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Universal Structures

Saharon Shelah

Abstract  We deal with the existence of universal members in a given cardi-
nality for several classes. First, we deal with classes of abelian groups, specif-
ically with the existence of universal members in cardinalities which are strong
limit singular of countable cofinality or A = R0 We use versions of being
reduced—replacing Q by a subring (defined by a sequence 7)—and get quite
accurate results for the existence of universals in a cardinal, for embeddings and
for pure embeddings. Second, we deal with (variants of) the oak property (from
a work of DZamonja and the author), a property of complete first-order theo-
ries sufficient for the nonexistence of universal models under suitable cardinal
assumptions. Third, we prove that the oak property holds for the class of groups
(naturally interpreted, so for quantifier-free formulas) and deals more with the
existence of universals.

0 Introduction

On the existence of universal structures, see Kojman and Shelah [6] and the his-
tory therein, and a more recent survey by DZamonja [1]. Of course, a complete
first-order theory T has a universal model in A for “elementary embeddings” when
A = 2<% > |T|; this is true also for similar classes, that is, for abstract elemen-
tary classes (AECs) with amalgamation, the joint embedding property (JEP), and
Lowenstein—Skolem—Tarski (LST) number < A. The question we are interested in is
whether there are additional cases (mainly for elementary classes and more generally
for AECs as above). But here we deal with some specific classes and the notion of
embeddability.

The article is organized as follows. Section | deals mainly with abelian groups; it
continues the work of Kojman and Shelah [7] and Shelah [15], [16], [18]. Section 2
deals with the class of groups; it continues the work of Shelah and Usvyatsov [19]
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160 Saharon Shelah

but does not rely on it. Section 3 deals with the oak property, continuing the work of
Dzamonja and Shelah [3], dealing with the case of singular cardinals.

Section 2 deals with the class of all groups, certainly an important one. Is this
class complicated? Under several yardsticks it certainly is: its first-order theory is
undecidable, and it has the quantifier-free order property (even the class of (universal)
locally finite groups has this property; see Macintyre and Shelah [9]), and by [19] it
has the SOP3 (3-strong order property). But this does not exclude positive answers
for other interpretations. By [19] it has the NSOP,4 (4-strong nonorder property);
however, we do not know much about this family of classes (though we have hopes).

A recent relevant work is [21], where we give new sufficient conditions for “no
universal,” in particular, for groups.

Here we consider the oak property (a relative of the tree property, hence the name)
from DZamonja and Shelah [3]. We prove that the class of groups has the oak prop-
erty; hence, it follows that in some cardinals it has no universal member.

There is reasonable evidence for the class of linear orders being complicated,
practically maximal for the universal spectrum problem (see [6]).

So a specific conclusion is the following.

Conclusion 0.1 (1) The class of groups has the oak property (see Definition 2.1).
(2) If A satisfies, for example, (x) below, then there is no universal group of car-
dinality A when:

() (a) k =cf(n) <p,
(b) A= pu** <ppy(),
(c) o < pu= o < pu.

Proof (1) This is by Claim 2.2.
(2) This is by part (1) and [3], more exactly by Claim 3.1. O

In Section 3 we deal with the oak property per se, continuing [3], showing the nonex-
istence of universals in singular cardinals and dealing with a weaker relative, the
weak oak property.
Concerning the first section, note that a strong limit singular cardinal A is a case
where it is easier to have a universal model, particularly when A has cofinality Ro.
So the canonical case seems to be 3,. Examples of such positive (i.e., existence)
results are

(a) Shelah [10, Theorem 3.1, p. 266], where it was proved that:
if A is a strong limit singular cardinal, then {G : G a graph with < A
nodes each of valency < A} has a universal member under embedding
onto induced subgraphs;

(b) Grossberg and Shelah [5, Corollary 27, pp. 301, 302]:

() if A is “large enough,” then similar results hold for quite general classes
(e.g., locally finite groups) where large enough means: A (is a strong
limit of cofinality R and) is above a compact cardinal (which is quite
large); more specifically,

(B) if p is a strong limit of cofinality o above a compact cardinal « and, for
example, if the class K is the class of models of T € Ly x,, |T| < u,
partially ordered by <, ., then we can split K into < 2ITI+x classes,
each having a universal model of cardinality 4 under <, -
embeddings.
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See more in Shelah [25, Section 3] generalizing the so-called special mod-
els. Claim 1.16 below continues this; that is, it deals with a strong limit cardinal
nw > cf(u) = Ry, compared with [5] omitting the set-theoretic assumption on
a compact cardinal at the expense of strengthening the model-theoretic assump-
tion.

There are natural examples where this can be applied; for example, the class of
torsion-free abelian groups G which are reduced (i.e., we cannot embed the rational
into G), but the order is G1 <(s1:n<w) G2, which means that G; C G, but G
is closed inside G, under the Z-adic metric, and so also G,/G; is reduced. The
application of Claim 1.16 to such classes is in Fact 1.14(1)(2). Earlier in Claim 1.2
we prove related positive results for the easier cases of complete members (for A
satisfying A = AX0 or A the limit of such cardinals).

We also get some negative results, that is, the nonexistence of universal members
in Claim 1.7(2), 1.11. We deal more generally with th‘f, the reduced torsion-free
abelian group G such that for no x € G,x # 0 and x is divisible by 1, = [[,, %
for every n. We sort out the existence of universal members of cardinality A = Ao
for thta under embeddings and under pure embeddings, getting complete (but dif-

ferent) answers for A = ARo,

Recall that classes of abelian groups are related to the classes of trees with w + 1
levels. The parallel of “abelian groups under pure embedding” is the case of such
trees; in fact, the nonexistence of universals for abelian groups under pure embedding
implies the nonexistence of such universal trees.

Notation 0.2 (1) For a set A, |A| is its cardinality, but for a structure M its
cardinality is | M || while its universe is |M|; this applies, for example, to
groups.

