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PERIODICITIES OF T-SYSTEMS AND Y-SYSTEMS

REI INOUE, OSAMU IYAMA, ATSUO KUNIBA, TOMOKI
NAKANISHI, AND JUNJI SUZUKI

Abstract. The unrestricted T-system is a family of relations in the Grothen-
dieck ring of the category of the finite-dimensional modules of Yangian or
quantum affine algebra associated with a complex simple Lie algebra. The
unrestricted T-system admits a reduction called the restricted T-system. In
this paper we formulate the periodicity conjecture for the restricted T-systems,
which is the counterpart of the known and partially proved periodicity conjec-
ture for the restricted Y-systems. Then, we partially prove the conjecture by
various methods: the cluster algebra and cluster category method for the sim-
ply laced case, the determinant method for types A and C, and the direct
method for types A, D, and B (level 2).

81. Introduction

The Y-system was introduced as a system of functional relations con-
cerning the solutions of the thermodynamic Bethe ansatz equations for the
factorizable scattering theory and the solvable lattice models [Z], [KP], [KN],
[RTV]. It was conjectured that the solutions of the Y-system have period-
icity [Z], [RTV], [KNS1]. Fomin and Zelevinsky proved it for a special case
(level 2 case in our terminology) [FZ3| by the cluster algebra approach
[FZ1], [FZ2], [FZ4]. Since then, a remarkable link has been established
between cluster algebras and cluster categories of the quiver representations
(see BMRRT], [BMR], [CC], [CK1], [CK2], [Kel2], and references therein).
Based on this categorification method, Keller recently proved the periodicity
of the Y-system for a more general case [Kel2], [Kel3].

Meanwhile, it has been known that the Y-system is related to other sys-
tems of relations called the T-system and the Q-system [KP], [KNS1]. The
T-system is a family of relations in the Grothendieck ring of the category of
the finite-dimensional modules of the Yangian Y (g) or the quantum affine
algebra U,(g) associated with a complex simple Lie algebra g [KNS1], [N3],
[Herl], [Her2]. As a discrete dynamical system, the T-system can be also
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viewed as a discrete analogue of the Toda field equation [KOS], [KLWZ]. The
Q-system is a degenerated version of the T-system and plays an important
role in the algebraic Bethe ansatz method [Ki], [KR], [HKOTY], [KNT]. As
a side remark, it may be worth mentioning at this point that “T” stands for
transfer matriz and “Q” stands for quantum character [Ki2] in the original
literature.

As a more recent development, a connection between the Q-systems and
cluster algebras is clarified by [Ked], [DiK]. Also, a connection between the
T-systems (or g-characters) and cluster algebras is studied while seeking a
natural categorification of cluster algebras by abelian monoidal categories
[HL].

Having these results as a background, we make three simple observations:

(1) There are actually two classes of the Y-systems (resp. T-systems),
namely, the unrestricted and restricted Y-systems (resp. T-systems).
The latter is obtained by a certain reduction from the former. The peri-
odicity property above mentioned is for the restricted Y-systems.

(2) The cluster algebra structure is simpler in the T-systems than in the
Y-systems.

(3) The representation theory of quantum affine algebras is more directly
connected with the T-systems than with the Y-systems.

These observations motivate us to ask if there is a similar periodicity
property for the restricted T-systems, and indeed, there is.

In this paper, we formulate the periodicity conjecture for the restricted
T-systems, which is the counterpart of the known and partially proved peri-
odicity conjecture for the restricted Y-systems. Then, we partially prove the
conjecture by various methods. We remark that the restricted T-systems
are relations in certain quotients of the Grothendieck ring Rep U,(g), while
the T-systems studied in [HL] are relations in certain subrings of Rep Uy (g).
Accordingly, the correspondence between the T-systems for the simply laced
case and cluster algebras considered here and the one in [HL] are close but
slightly different. We also note that the correspondence between the unre-
stricted T-systems for the simply laced case and cluster algebras is described
in [DiK, Appendix B].

Let us explain the outline of the paper, whose contents are roughly divided
into three parts.

In the first part (Section 2) we introduce the unrestricted T-systems
together with their associated rings, which we call the unrestricted T-algebras.
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Then, we establish an isomorphism between a subring of the unrestricted T-
algebra and the Grothendieck ring of the category of the finite-dimensional
representations of an untwisted quantum affine algebra (Corollary 2.9). The
relation between the unrestricted T- and Y-algebras is also given (Theo-
rem 2.12). They provide the representation theoretical background of the
periodicity problem we are going to discuss.

In the second part (Sections 3-7) we introduce the level ¢ restricted
T-systems together with their associated rings, which we call the level £
restricted T-algebras, where £ is an integer greater than or equal to 2. Then,
we formulate the periodicity conjecture (Conjecture 3.11) of the restricted
T-systems in terms of the restricted T-algebras. This is the main claim of
the paper. Conjecture 3.11 is completely parallel to that of the restricted
Y-systems (Conjecture 3.12). A detailed summary of our methods and
results concerning Conjecture 3.11 is given in Section 3.4. In brief, we study
and partially prove the periodicity conjecture by three independent meth-
ods: the cluster algebra/category method for the simply laced case in Section
4, the determinant method for types A and C' in Sections 5 and 6, and the
direct method for types A, D, and B (level 2) in Section 7. In particular, for
the simply laced case, the relation between the restricted T-algebras and
cluster algebras is clarified in Section 4. For the cluster category method,
we follow the ideas of Keller [Kel2] based on Amiot’s generalized cluster
categories [A].

In the third part (Sections 8 and 9) we apply the extensions of the
above periodicity property to two classes of T- and Y-systems. In Sec-
tion 8 we formulate and prove the periodicity property for the restricted
T- and Y-systems at levels 1 and 0. In Section 9 we formulate the period-
icity property also for the restricted T- and Y-systems associated with the
twisted quantum affine algebras. It turns out that their periodicity property
reduces to that of the untwisted case. We remark that the nonsimply laced
Y-systems studied in [FZ2], [Kel2] are identified with certain reductions of
the restricted Y-systems belonging to this class (Remark 9.22).

We conclude the paper with a brief remark (Section 10) on a formal cor-
respondence between the periodicity of the T-systems and the ¢-character
of the quantum affine algebras at roots of unity. This suggests that there is
some further connection between the representation theories of quivers and
the quantum affine algebras at roots of unity behind this periodicity phe-
nomenon, possibly through the works of [N1], [N2]. The relation between the
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restricted T- and Y-algebras and cluster algebras for the nonsimply laced
case will be discussed in a separate publication.

Acknowledgments. We thank Sergey Fomin, David Hernandez, Bernhard
Keller, Anatol Kirillov, Bernard Leclerc, Hyohe Miyachi, Roberto Tateo, and
Andrei Zelevinsky for discussions and communications.

82. Unrestricted T- and Y-systems

In this section we introduce the unrestricted T- and Y-systems of [KNS1]
as a background of the periodicity problem. We also introduce the associ-
ated algebras, which we call the unrestricted T- and Y-algebras. They are
closely connected to the Grothendieck ring of the category of the finite-
dimensional Y (g)-modules or U,(g)-modules. The content of this section is
rather independent of the rest of the paper.

2.1. Unrestricted T-systems

Throughout the paper, a “ring” means a commutative ring (algebra over
7)) with identity element. For aring R, R* denotes the set of all the invertible
elements of R. The set of all the positive integers is denoted by N.

Let X, be a Dynkin diagram of finite type with rank r, and let I =
{1,...,7} be the enumeration of the vertices of X, as in Figure 1. We follow
[Ka] except for Eg, for which we choose the one naturally corresponding to

the enumeration of the twisted affine diagram EéQ) in Section 9.
Let C=(Cup), Cap = 2(q, )/ (g, ), be the Cartan matrix of X,.. We
set numbers ¢ and t, (a € I) by

1 X,: simply laced,
(21) t= 2 XT:BT; CT') F47
3 X’r‘ = GQ,

1 X,: simply laced,
to =41 X,: nonsimply laced, ay: long root,

t  X,: nonsimply laced, a,: short root.

Let U be either the complex plane C or the cylinder C¢ :=C/(2nv/—1/£)Z
for some £ € C\ 27/ —1Q.

DEFINITION 2.1. The unrestricted T-system T(X,) of type X, is the fol-
lowing system of relations for a family of variables T'= {Té;l ) (u)|ael,me
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A, 0—0— -+ —0—0 B, o—0— -+ —O>0
1 2 r—1r 1 2 r—1r
r—1

¢, 0—0— -+ —0OZD0 D, O—O——O<Z
1 2 r—1r 1 2 T—2T

4 7

Eg o—o—i—o—o E7o—o—i—o—o—o
1 2 3 5 6 1 2 3 4 5 6

8
Es@—o—o—o—i—o—o

Fy o—0>0—0 G2 =0

1 2 3 4 1 2

Figure 1: The Dynkin diagrams X, and their enumerations

N,u € U}, where ¥ (u) = Téa)(u) =1 if they occur in the right-hand sides
in the relations.

(Here and throughout the paper, 2m (resp. 2m+ 1) in the left-hand side,
e.g., represents elements 2,4, ... (resp. 1,3,...).)

For simply laced X,

(22)  TWuw-DTOw+1) =T T+ [ TP (w).
bel:Cpp=—1
For X, = B,,

(23)  TOu—-DTOw+1) =T ()T (u)
+ T D ()T () (1<a<r—2),
T (u—1)TE D (u+1) = T D@ TE D (w) + T ()T (w),

m—1
Tz(;z (U - %)Téﬁz (“ + %) = T2(:72—1(U)T2(;2+1(U)

70 (- D) (s ),

r 1 T 1 r r r— r—
T (u=3) T (u+ 5 ) = T @I () + T @) T ().
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For X, = C,,

24) T (u=3)T0 (u+ 3) =T T w)

+ T D ()T () (1<a<r—2),
r— 1 r— 1 r— r—

+ TQ(;_Z) (u)T) <u - %)Tg) (u + %),

(r—1) 1N p(r—1) Iy r-1) (r—1)
Topii (“ - §>T2m+1 <U + 5) =Ty, ()T, 5 (u)
r—2 r T
+ Ty 2 )T ()T (),

T (u— DT (u+ 1) = T ()T () + T D (u).

m m 2m
For X, = Fy,
25) TOw—- )T @+ 1) =T ()T () + T2 (w),

26)  TOu-1D)TP(uw+1) =T ()T () + T (u),

2 1 2 1 2 2
T:)fnf <“ - g)Tém) (“ + §> = TS(nz—l(u)Tém)-I—l(u)
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£ 10 (u - 1)T<1> (ut 1>T<1> (w)
m 3 m 3 m+1 ’
2 IN A2 1 2 2
T3(n2+2 (u - g) T3(n”2+2 (“ + g) = T3(n"2+1 (U)T?Em)-i-?)(u)
1 (1) L\ () 1
+ T,gl)(u)Terl (u - g)Terl (u + §)

The choice of the domain U = C¢ of the parameter u effectively imposes
an additional periodic condition:

(2.7) T (u) =T (u+ 27T‘§/__1) .

By the assumption, we have 2mv/—1/¢ ¢ Q so that it is compatible with the
relations T(X,).

REMARK 2.2. Originally, the system T(X,) was introduced in [KNSI]
as a family of relations in the ring of commuting transfer matrices of the
solvable lattice models. For example, for X, = A,, the relations in (2.2) are
the Jacobi identities among the Jacobi-Trudi—type determinantal expression
of the transfer matrices in [BR]. The T-system is a natural affinization of
the @Q-system of [Ki], [KR] (see Appendix A.1), and the idea behind the
both systems was the existence of a conjectured family of exact sequences
among the Kirillov-Reshetikhin modules [KR], [CP1], [KNS1] of the Yangian
Y (g) and/or the untwisted quantum affine algebra U,(g) associated with the
complex simple Lie algebra g of type X, [D1], [D2], [J]. The choice U =C
corresponds to the Y (g) case, while the choice U = C¢ corresponds to the
U,(§) case, as explained below. For Up(sly), the existence of such exact
sequences was known by [CP1]. Later this conjecture was proved for U,(g)
by [N3], [Herl] (see Theorem 2.8(2)).

It is useful to introduce the rings associated with T(X,).

DEFINITION 2.3. The unrestricted T-algebra T(X,) of type X, is the ring
with generators T (u)*! (a € I,m € Nyu € U) and the relations T(X,).
(Here we also assume the relation 7, (@) (u)Tﬁf )(u)_1 =1 implicitly. We do
not repeat this remark in the forthcoming similar definitions.) Also, we
define the ring T°(X,) as the subring of T(X,) generated by 7 (u) (a€

I,meNuel).
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We write all the relations in T(X,) in a unified manner as follows:
a 1\ a 1 a a a
@8) T (um )T (ot ) = TR 0T () + M ),

where Mf(,f ) (u) is the second term of the right-hand side of each relation, and
to is the number in (2.1). Then, define Sy (1) € Z[T) (a€ I,m e Nyu e U)
by

1 1 a a
(2:9) Sama(T) =T (w= = )T (ut = ) = T8 ()T () = ML (),
so that all the relations in T(X,) are written in the form Sy, (T) = 0. Let
I(T(X,)) denote the ideal of Z[T'] generated by Sgmu(T")’s. We consider the
natural embedding Z[T] C Z[T*].

We use the following description of the ring T°(X,).

LEMMA 2.4. (1) There is a ring isomorphism:
(2.10) T°(X,) = ZIT)/ (Z[TI(T(X,)) NZ[T]).

(2) For P(T) € Z[T], the following conditions are equivalent:
(i) P(T) € ZITHI(T(X,)).
(ii) There is a nonzero monomial M(T) € Z[T| such that M(T)P(T) €
1(T(X,)).

Let us clarify the relation between the ring 7°(X,) and the Grothendieck
ring Rep Uy (g) of the category of the type 1 finite-dimensional U, (g)-modules
[CP2].

Choose h € C\ 27y/—1Q arbitrarily. We set the deformation parameter ¢
of Uy(§) as ¢ = e € C*, so that ¢ is not a root of unity.

Let
(2-11) Xq* Rep Uq(g) - Z[Yiil]iel,aecx
be the g-character map of Uy(g) in [FR], [FM], which is an injective ring
homomorphism as shown in [FR]. From now on, we employ the parameter-
ization of the variables Y, ,wu (a € I, u € Cy;) instead of Vi, (i€ 1, a € CX)
in [FR], [FM], where t is the number in (2.1).

The g-character ring ChU,(g) of Uy(g) is defined to be Imx,. Thus,
ChU,(g) is an integral domain and isomorphic to Rep Uy, (§).
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DEFINITION 2.5. A Kirillov-Reshetikhin module ng)(u) (ael, meN,
u € Cy) of Uy(g) is the irreducible finite dimensional U,(g)-module with
highest weight monomial

(2.12) my = H Ya’qtqunJrlfQj,

where ¢, = ¢t/!*. Especially, Wl(a) (u) (a € I,u € Cyy) is called a fundamental
module.

REMARK 2.6. The above Wéf)(u) corresponds to W) _m41 in [N3],
m.qtugs ™t
[Her1].

The following fact is well known.

THEOREM 2.7. (Frenkel and Reshetikhin [FR, Corollary 2]) The ring

ChUy(g) is freely generated by the fundamental characters Xq(Wl(a) (u)) (a €
lLue Cth) .

