10, Théoreme 1]). Let £: L2(Q,2?) — R be an expectation, and let M be a
Riesz subspace with 1 € M. If £ is continuous from below and €|, is continuous
from above, then for all X € £>(Q,0(M)), one has

E(X) =sup{&(Xo): Xo € Ms, Xo < X}.

This follows from [10, Extensions du Théoreme 1, 2)] and the monotone class
theorem (see [16, Chapter I, (22.3)]).

By the Daniell-Stone theorem, for every linear pre-expectation p: M — R
which is continuous from above, there exists a unique expectation v € cal (€,
o(M)) which is continuous from above and extends y, that is, uX = [ X dv for
all X € M. However, in the sublinear case, a similar statement does not hold, as
illustrated by the following example. (For a convex version of the Daniell-Stone
theorem and the respective representation results, we refer to Cheridito, Kupper,
and Tangpi [7] and the references therein.)

Ezxample 3.8. Let 2 := [0,1] and £(X) = max,cq X (w) for all X € M :=
C(9). By Dini’s lemma, £: M — R is continuous from above, and thus has the
representation

E(X)= max pX forall X € M,
pecal ([0,1],F)
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where F denotes the Borel o-algebra on [0, 1]. Notice that cal (Q, F) is compact
in ca($2, F) = C(Q2) or, equivalently, tight by Prokhorov’s theorem, however it is
not compact in ba(Q2, F) = £>(2, F)’. Suppose that there existed an expectation
£ : £2(Q, F) — R which extends £ and is continuous from above. Approximating
the upper-semicontinuous indicator function 1y, with continuous functions from
above implies that £ (1gy) > 1for allw € Q. Hence, for every sequence (A, )nen C
F with A, # 0 and 14, \, 0, one has £(14,) > 1 for all n € N and £(0) = 0.

The main theorem of this section, Theorem 3.10, states that, for every con-
vex pre-expectation £: M — R which is continuous from above, there exists
exactly one expectation £: £>(Q,0(M)) — R which is continuous from below
on £%°(Q,0(M)) and continuous from above on Mjs. Moreover, £ is convex and
admits a representation in terms of probability measures on (2, o(M)).

We start by extending a pre-expectation £: M — R which is continuous from
above to a pre-expectation £: Ms — R which is continuous from above. (For
related results in the context of robust pricing and hedging in financial markets
we refer to Cheridito, Kupper, and Tangpi [8].)

Lemma 3.9. Let £: M — R be a pre-expectation which is continuous from above.
Then, there exists a unique pre-expectation Es: Ms — R which is continuous from
above and extends E. Moreover, E5 = §|M57 that 1s, Es is the largest pre-expectation
E: Ms — R with €|y = £.

Proof. Let X € Ms and (X, )neny € MY with X,, \ X. Then, £(X,) > —[| X/l
for all n € N. Define
Es(X) = lim £(X,,) > —o0.

n—oo

First, we show that & (X) is independent of the sequence (X, )nen € MY, Let
(Yo)nen € MY with Y, N\, X. Then, Z* := X, VY, € M for all k,n € N and
ZF N\ Y} as n — oo for all k € N. Hence, as £ is continuous from above, we get
that

E(Y,) = lim £(ZF) > lim £(X,)

n—oo n—oo
for all & € N. Thus, lim, &Y, > lim,,&(X,), and therefore
lim,, 00 £(Y;) = lim,, o0 £(X,,) by symmetry, which shows that & is well defined.
Clearly, & defines a pre-expectation on Ms with Es|y = £.

Now, let X € Ms and (X,)neny € MY with X,, \ X. For all n € N, let
(XM ken € MY with X* N\ X, as k — oo. Define Y,, := X?" A --- A X" for all
n € N. Then, as M is directed downward, we have that Y,, € M with Y,, > Y,
for all n € N. Moreover, Y,, > X,, for all n € N, and X* > Y, for all k,n € N
with k£ < n. Hence,

X,, = lim X* > lim ¥, > lim X, = X

k—o0 n— 00 n—oo

for all m € N. Altogether, Y,, \, X with Y,, > X, for all n € N and therefore
Es(X) = lim £(Y,) > lim &(X,).
n—oo n—oo

As E5(X,,) > Es(X) for all n € N, we obtain that E5(X) = lim,, . E5(X,).
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We have that é\(X) > &(X) for all X € My, as & is the largest expectation
which extends &. Let (X, )neny € MY with X, \, X, so that £(X) > &(X) =

~

limy, o0 £(X) = limy e £(X,) > E(X). O

Theorem 3.10. Suppose that F = o(M). For a convex expectation £: M — R
which is continuous from above, define

E(X):= sup{ingé’(Xn): (X)) nen € MY, X, > X,01(n € N), X > inf Xn}
ne

neN

for all X € L>(Q, F). Then, & is the only expectation which is continuous Jrom
below on L>(Q, F), continuous from above on Ms, and extends E. Moreover, £ is
convex with the dual representation