(2) We have that 7 will denote an w-sequence of natural numbers > 2.

(3) We use G, H for groups and use M, N for general models.

(4) Let £ denote a pair (Kg, <g); we may say a class ¥, where:

(a) Kp is a class of tg-structures;
(b) <y is apartial order on Ky suchthat M <¢ N = M C N;
(c) both Ky and <y are closed under isomorphisms.
(4A) Wesay that f : M — N is a <g-embedding when f is an isomorphism from
M onto some M; <y N.

(5) If T is a first-order theory, then Modr is the pair (modr, <r) where modr
is the class of models of 7" and where <7 is < if T is complete, and C if T’
is not complete.

(6) We may write T instead of Mod7, for example, as in Definition 0.3 below.

Definition 0.3 (1) For a class £ and a cardinal A, a set {M; : i < i*} of models
from ¢ is jointly universal when, for every N € Ky of size A, there is an i < i* and
an <g-embedding of N into M;.
(2) For £ and A as above, let (if & = A we may omit u)
univ(f, u, ) := min{|M| : M is a family of members of Ky each of cardinality

< u which is jointly universal for models of { of size )&}.

Remark 0.4 To help understand Definition 0.3, note that univ(7, 1) = 1 if and
only if there is a universal model of T of size A. Note that some of the classes we
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consider are not AEC. Some have “weak failure,” say, Z-adically complete torsion-
free abelian groups, where if M,, < M, 1, then | J,, M, is not necessarily complete.
We can take a completion more seriously for some ¥, and there are contradictory
completions.

Recall the following.

Definition 0.5 For an ideal J on a set A and a set B, let Uy (B) = Min{|P| : P
be a family of subsets of B, each of cardinality < |A|, such that for every function f
from A into B for some u € P we have {a € A : f(a) € u} € J*}. Clearly, only
| B| matters, so we normally write Uy (1) (see Shelah [17]).

1 More on Abelian Groups

Earlier versions of this section were originally part of [18] and [16], but as the papers
were too long, it was delayed until now.

Remark 1.1 Despite all the cases dealt with in [16], there are still some “miss-
ing” cardinals (see the discussion in [18, Section 0]). Concerning A singular sat-
isfying 2% < put < A < p®o, clearly [18, 2.8], [14], and [13] indicate that, at
least for most such cardinals, there is no universal: if y € (,u+, A) is regular, then
cov(d, . x T x) < u.

Let us mention positive results concerning [ 18, Section 0, Case 1] (see Definition 1.3
below).

Claim 1.2 (1)IfA = AR0, then in the class (Ki‘f, <pr), defined in Definition 1.3(5)
below, there is a universal member; in fact, it is homogeneous universal.

2)IfA = prnandRo < Ay = ()X < dpyy, then in (R, <) there
is a universal member (the parallel of special models for first-order theories). (See
Fuchs [4] on such abelian groups.)

(3) (K, <pr) has the amalgamation, and JEP is an AEC (see Shelah [20]) and
is stable in A if A\ = Ao,

We will prove Claim 1.2 below, but first we give the following definition.

Definition 1.3 (D Kf{ is the class of torsion-free abelian groups of cardinality A.
Let K" = [ J{KY : A a cardinal}, and similarly for Kg)t'

(1A) Kti‘a is the class of G € K}{ such that there is no x € G\ {0} divisible by
[T¢<x te for every k < w, recalling Notation 0.2(2).

(IB) Let K" = U{thtgL : A a cardinal}.

(10) G € K tftf is called t-complete when every Cauchy sequence under d; in G
has a limit, where d; is defined in Definition 1.3(3) below.

(2) We have the following.

(@ LetT ={f:t=(ty :n<w),2<t, €N}.

(b) We call f € T full when

(Vk > 2)(3n)[k divides [ t@];
L<n

equivalently (Vn)(3m)[m > n A n | [1j=, t], and equivalently, every prime
p divides infinitely many ¢,’s.
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(¢) Wecall7 € T explicitly weakly full when, for every prime p, either p divides

no t, or it divides infinitely many ¢,’s.

(d) We say that G is f-divisible when every x € G is divisible by [],_, #¢ for

every n.
(e) We call r € T weakly full when, for some n(x), the sequence (fy(x)+n :
n < w) is explicitly weakly full.

(3) For G € K?i let G] be the d;-completion of G, where d; = d;[G] is the
metric defined by d7(x, y) = inf{27% : ]| ¢<k te divides x — y in the abelian group
G}, justified by Observation 1.4(3); pedantically, “the d;-completion” is determined
only up to isomorphism over G.

(4) Let KtE’r)‘{ be the class of G € KZE‘& which are 7-complete (i.e., G = G).

(5) For those classes, < means being a subgroup and <, means being a pure
subgroup.

(6) We say that 7,5 € T are equivalent when K = K1,

Observation 1.4 (1) We have that t is full if and only if t is equivalent to
(n! : n € N) if and only if, for every power of prime m and for some n,m
divides [, ., te-

(2) Ift is full, then every G € K" can be represented (in fact, uniquely) as the
direct sum G + G, where G is divisible, and G, € thtf.
(3) For G € K;‘f, d; is a metric on G.
(4) IfG € thtf, then there is G', called the t-completion of G, such that
(a) G <pr G’ € KI';
(b) G’ is t-complete;
(c) G is dense in G' by the metric d;;
(d) if G” satisfies (a), (b), (c), then G”, G’ are isomorphic over G.
(5) 1,5 € T are equivalent when, for some k, £, we have
® lkyn = lyyn foreveryn,
e for some my, for every m > m there is n such that ]_[:":m* ki divides

1_[1'<n Se+i and 1_[£<m Se+i divides Hi<n Leti
(6) Being full and being weakly full are preserved by equivalence.