Correspondingly, we choose the domain U of the parameter u for the
T-system T(X,) as U = Cy,. Here is an alternative description of ChU,(g)
by the g-characters of the Kirillov-Reshetikhin modules and the T-system
T(X,).

THEOREM 2.8. Let T = {ﬁgf)(u) = Xq( ,gff)(u)) |laeI,meNueCy}
be the family of the q-characters of the Kirillov-Reshetikhin modules of
Uqy(§). Then, we have the following.

(1) The family T generates the ring ChU,(g).

(2) (Nakajima [N3], Hernandez [Herl]) The family T satisfies the T-
system T(X,) in ChU,(g) (by replacing T\ (u) in T(X,) with T\ (u)).

(3) For any P(T) € Z[T), the relation P(T) =0 holds in Ch Uqy(8) if and
only if there is a nonzero monomial M (T) € Z[T| such that M(T)P(T)
I(T(Xy)).

Proof. (1) This is a corollary of Theorem 2.7.

(2) This was proved by [N3, Theorem 1.1] (for simply laced case) and by
[Herl, Theorem 3.4] (including nonsimply laced case).

(3) The “if” part follows from (2) and from the fact that ChU,(g) is an
integral domain. Let us show the “only if” part. To begin with, we introduce
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the height of T (u), ht T\ (u), by

for simply laced X,, ht T (u)=m,

2m —1 =1,...,7r—1
for X, = B,, htTT(,?)(u):{ m a=1...,r=1,
m a:T,
=1,...,7r—1
(2.13)  for X, =C,, ht 70 (1) = m a=1,...,r—1,
2m—1 a=r,
2m —1 =1,2
for X, = Fu, bt 7@ () = 4 a=12
m a:374’
3m—2 =1
for X, = G, htzgp(u):{ m-2 a=1,
m a=2.

Then, the following facts can be easily checked by inspection:

(a) htTéf)(u) =1 if and only if m =1;

(b) the variable T,gf)(u) (m >2) occurs in Sy m—14(T"), and ht T7(,f)(u) is
greater than the heights of the other variables occurring in Sq ym—1,4(T).

For a polynomial P(T") € Z[T]|, we define ht P(T") by the greatest height of

all the generators T )(u) occurring in P(T).

Now suppose that there is a nontrivial relation P(T) =0 in ChU,(g)
for P(T) € Z[T], and that h:=ht P(T') > 2. Let S be the set of all the
triplets (a,m,u) such that 7 (u) is of height h and occurs in P(T"). Let
Mu(T) =g mues TﬁlQ(u) Then, thanks to (a) and (b), there is some
Q(T) € Z[T] with ht Q(T) < h such that Q(T) = My(T)P(T) mod I(T(X,)).
Furthermore, by (2), Q(T) =0 in Ch Uq4(9). Repeat it until the relation
reduces to the form Q(T) =0 with htQ(T) =1 or 0. However, the for-
mer does not occur, since it contradicts Theorem 2.7. Therefore, we have
ht Q(T) =0, that is, Q(T') = 0, which proves the claim. 0

COROLLARY 2.9. The ring T°(X,) with U = Cy, is isomorphic to
RepU,(g) by the correspondence Tr(,f)(u) — W (u).

Proof. Tt follows from Theorem 2.8 and Lemma 2.4 that
(2.14) RepUy(8) = ChU,(5) = Z[T)/(ZIT]I(T(X,)) N ZIT]) = T°(X,).
0
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It should be proved in the same way, using the character by [Kn], that
T°(X,) with U = C is isomorphic to RepY(g). In Appendix A.1 we give
parallel results for the ring associated with the Q-system and Rep U,(g).

2.2. Unrestricted Y-systems

DEFINITION 2.10. The unrestricted Y-system Y(X,) of type X, is the
following system of relations for a family of variables Y = {Yy(na) (u) |a€
I, meN,ue U}, where YW(LO)(u) = Yo(a) (u)~! =0 if they occur in the right-
hand sides in the following relations.

For simply laced X,

[herc,,——1(1+ Y ()
1+ Y ()" )1+ Y ()1

(215) Y Du-1)YD(u+1)=

For X, = B,,
1+ Y5 W) (1 + Y ()
(LY (@) ) (1 + Y, () )
(I1<a<r-2),

(2.16) Y9 (u—1)Y, @ (u+1) =

1+ %5 (w)
X (LY () (1+ Y (u))
x (1+ Yy (u— 1) (1+ Yy (u+ 1))
T+ Y0 @)+ v )

YD (- 1)V, Dw+1) =

)

(r—1)
Yo (u B %)YQ(;) <u i %> - (1+ %(2—11(;_}?;(1 ‘:132(;)“(“)_1)?
(o (o) - :

(1+ Y3 ()" (1 + Y0 ()1
For X, =C,,

ol W@l 1y (YD) + v (w)
(2.17) Y,;)(u— §)Yn(m)(“+ 5) A+ YY @)+ Y ()
(1<a<r—2),

yun@_gw«%wﬂ):(u+wﬁ%wm+wmw>

2m 2m 9 r—1 r—1 ’
2 1+ Y D w) =1 (1 + YD (w) 1)

2
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=1 ( — LYy =D (o 1) = 1+ Yo 2 (w)
Y2m+1 < 2>}/2m+1 ( + 2) ( }/'2(;_1) (u)—l)( }/2(;4_12)( ) )
(1+ Y D) +Yar ) (w)
x (1+ Y (u— )1+ Yy D (u+3))
A+ () A+ Y () )

Y (= 1Y, (w+1) =

For X, = F},
1+ Y, ()
1+ Y 0 ) ) (1 + Y ()
(1+ Y (w) (1 + Yoo (u))
xa+xﬁﬂ<»@+@>( =)

(3)
D 1Y@ _ X (1+Yy,, (ut3))
(D ) = T4 v ()

(218) YD (u—-1)YD(u+1)=

Y@QkJJWa@+;):< (L+ Vi () (1 + Vi (w)

02 ) T YD A+ v ) )
- 1+ Yy (u)
(1+ Yy (u)=1)(1+ YQ(;)H( )

) . 1+ Y (w)
Y(4)(“__)Y(4)(“+_):(1+YTSL4_)1(U) D1+ Y,ﬁl() )

Y2(21)+1 (“ - %) Yz(ri)ﬂ (U + %

(14 YaD () (1 + Y32 o (w))

(LY (= 3))
(1Y (04 )
X (1+K3(T2n)+1(u_ %))
(Y (uts)
(14 Yy (1= ) (4 V2 0 3)
1+Y.
(2.19) YO (u—1)YWD(u+1)= x (1+ (i;;n (u)) -
(L+ Y2 ()™ H(A+ Y 4 ()7
(1)
(2) 1y @ 1y _ 14 Y\ ()
Yam (u B g)YSm (u + §) o 2) 1 @) TS
(1+Yz’)m 1(“) )<1+Y3m+1(u) )



PERIODICITIES OF T-SYSTEMS AND Y-SYSTEMS 71

(2) 1Ny -(2) 1
Ym u— — Ym u+ - )= ’
3 +1< 3> 3 +1( 3) (1+ Y32 (w) 1) (1 + Yar) o (w) 1)
2) NS -(2) 1 1
Ym u— - Ym u+ - )= ’
3 +2< 3) 3 +2( 3) (1+ y(fl)ﬂ(u)—l)(l+Y3(Ti)+3(u)_1)

The choice of the domain U = C¢ of the parameter u effectively imposes
an additional periodic condition:

m

m/—1
2£>

DEFINITION 2.11. The unrestricted Y-algebra Y(X,) of type X, is the
ring with generators v, (u)*, (1+ VAS) (u))™! (a€I,meN,uecU), and
the relations Y(X,).

(2.20) Y@ (u) = Y@ (u+

The system Y(X,) is introduced by [KN] (see also Remark 3.7 for the
origin of the Y-systems).

Though the T-systems and Y-systems arose in different contexts with
different motivations, there is a simple and remarkable connection between
them, as described below. Recall that M (u) is defined in (2.8).

THEOREM 2.12. (1) There is a ring homomorphism

(2'21) @ g(Xr) - (‘T(XT)
defined by
M(a)(u)
(2.22) V{9 (u) — ;
T\ ()T (w)

(2.23) 1+ Y@ () _ ta :
Tr(nﬂ(U)T?SlL(U)
(@, _ 1\pla) 1
(2.24) 1+Y 9 w) T (u ta)Tm (u+ ta)’

where T( )( )=1.



72 R. INOUE, O. IYAMA, A. KUNIBA, T. NAKANISHI, AND J. SUZUKI

(2) There is a ring homomorphism
(2.25) b T(X) - Y(X,)
such that ¢ o p =idy(x, ).
(3) Y(X,) is isomorphic to a subring and a quotient ring of T(X,).
The homomorphism ¢ is canonical, while 1) is neither unique nor canon-

ical.

Proof. Statement (3) is a corollary of (1) and (2); we prove (1) and (2).
Here, we concentrate on the case U = C. The modification of the proof for
the case U = C¢ is straightforward.

(i) The case X, is simply laced. (1) For simplicity, let us write the image
cp(YW(La) (u)) as o (u). Then, the relation (2.15) is shown as follows:

YD (4 — 1)V, (4 + 1)
B | PRS- T (u— )T (u+1)
T8 (=TS (w = DTS (u+ DT (u+ 1)

eyt (T T (1) + Ty -1 Tk (1))
T ()T (1) + Ty 1 T 4 ()
1

X
a a b
Th (W) T 5 (1) + Tyt Ty (1)

a0 4% W)
1+ Y3 () (1 + Y () )
We remark that the above calculation is valid also at m =1 by formally
setting T£01) (u) =0.

(2) Below we define the image w(Téf) (u)) (a€I,meNueC) in three
steps and then show that they satisfy T(X,). For simplicity, we write the
image w(T,sf) (u)) as T\ (u).

Step 1. We arbitrarily choose Tl(a) (u) €Y(X,)* (a€l) for each u e C in
the region —1 <Reu < 1.

Step 2. We define Tl(a) (u) (a € I) for the rest of the region —2 < Reu < 2
by

(2.26) =

M (w)

(@) (4 1) — (@) ()1 _
(2.27) T (ut1) = (1 +Y () )Tf“)(uqcl)
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We repeat it to define Tl(a) (u) (a€l) for all u e C.
Step 3. For each a, we recursively define T\ (u) (m>2,ueC) by

Y

(a) (a)
(2.28) 7' (u) = - (u (a3 (u+1)
1+ Ym (u) Tm—l(u)
where To(a) (u) =1.

CLAM. The family T defined above satisfies the following relations in

y(Xr)

@), 1)@
(2.29) |4V () = Im Eg 1)TZ)(U+1)’
Ty (w) T (u)
(@), (a)
(2.30) 14+ Y@ @) = T’ (u—1)Tp (u+1)
M (u)

The relation (2.29) clearly holds by (2.28). The relation (2.30) is shown
by the induction on m, where the m =1 case is true by (2.27).

Now, taking the inverse sum of (2.29) and (2.30), we obtain (2.2). There-
fore, 1 is a ring homomorphism. Furthermore, taking the ratio of (2.29)
and (2.30), we obtain y,\@ (u) = MY (u)/(TSZl(u)Tgll(u)) This proves
Yoy =idycx,).

(ii) The case X, is nonsimply laced. (1) This can be proved one by one
with similar calculations to (2.26), though they are slightly more compli-
cated.

(2) Below we define the image w(T,Sf) (u)) (a€I,meN,ueC) in three
steps and then show that they satisfy T(X, ). For simplicity, we again write
the image w(TT(,f) (u)) as 7 (u).

Step 1. First, we arbitrarily choose Tl(a) (u) € Y(X,)* (a € 1) for each
u € C in the region —1/t, <Rewu < 1/t,. Next, for each a with ¢, =2 (resp.
tq, = 3, which occurs only for X, = G2 and a = 2), we define TQ(a) (u) (resp.
Tz(a)(u) and Téa) (u)) in the region —1/t, < Reu < 1/t, by

a M},;l)(u)
(2.31) T'rSz—?—l(u) = Yma) (u)Tﬁll(u)

or, more explicitly,
a T(a—l) T(a+1) 1
(232) TQ( )(U) 1 (1?3) 1 (U)7 T3(2) (U) — 3 ’
Y (u)
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where T (u) = "™ (u) = 1.
Step 2. Let t be the number in (2.1). First, we define Tl(a) (u) (a€l) for
the rest of the region —(1/t,) — (1/t) <Reu < (1/t,) + (1/t) by

(2.33) T (u i) —(1+ 3/1<“)(u)—1)7]\)41( )
fa (L)
Next, we define T (u) (ta=2,3; m=2,...,t,) for the rest of the region
—(1/ta) — (1/t) < Rew < (1/t,) + (1/t) by (2.31). We repeat it to define
Tr(,f)(u) (ael;m=1,...t,) for all u e C.
Step 3. For each a, we recursively define T (u) (m>tq, ueC) by

(2.34) 7@ 1 T (u = 5o) Tt (w4 7)

where Téa) (u) =1.

CrLAaM 1. The family T defined above satisfies the following relations in
9(X;):

Ta (u— 2T (u+ L)

(2.35) 1+ Y, @) = _ t :
T’f(ﬂll(u)TT(nll(u)
(ta :2735m: 1)”-,ta - 1)7
(a) 1\ r(a) 1
T/ (u— )T’ (u+
(2.36) 1+ Y@@t = ( ta) ( ta)

(ta=2,3;m=2,...,14).

The relation (2.35) for m =1 is an immediate consequence of (2.31) and
(2.33). The relation (2.36) for m = 2 is verified one by one. For ¢, = 3, (2.35)
for m =2 is an immediate consequence of (2.31) and (2.36) for m =2, and
(2.36) for m = 3 is verified by (2.31) and (2.33).

CLAIM 2. The family T defined above satisfies the following relations in
Y(X,) for any (a,m,u):

T3 (u— )T (u+ )
7 ()T (u)

(2.37) 1+ Y9 (u) =
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(2.38) 1+ Y(a)(u)fl _ TT(Y(LI) (U - i)TT(,;l) (u + i) |
M ()

m

The relation (2.37) holds for any (a,m,u) because of (2.34) and (2.35).
The relation (2.38) holds for m =1,...,t, because of (2.33) and (2.36).
Then, one can verify (2.38) by the induction on m one by one.

The rest of the argument is the same as for the simply laced case. 0

REMARK 2.13. The transformation (2.22) first appeared in [KP] for the
simplest case X, = A; and was generalized in [KNS1] for general X,. The
analogous transformation plays an important role also in the approach by
cluster algebras with coefficients [FZ4].

2.3. Regular solutions of T- and Y-systems
In application, we usually consider solutions of T(X,) and Y(X,) in a
particular ring.

DEFINITION 2.14. Let R be a ring.

(i) A family T ={T\"(v) € R|a €I, meN,ue U} satisfying T(X,) is
called a solution of the T-system T(X,) in R. We say a solution T of T(X,)
in R is regular if T (u) € R* for any (a,m,u).

(i) A family Y ={V,”(u) e R|a €I, meN,ue U} satisfying Y(X,) is
called a solution of the Y-system Y(X,) in R. We say a solution Y of Y(X,)
in R is regular if v\ (u), 14+ Yw({l)(u) € R* for any (a,m,u).