EX)= swp (W(X)—EW)= sup (vX —E (W)
peM’ vecal (Q,F)
&*(pn)<oo

for all X € L®(Q, F). In particular, (Q, F,E) is a convex expectation space.
Proof. Let £: L2(Q, F) — R be given by

E(X):== sup (VX =& (v|m)) forall X € L2(Q,F).

vecal (Q,F)

By the theorem of Daniell-Stone, it follows that & is a convex expectation which
is continuous from below and extends £. Moreover, € is continuous from above
on Ms. Indeed, let (X,)neny € M with X, \, X for some X € M;. Define the
convex compact set Q := {u € M’ : E*(u) < || X1lloo + [|X||oc} and the mapping

fr@xN=R, (u,n) = pX, = (),

which is concave on Q and convex on N in the sense of [20]. Moreover, f(-,n) is
upper-semicontinuous for all n € N. By Lemma 2.4, Fan’s minimax theorem, and
the Daniell-Stone theorem, we obtain that

inf £(X,,) = inf max(uX, — (1)) = max inf (uX,, — E* (1))

neN neN peQ neQ neN
< max inf(vX, — & (v — max (vX —E&* (v
- vecal (Q.F) nEN( ( |M)) VEcai_(Q,]-')< ( ’M))
= £(X).

Hence £(X) = inf,eny€(X,), so that £ is continuous from above on M; by
Lemma 3.9. The claim then follows from Theorem 2.6, Lemma 3.9, and Cho-
quet’s capacitability theorem. O

Although £ is the only expectation which is continuous from below on £>(€,
F), continuous from above on My, and extends &, there may exist infinitely many
expectations which extend £ and are continuous from below, as the following
example shows.
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Ezample 3.11. Let © := [0, 1], let F be the Borel o-algebra on [0, 1], and let

E(X):=max X(w) = max pX =maxd,X

for all X € M := C([0,1]), where §, € cal (2, F) is the Dirac measure d,(A) :=
la(w) for w e Q and A € F. Then, £: L>*(Q, F) — R is given by

E(X)= sup pX =supd,X =sup X(w) forall X € L>(Q,F).

ueca_lk(Q,]:) weN we

On the other hand, for every wy € [0, 1], we have that &: £L>(£2, F) — R, given
by

E(X):= sup X(w)= sup 6,X,
we\{wo} we\{wo}

is an expectation which extends £ and is continuous from below.

Corollary 3.12. For a conver pre-expectation £: M — R which is continuous
from above, let £: L2(Q,0(M)) — R be an expectation which is continuous from
below and extends €. Then,

(i) 5( ) < E(X) for all X € L2(Q,0(M)),
(ii) € = & if and only if £*(v) = E*(V|u) for all v € cal (Q, a(M)).

Proof. (i) We have that £ V £ is an expectation which is continuous from below.
Moreover, as €|y, = §|M5 by Lemma 3.9, we get that (€ V )|y, = |, is
continuous from above. Hence, by Theorem 3.10, we get that EVE=E.

(ii) First, we show that £*(v) = E*(v|u) for all v € cal (Q,0(M)). Clearly,
E*(vlm) < (€)*(v) for all v € cal (Q,0(M)). To show the converse inequality, let
v € cal (Q,F) with £*(v|y) < 0o, X € L>(Q, F), and € > 0. By Theorem 3.10,
it follows that v = (v|y). Hence, there exists a sequence (X, )neny € MY with
X, > X, foralln € N, X >inf,cy X, and v X < inf,cyvX, +¢e. Furthermore,
there exists an ny € N such that £(X,,) — ¢ < inf,en E(X,,). Thus, we obtain
that

vX —E(X )<1anX +e—inf E£(X,) < vX,, — E(Xy,) + 2

neN
< E*(v|m) + 2.

Letting £ N\, 0, we get that v.X — E(X ) < E*(v|m) for all X € L°(€2, F). Hence,
if £ = &, we get that 5*( ) =E*(v) = E*(v|m) for all v € cal (Q,a(M)).

Now, assume that £*(u) = £*(u|p) for all p € cal (Q,0(M)). By (i) we have
that

EX)<EX)= sup  (uX —E'(n) <EX)

pecal (Q,0(M))

for all X € £2(Q,0(M)), which shows that £ = £. O
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4. A robust version of Kolmogorov’s extension theorem

In this section, we apply the previous results to a Kolmogorov-type setting.
That is, given a family of finite-dimensional marginal expectations, we want to
find an expectation with these marginals. Again, we will distinguish between the
finitely additive case and the countably additive case. Finally, we will state a
robust version of Kolmogorov’s extension theorem.