Proof  The proof should be clear. O

Proof of Claim 1.2 Lett, = n!,andlet? = (t, : n < w).
The point is that, clearly,
@ (@) forG € KM, G < Gl e K™ and Gl has cardinality < ||G || and
G is d;-complete; recall that GI] is the d;-completion of G and that
it is unique up to isom(_)rphism over G;
(B) if G1 <pr G2, then GEt] <pr Gg];_more pedantically, if G <p; G2 <y
G5 and Gj3 is f-complete, then GF] can be (purely) embedded into G3
over G.
Recall that K;”f is the class of d;-complete G € thtf.
We have easily that
(b) (thr‘f, <pr) has amalgamation, the JEP, and the LST property down to A for
any A = ARo.
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(c) if G' <, G are from Kt then we can find a <pr-increasing sequence
(Gg : o < a(x)) of members of K such that
() G' = Go,G" = Gy(x)s
(B) xo € G(¥+l\_GOla
() Ggq+1 is the t-completion of the pure closure of Gy @ Zx, inside,

(8) for « limit, G is the 7-completion of | J{Gg : B < «} inside G”; note
that if cf (@) > R, then the union is 7-complete;

(d) if A = AR, then for each G € th,“jx, we can find ((G;, x;) : i < A®0) such
that
(@) Go = G, G; is <j-increasing continuous,

(B) xi € Gis1 € K5,

(y) letting G/ be the pure closure of G + Zx; inside Gx = (J{G;

j < AXo} wehave Gy = G; ®¢ G/,

(6) if G < G'.x € G’ € Kt-c’rif and G’ is the i-completion of the pure
closure of G + Zx inside G’, then we can find i < A%0 and a pure
embedding & of G’ into G;4+1,h [} G = the identity h(x) = x; (so
h"(G;) <pr G); in fact, h is onto G/;

(e) if A, G are as in clause (d), then we can find G, = (J{G; : i < AR} such
that
(@) G <px G« € Ki‘&o,
(B) if G < G' € Kitgo,
(y) (G 1i < AM0)isa <pr-increasing continuous sequence of members of

Ki‘io and Gy = G;

(f) if, fori = 1,2,G4 € thfrf, and (Gf i< ARO),Gf are as in clause (d) or
as in clause (e), and 7 is an isomorphism from G onto G,, then there is an
isomorphism 7+ from G} onto G2 extending r;

(g ifA=>Y{An:n<ow}l A, = )Lff" <Ap+1,and G € KL‘&, then we can find
G’, G}, such that -

(@) G < G' € KYY,

(B) G € K™,

(¥) G, <pr G, ; moreover, there is (G, ,, x;u. i< )&20) as in (d) for G,
such that G, ; = U{G;,i i< Aff"},

) G’ =UIG, :n < o);

(h) with A, A, as in (g), if G, G” are as G’ is in (g), then G, G” are isomorphic;

(i) moreover, if A, A, are as in clause (g) and H € K ‘<‘fA then H can be purely
embedded into G’ (and if H D G, then even embedded over G).

then G’ can be purely embedded into G« over G,

The results now follow. O

In Claim 1.7(2) below we prove there is no universal in A = Ao, using Shelah [23,
Theorem 1.1]. (For the reader’s convenience, we quote the special case used.)

Fact 1.5  Forany A and X, a set of cardinality < A or just < ARo_ we can find a
sequence f = (f, : n € ®A) such that

(a) fy isafunction from {n|n:n < w} into X;
(b) if f is a function from ®> A to X, then for some n € ®A, we have f, C f.
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Remark 1.6 (1) Concerning Fact 1.5, see Shelah [23, Fact 1.5].
(2) We use Fact 1.5 mainly for A = ANo,

Claim 1.7  Assume thatt € T is not full.

(1) We have that (th‘f, <pr) fails amalgamation.
2)If A = AR0 then in (K?&, <pt) there is no universal member, even for the
R -free ones.

Remark 1.8 Note that Claims 1.2 and 1.7(2) are not contradictory, as the former
deals with full #’s and the latter with nonfull ones.

Proof of Claim 1.7  Let p be a prime that witnesses that 7 is not full; that is, 7, is
well defined, where n, = min{n : p divide no t,, with m > n}, by Observation
1.4(5) without loss of generality n, = 0.
Lett<y := [y, te, SO <o = 1.
We now choose a, a2 by induction on n such that
(%)1 (@@ a;,ag e,
(b) a; = ag mod 7,
() abt =da, mod top ifn =m+1,
(d) a} # a2 mod pifn=0.
[Why can we choose? For n = 0, clearly 7.9 = 1; hence, a,ﬁ =1, a,2, = 2 are as
required.
For n = m + 1, the proof is easy because p does not divide t<j.]
Choose

(x)2 (a) t, is ptyifn =0andist, ifn > 0,
(b) 12, = [lxntpand o,y =1L 0

(c) ¢} € Z are chosen such that 3, _, (1., /tL,,)ct, = at

"
[Why can we choose? Just choose ¢’ by induction on 7.]
For every § C ®A, we let G5 be the abelian group generated by

{xp N €A U{ypn:ne®randn < w}

freely except the equations:

()3 LhYgnt1 = Y — Cox(y X Xpppifn < wandn € S = £ = 1 and
n¢gS=4L=0.
We have the following:
(*)4 forn € ®A, let
@ Gy =) AZxypn:n <} < Gs,
(b) Gs,p => AZxprn n <0} + Y {Zyyn:n <o} C Gs.
We have easily that
(x¥)s if S C A, then
rtf
(b)) ne®A = Gy <pr Gs.;n <pr Gs.
Now
B if So,S1 € “A,n € S§1\So, then Gs,, Gs and even Gg, 5, Gs,,, cannot be
<pr-amalgamated over G,.
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[Why? Toward a contradiction, assume that G, <, H € th‘f and that 7y is a
pure embedding of G, into H over G, for{ =0, 1.]