REMARK 2.15. Actually, any solution of Y(X,) is regular because, for
any VAS) (u), there is a relation among Y(X,) such that (1 + v, (u)=1)~t
appears in the right-hand side. However, this is not always true for the
restricted Y-system we shall discuss in Section 3. Therefore, it is convenient
to introduce the above definition so that the unrestricted/restricted T-/Y-
systems can be treated in a unified manner.

Clearly, there is a one-to-one correspondence between the regular solu-
tions of T(X,) (resp. Y(X,)) in R and the ring homomorphisms f : T(X,) —
R (resp. f: Y(X,) — R).

As a corollary of Theorem 2.12(2), we obtain the following.

COROLLARY 2.16. For any ring R, the map

(2.39) ¢* : Hom(7(X,), R) — Hom(Y(X,), R),



76 R. INOUE, O. IYAMA, A. KUNIBA, T. NAKANISHI, AND J. SUZUKI

induced from the homomorphism ¢ in (2.21), is surjective. Namely, for any
reqular solution Y of Y(X,) in R, there exists some regular solution T of
T(X,) in R such that'Y is expressed by T as

(a)
M

(2.40) Y () = — (Zi)) .

Tmfl(u)Terl(u)

83. Restricted T- and Y-systems and their periodicities

In this section we state the main claims of the paper. We first introduce
the restricted T- and Y-systems together with the associated algebras. Then,
the conjectures and the results concerning their periodicity property are
presented.

3.1. Restricted T- and Y-systems
Let t, (a € I) be the numbers in (2.1).

DEFINITION 3.1. Fix an integer £ > 2. The level ¢ restricted T-system
Te(X,) of type X, (with the unit boundary condition) is the system of rela-
tions (2.2)-(2.6) naturally restricted to a family of variables T' = {Tf# )(u) |
acl;ym=1,....t,l — 1;u € U}, where Té?)(u) = Téa)(u) =1, and further-
more, Tt(a‘? (u) =1 (the unit boundary condition) if they occur in the right-
hand sides in the relations.

DEFINITION 3.2. The level ¢ restricted T-algebra To(X,) of type X, is
the ring with generators T,(,f)(u)il (acIym=1,...,t,l —1;u € U) and the
relations T((X,). Also, we define the ring T7(X,) as the subring of T;(X,)
generated by T,(,f)(u) (aelim=1,...,tsl — L;uclU).

REMARK 3.3. The notion of the level ¢ restriction originates from a class
of solvable lattice model, called the level ¢ restricted solid-on-solid (RSOS)
model associated with the R-matrix of U,(g) at a 2¢t(h" + £)th root of unity
[ABF], [JMO], [Pas], [BR]. The level ¢ restricted T-system was introduced in
[KNS1], where, instead of the condition T(a)(u) =1 above, a slightly weaker

tal
condition 7, t(:? +1(u) =0 was imposed. We hope that no serious confusion
occurs by referring to Ty(X,) also as level ¢ restricted T-system for simplic-
ity. We impose the unit boundary condition here to ensure the periodicity
property we are going to discuss. (Actually, this is not the only choice of
the boundary condition showing the periodicity, but we do not discuss this

point in the paper.)
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PROPOSITION 3.4. The ring T;(X,) is isomorphic to a quotient of T°(X,).

Proof. First we note that the ring T°(X,) is freely generated by T’ 1(a) (u)
(a € I,u e U). This is true for U = Cy, by Theorem 2.7, and so it is true for
any choice of U, since nontrivial relations exist only among T,(nc?)(uz) with
u; —u; € R. So we have a ring homomorphism

(3.1) e T(X,) — TOX,)

uniquely determined by the condition m(Tl(a)(u)) = Tl(a) (u) (a€el,uel).
We claim that Wg(Téf) (u)) = T (u) for any m=1,...,t,¢ — 1, from which
the surjectivity of 7, follows. The claim can be shown by the induction
on the height of T,Eff) (u) in (2.13). Namely, suppose that the claim holds
for any Tlib)(v) such that ht T,gb) (v) is smaller than ht 7 (u). Let Samu(T)
be the one in (2.9). Then, S, ;m—1,(T) =0 in T°(X,) and T7(X,); hence,
Te(Sa,m—-1,u(T)) = Sam—1,.(T) in T7(X,). The claim follows from this and
the induction hypothesis. 0

Similarly, we define the following.

DEeFINITION 3.5. Fix an integer ¢ > 2. The level ¢ restricted Y-system
Yo (X,) of type X, is the system of relations (2.15)—(2.19) naturally restricted
to a family of variables Y = {Yn(la)(u) lae I;m=1,... ,t,{—1;u € U}, where
v, (u) = Yo(a) (u)~! =0, and furthermore, Y;E;? (u)~! = 0 if they occur in the
right-hand sides in the relations.

DEFINITION 3.6. The level ¢ restricted Y-algebra Yo(X,) of type X, is the
ring with generators A (u)*, (1+Y7£La) ()t (aelm=1,...,tol—1;u€
U) and the relations Y,(X,).

REMARK 3.7. The system Y, (X, ) was introduced by [Z] for simply laced
X, and ¢ =2 to characterize the solutions of the thermodynamic Bethe
ansatz equations for the factorizable scattering theories. Then, it was
extended to the general case by [KN] based on the thermodynamic treat-
ment of [Ku] (see also [KNS1, Appendix B]). For simply laced X,, it was
also given by [RTV] independently.

For any ring R, one can define the reqular solutions of T¢(X,) and Y,(X,)
in R in the same way as Definition 2.14. Again, they are identified with the
elements in Hom(Ty(X,), R) and Hom(Y,(X,), R).

The restrictions of T-systems and Y-systems are partly compatible in
view of Theorem 2.12. Namely, we have the following.
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PROPOSITION 3.8. The correspondence (2.22), with To(a) (u) = Tt(fz) (u) =
1, defines a ring homomorphism

(3.2) oo Yo(Xr) = To(Xor).

Proof. Due to Theorem 2.12, we have only to check the compatibility
between the boundary conditions, T (a)( )=1and Y(a)( )=t = 0. For simply

laced X,., this can be seen by formally setting Tg(a) (u)=0at m=~¢—1in
(2.26). The nonsimply laced case is similar. U

Unfortunately, the properties (2) and (3) in Theorem 2.12 do not neces-
sarily hold for general X, and /.

EXAMPLE 3.9. (1) The case X, = Ay and ¢ =2. Two systems,

(3.3) To(As) : TP (w— TP (w+1) =1+ TP (w),
TOw - 1T (w+1)=1+T" (u),
(3.4) Ya(4s) : VP (u— 1)V w+1) =1+ P (),
-1y (w+1) =1+, (w),

are identical; moreover, we have ¢ : Yl(l)(u) — T1(2) (u), Y1(2) (u) — Tl(l)(u).
Thus, 9 is bijective.

(2) The case X, = Az and ¢ = 2. We have 9 : Yl(l)(u) — TI(Q)(u),
Y(3) (u) — TI(Q) (u). Thus, ¢ is not injective.
(3) The case X, =Cy and £ =2. We have @9 : Yl(l)( )HT ( )/ T 1)( )
Y(l)(u) — Tl(z) (u)/TQ(U(u) Thus, @2 is not injective.

However, at least for A,., one can resolve this incompatibility by modifying
the boundary condition of Ty(X,) while keeping the periodicity (Proposi-
tion 5.9).

There are some isomorphisms among the restricted T-algebras or Y-
algebras.

ExaMPLE 3.10. (Level-rank duality) The rings Ty(A,—1) and T,(A¢—1)
are isomorphic under the correspondence T\ (u) <« Tém) (u). The rings

Ye(Ar—1) and Y, (Ay_1) are isomorphic under the correspondence v, (u) <
(m)(,\—1
Yo ' (u)™ .
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3.2. T- and Y-systems with discrete spectral parameter
So far, we assume that the spectral parameter u takes values in U = C or
Ce¢. In the original context of T- and Y-systems, the analyticities of T\ (u)

and Y, (u) with respect to u are of fundamental importance [Z], [KP],
[KN], [RTV], [KNS2].

However, from the algebraic point of view, it is possible to discretize the
parameter u by choosing U = (1/t)Z, where ¢ is the number in (2.1). There
are at least two reasons why we are interested in such a discretization.

First, by regarding u as “discretized time,” the T- and Y-systems have
their own interests as discrete dynamical systems. For example, T(A4,) is
a discrete analogue of the Toda field equation and a particular case of
the Hirota’s bilinear difference equation [Hil], [Hi2], [KOS]|, [KLWZ] (see
[KLWZ] for more information).

Second, the periodicities of the restricted T- and Y-systems, which are
the subjects of this paper, concern only the algebraic aspect of the T- and
Y-systems; therefore, it is adequate to discuss the periodicities in discretized
systems.

From here to the end of Section 8, we assume U = (1/t)Z for all the
T-systems and Y-systems.

3.3. Periodicity conjecture for restricted T- and Y-systems
For X,, let hY be the dual Coxeter number of X, as listed below:

X, | 4 B, C, D, E¢ E; Eg Fy Gs
Y lr+1 2r—1 r+1 2r—2 12 18 30 9 4

(3.5)

For simply laced X,., hY equals the Coxeter number h of X,.
Let w be the involution on the set I such that w(a) = a except for the
following cases (in our enumeration):

wl@)=r+1—-a(acl) X, =A,,
(3.6) wr—=1)=r wr)=r—1 X, =D, (r: odd),

6, w(2)=5, w(b)=2, w(6)=1 X, =F;.

(Caution: for X, = D, (r: even), w(a) =a (a € I).) The involution w is
related to the longest element wy in the Weyl group of type X, by wo(ag) =

—Qy(q) [B] (cf. [FZ3, Proposition 2.5]).
Now let us give the main claim of the paper.
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CONJECTURE 3.11. The following relations hold in Ty(X,):
(1) Half-periodicity: T (u+hY+4)= T ) (u).

tal—m

(2) Periodicity: Téf)(u +2(hY +40)) = T (u).

We may sometimes refer to (2) also as full-periodicity in contrast to (1).
Of course, the full-periodicity follows from the half-periodicity.

This is the counterpart of the (already conjectured and partially proved)
periodicity property for the restricted Y-systems in various contexts; here
we present it in a form parallel to Conjecture 3.11.

CONJECTURE 3.12. The following relations hold in Yo(X,).
(1) Half-periodicity: VA (u+hY+40)= Y(w(a))(u).

tal—m

(2) Periodicity: Yn(f) (u+2(hY +10))= Yn(ma)(u)-

REMARK 3.13. One can rephrase these periodicity properties as those of
the regular solutions of the corresponding T- and Y-systems in an arbitrary
ring R. For example, suppose that Conjecture 3.11(1) is true. Then, for any
regular solution 7" of T¢(X,) in R, the equality T (u+hY+10)= 1}%@2@)
holds in R. The converse is also true by setting R = T;(X,). This remark
will be applicable to any periodicity statement in the rest of the paper as

well.

Let us summarize the known and/or related results on Conjectures 3.11
and 3.12 so far.

(i) Conjecture 3.12 was initially given by [Z] for simply laced X, and
¢ =2 and then generalized by [RTV] for simply laced X, and ¢ > 2 (including
half-periodicity) and by [KNS1, Appendix B] for general X, and ¢ > 2 (full-
periodicity). The points established so far are as follows:

(a) It was proved for X, = A, and ¢ =2 by Gliozzi and Tateo [GT] via
three-dimensional geometry. The same case was also proved by Frenkel
and Szenes [FS] with the explicit solution given.

(b) It was proved for simply laced X, and ¢ =2 by Fomin and Zelevinsky
[FZ3] via the cluster algebra method.

(c) It was proved for X, = A, and ¢ > 2 by Volkov [V] via the determinant
method.

(d) The full-periodicity was proved for simply laced X, and ¢ > 2 by Keller
[Kel2] via the cluster algebra/category method.
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We emphasize that the nonsimply laced Y-systems treated in [FZ3], [Kel2]
are different from ours, and their nonsimply laced Y-systems are identified
with certain reductions of our Y-systems associated with the twisted quan-
tum affine algebras (see Remark 9.22). In particular, there has been no
systematic result on Conjecture 3.12 for the nonsimply laced case so far.
The same remark applies to the T-systems as well.

(ii) Conjecture 3.11 appeared in [CGT] for simply laced X, while the
one for nonsimply laced X, seems new in the literature. The following
related results are already known:

(a) For simply laced X, we will see that the ring 77(X,) is isomorphic
to (a subring of) a certain cluster algebra. The periodicity property of
the corresponding cluster algebra is known for ¢ =2 (including half-
periodicity) by Fomin and Zelevinsky [FZ2], [FZ3] and for ¢ > 2 (full-
periodicity only) by [Kel2]. A more precise account will be given in
Section 4.

(b) For X, = A, and ¢ > 2, Conjecture 3.11 follows from a more general
theorem by Henriques [Hen| proved by the graph theoretical method.
The same case was also proved essentially by [V] while proving Con-
jecture 3.12. We will give a detailed account of the latter method in
Section 5.

(iii) Though Conjectures 3.11 and 3.12 are tightly connected to each
other in view of the map ¢, in Proposition 3.8, one is not the consequence of
the other, in general. However, at least for simply laced X, they are unified
as the periodicity property of the F'-polynomials of the corresponding cluster
algebra with coefficients [FZ4].

REMARK 3.14. Recall that the choice U = C¢ for the domain of the para-
meter u of the unrestricted T-algebra T(X,.) imposes the period 2my/—1/¢
in (2.7), where ¢ is taken from C\ 27v/—1Q to avoid the incompatibility
with the relations T(X,). The level ¢ restricted T-algebra T,(X,) has an
additional period 2(hY + £). This means the choice £ = my/—1/(h" + {) is
compatible with the relations Ty(X,). In the context of the g-character, we
made the identification ¢ = th, where ¢ = e”. Then, the above choice corre-
sponds to ¢ = exp(my/—1/t(hV + £)); namely, g is a primitive 2t(h" + ¢)th
root of unity. This is natural in view of the origin of the level £ restriction in
Remark 3.3. We make a further remark on the implication of the periodicity
of Ty(X,) for the g-character in Section 10.
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3.4. Summary of methods and results

In the following, we will study and partially prove Conjecture 3.11 by
three independent methods. This is a good point to outline the methods
and the results.

1. Cluster algebra/category method applied to To(X,) with simply laced
X, (Section 4)

This is actually more than a method to prove Conjecture 3.11, since
it includes the identification of the ring T7(X,) as a (subring of) cluster
algebra.

In the simplest case ¢ = 2, the ring T5(X,) is isomorphic to the tensor
square of the cluster algebra Ag of type X, (Proposition 4.3). The ring Ag is
a cluster algebra of finite type and is particularly well studied. In particular,
the periodicity property of Ag is proved in [FZ2], [FZ3] by making use of
the piecewise-linear modification of the simple reflections acting on the set
of the almost positive roots ®>_; of type X,. The periodicity of To(X,) is
its immediate corollary (Corollary 4.5).

For the case £ > 2, the ring 77 (X, ) is isomorphic to the tensor square of a
subring of the cluster algebra Agmq, where Q0 Q" is the square product of
quivers recently introduced by [Kel2], [HL] (Proposition 4.24). The cluster
algebra Agn¢ is not of finite type; nevertheless, it still admits the period-
icity along the bipartite belt of [FZ4]. The periodicity of Agp¢ is studied
in [Kel2], in a more general situation with coefficients, using the categorifi-
cation by the 2-Calabi-Yau category associated with the tensor product of
the path algebras of quivers @ and Q'. The full-periodicity of Ty(X,) is its
immediate corollary. Furthermore, this cluster categorical approach can be
adapted for the half-periodicity. Thus, we obtain the desired periodicity for
T¢(X;) (Corollary 4.29).