Throughout, let I # @) be an index set, let H := {J C I: #J € N} be the
set of all finite nonempty subsets of I, and let S be a Polish space with the
Borel o-algebra B. For each J € H |, let M; C £L2(S7,B7) be a linear subspace
with 1 € My, where B’ is the product o-algebra on S”. As before, M is always
endowed with the || - ||o-norm, and on (M;)" we consider the weak*-topology.
Throughout this section, we assume that

Mg opry = ={fopryx: f€ Mg} CM,
for all J;K € H with K C J, where pr;: S7 — SE. (2;)ics = (2;)icx and
pr; := pry;. For puy € (M;), we define
(myopry)f = pi(fopryg) forall fe Mg
so that
(M) o pryy = {psopryg: s € (My)'} C (Mg)'.
Note that the linear mapping (M) — (My)', juy = 1y 0 prj is continuous.
Remark 4.1. Typical examples for the family (M) en are
(i) the space £>(S7) := £>(S7,B7) of all bounded B’-B(R)-measurable
functions, where B’ denotes the product o-algebra on S7;

(i) the space M; := C,(S”) of all continuous bounded functions S7 — R,
where S is endowed with the product topology.

Peng [26] defines a consistency condition for nonlinear expectations and proves
an extension to the subspace

M = {foprJ: JeH ,fECOO(SJagJ)}

of £L2(ST, B!). We will use the same notion of consistency as Peng and apply the
extension results from the previous sections to obtain an extension to £>(S7, BY).

Definition 4.2. For all J € H | let £;: M; — R be a pre-expectation. Then the
family (€7)jen is consistent if for all J, K € H with K C J
Ex(f)=Es(fopryg) forall fe Mg.
A family (Qy)jen of subsets Q; C (M) is consistent, if for all J, K € H with
K cJ,
Qyopry = Qx.

Lemma 4.3. For every J € H | let £;: M; — R be a sublinear pre-expectation,
and let

Q= {py € (My): psf <E;(f) for all f € My}.
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Then, the family (£;)jen 18 consistent if and only if the family (Qj)jen is
consistent.

Proof. Suppose that (€;)jen is consistent. Then, by Lemma A.1, we obtain that
the family (@) en is consistent as well.

Now suppose that the family (Q;) e is consistent, and let J, K € H with
K C J. Then, by Lemma 2.4, we get that

Ex(f) = max pgf= max pgf
MK EQK uKGQJOPT}}(
= max uy(fopryg) =E5(foprk)
wi€EQy
for all f € M. -

In the following, we denote by B! the product o-algebra, which is generated by
the sets of the form pr;'(B), where J € H and B € B’.

Proposition 4.4. Let (£;)jen be a consistent family of pre-expectations E; :
My — R. Then, there exists an expectation €: L>(ST, BT) — R such that

g(fOprJ) =E&5(f) forallJeH andall f € M,.

If the pre-expectations E; are convex or sublinear for all J € H | then £ is conver
or sublinear, respectively.

Proof. Let M := {fopr,: f € M;,J € H}. Then M is a linear subspace of
L>(ST,B") with 1 € M. For every J € H and f € M, let E(f opr,) := &E;(f).
Since the family (£;)en is consistent, the functional £: M — R is well defined.
Moreover, £: M — R is a pre-expectation on M. The assertion then follows from
Proposition 2.2. [l

Note that Proposition 4.4 still holds without the assumption that S is a Polish
space. In fact, S could be an arbitrary state space. If £; is linear for all J € H |
by Remark 2.5, we obtain that

E(f) =supvf,

veP
where P := {v € bal (S!,B!): vopr, = E; forall J€ H}. For all J € H , let
[(M;)']L denote the set of all linear pre-expectations p;: M; — R.

Corollary 4.5. Suppose that Q; C [(M;)']} is convex and compact for all J €
H and that the family (Qy)jen is consistent. Then, there exists a conver and
compact set Q C bai(SI,BI) such that Q o pr}1 = Qy forall J € H, where

(wopr;')f = pu(fopry) for all p € ba(S", B') and f € M;.
Proof. For each J € H | define the sublinear pre-expectation
Es(f) = max py;f forall fe M.
rIE€EQy

Since Q; C [(M,)']L is convex and compact, the Hahn-Banach separation theo-
rem implies that

Qs ={ps € Mj: pyf <E(f) forall fe M} (4.1)
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Hence, by Lemma 4.3, the family (£;)jen is consistent, and by Theorem 4.4
there exists a sublinear expectation £: £(S?, B') — R such that

E(fopr,)=&;(f) forall J€H andall fe M,. (4.2)
By Lemma 2.4, é\(f) = max,eo puf for all f € £2(S?, B!), where
Q= {pebal (ST, BY): uf <E(f) for all f e £2(ST,B)}.
By Lemma A.1, we thus obtain that Q o pr}1 =Q forall Je H. O

Theorem 4.6. For every J € H |, let M be a Riesz subspace of L>(S7,B”) with
o(Mj) =B’ and let E;: My — R be a convex pre-expectation which is continuous
from above. Assume that the family (£5)jen is consistent. Then, there exists
ezactly one expectation £: L2(ST, BT) — R which is continuous from below on
L£>(ST,BY) and continuous from above on Ms, where M := {fopr;: f € My, J €
H }, such that

Es(f)=E(fopry)= sup (v(fopr,) —E(v))

Veca},_ (S1,BI)

for all J € H and all f € M;. Moreover, £ is convex and if the pre-expectations
Ey are sublinear or linear for all J € H |, then £ is sublinear or linear, respectively.