Letz, = 1 (¥y,n) — wo(Yy,n) foranyn, m = mo | Gy = 71 | Gy

For any n, clearly for £ = 1,2, we have

e Gy F tlgny;,n+l = Yno — (stn(t;n/t;m)cfn)x(') + stn(t;n/
[/<m)x77fm'
So applying y on the equation recalling (), (c), we have
o HEm(tl,yyn) = me(yno) —abm(xiy) + X pman (tin/tm)T(Xy 1 ).
Subtracting the equation recalling the choice of zy, z,, we have
o HEtL,zy =z — (a} —ad)m(x(y).
But 7, and al — a2 are divisible by 1<, in Z (by (*)2(a), (*)2(b), and ()1 (c),
respectively); hence,
e 7 is divisible by 7, in H.
As this holds for every n and H € thtf, we get
e zo =0.

Soas H | t)z1 = zo—(ay—ad)m(x(y) andn = L we get H |= 1)z1 = zo—(ay—
ag)m(x(y), butin Z we have p | #) and pT(aj —a}) and zg = 0 so p divides x(, in
H, which is a contradiction to purity.

This is enough for part (1); for part (2) we apply the simple black box of
[23, Theorem 1.1], that is, Fact 1.5. In detail, assume that G, € Ki‘f, and let
f= (fy :n € ®A)beasinFact 1.5 for X = Gs.

Define § as the set of 1 € “A such that

e there is a pure embedding g of Gy, , into G« such that

n<ow = glyym)= fr(nhn),

and there are no y, € G, for n > n, such that

Gu | “tyyn+1 = Yn — cn fy(xy) + fy(nln).”

Now Gg € thfa, so it is enough to prove that G is not purely embeddable into
G .. Toward a contradiction, assume that g is a pure embedding of G5 into G, and
let f:“"A — X = G« be f(n) = g(xy,). By the choice of £, there is ) € A such
that f; € f.Ifn € S, then (g(xpn) : 1 < w) = (f(xXyyn) : 1 < w) witness that
n ¢ S by the definition of S.

So necessarily n € ®A\S; hence, there is g, as forbidden in the definition of S.
Let go = g | Gs,y. This easily contradicts H. O

Remark 1.9 (1) See more in Shelah [12, Chapter II, Section 3] and [27].
(2) This holds also for Kf(p ), the class of reduced separable abelian p-groups
(see Definition 1.15).

We may wonder: what if we ask about (K titf , <), that is, the embedding is not nec-
essarily pure.

Claim 1.10 Assume that T € T is weakly full, so for some ny we have: if a
prime p divides some t,,n > ny, then it divides infinitely many t,,’s; call this set of
primes P.

(1)IfA = AR0 then (K?a, <) has a universal member.
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2)IfA =), AnAn = (A)X0 for every n, then (th‘a, <) has a universal
member.

(3) Let R be the subring of Q generated by {1} U{1/p : p a prime & P}. Then for
every G € th‘a there is H € thra extending G which is p-divisible for every prime
p ¢ P. Hence, H can be considered to be an R-module.

(4) For the class of R-modules into which Qg cannot be embedded, the results of
(1) and (2) hold, replacing R¢ by |R| + K¢ when R is an integral domain which is
not a field, Qg, its ring of quotients.

Proof (1), (2) This is by (4) and (3).
(3) This is easy.
(4) The proof is like the proof for full ’s. O

This still leaves some 7’s open.

Claim 1.11 Assume that t € T is not weakly full; hence, P :== {p : p a prime
dividing some t,’s but only finitely many} is infinite. (This is the negation of the
conditions from Claim 1.10). If A = AR0, then (KZE‘&, <) has no universal member.

Proof By Observation 1.4(5), without loss of generality,

(x)1 (a) there are distinct primes p, such that py | ¢, iff k = n,
d) (pr)'® divides 7 but (pg)*®*1 does not, so t(k) > 1.

4 14
Let fap = [Tyen > 50 t<o = 1, and let 7, = typa™, 1Ly = [Tyan tps 1 = P,

and 2, = T1 2y - L iz g 12) = O iy )
We now choose al,a% € Z by induction on n such that
(%)2 (a) a,ll,ag ez,

(b) a a? mod 1,

(©) a = Z mod t<m,

(d) 1fk < n, thenal # a% mod (pg)t®+1,
[Why is this possible? First, for n = 0, let (a},al) = (po,to, 1), so al —a? is
divisible by #y but not by pe(")+1 Second, assume n = m + 1 and (a),,a2) have
been chosen. As f<m/t<n andk < m = py £ (t<n/t<m), we can find (b,,, b2,) such
that b5, = a’, mod %, for £ = 0,1and b}, = b2 mod ¢%,. Clearly requirements
(a), (b), (c) hold and (d) holds for k < m. Let (a),ad) = Ea,ll + 1%, - tn.ay); now
check.]

(*)3 Choose cn, cn by induction on # such that, for £ = 0, 1, we have

D W/ tem)en =

m<n

0

[Why is this possible? For n = 0 trivial for n 4+ 1, note that the cﬁ 41 appear with
coefficient 1.]

Next, for every S C ®> 1 we choose an abelian group Gg, which is generated by
{xp 11 €®AU{ypn:ne®randn < 0} U{x; : n < w} freely except the
equations:

¢
(¥4 @ (n/pe)xr, | = xt and x(y = xg,
(®) t,ypnt1 = Yyn — cﬁx(*_> + Xppp Whenn < w,t <2,andl =1 —
nes,

(¥)s (a) forne®AletG, =Y, Zxyrn + y, Zx,,
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(b) for § € “A,n € “A, let Gs,, be the following subgroup of Gg:
Gy + Y Zyyin.
We have easily that
(x)6¢ (a) if S C®Landn e ®A, then Gy, Gsp € thfiﬁo’
(b) Gn fpr GS,r] fpr GS~
Now,
B if So. S1 € “A and n € S1\So, then Gg,,, Gs, and even Gg, 5, Gs,,, cannot
be amalgamated over G in (thff, <).
We continue as in the proof of Claim 1.7, getting 7y, mo, 7, 1, z,, and proving that
for every n

o HEtl,zy =z0— (a) —ad)m(x(y).