2. Determinant method applied to T¢(A,) and T;(C;) (Sections 5 and 6)

The method seeks a manifestly periodic expression of T,Sf )(u) as a minor
of a matrix M over Ty(X,) of infinitely many finite columns with periodicity.
It was introduced by [V] to prove the periodicity of the regular solutions of
Y¢(A;) in C.

Such a determinant expression (without periodicity) is known for the
unrestricted T-system T(A,) by [KLWZ, (2.25)], where the relation (2.2)
of T(A,) is regarded as the Hirota’s bilinear difference equation. Then, the
existence of such a determinant expression is viewed as a discrete analogue
of the well-known relation between the Hirota’s bilinear equation and the
Grassmannians [S]. Remarkably, the restriction of the T-system to Ty(A4,)
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is compatible with this determinant expression by imposing the periodicity
on the matrix M (Proposition 5.8). This forces the desired periodicity for
T¢(A;) (Theorem 5.3).

Since the method takes advantage of the bilinearity of the relation of
T(A,), it does not seem applicable to X, other than A,. A pleasant sur-
prise is that it is still applicable for C, through the relation between T(C))
and a certain variant of T(Ag,41) [KOSY]. (Note that this is different from
the usual “folding” relation between C, and Asg,_i.) This relation is com-
patible with the restriction and induces the relation between T,(C,) and
‘j'gg(Ang), where %2@(1427«4_1) is a variant of Top(Ag,y11) (Proposition 6.8).
Since §QE(A2T+1) admits the determinant expression, the desired periodicity
for T4(C,) is obtained (Corollary 6.4). This is the first main result concern-
ing Conjecture 3.11 for the nonsimply laced case.

At this moment the method is applicable only for these two cases, since a
similar relation between T(X,) and a certain variant of T(A, ) is not known
for the other types X,.

3. Direct method applied to To(A,), To(D,), and To(B,) (Section 7)

The method seeks a manifestly periodic Laurent polynomial expression
of T, ,(,f ) (u) in terms of the “initial variables” by considering the T-system
as a discrete dynamical system. At least for the above three cases, we can
directly find such an expression with the aid of a computer and verify that
it indeed satisfies the T-system.

The problem to express the cluster variables in terms of the initial cluster
is a much-studied subject (e.g., [CC], [FZ4], [YZ]). The first two cases,
Ta(A,) and To(D,), should be obtained as the specialization of those more
general expressions. Our goal here is to prove the periodicity for To(B;),
which is the first nontrivial result for B,.. (Let us repeat that this is different
from the tensor square of the cluster algebra of type B;.)

§4. Cluster algebra/category method: T;(X,) with simply laced X,

In this section, we study the periodicity of Ty(X,) for simply laced X,.. We
establish the relation between the ring T7(X,) and cluster algebras [FZ1],
[FZ2]. Then, the periodicity of Ty(X,) reduces to that of the correspond-
ing cluster algebra. For ¢ = 2, the periodicity of the corresponding cluster
algebra is known by [FZ2], [FZ3]. For ¢ > 2, the full-periodicity of the cor-
responding cluster algebra is recently shown by [Kel2] using the cluster cat-
egorical method. We prove the half-periodicity for £ > 2 as well by adapting
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this categorical method (see [Kel2] for a comprehensive review of cluster
algebras and cluster categories).

4.1. Cluster algebra

For a finite quiver Q without loops or 2-cycles with vertex set, say, I =
{1,...,n} and an I-tuple of variables = = {x1,...,2,}, we define a cluster
algebra (with trivial coefficients) Ag [FZ1], [FZ2], which is a Z-subalgebra
of the field Q(x1,...,x,), as follows.

(1) We start from the pair (“initial seed”) (@, ), where @ and x are as
above.

(2) Foreach k=1,...,n, we define another pair (“seed”) (R,y) = ui(Q, )
of a quiver R without loops or 2-cycles with vertex set I and an I-tuple
y={y1,---,Un}, ¥i € Q(x1,...,2,), called the mutation of (Q,x) at k, where
y is given by the exchange relation,

@) - {‘” T

Tk (Harrows j—k of Q:L'j + Harrows k—j of ij) = k’

while R = (@) is obtained from @ by the following mutation rule.

(i) For each i — k — j of @, create a new arrow ¢ — j.
(ii) Replace each i — k of @ with k — i, and k — j of @ with j — k,
respectively.
(iii) Remove a maximal disjoint collection of 2-cycles of the resulting quiver
after (i) and (ii).

(3) Iterate the mutation for every new seed at every k and collect all the
(possibly infinite number of ) seeds. For any seed (R, y), y is called a cluster,
and each element y; of y is called a cluster variable.

(4) The cluster algebra Aq is the Z-subalgebra of the field Q(z1,...,zy)
generated by all the cluster variables.

Due to the Laurent phenomenon [FZ1], Ag is a subring of Z[mfﬂ, C T

4.2. Level 2 case

Here we study the periodicity of T(X,) for simply laced X,. Since the
case X, = Aj is trivial, we assume X, # A;.

Let X, (# A1) be a simply laced Dynkin diagram, and let I =1, UI_ be
a bipartite decomposition of the vertex set I of X,.; namely, Cy, =0 for any
a,be Iy with a#b. We set e(a) =+ for a € 1.
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Recall that the ring T5(X, ) has the generators T' = {Tl(a) (w)yt' laclue
Z} and the relations Ta(X,):

(4.2) Tu- DT w+)=1+ [ 1VW.
bel:Cyp=—1

Let T5(X,)+ be the subring of T5(X,) generated by Tl(a) (u) (a€el,ue
Z) such that £(a)(—1)" = £, where we identify + and — with 1 and —1,

respectively. Since the relation (4.2) closes among those Tl(a) (u) with fixed
parity (a)(—1)", we have

(43)  TX)=TI0). @2 T3(X)-,  T3(X)s = T3(X,)_.

Let Q = Q(X,) be the alternating quiver such that X, is the underlying
graph, a € I is a source, and a € I_ is a sink of (). We introduce an I-tuple
of variables = {x,}q4er, and we define A to be the cluster algebra with
initial seed (Q, ).

Following [FZ2], [FZ3], we introduce composed mutations pix = [],c7, ta
and p = p_py for Ag. We set z = x(0), and we define clusters z(u) =
{zq(u)}aer (u€Z) of Ag by the following sequence of the mutations:

(4.4) Q0P (1)) £ (Q,2(0) 5 (Q°P,2(1))
£ (Qu(2)) £5 -

where Q°P is the opposite quiver of @), that is, the quiver obtained from @
by reversing all the arrows. In particular,

(4.5) Ta(u+1) =x4(u) if e(a)(—1)* = —,
(Qz(2k)) =4*(Q,2(0))  (keZ),
(Q,2(2h + 1) = ps s (Qa(0) (ke Z).

Furthermore, any cluster variable of Ag occurs in z(u) for some u € Z, due

(4.6)

to [FZ2, Theorems 1.9 and 3.1]. (This is not true for a general finite quiver
Q)

LEMMA 4.1 ([FZ4, (8.12)]). The family {zqo(u) |a € I,u € Z} satisfies the
T-system To(X,) in Ag; namely,

(4.7) To(u—Dzg(u+1)=1+ H xp(u).
bel:Cup=—1
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Proof. For example, suppose that a € I and that « is odd. Then,

(1 + H xb(u)>

beI:Cab:—l

(48 walu—1)= i (m(w) = s

by (4.1), and z4(u) = x4(u+ 1) by (4.5). The other cases are similar. 0

Now let us describe the relation between the rings, T2(X,) and Ag. Define
a ring homomorphism f : Ag — T2(X,) as the restriction of the ring homo-
morphism Z[zF,cr — To(X,) given by

f, l‘ili—> Tl(a)(o):tl CLEI+,
e T el

Then, we have the following (see Figure 2).

(4.9)

LEMMA 4.2. For the above homomorphism f: Ag — Ta2(X,),

T(a) —1)% =
(4.10) fiaalu) s d T (W  el@= =+,
77 (u+1) ela)(—1)"=—.
Proof. For u =0, (4.10) holds by the definition of f. Then, one can prove
(4.10) by the induction on +u with (4.2), (4.5), and (4.7). U
()

-3 V-1

3 1 0 2 3
r(=3)x(—2)xz(-1) =(0) x(1) =x(2)

Figure 2: Relation of x(u) and Tl(a)(u) for X, = A4. The thick
quiver corresponds to the initial seed (Q,x(0)) of the cluster
algebra Ag, where we take I, ={1,3}, I_ ={2,4}.
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PROPOSITION 4.3. The ring T5(X,) is isomorphic to Ag ®z Ag.

Proof. Tt follows from Lemma 4.2 that the image f(Ag) is T5(X,)+. Fur-
thermore, the inverse correspondence g: T5(X,)+ — Ag, Tl(a) (u) — xq(u)
defines a homomorphism by Lemma 4.1 and the fact that Ag is an integral
domain. Therefore,

(4.11) T5(X,)+ =~ Ag,

and we obtain the assertion. []

Thanks to the isomorphism, the periodicity of T2(X,) is reduced to the
known periodicity of Ag. By the correspondence (4.10), it is easy to check
that the periodicity of To(X,) is translated as

half-periodicity: x4 (u+h+2) =2, (u),
(4.12)
periodicity: x4 (u+2(h +2)) = zq(u).

Recall that the Coxeter number h = h" of X, is odd if and only if X, = A,
(r: even); furthermore, the involution w: I — I induces a quiver isomor-
phism w: Q — Q°P if X, = A, (r: even) and w: @ — @ otherwise. For a
pair of seeds (R,y) and (R',y'), we write (R,y) = (R',y/)if v: I —1Tis a
bijection that induces a quiver isomorphism R — R’ and y/, (@) = Ya for any
a € R. The following periodicity of Ag is due to [FZ2, Theorems 1.9 and
3.1] and [FZ3, Propositions 2.5 and 2.6].

THEOREM 4.4 (Fomin and Zelevinsky [FZ2], [FZ3]). The following equal-
ities hold for Ag (u: even).
(1) Half-periodicity:

(i) for X, other than A, (r: even), where h is even,

(4.13) I T2R(Q 2(w) = (Qw(w):
(ii) for X, = A, (r: even), where h is odd,
(4.14) e D/2(Q,2(w)) £ (Q, 2(w)).

(2) Periodicity: For any X,,

(4.15) pM2(Q, () 2 (Q, x(u)).
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COROLLARY 4.5. The following relations hold in To(X,) for any simply
laced X, .

(1) Half-periodicity: Tl(a) (u+h+2)= Tl(w(a)) (u).
(2) Periodicity: T (u+ 2(h+2)) = T\ (u).

Proof. The relations in (4.12) immediately follow from Theorem 4.4 and
(4.6). a

4.3. Alternative proof of Theorem 4.4 by cluster category

Here we present an alternative proof of Theorem 4.4 based on the cate-
gorification of Ag by the cluster category Cg, in the spirit of [Kel2]. The
definitions and results here will be also used to prove the periodicity for the
levels greater than two in Section 4.5.

Let @ be the alternating quiver whose underlying graph is simply laced
X, other than A; as in Section 4.2. Let K be an algebraically closed
field, and let K@ be the path algebra of @ [ARS], [ASS]. We denote by
Dg = DP(mod K Q) the bounded derived category of finite dimensional K Q-
modules. Then D¢ forms a K-linear triangulated category with the suspen-
sion functor [1]. We denote by D the K-dual. The autoequivalence

(4.16) 7= D(KQ)[~1] ®x0 — : Do — Do

is called the Auslander-Reiten translation and plays an important role in
representation theory of K@ [ARS], [ASS], [Ha).

Now we define another autoequivalence of D¢ by F :=7!o[1]. Then the
cluster category of Q@ [BMRRT] is defined as the orbit category

(4.17) Co:=Dq/F,

which means that Cg has the same objects with Dg, and the morphism
space is given by
(4.18) Home,, (X, V) := P Homp, (X, F/(Y))
i€Z

for any X,Y € Cq. Then Cg forms a triangulated category with the sus-
pension functor [1], and the natural functor Dg — Cq is a triangle functor
[Kell].

For a € I, we denote by e, the path of length zero in (). Define KQ-
modules by

(4.19) Py:=(KQ)ea, P:=KQ=EHP..
a€l
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The following description of indecomposable objects in Cg follows from
Gabriel’s theorem [ASS]| and from Fomin and Zelevinsky’s [FZ2] descrip-
tion of finite type cluster algebras.

THEOREM 4.6. There exists a bijection

(4.20)
X : {indecomposable objects in Cq}t/ ~ — {cluster variables in Ag}

satisfying Xp, = x4(0) for any a € I.

We say that an object T =@ ,c; T, € Cq is cluster tilting if
(1) each Ty is indecomposable and mutually nonisomorphic, and
(2) Home,, (T,,Ty[1]) = 0 holds for any a,b € I.
For a cluster tilting object T € Cg, we denote by Qr the quiver of the
endomorphism ring Endc,, (7)) [ARS], [ASS].
We give two important examples of cluster tilting objects.

EXAMPLE 4.7. (1) The K@Q-module

(4.21) r=r.

a€el

gives a cluster tilting object. We have Qp = @, since End¢, (P) = KQ.
(2) We define K @Q-modules by

P, cl,,
(4.22) v, =7 (Fa) acls U:=ERU..
P, acl_, el

Then U is a tilting K@Q-module, so it gives a cluster tilting object in Cg.
We have Qu = Q°P, since Endp,, (U) ~ KQP.

The mutation of cluster tilting objects is introduced in [BMRRT, Theo-
rem 5.1].

THEOREM 4.8. Let T =@, 1. € Cq be a cluster tilting object. For any
a € I, there ewists a unique indecomposable object T; € Cq which is not
isomorphic to T, such that (T'/Ty) @ T is a cluster tilting object.

We call the above (T'/T,) & T, the cluster tilting mutation of T at a,
and we denote it by p, (7). We have the following key observation [BMR,
Theorem 6.1].
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THEOREM 4.9. (1) We have a bijection

(4.23) X : {cluster tilting objects in Cot/ ~ — {seeds in Ag}
defined by
(4.24) T=T.~ (Qr.{X1,}aer)-

acl

(2) We have)?o,ua:,uao)?foranyaef.

We have
(4.25) Xp = (Q,2(0)).
We number elements of Iy and I_ as {a1,...,as} and {as41,...,a,}, respec-

tively. Define composed cluster tilting mutations by

(4.26) [t 2= flag* Hays e = e, Hagyys L e g

For a cluster tilting object T'= @, .; Tu, let [T'], denote Tg; similarly, for
a seed (R,y) of Ag, let [(R,y)], denote y,. By Theorem 4.9(2), we have
the following relationship between the seed mutation and the cluster tilting
mutation:

(4.27) W (Xr)e = Xperyer et (X0)]a = X, k()]0

for any cluster tilting object T' € Cq, k € Z, and a € I. The following obser-
vation is a key result.

ProproSITION 4.10. For any k € Z and a € I, the following assertions
hold.