Proof. Define E(fopr;) :=E,(f) forall f € M; and all J € H . Since the family
(E7)jen is consistent, £: M — R defines a convex pre-expectation on M. Let
w € M with £*(u) < oo. We will first show that p: M — R is continuous from
above. Let 7 := popr;' € M/ for all J € H. Then, (£;)*(ns) < E* (1) < o0,
and by Lemma 3.2, u;: M; — R is continuous from above. By the theorem of

Daniell-Stone, there exists a unique v; € cal (S7,B”7) with v,|y, = p, for all
JeH. As

UK = Mjoprjll( = (VJoprjll(”MK:

we thus obtain that vg = v; o prj}( for all J K € H with K C J. By
Kolmogorov’s extension theorem, there exists a unique v € Cafr(Sl , BY) with
v(fopry) =vyf forall f € £°(S7) and J € H . Hence, we get that v|y = p,
and therefore p: M — R is continuous from above as well. By Lemma 3.2, we
thus obtain that £: M — R is continuous from above.

Next, we will show that B! C o(M). Let J € H and B; € B’. Then, B’ €
o(M;) and therefore pr;*(By) € (M, opr;) C o(M).

Finally, since M is a Riesz subspace of £2(S?, B!) with 1 € M and B! C o(M),
the assertion follows from Theorem 3.10. O

Theorem 4.7. For every J € H |, let M be a Riesz subspace of L>(S7, B”) with
o(M;) =B, and let Q; C [(M;)')L be conver and compact. Assume that, for all
J e H , every uy € Qy is continuous from above and that the family (Qj)jen is
consistent. Then, there exists a set Q C ca’ (ST, BY) with

Q;=Qopr;' forallJEH.
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Proof. Let
Q= {pecal (8", B"): (nopry")u, € Qyforall J€H }.

Then, Qo pr;1 C Qy for all J € H . To show the other implication, let J, € H
and uy, € Qy, be fixed. By Corollary 4.5, there exists a u € ba, (ST, B') with
,uoprjo1 =y, and popr;' € Q; forall J € H . Let puy := popr;' € Q; for all
J € H \{Jo}. Then, the family (xs) e is consistent and p; € Q; is continuous
from above for all J € H . By the theorem of Daniell-Stone, there exists a unique
vy € cal (S7,B”) with v;|y, = py for all J € H . Since

i = py o Py = (W o pry) |

we obtain that vg = vjo pr}é for all JJ K € H with K C J. Hence, by
Kolmogorov’s extension theorem, there exists a unique v € Cafr(Sl , B!) with
vopr,' =y forall J € H . Hence, v € Q and satisfies (yoprjol)]MJo = f. O

Ezample 4.8. Let S := {0,1} be endowed with the topology 2°. Then, S is a
Polish space with Borel o-algebra 2°. Let H := {J C N: #.J € N} be the set of
all finite nonempty subsets of N. Then, for all J € H , we have that #S7 < oo,
and therefore the product o-algebra BY is the power set 257 and L£>(S7,B7)
consists of all functions S — R. Let M := {fopr;: Je H,f: S/ — R}. For
y € SN, let ¢, € cal (SN, BY) denote the Dirac measure given by d,(B) = 15(y)
for B € BY.

E: M — R be given by £(g) := 0,9 for g € M. Let f := 1gw g € L2(SY, BY).
For n € N, let

Bn = pr'rjl({(yla-"ayn>})
={zeSNia; =y forallie{l,....,n}} € B"

and g, := lgnp, = 1 —1p, € M. Then, we have that g, / f as n — oo; that
is, f € M,. In fact, by definition we have that g,(y) = 0 = f(y) for all n € N.
Let z € S\ {y}. Then there exists some i € N with z; # y; and therefore
gn(z) /1= f(x) asn — 00. As y € B, we have that g(gn) =E&(gn) = 0ygn =0
for all n € N. Let g € M with g > f. Then we have that g(z) > f(z) = 1 for all
x € SN\ {y}. On the other hand, there exists some J € H and some h: S7 — R
such that ¢ = hopr,. As #S = 2 > 1, there exists some z € SV \ {y} with
pr;(z) = pr,(y), and therefore

g(y) = h(pr,(y)) = h(pr,(2)) = g(z) > 1.
This shows that g(z) > 1 for all z € SY. As 1 > f and 1 € M, we obtain that

~

E(f)=1#0= lim &(ga).