But ¢, is divisible by 7,, (a} —a2) is divisible by 17, (in H), and x(, is divisible
by t,/t!/; hence, (a) — ag)x(.) is divisible by 7, ; hence z¢ € 1, H for every n. As
H e th‘f, it follows that zy = 0.

Hence for every n

o HE (a) —ad)m(xy) = —tL,zn.

Now pt®® givides 1L, and LML does not divide (apyq = aj.q) soby
(%)2(d), in H, pf,(") divides 7 (x(,). Asalsoeach 12, / [ [ <, pi(k) divides it, clearly
7(x(y) contradicts G« € K1 . O

We may wonder whether the existence result of Claim 1.2 holds for a stronger embed-
dability notion. A natural candidate is the following.

Definition 1.12  Let Gy <7 G1. If Gy, Gy are abelian groups on which || — ||; is a
norm, then Gy <, G and Gy is a d;-closed subset of G (but Gy is not necessarily
f-complete!).

Observation 1.13 (1) We have that (K™, <7) satisfies the axiom of being an AEC
except smoothness with LST number 280,
(2)If A S G € KXY, then for some G' <; G,A € G',|G'| = (JA| + Ro)™.
(3)If G1 <7 G2, then Gy <y G».

We prove below that for u strong limit of cofinality R¢, the answer is positive; that
is, there is a universal member for (K™, <7), but for cardinals like 37 < (3,)
the question on the existence of universals remains open.

Fact 1.14 Assume that A is strong limit and that 8¢ = cf(1) < A.
(1) There is a universal member in (Ktiti, <;)wheref = (ty : £ < w) € T; hence
also the case in (thta, <pr)-

(2) For a prime number p, similarly for (Kf(p ), <(p:t<w)), see Definition 1.15

below.

Definition 1.15 For a prime number p and cardinal A, we let Kf(p ) be the class
of abelian p-groups which are reduced and separable of cardinality A.

Proof of Fact 1.14  Let K be the class, and let <, be the partial order. Let
An < Apg1 <A =), An and 2 < An+1- The idea in both cases is to analyze
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M € K, as the union of increasing chains (M, : n < w),M, <L . . M,
)Ln

| My ]| = 227, |
Specifically, we will apply Claim .16 and Conclusion [.18 below with

R = Krlf’ hn = (2)Ln)+’
<1==<o is: M1 <1 M, iff (M1, M5 € & and) My <« M>,

<5 is: M1 <, MzﬁM] <1 M, and M, <]LR1.R2 M>, or just:

if Gi € Mq,Gy € G, € M,, and G, is countable,
then there is a <; -embedding % of G, into M; over G;.

We should check the conditions in Claim 1.16, which we postpone.
We will finish the proof after Conclusion 1.18 below. O

Claim 1.16  Assume the following:

(a) K is a class of models of a fixed vocabulary closed under isomorphism, and
KA 75 @,‘

(D) A= e Mns n < Pnt1,2M" < Wni1, Un is regular, and the vocabulary
of & has cardinality < po;

(c) <1 is a partial order on K (so M <{ M), preserved under isomor-
phisms, and if (M; : i < §8) is <ji-increasing and continuous, then
Ms = ;s M; € Randi < § = M; <1 Ms (so (K, <) satisfies a
quite weak version of an AEC (see [11], [22]));

(d) () <5 is atwo-place relation on K, preserved under isomorphisms;

(B) [weak LST] if M € K, then we can find (M, : n < ) such that
My € Ky, . My <o Myy1, and M = \J gy Mn;

(e) [nonsymmetric amalgamation] if My € K<y,, Mo <1 My € K<y, ,,
Nl <, N2 ¢ Ky and h' is an isomorphism from My onto N1, then we
can find M, € R<M(n+2) such that My <1 M» and there is an embedding h?
of N? into M extending h' satisfying h(N?) <, M>.

Then we can find (MY : n < ) for a < 2="0 such that

(@) M € Ry MY <1 Mty ME = Uy M

(B) if M € K and the sequence (M, : n < w) is as in clause (d)(B), then
for some o < 2= we can find an embedding h of M into MZ satis-
fying h(My,) <1 My , (if & = (K, <1) is an AEC, we get that h is a
<g-embedding of M into MJ).

(Of course, we can omit (MY : n < w) when |MJ|| < A.)

Proof Let
Ry = {M : M € K has universe an ordinal < pg, and there is (M, : n < w)
as in clause (d)(B) with Mo = M }.

Clearly K|, has cardinality < 2</0, and let us list it as (M§ : a < «*) with
o* < 2=F0_We now choose, for each ¢ < a*, by induction on n < @, M;¥ such that

(i) M? € & has universe an ordinal < [,
(i) M% < M2, ,,
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(i) if N! <, N2,N! ¢ K<,Ln,N € K<MnJrl and k! is an embedding of N1
into My, | satisfying RY(ND <1 M 11, then we can find h?, an embedding
of N2 into M}, , extending h' such that /2(N?) <y M2,

For n = 0,1, we do not have much to do. (If » = 0, use M"‘; iftn = 1,
let (M, : n < w) be as in clause (c), let My = M, and use M{ such that
(M1, My) = (M£, M"‘) ) Assume that M, | has been defined, and we will define
MY, ,. Let {(h} & N! & €) ¢ < ¢}, where ¢ < 2=#a+1 lists the cases of
clause (iii) that need to be taken care of, with the set of elements of N nz ¢ being an
ordinal. We choose (N, 11,z : { < {7), which is <j-increasing continuous, satisfy-
ing Nyt1,6 € K<p,qp- We choose Ny 1 ¢ by induction on {. Let Nyy10 = My, ,
for ¢ limit let Ny ¢ = U§<§ Ny, 41, and use clause (c) of the assumption

Lastly, for = & 4+ 1 use clause (e) of the assumption with hl E( S) Nptig,

Nn & Nn o h}l,é, Np41,6+1 here standing for Mo, M, NI N2, hl h2, M, there.