(1) [pH(P)la =7 (Pa) in Caq-
(2) [ s (P)]a = 7 H(Us) in Cq.
Proof. Since cluster tilting mutation commutes with any autoequivalence

of Cg, we have only to show the assertion for k =1 for (1) and k£ =0 for (2).
(2) We put I* :={ay,...,a;} and

T .= (@ Tﬁl(Pa)) ) ( EB Pa).

aclt acI\I*
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Then T° is a tilting KQ-module by [ASS]. Thus it is a cluster tilting
object by [BMRRT]. Since T°~! and 7% have the same indecomposable
direct summands except P,,, we have j,, (T°~1) = T". In particular, we have
py(P)=U.

(1) By a similar argument to (2), we have u(P) = pu_(U)=7"1(P). [J

We use the following classical periodicity result.

PROPOSITION 4.11. (1) We have that 7="(X) is isomorphic to X[2] for
any X € Dg.
(2) We have that 7="=2(X) is isomorphic to X for any X € Cg.

Proof. (1) This follows from the structure of the Auslander-Reiten quiver
of Dy [G], [Ha| (see Figure 3).
(2) By (1), we have 77" 2(X) ~772(X[2]) ~ F?(X) ~ X. 0

Now we are ready to prove Theorem 4.4(2) (full-periodicity).

Ps) 72 (P5) 1 (1] .
/ \ / \ é \;_ ({4) \1:’2[1]/
\ 3/ \TI(P3) \Tzé \Ps 1] \ .
'/ / \T_l(Pz) \T_Q(Pz) \134[1]/
NONSN SN N
Py T (P1) T 4(P1) Ps1] *
. Py=U, T H(Py) Pi[1] .
NN SN N, S
3 T (P3)=Us 1°(P3) By[1]
'/ \Pzzg \T_I(P2) \133[1] \'
\ 1/ T\l(Pl){ 1\2(131) \4[1]/

Figure 3: The Auslander-Reiten quivers of Dg for X, = As
(the above) and A4 (the below)
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THEOREM 4.12 (Theorem 4.4(2)). [1"72(Q,2(0))] = z4(0).

a

Proof. We have [u"+2(P)], iicea 2P, Frop 2 L(2) P, for any a €
1. Applying X, we have

(4.25) ~ (421
(12(Q,2(0))], =" W' (Xp)la = Xprto(py, = Xp, = 2a(0).

O

Next we prove Theorem 4.4(1) (half-periodicity). We divide the proof into
two cases.

Case 1: h is even.

In this case, the map w : I — I induces the quiver automorphism w : Q —
Q. Thus w induces an automorphism w : KQ — KQ of our K-algebra KQ,
and we have an autoequivalence

(4.28) w: Dy — Do

of categories. We have w(P,) = P, for any a € I.
We have the following periodicity.
PROPOSITION 4.13. (1) 77"/2(X) ~w(X[1]) for any X € Dg;
(2) 7= HD2(X) >~ w(X) for any X € Cq.
Proof. (1) This follows from the structure of the Auslander-Reiten quiver

of Dg [G], [Ha] (see Figure 3).
(2) By (1), we have 7=("2)/2(X) ~ 771 (w(X[1])) ~ F(w(X)) ~w(X). [

We prove the first part of Theorem 4.4(1):
THEOREM 4.14 (Theorem 4.4(1-1)). [p("2/2(Q,(0))], = 24(4)(0).

Proof. We have [,u(h+2)/2(P)]a Prop 4.10(1) T_(h+2)/2(Pa) Prop 4.13(2)

Applying X, we have [u®2/2(Q,2(0))], “Z [u+2/2(Xp)],
Xp2/2(py), = XPua) = Tu(a) (0): U
Case 2: h is odd.
In this case, the map w : I — I induces the quiver isomorphism w : Q —

Q°P. Thus w induces an isomorphism w : K@Q — KQ°P of K-algebras, and
we have an equivalence

Pw(a) .
(4.27)

(429) w DQ — DQOp
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of categories. On the other hand, the tilting K Q-module U in Example 4.7(2)
induces an equivalence

L
(430) U ®KQOP — DQOP — DQ
Composing them, we have an autoequivalence

L
w U reoop —
(4.31) r: Do — Dgov “BrqrT, Dqg.

We have 7(Py) = Uy (q) and 7(Ua) = 71 (P,y(q)) for any a € I (see Figure 3);
hence, r*(X) ~ 77 1(X) for any X € Dg.
We have the following periodicity.

PROPOSITION 4.15. (1) r7~(=1/2(X) ~ X[1] for any X € Dg;
(2) 7= HD2(X) >~ Y(X) for any X € Cq.

Proof. (1) This follows from the structure of the Auslander-Reiten quiver
of Dg [G], [Ha] (see Figure 3).

(2) By (1), we have r7—("+1)/2(X) ~ 7=1(X[1]) ~ X, from which the claim
follows. []

We prove the second part of Theorem 4.4(1).
THEOREM 4.16 (Theorem 4.4(1-ii)). [puppu"TD/2(Q,2(0))] = 2,(4)(0).

Prop. 4.10(2) Prop. 4.15(2)
a = =

Proof. We have [y p"+t1)/2(P)] = (D21
(4.25)

(Us) = Py Applying X, we have [uy pu(0/2(Q,x(0))], “2
g p 02X ], Y20 x s nt0/2(PY)y = XPuay = Tu(a) (0). il

4.4. Level greater than two case

Here we study the periodicity of Ty(X,) for simply laced X, and ¢ > 2.
Since the case X, = Aj reduces to To(As—1) by the level-rank duality (Exam-
ple 3.10), we continue to assume X, # Aj.

First, let us establish a connection between the ring J7(X,) and the
cluster algebra Agn ¢ considered in [Kel2], [HL]. In doing that, we slightly
generalize the problem and consider a pair of simply laced Dynkin diagrams
X, X!, (# A1). For X, (resp. X/,),let C, h, I, I+, ¢, Q, w (resp. C', IV,
I'' I, ¢, Q, W) be the same as Section 4.2.
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DEFINITION 4.17. The T-system T(X,, X)) of type (X,,X/,) is the fol-
lowing system of relations for a family of variables T'= {T,(u) |a € I,be
I''ueZ}:

(432) Top(w—-DTpu+1)= [ Taxw)+ J[ Trolw.
kel':Cp=—1 kEI:Cop=—1

DEFINITION 4.18. The T-algebra T(X,,X!,) of type (X, X/,) is the ring
with generators T, ,(u)*! (a € I,b € I',u € Z) and the relations T(X,, X/,).
Also, we define the ring T°(X,, X/,) as the subring of T(X,, X/,) generated
by Top(u) (acI,bel’uecZ).

The system T(X,, X,) is the counterpart of the Y-system of [RTV] stud-
ied in [Kel2], and To(X,) = T(X,, As_1) by identifying T\ () with Tym(v).
We are going to show the following periodicity of T(X,., X/, ):

half-periodicity: Ty p(u+h+h') =T, q)w @) (0),
(4.33)
periodicity: Ty p(u+2(h+ ') =T, p(u).

Let T°(X,, X/,)+ be the subring of T7°(X,, X/,) generated by Tp ,(u) (a €
I,be I';u € Z) such that e(a)e’(b)(—1)" = +. Then, we have

(4.34) T (X, X) 2 T°( X, XY 1 07 T (X, X00)
T (X, X))y = T (X, X0

/r./

To describe the corresponding cluster algebra to T°(X,, X/,), we intro-
duce two kinds of quivers, Q1Q’ and Q ® Q'.

DEFINITION 4.19 ([Kel2]). (i) The square product QO Q" of @ and Q' is
the quiver obtained from the product @ x @’ by reversing all the arrows in
the full subquivers {a} x Q' (a: sink of @) and @ x {b} (b: source of Q).

(ii) The tensor product Q ® Q' of @ and @' is the quiver obtained from
the product @ x Q' by adding an arrow (az,bs) — (a1,b1) for each pair of
arrows a; — ag of @ and by — by of @Q'.

ExXAMPLE 4.20. Since a € Iy is a source of ), in our convention, the
ordinary product @ x @’ consists of the following type of squares:

(+-) = (=)
(435) QxqQ: 1 T
() = (=)
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where (+—), for example, represents a vertex (a,b) of Q x Q' with a € I,
be I'". Correspondingly, Q0 Q" and Q ® Q" consist of the following types
of squares:

(436) QOQ: 1 L.oQeQ: 1/
() = () (++) — ()

Using these diagrams, one can easily check that
QOQ =QP0Q",
(4.37) (QUQ)P=Qr0Q =0Q"",
(Q@®QNP=QT®Q"™.

We define composed mutations,

(4.38) Pt = H Ha,bs Ptx = H Ha,b;

(a,b)elL xI!y (a,b)GIixléF

where /1,5 is the mutation at (a,b). Then, the following cycle of mutations
of quivers occurs (the “eyeglass diagram”):

Q®Q” Qe
Mttt N H-— H- ) N\ B+
(4.39) QU (QUQ)P QUQ".
B N A SN /B
Qop ® Q/ Qop ® Q/op

We further define composed mutations [Kel2]

M= g —p——, Kt = Bt H—v-5
(4.40)
Mo = M-+ =t —H—— P fl—i-.

In particular, ug preserves Q ® @'.

REMARK 4.21. (1) The mutations pi4++, p++, and pg here correspond to
Ut T, HT 4+, and the inverse of pig in [Kel2]. This is due to our convention of
the assignment of +/— for the sources/sinks of @ and @’ and is not essential
at all.

(2) Instead of (4.40), one may set g4 = pp—figt, = ph_fi—4, and
te = p4p—. This is again a matter of choice.
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We introduce the (I x I’)-tuple of variables x = {zp|a € I,be I'}, and
we define Agng to be the cluster algebras with initial seeds (QOQ’, ).
We set = x(0), and we define clusters z(u), z(u), Z(u) (v € Z) of Agn¢r
by the following sequence of mutations (u: even):

(Q®Q/op’z(u+l)) (Q®Q’,z(u—|—2))

bt N H-— Bt ) N\ B+
(4.41) (QDQ’,:}C(U)) ((QDQ’)Op,x(u—f— 1)) (QDQ’,x(u—I—Q)).
B N A SN S Mt

(QP® Q' Z(u+1)) (Q°P ® Q"°P,Z(u+2))

In particular,

(4.42) Tap(u+1)=zqp(u) if e(a)e’(b)(—1)*=—,

(4.43)
. xa,b(u_l) a€I+,
= ael,
" (Q®Q,2(2k)) =pE (Q® Q,2(0)) (keZ),

(QeQP,2(2k+1)) = TS (Q®eQ',2(0) (keZ).

LEMMA 4.22. The family {zqp(u) |a € I,b € I';u € Z} satisfies the T-
system T(X,, X!,) in Agnog; namely,

(445)  wap(u—Dagpu+1)= [  zapw+ J[ @rslw).

kel':Cf=—1 kel:Cyqr=—1

Proof. The proof is the same as Lemma 4.1 by replacing u4 (resp. p—)

therein with p— g4 4 (resp. p—ypiy—). U
Define a ring homomorphlsm f:Agng — T(X,, X)) as the restriction
of the ring homomorphism Z|x;, b](a,b)e 1< — T(X;, X)) given by

T, 5 (0)%! )¢ (b) = +.
(4.46) £ xill)'_){ (0) g(a)e'(b) =+

Ta,b(l)jEl e(a)e'(b) = —.

Then, as Lemma 4.2, we have the following.
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LEMMA 4.23. For the above homomorphism f: Agogr — T( Xy, X)),

Tap(u) e(a)e’(b)(—1)" =+,

(447)  fzapu) = {Ta’b@ +1) (@ () (-1)" =~

Let pg := p—y pg— pi—— pi4 4. We define .AtQDQ, to be the subring of Agn ¢
generated by z,p(u) (a € I,b € I',u € 2Z), that is, the cluster variables
belonging to the seeds & (QOQ’,z(0)) (k € Z). We call AZ)DQ’ the trans-
lation subalgebra of Agmqr with respect to puo. The ring AE)DQ/ is no longer
a cluster algebra. We remark that, by (4.42), the ring AE;)EIQ’ coincides with
the subring of Agn¢ generated by xqp(u) (a € I,b € I',u € Z), which are
the cluster variables belonging to the “bipartite belt” in [FZ4, Section 8].

PROPOSITION 4.24. The ring T°(X,,X/,) is isomorphic to AZ)DQ' Rz
t
AQD Q/ .
Proof. By Lemma 4.23, the restriction f : AEQDQ, — T°(X,, X))+ is sur-
jective. Furthermore, the inverse correspondence g : T°(X,, X/, )4 — .AtQDQ,,

Top(u) — 24p(u) defines a homomorphism by Lemma 4.22 and the fact that
AE}DQ' is an integral domain. Therefore,

(4.48) T (X, X0 )4 = A o,
and we obtain the assertion. []

REMARK 4.25. Hernandez and Leclerc [HL] also study the relation
between the cluster algebra Agpq with X/, = A,» and the T-system in
view of the categorification of Agm¢gr by a subcategory of the category of
the finite-dimensional Ug(g)-modules.

Now let us turn to the periodicity problem. Let Agggs be the cluster
algebra with initial seed (Q ® Q’,2), z ={zqp | a € I,b € I'}. Two cluster
algebras Aggq and Agoq coincide by setting z = z(0) in (4.41). A crucial
observation made by Keller [Kel2] is that the periodicity of Agn ¢ is more
transparent in the “®-picture” than in the “U-picture” from the cluster
categorical point of view. By (4.43) and (4.47), it is easy to check that the
periodicity (4.33) of T(X,, X/,) is translated as

’ h:
half—periodicity: Z(Lb(u + h + h/) — iw(a)7w (b) (u) eVer
(4.49) Zw(a)w' (b) (u) h:odd,

periodicity: 244 (u +2(h+ h/)) = Za,b()-
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The following periodicity of Aggq is immediately obtained from the
results in [Kel2].

THEOREM 4.26 (Keller [Kel2]). The following equality holds for Aggqg
(u: even):

(4.50) HEM Qe Q' 2(w) £ (Qe Q' 2(w)).

Proof. The F-polynomials of Agpgq relevant to the above periodicity
are expressed in terms of the triangulated category Cxgerq [Kel2, The-
orem 7.13(c)]; furthermore, Cxogxq has the desired periodicity [Kel2,
Proposition 8.5]. Therefore, the cluster variable z(u) has the same peri-
odicity by [FZ4, Corollary 6.3, Proposition 6.9]. U

As a refinement of Theorem 4.26, we also show the half-periodicity of
AQaq'-

THEOREM 4.27. The following equalities hold for Ageg (u: even).
(1) For (h,h") = (even, even),

(4.51) peMQe Q2 (w) T (Qe Q' 2(w)).
(2) For (h,h') = (odd, odd),

(4.52) Q0 QW) X (Q 2 Q7 (W),
(3) For (h,h") = (even, odd),

(4.53) pen Qe QW) X (Qe Q' 2(w).

(4) For (h,h') = (odd, even),

h-+h'— wXxw’ _
(4.54) penl ™R(Q @ Q' 2(w) “E QP © QP Z(w)).
The proof of Theorem 4.27 is given in Section 4.5.

COROLLARY 4.28. The following relations hold in T(X,,X!,):
(1) Half-periodicity: Ty p(u+h+h') =T a)wm) (1)
(2) Periodicity: Top(u+2(h+ 1)) =T, p(u).

Proof. The relations in (4.49) immediately follow from Theorems 4.26
and 4.27 and (4.44). (]
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By Corollaries 4.5 and 4.28, we obtain the main result of this section,
which is as follows.