This shows that, in general, £ is not continuous from below, not even on M,.
(b) In general, we may not expect the set Q C cal (S?, BY) from Theorem 4.7 to
be compact, not even if Q is convex for all J € H . In fact, let Q := cal (SV, BY).
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Then, Q is convex and o(cal (S, BY), £2°(SN, BY))-closed. But, Q is not a com-
pact subset of ba} (SN, BY) as cal (SN, BY) # bal (SN, BY). On the other hand,
we have that Q o pr;' = bal (S7,B/) is convex and compact for all J € H .

(c) Let Q := cal (SN, BY) and P := {v € cal (S, B") : v({y}) = 0} for some
y € SN. Then, we have that P and Q are both convex and o(cal (S™, BY), LSV,
BY))-closed. Let J € H . Since #S = 2 > 1, there exists some x; € SN\ {y} with
pry(zs) = pr;(y), and therefore

Popr;' =bal(S/,B’) = Qopr;

is compact. On the other hand, we have that P # Q. This shows that in Theo-
rem 4.7 no uniqueness can be obtained. A similar example shows that uniqueness
also cannot be obtained in Theorem 4.5.

Ezample 4.9. Let 0 < ¢ <7, p < @, and T > 0. Let n € N, ¢ € [g,7]",
pe [pa™ and 0 <t; <---<t, <T.ForJ:={t1,...,t,} and f € C,(R"), let

ES7(f) = | [z, a1+ 2o, @ + -+ x) AN (21, ... )
]Rn

for the product of normal distributions

N'Ij’a = ® N(/Lk(tk — tk—l); U]z(tk — tk—l))

k=1
with tg := 0 and N(0,0) := dp. Moreover, let
E(f)=  sup  EF(f)

pEp,A™ o€a,a]|"

for all f € Cy(R™). We equip cal (R", B(R)") with the Cj(R")-weak topology.
Then, the mapping

R" x [0,00)" — cal (R", B(R)"), (p,0)+— N§°

is continuous by Lévy’s continuity theorem or by direct computation. (Note that
it suffices to verify sequential continuity as R™ x [0,00)" is a metric space.) Let
s: R™ — R" be given by

s(xy, ..., xy) = (1,01 + x2,..., 21+ -+ x,) foralx,...,z, €R.
As s: R® — R" is continuous, the mapping
cal (R", B(R")) — cal (R",B(R")), v—vos '
is continuous, and therefore the mapping
R"™ x [0,00)" — cal (R", B(R)"), (u,0)— B

is continuous. As [u, 1] X [g,7]" C R" x [0, 00)™ is compact, we thus obtain that
the family

Q;:={E}": peu o€ lo,a]"} C C(R"Y
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is compact. Since Q; is convex and compact, we get that £; is continuous from
above with

Qs = {ps € Cy(R"): pyf <E;(f) for all f e Cy(R™)}

for each J € H . As the family (Q;)jen is consistent, we thus get that the
family (€7)en is consistent by Lemma 4.3. Hence, we may apply Theorems 4.6
and 4.7 and obtain an expectation £: LR, B(R)®T]) — R and a set Q C
cal (ROTT B(R)OT)) with £ o pr;' = € and Qopr;' = Q; for all J € H.
However, this is not the G-expectation introduced by Peng [27], [28] (see also
Example 5.7).

5. Application to nonlinear kernels

Let (S,B) be a measurable space. We will apply the nonlinear Kolmogorov
theorem to nonlinear kernels. We follow the definition of a monetary risk kernel
by Follmer and Kliippelberg [22], and we define nonlinear kernels in an analogous

way. We will use the results from the preceding section to extend these nonlinear
kernels. Throughout this section, let M, N C £>*(S,B) with R C M and R C N.

Definition 5.1. A (nonlinear) prekernel from M to N is a function £: Sx M — R
such that

(i) for each z € S, the function M — R, f — E(z, f) is a (nonlinear) pre-
expectation,
(ii) for every f € M, the function &(-, f) € N.

We say that a prekernel £ from M to N is convex, sublinear, continuous from
above, or continuous from below if, for every = € S, the function £(z, -) is convex,
sublinear, continuous from above, or continuous from below, respectively.

For two prekernels &, & from M to M, we write

((5'051)(1', f) = SO('Ta 81('7 f))
forall x € S and all f € M. Then, one easily checks that £,&; is again a prekernel.

Definition 5.2. We say that a family (&st)o<s<t<oo Of prekernels from M to M
tulfills the Chapman—Kolmogorov equations if &, = E4&, for all 0 < s <t <
U < 00.