Having carried out the induction on { < {;, welet M, , = N,y ¢; so we have
carried out the induction on 7.

Having chosen (M2 : n < w) : o < 2=H0) let MY = | J{M¥ : n < w}. Hence
by clause (c) of the assumption, MJ € Kandn < o = MY <; MJ. Clearly,
clause () of the desired conclusion is satisfied. For clause (8), let M € K.
By clause (d) of the assumption, we can find a sequence (M, : n < ®) such
that M, € K<y, My <o Myy1, and M = | J{M, : n < w}. By the choice of
(M§ : o < 2=H0) there is @ < 2<H0 such that My = M, and let /o be an isomor-
phism from M, onto M. Now by induction onn < w we choose h,, an embedding
of My into M}, ; such thath (My) <1 My, and hy, C hyy1. For n = 0 this has
already been done as 1g(Mo) = My < M{. For n + 1 we use clause (iii).

Lastly, h = | J{h, : n < @} is an embedding of M into M, as required. O

Remark 1.17 (1) We can choose (M§ : o < o) just to represent K <, and
similarly later (and so ignore the “with the universe being an ordinal”).

(2) Actually, the family of (M}, : n < w) as in clause (c) such that M), has set of
elements an ordinal, forms a tree 7' with @ levels with the nth level having < 2<#»
members, and we can use some amalgamations of it (so weakening the assumptions
on <1p). This gives a variant of Claim 1.16.

(3) We can put into the axiomatization the stronger version of (d) from Claim 1.16
proved in the proof of Fact 1.14 so we can weaken () of Conclusion 1.18 below.

(4) That is, in (d) we can add M,, <4« M and so weaken clause () of Claim 1.16.

Conclusion 1.18 (1) In Claim 1.16, we can add \,, \,[MZ = M) provided
that:

(/)T there is My € K-, such that every M € K., can be <i-embeddable into
M//
o
(2) In Claim 1.16, there is in K, a universal member under <i-embedding if in
addition we add to the assumptions of Claim 1.16:

()T asinpart (1),
(&) if My =<1 Myi1. My =<1 Ny, Ny =2 Npi1, Mn € K<M,,+2 and
Np € Key forn < , then\J, ., My <1 U

n<w

Proof  The proof is easy. O
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Continuation of the proof of Fact 1.14. We have to check the demands in Conclu-
sion 1.18 and Claim 1.16.

The least trivial clause to check is (e).

Clause (e): (nonsymmetric amalgamation). Without loss of generality, #; = the
identity, N' N M; = My = Ny. Just take the free amalgamation M = N'! * M, My
(in the variety of abelian groups), and note that naturally M| <; M.

Discussion 1.19 (1) Can we in Claim 1.16 and Conclusion 1.18 replace
cf(A) = Ry by cf(A) = 6 > Ry? If that increasing union of chains in K., of
length < 6 behaves nicely, then yes, with no real problem. More elaborately,

(i) in Claim 1.16(c), we get (M, : ¢ < 6) suchthat M, € K-, , (M, : ¢ < 0)is
C-increasing continuous, My <, Mc1q,and M = | {M; : & < 0);
(i) we add: if (M; : i < §) is <p-increasing continuous, M; € K., and
i <6= M; < N,then Mg <; N.
Otherwise, we seem to be lost.

(2) Suppose A = D", An.An = )™ < App,and o < Ao, A < 2M (ie.,
[18, Section 0, Case 6b]). For i € T which is not weakly full, is there a universal
member in (S?;-‘,f ,<7)?

Assume that V | “p = u~*, u < x” and that IP is the forcing notion of adding y
Cohen subsets to i (i.e., P = {f : f a partial function from y to 2, |Dom( f)| < u}
ordered by inclusion). So we have thatin VP : A < AM and u < A < y = in
(K titi C;) there is no universal member. The proof is easy so the answer is consis-
tently no.

Maybe by continuing Shelah [24, Section 2] (see Shelah [26, Chapter III, Sec-
tion 2]) we can get consistency of the existence.

(3) Now if A = A%, then in (K;"me, C) there is no universal member (see
[23], [26, Chapter IV], [18]) because amalgamation fails badly. Putting together
those results, clearly there are few cardinals which are candidates for consistency of
existence. In (2), if there is a regular A’ € (u, A) with cov(A, AT, AT, 1) < 2%, then
this contradicts Claim 1.2.

(4) Considering consistency of existence of universals in (2), it is natural to try
to combine the independent results in [23] (see [26, Chapter IV]) and DZamonja and
Shelah [2].

2 The Class of Groups

We know (see [19]) that the class of groups has NSOP4 and SOP3 (from [14, Sec-
tion 2]). We will prove a result on the place of the class of groups in the model-
theoretic classification. We know that it falls on “the complicated side” for some
division: of course is unstable. Now we prove that it has the oak property (see [3]).
This is formally not as well defined as the definition there was for complete first-
order theories. But its meaning (and “no universal” consequences) is clear in a more
general context (see below). Amenability is a condition on a theory (or class) which
gives sufficient condition for the existence of somewhat universal structures, and in
suitable models of set theory (see [2]), the class of groups fails it because by [21] it
has no universal in A when A = u+, u = u=*, forcing a contradiction in the results
on amenable elementary classes in [2].
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Definition 2.1 (1) A theory T is said to satisfy the oak property as exhibited
by (or just by) a formula ¢(X, y,Z) when for any A, k there are b, (7 € “”1), ¢
(v €*¥A1),and a; (i < k) in some model € of T such that

(a) ifn<vandv € “A, then € (p[(igg(,,),g,,,c_v];

(b) if n € A, M) € vy € ¥A, and nNB) € v, € “A, while ¢ # B and

i > L£g(n), then =3y[(a;. y.¢v;) A @(@i. y.¢v,)l;

and in addition ¢ satisfies

(©) ¢(x,y1,2) A @(X, y2,z) implies y; = y, in any model of 7.