COROLLARY 4.29. The following relations hold in T;(X,) for any simply
laced X, and any £ > 2.

(1) Half-periodicity: T\ (u+h+10)= Te(fis)) (u).

(2) Periodicity: 7\ (u+2(h+10)= T\ (u).

4.5. Proof of Theorems 4.26 and 4.27 by cluster category

Here we prove Theorem 4.27 by adapting the method of [Kel2, Theo-
rem 8.2] for our situation. In the course we also include a proof of Theorem
4.26 without using the F-polynomials, for the reader’s convenience. We
present the proof as parallel as possible to the level 2 case in Section 4.3.

Let Q and Q' continue to be the alternating quivers in Section 4.4 whose
underlying graphs are simply laced X, and X, other than A;, respectively.
For @ (resp. Q'), let KQ, Dg, 7: Dg — Dq (resp. KQ', Dy, 7' Dy —
Dg) be the ones in Section 4.3.

We denote the tensor product ®x simply by ®, and we define a finite
dimensional K-algebra A by

(4.55) A=KQ®KQ.

Let D4 = DP(mod A) be the bounded derived category of finite dimensional
A-modules, and let

L
(4.56) T® ::DA[—I] Qa4 —:Dag—Dy

be the Auslander-Reiten translation for D4. Now we define another auto-
equivalence of Dy by F := 7651 o[1]. We need the following easy observation.
LEMMA 4.30. We have 7(X) @7 (Y)~FY(X ®Y) in D for any X €
DQ and Y € DQ/ .
L L
Proof. We have 7(X) @ 7/(Y) ~ (D(KQ) ®kg X[—1]) ® (D(KQ') @k
L
Y[-1]) = (D(KQ) ® D(KQ"))[-2] @4 (X @Y)=F (X ®Y). [

The orbit category

(4.57) Da/F
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has the same objects with D4, and the morphism space is given by

(4.58) Homp,, /)(X,Y) := @ Homp, (X, F(Y))
1€Z

for any X,Y € D4/F. In contrast to (4.17), Da/F is no longer a triangu-
lated category in general. However, based on the works of Keller (see [Kell],
[Keld]), Amiot [A, Section 4] constructed a triangulated hull C4 of Dy/F,
which is a 2-Calabi-Yau triangulated category with a fully faithful func-
tor Dy/F — Cy4 satisfying a certain universal property. (Here we need the
fact that the functor HY(F—) is nilpotent on mod A, which follows from
Lemma 4.30.) We call C4 the (generalized) cluster category of A.

We say that an object T = ®(a,b)elxl’ Ty €Ca is cluster tilting if
(1) each T, is indecomposable and mutually nonisomorphic, and
(2) addT = {X €Ca|Home, (T, X[1]) =0}.

(To simplify our proof, we assume that the index set of direct summands of
T is I x I'. This does not affect the definition essentially due to Example 4.31
and [DeK, Theorem 2.4].) For a cluster tilting object T' € C4, we denote by
Qr the quiver of the endomorphism ring End¢, (T") [ARS], [ASS].

EXAMPLE 4.31 (cf. Example 4.7). For a € I and b€ I’, we denote by e,

and e; the paths of length zero in @ and @', respectively. As in Example 4.7,
we define K@Q-modules P, U and K@Q'-modules P’, U’ by

(4.59) P, :=(KQ)ea, P:=KQ=@PP.,
a€el
(P, I
(4.60) U, =47 Fa) acly U:=@U..
P, ael_, el
: L= [ N = = s
4.61 Pl:=(KQ)e, P =KQ P
bel’
/. _I(Pl;) be[—li—v /. !
(4.62) Ul = T/, ©U =
P bel’, bl
Then
(4.63) PeP'= P P.op
(a,b)elxI’

is a cluster tilting object in C4 with Qpgp = Q ® Q' [A, Theorem 4.10].
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Again we can define the mutation of cluster tilting objects as follows [IY,
Theorem 5.3].

THEOREM 4.32 (cf. Theorem 4.8). Let T'= D, yyerxp LTap € Ca be a clus-
ter tilting object. For any (a,b) € I x I', there exists a unique indecomposable
object T, € C4 that is not isomorphic to Toy, such that (T /Tap) @ T, is a
cluster tizting object. 7

We call the above (T'/T,3) ® 15, the cluster tilting mutation of T' at
(a,b), and we denote it by fiqp(T').

We number elements of I_ x I, as {ci,...,¢s} (s:=|I- x I |), and we
define a composed cluster tilting mutation u_4 by

(4.64) it 3= fheg Py -

Similarly, we define

(4.65) Pbtr  H——y e

by using Iy x I', I_ x I' , and I x I, respectively. We further define

(4.66) P i= P m e flpp flepy P i g fl

Thus we have a numbering {ci, ..., ¢} of the elements of I x I’ such that

He = /J'CTT/ cc ey -
For a cluster tilting object T' = @(a,b)elxl’ Top, let [T, denote Ty, . We
have the following key observation.

PROPOSITION 4.33 (cf. Proposition 4.10). (1) We have a diagram

PportpP)y  Per M)  Por MNP
N B+ Bt ) N R B
(4.67) % Wk
AN N S e N
Uer U UerNP)  Uer MU

of composed cluster tilting mutations for any k € Z, where

(wes) vii=( @D rerim))e( @ Rer @)

(a,b)el_xI! (a,b)¢I_xTI!

(4.69) Wk::( D Pa®7’_k_1(Pé))@< D Pa®7’_k(Pg)).
(a,b)g Iy <1’ (a,b)elf <1
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(2) We have

) [ (P ® P')]ap=Pa@ " (P},
[M+M%(P ® P,)]a,b =P, ® T,_k(Ué)

for any k € Z and (a,b) € I x I'.

Proof. (2) is an immediate consequence of (1).
(1) We show only p—4 (P® P’) = VY since other cases are shown similarly.
We put J:={c; | 1 <i</(}. Define T € D4 by

Tf::( D Pa®7’_1(Pé))®< D Pa®Pg)

(a,b)eJt (a,b)e(IxI\J*

for any 0 <¢<s=|I_ x I |. Clearly we have T =P ® P’ and T° = V.
The following observation is crucial.

PROPOSITION 4.34. (1) T* is a tilting A-module for any 0 < £ < s.

(2) The algebra B :=EndA(T*) has global dimension at most two.

(3) For any simple B-modules S and S', we have ExtL(S,5) =0, and
either Exth(S,5) =0 or Ext%(S,5") =0 holds.

Proof. (1) Since Q' is not of type Ay, our T is an A-module. Clearly T*
has projective dimension at most one, and the number of indecomposable
direct summands of T is rr’. Thus we have only to show ExtY (T*,T%) =0.
Fix (a,b),(c,d) € I x I'; and we shall show

(4.71) Homp, (T%,, Tt 4[1]) = 0.
We have a general equality
(4.72) Homp, (X @ X', (Y @ Y")[i])

= @ Homp, (X,Y[j]) @ Homp,, (X', Y"[j'])
jHi=i
for any X,Y € Dg and X', Y’ € Dgr. We also have
Homp,, (P, Pelj]) =0

(4.73)
if “5£0” or “j =0, a # ¢, and there is no arrow a — ¢ in Q.”

We divide the proof of (4.71) into four cases.
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(i) Assume (a,b), (c,d) ¢ J*. Then (4.71) follows from (4.72), (4.73), and
(4.74) Homp,, (P}, Pylj']) =0 if ' #0.

(ii) Assume (a,b),(c,d) € J*. Then (4.71) follows from (4.72), (4.73), and

(4.75) Homp,, ('~ (Fy), 7' (P))[j"])
~ Homp,, (P}, Pylj']) =0 if j'#0.

(iii) Assume (a,b) € J* and (c,d) ¢ J*. We have

(4.76)  Homp,, (7'~ (F}), Plj']) ~ DHomp,, (Py[j'], P[1]) =0
if “5#£1” or “j' =1, b+#d, and there is no arrow d — b in Q'.”

Since a € I_, be I’ , and (a,b) # (c,d) hold, either “a # ¢ and there is no
arrow a — ¢ in Q" or “b# d and there is no arrow d — b in Q".” Thus (4.71)
follows from (4.72) and (4.73).

(iv) Assume (a,b) ¢ J* and (c,d) € J. Since d € I, and Q' is not type
A1, we have

(4.77) Homp,, (P, (P[j'])) =0 if j #0.
Thus (4.71) follows from (4.72) and (4.73).
(2) and (3) It is enough to prove the following claim.

CLAIM. Ewvery simple B-module S has a projective resolution
(4.78) 0—>BQ—>Bl—>Bo—>S—>O

such that By and By @ By have no nonzero common direct summand.

Let (a,b) € I x I' be such that S is the top of the indecomposable projec-
tive B-module Hom 4 (T*,T,). We divide the proof of the claim into four
cases. 7

(i) Assume that a € I.. Then the radical of the A-module P, ® P/ is
@, ., Pu ® P, which belongs to add T*. Here the direct sum is taken over
all arrows in Q' with target b. Thus we have a projective resolution

(4.79) 0 — Homy (Tf, Dr.o Pgl) — Homu(T%, P, ® Pl) — S — 0,
d—b
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and the claim follows.

(ii) Assume that (a,b) € (I_ x I’,)\J*. Then the radical of the A-module
P,®P]is @,_,, P.® P}, which belongs to add 7. Thus we have a projective
resolution

c—a

(4.80) 0 — Homy (Tf, Pr.c P,;) — Homu(T%, P, @ Pl) — S — 0,

c—a

and the claim follows.

(iii) Assume that (a,b) € J¢. Applying (P, ® —) to the Auslander-Reiten
sequence 0 — P} — @, ., P — T’_I(Pé) — 0 of K@'-modules, we have an
exact sequence

(4.81) 0-PwP—~@PeoPLPer(P) -0
b—d

of A-modules whose middle term belongs to add 7. Clearly, any morphism
Tt - P, o1 71(Pé) that is not a split epimorphism factors through f.
Moreover, the left term P, ® P} does not belong to add Tt but its radi-
cal @,._,, P. ® P/ belongs to addT ¢ Consequently, we have a projective
resolution

0 — Homy (TZ, Pr.e Pg) — Homy (TZ, Pr.e P&)
(4.82) c—a b—d
i) HOIHA(TZ,P@ ® T/_I(Pé)) — 5 =0
and the claim follows.
(iv) Assume (a,b) € I_ x I’ . Taking a tensor product of exact sequences
0= D.gPe— Po and 0= Dy, (4,a0)¢¢ P, — P/, we have an exact
sequence

0—- @ PP

b
(a,d)¢J*
(4.83)
— ( $ Pa®PC’l> ® (@PC®P5> Lpep
Gt

of A-modules whose terms belong to add 7. Clearly, any morphism 7 —
P, ® P/ which is not a split epimorphism factors through f. Thus we have
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a projective resolution

0_>HomA(Tf, D PC®P(§)

d—b
(a,d)gJ*
W e @ nen)e(@ron)
W o

EN Hom (T, P, ® P}) — S — 0
and the claim follows. []

By Proposition 4.34(1)(2) together with [A, Theorem 4.10], T* is a clus-
ter tilting object in C4 for any 1 </ < s. Since T*! and T* have the same

indecomposable direct summands except Tfe, we have fi., (T*=1) =T*. Con-

sequently, we have pu_ (P ® P') = p_, (T°) =T5=V0. [
We define a set T of cluster tilting objects by
T={pc,  pespio(PRP) | u€Z,0<i<rr'}.
We have the following result by [Kel2, Proposition 8.3].

PROPOSITION 4.35. The quiver Qr has no loops and 2-cycles for any
TeT.

Proof. This is a consequence of Proposition 4.34(3) and [A, Proposition
4.16]. a
The following result is crucial in our proof.
THEOREM 4.36 (cf. Theorems 4.6 and 4.9). There ezists a map
X : {indecomposable direct summands of objects in T}/ ~
(4.85) — {cluster variables in Aggq}

such that we have a map

(4.86) X:T— {seeds in Agwq'}

defined by

(4.87) T= @ Top = (Qr A XT,, Habyerxr)
(a,b)eIxI’

satisfying the following conditions.
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(1) Xpop =(Q® Q' 2(0)). _ B
(2) If T and pap(T) belong to T, then X, , (1) = Hap(XT)-

Proof. The assertion follows from Proposition 4.35 [Pal, Theorem 4] and
[BIRS, Theorem 1.1.6]. U

By Theorem 4.36, (4.41), and (4.67), we also obtain
Xveu = (Q° ® Q°?,%(0)),
XP@U’ = (Q®Qlopaz(1))a XU@P’ = (QOP®Q/72(_1))'

Now we are ready to prove Theorem 4.26 (full-periodicity).

(4.88)

PROPOSITION 4.37. We use the following periodicity result by [Kel2,
Proposition 8.5): X @ 7 "M (Y)Y~ X ®Y in Ca for any X € Dg and
Y € DQ/ .

Proof. We have X ®T’_h_h,(Y) ~ F~hMX ®T’_h_h/(y)) bergh30 ™X)®

’ Prop.4.11(1
ARG 10 RS ()X[—2]®Y[2]:X®Y. i
For a seed (R,y) of Aggqr, let [(R,y)]ay denote y,p.

THEOREM 4.38 (Theorem 4.26). Now we are ready to prove Theorem 4.26
(full-periodicity): g, heth! (Q®Q,2(0)]ap = 2ap(0).

Prop.4.33(2) Prop 4.37

Proof. We have [ heth! (P ® P’)] P, @1 h—h (P’)
P, ® P, for any (a,b) e I x I'. Applying X, we have [ PQ e Q)

Thm.4.36(1) : Thm.4.36(2)
2(0))]a = ™ (Xpor)lap - X (popnle, =

Xp,op; = Zab(0). 0

Next we prove Theorem 4.27 (half-periodicity). We divide the proof into
four cases.

Recall the following facts in Section 4.3: when h is even, themap w : [ — [
induces the quiver automorphism w : ) — @, the K-algebra automorphism
w: KQ — KQ, and an autoequivalence w: Dg — Dg. We have w(F,) =
P, (q) for any a € I. When & is odd, the map w: I — I induces the quiver
isomorphism w: @ — Q°P, the K-algebra isomorphism w: KQ — KQ°P,
and an autoequivalence

U o
(4.89) r: Dg % Dgor USxqn-, Do.
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We have r(P,) = Uy, for any a € I, and we have r*(X) ~ 771(X) for any
Xe DQ.

We also define w’ : Dy — D¢y for even b/, and we define r' : Do — Dy
for odd A’ in the same way.

Case 1: Both h and h/ are even.

PROPOSITION 4.39. We have X ® T/_(h+h/)/2(Y) ~w(X)@wW(Y) inCa
for any X € Dg andY € Dgyr.

Proof. We have X ® 7/ —(h+h")/2 Y)~ F‘h/2(X ® T’f(h+h/)/2(Y)) Lery-80
’ Pro 4 13(1
2(X) @ 72 PR (X e W (VI 2 w(X) e W/(Y). T
THEOREM 4.40 (Theorem 4.27(1)). We have the following:

[Nngh 2 (Q ® Qla Z(O))] ab Rw(a)w'(b) (0)
Proof. We have

Prop.i33(2) 1—(h+h')/2 (Pé) Prop.4.39

h+h')/2
2P & Py P.®T 2 Pata) ® Py

Applying X , we have

LM (Qeq2(0)],,

Thm.4.36(1) [Mgﬁhl)/z()?P@P’)]a b

Thm.436(2) ¢
- 8072 (Po P,

= XPW(@@PL/(b) = Zw(a),w’(b) (0).