Ezample 5.3. Let S be a finite state space, and let B := 2% so that £2(S, B) = R5.
Let

P LS, B) = L2(S,B)  and  po: £2(S,B) - R

be convex and therefore continuous, constant-preserving, that is, P(a) = a and
po(a) = a for all & € R, and monotone, that is, P(f) < P(g) and uo(f) < po(g)
for all f,g € L>(S,B) with f < g. For every k,l € Ny with k < [, we define

Eri(, f) == PE(f) for all f € L2(S,B).
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Then, &,: Sx L>*(S,B) — R defines a convex kernel from £>(S, B) to L>(S, B)
for all k,l € No with k£ < [. Let H := {J C Ny: #J € N} be the set of all finite
nonempty subsets of Ny. For £ € Ny, we define

Ey(f) = no(PH(f))  for all f € L7(S,B),

where P is the identity. For n € N, ky,..., k,41 € Ng with k; < -+ < ky4q, and
f € LX(S™ B ) we now define recursively

g{lﬂ ,,,,, kn+1}<f) = 8{k1 ..... kn}(g)a

where g(z1,...,%,) = Ekp iy (Tn, f(@1, ..., 2y,-)) for all q,...,2, € S. Then,
Ey: L2(S7,B7) — R is a convex expectation which is continuous from above for
all J € H . Since the family (£;;)o<k<; fulfills the Chapman-Kolmogorov equa-
tions, we obtain that the family (€;) eq is consistent. Hence, by Theorem 4.6,
there exists an expectation £: £(SY BYo) — R which is continuous from below
and satisfies

E((fopr)(gopn)) = no(PH(fP' 7 (g)))
for all f,g € £2(S,B) and k,l € Ny with k& < [. Hence, (pry)ren, can be viewed
as a convex Markov chain on (SN, BNo &), If P is sublinear, then the set

{p e RS uf <P(f) for all feR}
induces a Markov set-chain (see Hartfiel [25]).

In the following, let S be a Polish space with metric d and Borel o-algebra
B. We denote by BUC(S) the space of all bounded and uniformly continuous
functions with respect to the metric d. On general state spaces, the measurability
of g in the above example is nontrivial. In the following, we will therefore consider
prekernels from Cy(S) to Cy(5).

Remark 5.4. (a) We have that BUC(S), = LSC(S), where LSCy(S) denotes
the space of all bounded lower semicontinuous functions S — R. In fact, the
implication BUC(S), C LSC,(S) is obvious. To show the inverse implication,
let f € LSCy(S), where without loss of generality we may assume that f > 0
(otherwise consider f + ||f||oo). For k,n € Ny let U :={z € S: f(z) > k27"}.
As U} is open, we have that k27"1y» € BUC(S), for all k,n € Ny. Note that
n(d(z,U)AL) S 1y(x) as n — oo for all 2 € S and any open set U C S. Finally,
for all n € Ny, let
Jn = sup k27" 1yn.
keNg

Then, we have that f, € BUC(S), with f, < fo1 < fand ||f — fulleo < 27"
for all n € Ny. In particular, f,, / f as n — oo, and therefore f € BUC(S),.
As BUC(S) is a vector space, we thus obtain that BUC(S)s = USC,(S), where
USC,(S) denotes the space of all bounded upper-semicontinuous functions S —
R.

(b) Let M be a dense subspace of BUC(S) with 1 € M, and let £ be a convex
prekernel fﬁom M to M. Then, as & is 1-Lipschitz, there exists exactly one convex
prekernel £ from BUC(S) to BUC(S) with £y = €.
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(c) Let € be a convex prekernel from BUC(S) to Cy(S), which is continuous
from above. Then, there exists exactly one convex prekernel £ from Cy(S) to
Cy(S), which is continuous from above and satisfies £ lsucis)y = €. Indeed, by
part (a) and Lemma 3.9, there exists a convex kernel £ from Cy(S) to L=(9),
which is continuous from above and extends £. Since Cy(S) is a vector space,

it follows that & is continuous from below as well. By part (a), for f € Cy(S)
there exist sequences (fy,)nen and (gn)neny in BUC(S) with f, N\, f and ¢, ' f
as n — 0o. Therefore,

inf £(f,) = E(f) = sup&(gy),

neN

which shows that £(f) € Cy(S).

(d) Let (Est)o<s<t<co be a family of convex prekernels from Cy(S) to Cy(5),
which are continuous from above. Moreover, let M C BUC(S) be a dense subspace
of BUC(S) with 1 € M. Then, by the uniqueness obtained in parts (b) and (c),
the following statements are equivalent:

(1) (Est)o<s<t<oo satisfies the Chapman—Kolmogorov equations,
(ii) Esu(f) = Est(&ru(f)) for all f € BUC(S) and 0 < s <t < u < o0,
(ill) Esu(f) = Esi(&u(f)) forall fe M and 0 <s <t <u < oo.

Therefore, the extension of convex kernels from BUC(S) to BUC(S) or from M to
M, which are continuous from above, are included in the extension of prekernels
from Cy(S) to Cp(S), which are continuous from above.

Proposition 5.5. Let £ be a convex prekernel from Cy(S) to Cy(S), which is
continuous from above. Then, for every Polish space T, the parameter-dependent
version

Er: (SXT)xCy(SxT)— R, ((x,y),f) Hé’(w,f(-,y))

is a convex prekernel from Cy(S x T) to Cy(S x T'), which is continuous from
above.