(2) A theory T has the A-oak property if it is exhibited by some ¢(x, y,Z) € A.

Claim 2.2 The class of groups has the oak property by some quantifier-free for-
mula.

Remark 2.3 The original proof goes as follows.

Let w(x, y) be a complicated enough word, say, of length £* = 100 (see demands
below). For cardinals «, A, let G = G, be defined as follows.

Let G be the group generated by {x; : i <k} U{y, :n € ““A}U{z, : v € “XA}
freely except the set of equations

r= {yuri =w(zy,x;):vE“A,i <K}.

Clearly, it suffices to show that
()1 ifv €“A,i <k,and p € "A\{v | i}, then G | “y, # w(zy, x;).”
Now,

(*)2 each word y~ rliw(zv, x;) is so-called cyclically reduced, that is, both
wp; = yv_rliw(zv,xi) and w, = w(zv,xi)yv_rli are reduced, that is, we
do not have a generator and its inverse in adjacent places;

() for any two such words or cyclical permutations of them which are not equal,
any common segment has length < k*/6.

For an explanation and why this is enough, see Lyndon and Schupp [8]. There is

nothing to elaborate on as this is not used.
But we prefer to use the more ad hoc but accessible proof.

Proof of Claim 2.2  Let G = Gy be the group generated by
Y={xj:i<k}U{z,:veru}

freely except (recalling [xy] = xyx~'y~!, the commutator) the set of equations
I ={[zv,xi] = [zg.xi] 10 <k,veXA,npeXAsatisfyv | i =n | i}. Sofor
i <k,p€’A, wecanchoose y, € G suchthatn € “A,n i = p = y, = [z, xi].
Let G be the group generated by set Y freely, and let 4 be the homomorphism from
G onto G mapping the members of Y to themselves (using abelian groups where
no two members of Y are identified in G1). Let N = Kernel(h).

Clearly, it suffices to prove that

()1 inG = Gy/N,ifv,npe“Aandi < k, then [z,, x;] = [z, x;] & v | i =
nti.
The implication < holds trivially. For the other direction, let j < x andn,v € “A
besuchthatn | j # v | j,and we will prove that G |= “yy; # yuyj.”
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Let N; be the normal subgroup of G; generated by

(¥)2 Xe={xj:i<kandi# j}U{zp:pe“Aandp | j ¢{nljv}j}}
U{zpz,' ipe handp | j =01 j}
Ufzpz,' ipe“dandp } j =v | j}.

Clearly, by inspection N; includes N. Let Nog = h(Ny). Clearly, N is a normal
subgroup of G and % induces a homomorphism h from G1/N;p onto Go/Ny. Now
by looking at the members of X4, G1/N; is generated by {x;} U {z,, z,}. Checking
the equations in I',, we see clearly that G /N, is generated by {x;} U {z,, z, } freely.
Hence G1/N1 E “[zy,Xi] # [zv,Xi],” which means [z, x;]7![zy, x;] ¢ N; and
hence ¢ N. So recalling the choice of G in (x); we have G |= “y,); # yutj,” as
required. O

3 More on the Oak Property

Through the “no universal” results in [3], we can also deal with the case of singular
cardinals. We also note that the so-called weak oak property suffices.

Claim 3.1 We have univ(Ay, T) > A, when:

(a) T is a complete first-order theory with the oak property, & = (Modr, <);
(b) (i) k =cf(n) =0 <p<Ai=cf(d) <A =2y,
(ii) k <0 <A1, |T| < Ay,
(iti) P = Aoy;
(c) (i) S C A is stationary,
(ii) C =(Cs:8€S),Cs €8 0tp(Cs) = pu, S C A,
(iii) J =:{A C A : forsomeclub E of A, 6 e SN A= Cs £ E},
(v) A¢Jandoa <A = A > |{Cs Na :a € nacc(Cs),8 € S},
(v) let {as,c = a(8,8) : ¢ < ) list Cg in increasing order;
(d) Us(h) < Ao
(e) for some Py, P>, we have
(i) P1 <[], P2 C [o],
(ii) if g : 0 — Ai is one to one, then for some X € P, we have
{gi)y:ieX} e,
(lll) |<7)1| < Az,
(lv) |17)2| < A].

Remark 3.2 (1) We can in Claim 3.1 replace clause (a) by

(a)’ *is an AEC which has the p-oak property (see Definition 2.1 and LST(¥) <
A2).

(2) The proof also gives univ(A, A1, T) > A,.
Recall the following.

Definition 3.3 Assume that T, A, u, S, C are as in Claim 3.1 (see (a), ().

(1) For N = (Ny : y < A) an elementary-increasing continuous sequence of
models of 7" of size < A and fora,c € Ny = |J,., Ny and § € S, we let
inv, y(c,Cs,a) = {{ < p: there is b € Nys,e+2) \ Nas,¢+1) such that
Ny k= ¢la.b. cl}.
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(2) For 8, N as above and a set A € Nj, let inV::,N (c,Cs) = U{inV¢,N(C» Cs,
a):a € A}

Proof of Claim 3.1 Step A: Assume toward a contradiction that 6 =: univ(Ay,
T) <Az, solet (N7 : j < 0)exemplify this, and let 6 = 6 + [P1| + |P2| + [T'] +
Uj (A1), hence 0; < A,.