Case 2: Both h and A’ are odd.

PROPOSITION 4.41. We have X ® T’_(h+h/)/2(Y) ~r(X)@r'(Y) in Ca
for any X € Dg and Y € Dgyr.

Proof. We have
X® T/—(h+h’)/2(Y) ~ p(h-1)/2 (X ® T/—(h+h’)/2(Y))
Lemifl.30 T(h_l)/2(X) ® TlilTli(hlil)/Q(Y)

PP LX) o T T Y] = r(X) @ ().
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THEOREM 4.42 (Theorem 4.27(2)). We have

Qe QL 2(0)],, = Fatw) w0
Proof. We have

Prop.4.33(2)

[NglJrh/)/Q(P ® P/)]a,b Pa ® T/—(h+h')/2(Pl;)

Prop.4.41 r(P,) @71 (P]) = Us(a) ® UL,(b).

Applying X , we have

, Thm.4.36(1 '
WP Qe @ 20)],, Y WA R pepas

Thin436(2) ¢
- W2 (P& P

= XUw(a)®UL/(b) = zw(a)uw/(b) (O)

Case 3: h is even, and /'’ is odd.

PROPOSITION 4.43. We have X ® T’*(“h/*l)/Q(Y) ~w(X)@r H(Y) in
Ca for any X € Dg and Y € Dgyr.

Proof. We have

X® T/f(h+h’71)/2(y) ~ F—h/2 (X ® T/f(h+h’71)/2(y))

Lem2.4.30 Th/2 (X) & T/—(h/_l)/Z(Y)

Prop.4.13(1),4.15(1 _
P e e v

wX)er (V).

12

{
THEOREM 444 (Theorem 4.27(3)). We have [ ul" " *(Q ® @,
2(0))]ab = Zu(a)w (v)(0)-
Proof. We have

Prop.4.33(2) P
= a

[M+Mgl+h —1)/2(P ® P/)]a,b T/_(h""h _1)/2(Ué)
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Pr01;4.43 Pw(a) ® T/_I(Ué)

= Pw(a) X P;,(b)

Applying X , we have

h+h'— Thm.4.36(1) hth! — ~
el VRQe @ 20)],, Y el TV (R pap )l
Thm.4.36(2)
= [#+M((Xf>1+h/_1)/2(P®P,)}a7b
= XPu@®PL ) = Ful@)w' () (0).

Case 4: h is odd, and /' is even.

PROPOSITION 4.45. We have X®T’_(h+hl_1)/2(Y) ~r(X)®@uw'(Y) inCy
for any X € Dg and Y € Dey.

Proof. We have
X® T/—(h+h’—1)/2(y) ~ p(h-1)/2 (X ® T/—(h+h’—1)/2(Y))
Lemg.4.30 T(h_l)/2 (X) 2 T/_(h//Q) (Y)

Prop.4.13é1),4.15(1) r(X[—l]) 2 w’(Y[l]) ~ T(X) ® w’(Y).

I
THEOREM 4.46 (Theorem 4.27(4)). We have [u+ugl+h/_l)/2(Q ® Q'
2(0))]ab = Zu(a)w () (0)-
Proof. We have

Prop.4.33(2)

[M+Mg+h/,1)/2(P® Pl)]a,b P, ®T/—(h+h/_1)/2(Ué)

PO (P @ w(Uf) = Unga) © Ul

Applying X , we have

[ 2 (Q 0 @, 2(0))] ab

Thm.4.36(1 "
2560 [u+ué§”h 1)/2(XP®P’)]a,b

Thm.4.36(2)
= h+h!—
(1 n &2 (Po P 0

= X008, = Zua)w ) (0):
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§5. Determinant method I: T,(A4,)

Volkov [V] proved the periodicity of the regular solutions of Yy(A,) in C
for any ¢ > 2 by constructing the manifestly periodic determinant expres-
sion. In the process of the proof, he essentially proved the periodicity of the
regular solutions of Ty(A,) in C as well. In this section, we prove the period-
icities of Ty(A,) and Yy(A4,) for any ¢ > 2 by reformulating the determinant
method in our setting to avoid the projective geometrical arguments used

in [V], with the application to the C, case also in mind.

5.1. Level / restricted T-system with spiral boundary condition

Following [V], we introduce the level ¢ restricted T-system of type A,
with a more general boundary condition than the unit boundary condition
for Ty(A;) in Definition 3.1; we call it the spiral boundary condition.

Let us set

H={(a,m,u)|a=0,....r+1;m=0,...,0u €L},
H°={(a,m,u) e H|a#0,7+1;m#0,(},

(5.1) OH = H\ H°,
H.={(a,m,u) € H|a+m+u is even},
H,={(a,m,u) € H|a+m+uis odd}.

We also use the combined notations Hy, = H°N H,, 0H. = 0H N H., and so
forth.

DEFINITION 5.1. Fix an integer £ > 2. The level ¢ restricted T-system
?Tg(Ar) of type A, with the spiral boundary condition is the following system
of relations for a family of variables T' = {T,g?)(u) | (a,m,u) € H}, as follows.

(1) T-system:

(5.2) T (u— DT (u+1) =T ()T () + T () T+ (u)
((a,m,u) € H),
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(2) Spiral boundary condition:

DEFINITION 5.2. Let T;(A,) be the ring with generators Tr(,fb)(u)jEl ((a,m,

u) € H) and the relations Ty(A,).

Condition (5.3) means that T (u) is constant along spirals on the bound-
ary OH. In particular, if we impose T,Sf)(u) =1 for any (a,m,u) € 0H, then
Ty(A,) reduces to Ty(A,). In other words, Ty(A,) is isomorphic to T¢(A,)/J,
where J is the ideal of Ty(A,) generated by T,(,f)(u) —1 ((a,m,u) € 0H).

Recall that the dual Coxeter number of A, is r + 1. We will prove the
following.

THEOREM 5.3 (Henriques [Hen, Theorem 5]). The following relations hold
in Te(Ay).
(1) Half-periodicity: 7 (u+r+1+4)= Te(:rnl_a) (u).

(2) Periodicity: 7 (u+2(r+14+1¢)= Tr(,f)(u).
By the paragraph that follows Definition 5.2, we obtain the following.

COROLLARY 5.4. The following relations hold in Ty(A,).
(1) Half-periodicity: 7 (u+r+144)= Tirti-o) (u).

{—m

(2) Periodicity: 7\ (u+2(r+1+4¢))= Téma)(u)-

REMARK 5.5. Theorem 5.3(1) is a corollary of a more general theorem
by Henriques [Hen, Theorem 5], since the spiral boundary condition ensures
that ¢ =1 for [Hen, (11)]. However, as we mentioned earlier, we prove The-
orem 5.3 by the determinant method of [V] to have the application to the
C, case in mind.

5.2. Proof of Theorem 5.3
Let R be any ring. Let us take an arbitrary £ x oo matrix M over R such
that M = [zg|kez, zx € R’ with the following periodicity:

(5.4) Thgriree = (—1) .
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Let Dy = {Dq(ff) (u) | (a,m,u) € Hc} be a family of minors of M defined by

a r+l—a
(a) /—Cn%\/ V;&V M
(5.5)  Dp(u) =detfzgrgsy - -0 T * Tt
(5.6) p=-0 T ez,

% .
where z;, means the omission of zj; as usual.

PROPOSITION 5.6. The family Dys = {Dﬁ,‘i)(u) | (a,m,u) € H.} satisfies
the following relations in the ring R.
(1) T-system:

(5.7) DY(u—1)DY(u+1)= ngll(u)pggll(u) + DD () DD ()

m m

((a,m,u) € H),

(2) Spiral boundary condition:

(3) Half-periodicity:

(5.9) D@ (utr+1+6) =D ).

l—m

Proof. (1) They are the Pliicker relations among minors.
(2) The first three relations follow from the definition of DY (u). To show
the last relation, we also use the (anti-)periodicity (5.4) of xy.

(3) It also follows from the definition of D (u) and (5.4). U

REMARK 5.7. This determinant solution of the T-system (5.7) is regarded
as the restricted version of [KLWZ, (2.25)].

Observe that, if we divide the family of generators T' = {T,(na ) (u) | (a,m,
u) € H} of Ty(A,) into two subfamilies, T, = {T,(,f)(u) | (a,m,u) € H.} and
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T, = {Tr(,f) (u) | (a,m,u) € Hy}, then T, and T, have no mutual relation in
’]Tg(XT). Therefore, to prove Theorem 5.3, it is enough to consider the half-
family T, of T' (cf. (4.34)). Then, to prove Theorem 5.3, we have only to
show the following.

PROPOSITION 5.8. There ezists some ¢ x oo matric M = [xi|kez over
To(A,) satisfying the condition (5.4) such that, for Dy = {Dgff) (u) | (a,m,
u) € He}, the following relation holds in T;(A,):

(5.10) T (u) = DD (u) ((a,m,u) e Hy).

Proof. We define xq,...,Tq10 € (‘}g(Ar))e as follows. First, let us arbitrar-
ily choose x1,...,xy_1 such that

(5.11) DI (0) = detfag - - z—1] = T4 (0) = T§" (1)

holds. We define x; by
=
(5.12) zp=—— > (-1 (1 — m)zy,.
T3"(1)
Then, the following equality holds:
(5.13) DW(—1—m)=TM(=1—m) (m=0,...,0—1).

For example,

D(()l) (—=1) =det[xy - - - xf]

(5.14) -1y
:( ) @D 0 (=1) det[zy - xp_120] = To(l)(—l).
Ty (1)
Similarly, we recursively define the rest, xpi1,...,21¢, by
1 /—1
(5.15) ey = (=) T (=1 = 25 — m)aj

(1 - 2j) =

so that the following equality holds (including (5.13) as j =0):
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Figure 4: The prism P defined in (5.17)

(5.16) DM (—1—2j —m) =T (=1 —2j —m)
(m=0,....0—1;7=0,...,7).

Finally, we define the matrix M = [z]kez by extending the above o, ...,
Zpyp with (5.4).

For Dy, we claim that the relation (5.10) holds in Ty(A,). This will
be shown inductively, based on the fact that the T-system and the spiral
boundary condition are satisfied by both T, and D).

To proceed the induction, it is convenient to introduce a prism P, where

(5.17) P={(a,mu)€eH |a+m+u<0,a—m—u<2r+2}

(see Figure 4). We use the notations P, = PN H,, Pa=1]={(a,m,u) €
P.|a=1}, and so forth.

First, we show that (5.10) is true for (a,m,u) € P. by the induction on
a. By (5.11), (5.16), and the spiral boundary condition, we see that (5.10)
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is true for any (a,m,u) in the set
(5.18) P.la=0]UP.Ja=1]UP.[m=0]U P.[m=1{].

Assume that (5.10) is true up to a. By (5.2), we have

1

(5.19) T (y) = ————
T~ (w)

(T3 (w = V)T (w4 1) = T ()T ().

On the other hand, by (5.7) and the induction hypothesis, we have

1

(5.20) D@tD(y)= ——
T (w)

(TS (u = DT (u+1) = T ()T, (w)).

Thus, the relation fofrl)(u) = T£f+1)(u) is obtained. Therefore, (5.10) is
true for (a,m,u) € P,.

Next, we show that (5.10) is true for any (a,m,u) € H, \ P.. We first
remark that, by the spiral boundary condition, (5.10) is now true for any
(a,m,u) € 0H,. Then, using the T-system (5.2) once again as

1

@ T(a)
T’ (uF 1)

(5.21) T (ut1)= D ()T (u) + T ()T (w)),

m

and repeating the same argument as before, one can inductively, with respect
to fu, conclude that (5.10) is true for any (a,m,u) € He \ Pe. (]

This completes the proof of Theorem 5.3.

5.3. Periodicity of Y-system

The periodicity of Y¢(A,) follows from that of Ty(A,). This is due to
the fact that, unlike the unit boundary condition, the spiral boundary con-
dition is fully compatible with the restriction of the Y-system in view of
Theorem 2.12 (cf. Proposition 3.8). Namely, we have the following.

PROPOSITION 5.9. (1) There is a ring homomorphism
(5.22) Pe: Ye(Ar) — To(Ay)

defined by

(5.23) Y@ () > =2
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(2) There is a ring homomorphism

(5.24) we: To(A) = Yol Ay
such that g o pg=idy,(x,)-

Proof. (1) It is enough to check the compatibility between the boundary
conditions of Ty(A,) and Y;(A,) as Theorem 2.12 and Proposition 3.8. For

example, to see the compatibility with YO(G) (u)™1 =0 (a #0), we formally
extend (5.2) to m =0 as

T8 (w = )T (w+1) = T ()T () + T () T ()

and use (5.3). Then we have T ial) (u) = 0. The other cases are checked simi-
larly.

(2) We define the image w(T,(,? ) (u)) for the half-family T¢ of T'. The other
half, T, is completely parallel. The construction is in four steps and similar
to the one for Theorem 2.12. For simplicity, we write the image wg(ﬂ(,?)(u))
as T\ (u). Let P be the prism defined in (5.17).

Step 1. We arbitrarily choose Téo)(—Qj) eYe(A)* (7=0,1,...,r+1).
Then, we define 7\ (u) for the rest of (a,m,u) € P.la=0]U P.[m=0]U
P.lm ={] by (5.8).

Step 2. We arbitrarily choose T\ (—1 — m) € Yo(4,)* (m=1,...,0 —
1). Then, we recursively, with respect to wu, define TT(,f ) (u) for the rest of
(a,m,u) € P.[a=1] by

)y B (TS ()
T (1) u— —_ (1) " m—1 m+1 )

Step 3. We recursively, with respect to a, define TTSf ) (u) for the rest of
(a,m,u) € P. by

(@) 1ypla)
(526) Tr(r;H—l) (u) _ (1) T (U : 1}£m (U + 1) )
1+ Y (u)~! T (w)

Step 4. We define 7\ (u) for the rest of (a,m,u) € dH, by (5.8). Then, we
recursively, with respect to tu, define Tﬁ)(u) for the rest of (a,m,u) € H,
by

797D ()T tY
(5.27) TO(u£1) = (1+ Y w)™) ((;«t) (w)
Tp/ (uF 1)
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CrAam. The family {TT(,?) (u) | (a,m,u) € H.} defined above satisfies the
following relations in Yo(A,):
T (u — )T (u + 1)
T (T (w)

m

(5.28) 1+Y@(u) = ((a,m,u) € H),
T(“)( — DT (u+1)

(a) ()1 —
e e e

((a,m,u) € Hy).

The relation (5.29) clearly holds by the definition of 7, (@) (u) in (5.26) and
(5.27). With (5.26), one can verify that (5.28) is true for any (a,m,u) €
P?:= PN HJ by induction with respect to a. Then, in a similar way, with
(5.27), one can prove that (5.28) is true for the rest of (a,m,u) € HJ by
induction with respect to uw. This completes the proof of the claim.

Now, taking the inverse sum of (5.28) and (5.29), we obtain (5.2). There-
fore, 1y is a ring homomorphism. Furthermore, taking the ratio of (5.28) and
(5.29), we obtain Vi (u) = T3 V()T (w) /(T (w)TL?), (u)). This
proves 1y 0 oy = idy,(4,)- U

By Theorem 5.3 and Proposition 5.9, we obtain the following.