Proof. First note that for all (z,y) € S x T, the function
C(SxT) =R, fr&r((z,y)f)

is a convex pre-expectation on Cy(S x T'), which is continuous from above. Let
f € Cy(S x T) be uniformly continuous with respect to the metric d(z,z") +
dr(y,y') for (z,y),(«',y’) € S x T, where dr is a metric on T'. Fix ¢ > 0, and let
(70,y0) € S x T. Then, there exists a 6 > 0 such that

[F(a,50) = flay)] < 5

for all (z,y) € S x T with dr(y,yo) < ¢, and

‘8(1‘0’ fyo) - 5(.1', fyo)| S

DO ™
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for all x € S with d(x,z¢) <. Here, f,: S — R is defined as x — f(z,y) for all
y € T. Then, || f, — fylleo < § for all y € T" with dr(y,y0) < d. Therefore,

’gT((xmyO)v f) - ET((x7y)7 f)|

= ‘8(1‘0, fyo) - 5(33', fy)|
< ‘g(xmfyo) - g(xafyo)l + ‘g(m7fy0) - g(l’,fy){
< ‘5<5’70afy0) - 5(5Cafyo)| + nyo - fy“oo
BN
2 2
for all (z,y) € S with d(z,z9) < ¢ and dr(y,yo) < 0. By Remark 5.4(c), we
obtain the assertion. O

The following result allows us to generalize the construction from Example 5.3
to general Markov processes.

Theorem 5.6. Let (Est)o<s<i<oo be a family of convexr kernels from Cy(S) to
Cy(S), which fulfills the Chapman—Kolmogorov equations, and let &: Cyp(S) — R
be a convex pre-expectation. Furthermore, assume that &y is continuous from above
and that &, is continuous from above for all0 < s <t <T'. Then, there exists a
nonlinear expectation space (2, F,E) and a stochastic process (Xi)i>o of random
variables €2 — S which satisfies

(i) E(f(Xo)) = &(f) for all f € Cy(S);

(i) forall0 < s<t,neN, 0<t < - <t,<s, and [ € Cp(S™), we

have that

g(f(th, . o 7th,Xt>) - g(gs,t(XS7f(Xt17 . e ,th, )))

Proof. Let (-, f) := f for all f € Cy(S), and let H :={J C [0,00): #J € N}
be the set of all finite nonempty subsets of [0, 00). For ¢t > 0, we define

Ew(f) = Eo(Eoa(-, [)) for all f € Cy(S).
Forn €N, 0<t; < <ty <T and f € Cy(S"*1), we define recursively

g{tl ..... tn+1}(f) = g{tl ,,,,, tn}<g)7

where g(x1,...,2n) = & tpiy (@0, f(21,...,20,-)) for all z1,...,2, € S. Note
that g € Cy(S™) by Proposition 5.5. Then £;: Cy(S7) — R is a pre-expectation
which is continuous from above for all J € H . By the Chapman—Kolmogorov
equations, we obtain that the family (€;)en is consistent. Therefore, by The-
orem 4.6, there exists a nonlinear expectation £ on the path space (2, F) :=
(S1020) Bl0:)) such that (€2, F, &) is a convex expectation space, and the canon-
ical process X;(w) = wy, t € [0, 00), satisfies (i) and (ii). O

Ezample 5.7. Let U be a Polish space. Let b: [0, 7] xR"xU — R™ and o: [0, 7] x
R" x U — R™™ be uniformly continuous, and assume that there is a constant
L > 0 such that, for ¢ € {b, 0}, one has
o |p(t,x1,u) — p(t, x9,u)| < Llzy — 29| for all t € [0,T], 21,22 € R", and
uel,
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o |o(t,0,u)| < Lforallte0,T] and u e U.
Following [32, Chapter 4, Section 3], we denote by U“([s, t]) the set of all 5-tuples
= (Q, F,P, W, u) satisfying the following:
(i) (Q,F,P) is a complete probability space;
(ii) (Wr)rels,y is an m-dimensional standard Brownian motion defined on (€2,
F,P) over [s,t] with W, = 0 P-almost surely; moreover, let F5' = o(W, :
s <1 < r) augmented by all the P-null sets in F for all s <r <t;
(i) w: [s,t] x Q@ = U is (F5')s<r<i-progressively measurable.
For all y € R™ and w* = (Q, F,P,W,u) € U“([s,t]), let (x,(s,y,u*)),csq be the

solution of the stochastic differential equation
dz, = b(t, xp,u.) dr + o(t, 2, u,.) AW, 1 € (s,t],25 = y.

We denote by CY(R™) the space of all Holder continuous functions with Hélder

exponent 6 € (0,1), and we denote the corresponding Hélder norm by || - ||4. For
fe Cg(]R"), y € R" and v = (Q, F,P,W,u) € U“([s, t]), we define

ey, £) =B (f (2i(s,9,u%))).