Without loss of generality, the universe of N ;‘ isAy.

Step B: By the definition of U (A1), there is #4 such that

@ A <[44

(b) |A] = Uy (A1),

(c) if f : A — Ay, then for some A € A we have {§ € S : f(§) € A} # @ mod

J.

Foreach X € P;,j < 0,and A € A, let M; x 4 be an glementary submodel
of N;‘ of cardinality A which includes X U A C Ay, andlet Mjx 4 = (M) x4, :
& < A) be a filtration of M x 4.

Lastly, consider

B = {ianM_“(a,cg):j <0.XeP,Ac A S€S, anda € Mjx 4}.
J. X,

Step C: Easily we have |B| < 6; < Ap and 8 < [u]*; hence there is
B* e [u]“\8B. Without loss of generality, otp(B) = k, where each « € B is
a successor ordinal.

[Why? Let & : u — p be such that (Vo < w)3*B < w)(h(B) = o + 1),
and let B" = {{h(B) : B € B} : B € B}, so |B’| < |B|. Hence we can choose
B’ € [u]*\B'. Let {B; : i < k) list B’, and by induction on i < k choose «; < i
which is > Uj<i o and satisfies i(o; +1) = B;. So{o; +1: i < k}is asrequired.]

Let (o] : i < «) list B in increasing order. For § € S, let a5 ; be the o] th member
of Cs. Now for§ € S and j < 8,letvs ; = {as; :i < j).

Now let M* be a At -saturated model of 7' in which a;, by, (for n € ¥>(12)),
¢y (for v € ¥(A,)), and ¢ are as in the definition of the oak property, and for each
Y € P, choose (Nye : &€ < A),{cyes : 8 € S) such that

(a) Ny, is increasing continuous with ¢,

(b) Ny, has cardinality < A fore < A,

(c) a; € Ny fori <k,

(d) b,,sr(i+1) S NY’VS(I')JFI ford € S,i <k,

(e) cvy € Nygs4pford e S.

As |P2| < Ay, we can choose N < M*, ||N| = A; such that

{a; i <o} U JINye:Y € Pre <A} S N.

Step D: By our choice of (N;." : j < 0), there is j(*) < 6 and elemen-
tary embedding f : N — N ;‘. By an assumption, there is ¥ € &, such that
X :={f(a;) :i € Y} € P1. Also by the choice of #, there is A € 4 such that
{8€S: f(cys) e A} #0 mod J.

Now we can finish. (Note that we use here again the last clause in the definition
of the oak property.) O

Definition 3.4 (1) The formula ¢(x, y, Z) has the weak oak property in T (a first-
order complete theory) when it is as in Definition 2.1 omitting clause (c) (i.e., in [3,
Definition 1.8]).
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(2) A complete first-order theory 7 has the weak oak property when some
¢(x,y,z)hasitin T.

(3) For a noncomplete first-order property T (or class £ = (Kg, <g)), we mean
that ¢ is quantifier-free.

Claim 3.5 Assume that
(a) T has the weak oak property, |T| < A = cf(R),
(b) C = (Cs:8€S),J are asin clause (c) of Claim 3.1,
(c) k =cf(n) <o <pu<A=cf(Ad),and P C {u C o : otp(u) = «} has
cardinality < M.
Then for each B* C  of order type k, T has a model N* of cardinality A and
sequence {(a; i < o) of members of N* satisfying the following:
® if N is a model of T of cardinality A with filtration N = (Ng : o < M)
and f is an elementary embedding of N* into N, then for every increasing
sequence £ = (g(i) : i < k) enumerating in increasing order some u € P,
we have

{8 € S: forsomea € N* we have B* = inv;fzgle(”:iq}(c(;,a)} =S mod J.

Proof  Without loss of generality, some ¢ = ¢(x, y, z) witnesses that 7" has the
weak oak property (as we can replace 7" by such 7’ with univ(2, 7') = univ(4, T")).

As usual, there is N* |= T with filtration N* = (N :i < A)and I € “7A of
cardinality A, {a; : i < k), (b, : n € T), and vs € “(Cs) N lim,(T) for § € S and
(cvs : 8 € S) such that

(@) {a; 1i <«),{by:neT) {cvs:8€S) are as in Definition 3.4,

(b) otp(vs(i) N Cs) = (the ith member of B*) + 1.

Solet N, (N, : & < A), f be as in the assumption of @ of the claim. Without loss
of generality, the universes of N* and of N are A.

Let

E. =18 <A limit, f"(8) = 8. |Ns| = § = |N}|
and (N5, N§', f) < (N,N*,f)}.
Itis aclubof A. Foreachi < o, let
W; = {a :forsome § € S,a € Cs € E,vs(i) > a,
but ¢(f(ai), y, f(cvs)) is satisfied (in N') by some b € Ny }.
Now,

® W; is not stationary.

[Why? Otherwise, let B < (# (A1), €, <*) be such that N,N*,a; (and even
(aj : j < o) and P but not used) and (b, : n € T),(cv; : § € ) belong to
Band BNA =a € W;,andassume b € BNa, N = ¢ [f(ai),b, f(cvs)]. So there
is 8(x) € S Ndsuch that N = ¢[f(a1),b, f(cvsy))]- Butvs(i) > o > v (@),
hence ¢(a;, y,cvg), ¢(ai, y, ¢y ) are incompatible (in N*), hence their images by f
are incompatible in N by b satisfying both, which is a contradiction, so W; is not
stationary.]

So there is a club E* of A included in E, and disjoint to W; for eachi < 0. So
there is § € S such that Cs C E*, and we get a contradiction as earlier. O
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Question 3.6 Can we combine Claims 3.1 and 3.5?
(For many singular A;’s, the answer is certainly yes).
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