Then, by Holder’s inequality with p = % and Theorem 6.16 in [32, Chapter 1,
p. 49], for all f € CY(R") we have that

|M?:(y, f) —M?,:(Z,f” < Ep(‘f(xt(s,y,uw)) — f(xt(s 2z uw))‘)
< N flloBe (|ze(s,y, u”) — @(s, 2, u” | )
< 1 flloBe |z (s, y,u”) — w4(s, z,u” {
<[ flloLsely — 2I°

for all y,2 € R™ where L,; is independent of y,z € R™ f € C¢(S), and
u? € U([s,t]). Hence, Y, defines a linear prekernel from Cf(R") to Cf(R").
By Chebyshev’s inequality and Theorem 6.16 in [32, Chapter 1, p. 49], we get
that

w Ep(lae(s, y,u?)]*) _ Cr(L+ [yl*)It — s|
B )] > M) < B0 00)  CrlL+
with a constant Cr > 0 independent of u* € U“([s,t]). Hence, the family
{12 (y,-): u? € U([s,t])} is tight. For all f € Cf(R"), we define

Ss,t(y7 f) = sup /Jlg: (y7 f)
u® €U ([s,t])

Therefore, &, defines a prekernel from Cf (R") to C?(R"), which is continuous
from above, and the dynamic programming principle (see [32, Chapter 4, The-
orem 3.3, p. 180]) implies that the family (&;+)o<s<t<r satisfies the Chapman—
Kolmogorov equations. Hence, by Theorem 5.6, there exists a nonlinear expecta-
tion space (€2, F, &) and a stochastlc process (Xt)t>0 of random variables 2 — R"
which satisfies (i) and (ii) in Theorem 5.6. If U C R™*™ is a compact nonempty
subset of positive definite matrices, b = 0 and o(¢,z,u) = u the expectation £
coincides with the G-expectation introduced by Peng [27], [28].
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Appendix

In this Appendix, we provide the proof of Lemma 2.4 and state three other
technical lemmas.

Proof of Lemma 2.4. For a € R, let P, be the set of all linear functions p: M —
R with £*(u) < a. For each p € P, and every A > 0, one has

L= AT () = =N E(=N) + E(n)
< =AM u(=A) = pl = AT ()
<AHEN +E () =14+ X1 (),

and therefore, letting A — co, we obtain ul1 = 1. Further, for all XY € M with
X <Y, one has

p(X —=Y) <A HENX =Y)) + &) <A 'E(w) =0, X— oc.

Hence, 1: M — R is a linear pre-expectation on M and therefore continuous.
Thus,

Po= [ {neM: pX <EX)+a}
XeM

is convex and a closed subset of the compact unit ball and therefore compact.

We next show (2.1). The inequality > follows by definition of £*. Fix X € M,
and let & (a) := E(aX) for all &« € R. Then &: R — R is convex. Hence, there
exists m € R such that

E(aX) =&(a) > &(1) + m(a—1) = (E(X) —m) + ma

for all @« € R. By the Hahn-Banach theorem, there exists a linear functional
w: M — R such that

EY) > (E(X)—m) + pY
for all Y € M and p(aX) = ma for all o € R. Hence,
wY —EY)<m—-E(X)=:c

for all Y € M, and puX — E(X) = ¢ so that ¢ = &*(u). Thus, p € M’ by
the first part of the proof and £(X) = uX — £*(u). For each p € M’ with
E (1) > a:=|X|e — EX), we have

iX = (1) < | X loo = € (1) < [ X]|ow — 0 = E(X).

Therefore, the maximum in (2.1) is attained on the set P,.
Finally, if £ is sublinear, let © € M’" with £*(u) < oo. For each X € M and
every A > 0, one has

ApX = E(X)) = p(AX) = EANX) < E%(n) < o0

so that uX —&(X) < 0. Since £(0) = 0, we obtain £*(p1) = supx¢p (X —E(X))
0.

ol
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Lemma A.1. Let M C L>®(Q, F) be a linear subspace with1 € M, let E: M — R
be a convex pre-expectation, let Qg # 0, and let T: Q — Qg be an arbitrary
mapping. Further, let My C £%°(Q,2%) be a linear subspace with 1 € My and
MyoT :={YoT:Y € My} C M. Then,

EoTt: My — R, Y= EYoT)

defines a convex pre-expectation on My. If € is sublinear, then £oT ™! is sublinear,
and we have that

{veMj: (EoT ) (v)=0} ={poT " :pe M, E(u) =0}

Proof. It is easily verified that £ o T~! defines a convex pre-expectation on Mj.
Let p € M" with £*(u) < 0o. Then, we have that

(o T™(Y) = (EoT YY) = u(Y oT) = E(Y o T) < €' (n)

for all Y € M,. Hence, (EoT ') (uoT™!) < E*(u) = 0. As the mapping M’ —
by i+ o T is continuous, we have that

{poT ' pe M E(u)=0}
is compact. By the Hahn-Banach separation theorem, it follows that

{veMj: (EoT ) (v)=0} ={poT " pe M, E(u =0} O
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