COROLLARY 5.10 (cf. Volkov [V, Theorem 1}). The following relations
hold in Ye(A,):
(1) Half-periodicity: v, (u+r+144)= K(T:;l @) (u).
(2) Periodicity: vl )(u +2(r+144))= A (u).

By Proposition 5.9, we also obtain the following.

COROLLARY 5.11 (cf. Volkov [V, Proposition 1]). For any ring R, the
map

(5.30) @i : Hom(T((A,), R) — Hom(Y¢(A,), R),
induced from the homomorphism @y in (5.22), is surjective.

§6. Determinant method II: T,(C,)

In this section we prove the periodicity of Ty(C,) for any ¢ > 2. We do it
in three steps. First, we introduce a ring ‘j'g(Cr) by slightly generalizing the
unit boundary condition of T;(C}). Second, we show %(CT) is isomorphic
to another ring §2£(A2r+1), which is a variant of Tos(Ag,+1). Last, we apply
the determinant method to ‘j'gg(AgTH).
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6.1. Level ¢ restricted T-system with quasi-unit boundary con-
dition
For X, =C,, let t, (a € I) be the number in (2.1), that is, t, =2 for
a=1,...,r—1and 1fora=r.
We find that it is convenient to generalize the problem slightly as follows.

DEFINITION 6.1. Fix an integer £ > 2. The level ¢ restricted T-system
To(Cy) of type C, with the quasi-unit boundary condition is the following

system of relations for a family of variables 1" = {T,gf) (w)|la=1,...,r;m=
1. tal = ue (1/2)ZY U{T (u) | u e (1/2)Z}.
(1) T-system (2.4):
1 1
(@(, _ L\pl(a) 2\ _ pla) (a)
(6.1) Ty <u 2>Tm (u+ 2) T2 ()T, (u)
+ T ()T ()

(azl,...,r—Q;m:1,...,26—1;u€%Z),
r—1 1 r—1 1 r—1 1
©02) T (0= g) i (o g) =TT
(=2) (A7) (4 — D) (4 1 L

r— 1 r— 1 r— r—
6.3) To ) (u=5) T (u+5) = T @55

(64) T (= DT ot 1) =T ()T () + T, (w)
(m=1,....0—1;u€eiz)

(2) Quasi-unit boundary condition:

(6.5) T () = T4 (u) = 1,
(6.6) T w)y=1 (a=1,...,r—1),

if they occur in the right-hand sides of the relations, and

(6.7) Tw?=1, T (w+1)=T" (u).
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DEFINITION 6.2. Let T;(C,) be the ring with generators T\ (u)*! (a=
L...,rym=1,...,t,l — Lue (1/2)Z), Té(r)(u) (u € (1/2)Z) and the rela-
tions Ty (C)).

In (6.7), if we impose TZ(T) (u) =1 (u € (1/2)Z), then T;(C,) reduces to
T¢(C,). In other words, T;(C,) is isomorphic to Ty(C,)/J, where J is the
ideal of T;(C,) generated by TE(T) (u) =1 (ue(1/2)Z).

Recall that the dual Coxeter number of C, is » + 1. We will prove the
following.

THEOREM 6.3. The following relations hold in T¢(Cy):

(a)
o (a) T,,” . (u) a=1,...,r—1,
1) Half-periodicity: Ty, (u+r—+1+4) =
(1) Half-p y: T ( ) {Tg(r)(u)Tg(i),m(u) w—r

(2) Periodicity: T (u+2(r+144))= T (u).
By the above remark, we obtain the following.
COROLLARY 6.4. The following relations hold in Ty(C;).
(1) Half-periodicity: T (ut+r+1+4)= Tt(:?_m (u).
(2) Periodicity: Tﬁ?) (u+2(r+1+4¢))= quf)(u).
6.2. System ?ng(Ang)
To prove Theorem 6.3, we introduce another system of relations that is
equivalent to Ty(C)).

Let us set

~

(6.8) H:{(a,m,u)‘a:O,...,2r+2;m:O,...,2€;u€%Z},
(6.9) ﬁoz{(a,m,u)6?[\@750,21“4—2;7717&0,26},

(6.10) OH=H\ H°,

(6.11) ﬁez{(a,m,u)ef[\a+m+2u is even},

(6.12) ﬁo:{(a,m,u)ef[\a+m+2u is odd}.

We again use the combined notations ﬁ;’ =H°n I;TO, 8?[6 =0HN I;Te, and
so forth.

DEFINITION 6.5. Fix an integer ¢ > 2. The level 20 restricted T-system
Top(A2r41) of type Agpiq with the quasi-symmetric condition is the following
system of relations for a family of variables S = {S;,g) (w) | (@,m,u) € H°}.
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(1) T-system:

m

(6.13) S (u- 1)553) (u+ 1) _ g

5 5) = Sili (S () + S5 ) S5 ).

(2) Quasi-symmetric condition:
(6.14) Sy (w) = ()™ ST (w).

In particular, Sy(gﬂ)(u) =0 for odd m.

(3) Quasi-symmetric unit boundary condition:

(6.15) S8 (u) = 889 (w) = SO (u) =1,
(6.16) S (w) = (1),

if they occur in the right-hand side of the relations.

DEFINITION 6.6. Let 5’25(A2T+1) be the ring with generators S (u)*!
((a,m,u) € H°,(a,m) # (r +1,0dd)) and the relations Top(A2r+1).

REMARK 6.7. The system ng(A2r+2) and the map p below are the
restricted versions of those considered in [KOSY, Section 4].

PROPOSITION 6.8. There is a ring tsomorphism

(6.17) p: ?25(A27+1) 5 %@(Cr)

defined by

(6.18) S )T WD) (a=1,...,r—1),
(r) () (4 — L7 (L

(6.19) S () 1 T <u 2>Tm (u+ 2),

(6200 S5 (w) = T ()T (w),

(
6.21) S5V (u) = T (u)?,
(6.22)  p(S\V(w))

I
N
3
s
»
3
3
+
v
&
—
S
~—
~—
£}
I
<
_|_
no

2+ 1),

where Tér)(u) =1.
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Proof. 1t is easy to check that the map p is a ring homomorphism by sub-
stitution (cf. [KOSY, Proposition 4.3]). For simplicity, we write the image
p(S,%l)(u)) as S\ (u). Then, for example, to show

(r) 1N o) N o (r)
(6.23) Som (U - §>Szm (u + 5) = 85,1 (1) S5, 11 (w)
+ 85 () S5 (),

multiply (6.4) by T (u)?, and then use (6.19)—(6.21).
Let us consider the inverse map p~!: T4(C,) — Tor(As-11). Looking at
(6.18) and (6.20), it should be given by the following correspondence:

(6.24) T@w) - SD () (a=1,...,r—1),
(r) ) WS
S%r;il( )S%:;,g,( ) S?w( ) (m: even),
(625) T(T)(u) — Szm_5(u)52m_7(u)5'1 (u)
" Stm—1 () Sgp_s (w)--5}" (w) (m: odd)
S5 5w S5 7 (u)557 (u)

For simplicity, we write the image p_l(Téf)(u)) as T\ (u).

CLAM. The family T = {T,(,f) (u)} above satisfies the following relations
in Top(Agpry1):

1 1
@ [ Do) N _ o _
(6.26) T, (u Q)Tm <u+2) =S5, (u) (m=1,...,0),
(6.27) TO T (w) = S5, (w) (m=1,...,0—1),

(6.28) T (w)? =S W) (m=1,...,0),

where Séz) (u) = Sézﬂ)(u) =1.

Indeed, (6.27) follows immediately from (6.25), while (6.26) and (6.28)
are proved by the induction with respect to m.

Now, it is easy to check that p~! is a ring homomorphism by substitution.

By comparing (6.18)—(6.21) with (6.24), (6.26)—(6.28), we see that p~— ! is
the inverse of p. U

The following theorem is an analogue of Theorem 5.3.

THEOREM 6.9. The following relations hold in ﬁ'gg(AQTH).
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(1) Half-periodicity: S (u+r+1440)= (—1)7”5’;57;;12_&) (u) = Sé;lm(u)
(2) Periodicity: Sl (u+2(r+1+4+9))= sta) (u).
A proof of Theorem 6.9 by the determinant method will be given in

Section 6.3.
Admitting Theorem 6.9, let us prove Theorem 6.3 first.

Proof of Theorem 6.3. 1t is enough to prove (1). For simplicity, we write
the image p(SﬁS) (u)) as S\ (u). By (6.18), we immediately obtain the rela-
tion for a=1,...,r — 1. Let us verify the case a = r. By Proposition 6.8 and
Theorem 6.9, we have (e.g., for £,m: even)

T (w+r+140)
m—1

CSY) 14080 (w140 ST At +1+0)

_ Séﬁzmﬂ (U)S§Zl2m+5(u) o 5523@

S8 oy (S8 g7 () -+ S (1
S 1 ()88 55 () -+ 57 (w)
Séz)—Qm—:;(U)Sé;)—zm—?(u) T SY) (u)
=77 ()T, (u).

m

S (w1 0SS (4140 S (b 14 0)

(6.29)

=7 (u)

6.3. Proof of Theorem 6.9

The outline of the proof is the same as for Theorem 5.3, but there are some
points where extra caution is necessary due to the singularities SS;H) (u)=0
(m: odd).

Let R be any ring. Let us take an arbitrary 2¢ x oo matrix M over R
such that M = [zg]kez, xk € (ﬁgg(Ang))% with the following periodicity:

(6.30) Th42r 42420 = L.

Let Dy = {D;ﬁf) (uw) | (a,m,u) € ﬁe} be a family of minors of M defined by

2r4+2—a

a
\ \

a e N— eV \
(6.31)  DiW(u) = det[Tzrs:1 - © Tgiori2e+1],
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P
(6.32) 8= _w c7.

Then, as Proposition 5.6, we have the following.

PROPOSITION 6.10. The family Dy = {Dﬁg)(u) | (a,m,u) € I;Te} satisfies
the following relations in R.
(1) T-system:

(6.33) D@ (u - %)Dﬁ,‘? (u + %) =D (u)D,, (u)

(2) Boundary condition:

Dé‘”(w%):pg‘“”(u) (a=1,...,2r+2),

» ng)(u+%>:Dé‘zH)(u) (@=0,...,2r +1),
. Dﬁ,?)(qu%):foz)H(u) (m=0,...,20— 1),
DR (u+ %) — (—)DZ () (m=1,...,20).

(3) Half-periodicity:
(6.35) DY(u4r+1+10)= (_1)mD§’jj*a)(u)'

We consider an extended family of generators S = {ST(,CLL) (u) | (a,m,u) €
f[} of /3:25(A2r+1), where Sy(,:H)(u) =0 (m: odd) and Sy(ﬁ)(u) ((a,m,u) €
OH) are given by (6.15) and (6.16). Again, we divide the family S into two
subfamilies, S, = {S}ﬁ)(u) | (a,m,u) € H,} and S, = {Sﬁf)(u) | (a,m,u) €
ﬁ[o}, and we concentrate on the half-family S..

Theorem 6.9 follows from Proposition 6.10 and the following proposition.

PROPOSITION 6.11. There exists some 2¢ x oo matrix M = {zy }kez sat-
isfying the condition (6.30) such that, for Dy = {Dﬁg) (w) | (a,m,u) € H.},
the following relation holds in Top(Agpi1):

(6.36) S9(w)=DWD W) ((a,m,u) € H,).
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Proof. We define xg,...,Tor 19011 € (ﬁ'%(Ang))% as follows. First, let us
arbitrarily choose x1,...,x9_1 such that
1
(6.37) _Dg”a»::(mtuou.xﬂ_ﬂ::1::ﬁ$ko>:g%”<§)
holds. Second, we recursively define the rest, xap, ..., 2242041, Dy
20—1 )

1 {—1—m 1+254+4m

(6.38)  wopq; = FOT Z (—1)2-tmmg) (—fycﬁm
o (3= 3) m=o

(j=0,...,2r+1)

so that the following equality holds:

o) PR ()= ()

(m=0,...,20—1;57=0,...,2r +1).

Last, we define the matrix M = [z|kez by extending the above z,...,
Tory20+1 With the condition (6.30).

For Djs, we claim that the relation (6.36) holds in /(.]:QZ(AQTJ,_I). This will
be shown inductively, based on the fact that the T-system and the boundary
condition are satisfied by both S, and Dj;.

To proceed with the induction, we introduce a prism

(6.40) ﬁ:{(a,m,u)Gﬁ[]a+m+2u§0,a—m—2u§4r+4}.

~

We use the notations, P, = PN H,, P.la=1]={(a,m,u) € P, |a=1}, and
SO on, once again.

First, we show that (6.36) is true for (a,m,u) € P. by the induction on a.
By (6.37), (6.39), and (6.34), we see that (6.36) is true for any (a,m,u) in
the set

(6.41) P.la=0]UP.Ja=1]U P,[m = 0] U P.[m =2(.

Assume that (6.36) is true up to a. By the T-system (6.13), we have

(6.42) St (u) = ﬁ (51(3) (“ - %)57(5) (“ + %)
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On the other hand, by (6.33) and the induction hypothesis, we have

(6.43) DLt () = m <s§g> (u - %)sﬁp (u + %)

- Sfﬁh(u)Sﬁf’H(u)) .

Thus, the relation S£g+1)(u) = D,(ﬁﬂ)(u) is obtained. The induction works
up to a =1+ 2. However, since Sé::ﬂ (u) = Dg::ﬂ(u) =0(m=0,...,0—1)

by the assumption, the relation Sé::f% (u) = Déﬂf)l (u) is not trivial. To

overcome the point, we have to show the following claim:
Cramm 1. For (r +3,2m + 1,u) € ]Se, the following relation holds in
Toe(Azrg1):

(6.44) DG (w) = ~Dg ().
Once the claim is verified, we have
r+3 r—1 r—1 r+3
Sty (u) = =S5, 13 (u) = =Dy 1 (uw) = Dy ()

so that the induction continues and completes.

Let us prove Claim 1. For simplicity, we write the ring a'gg(AQTH) as R.
Consider a deformation M, = [z} + ez}] of the matrix M with a formal
parameter ¢ and some z), € R* (k€ Z, ) 5 5.0, = }). Let DY (u)e €
Rl[e] be the corresponding minor for M.. Fix 2m + 1 and u in (6.44). We
choose M, so that Dg:ii (u)e = €D§2ﬁ%(u)’ + o(e) with Dg;:ﬂ(u)’ € R*.
(This is possible. For example, let 2’ be the 2m + 2th column for ng)m (u+
1). Then, add ez’ to M at the position of the last column for Dé;ji)l(u)
This deformation yields Dé;:i)l(u)’ = DgQIH(u +1)= T2(2+1(u +3)ER*)
Now, by (6.33), we have

r—1 r+1 r 1 r 1
Dy iy (w)-D5 1 (w)- = Dy (u - §)€D§n)z+1 (u + 5)5
- DéQL(u)EDg;y)z_g_Q (’U,)E,

r+3 r4+1 r42 1 r42 1
ngJr%(u)EDéer)l (U)E = Déer)l (u B 5) angJr% (u + 5)5

(6.45)

- D(H_Q) (U)ED;;;F—E% (u)e-

2m
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We take the ratio of the relations in (6.45),

(r+3)
(6.46) %"”SE”?
D31
r+2 r+2 r+2 r+2
_ D§m+%( B %) Déer%( + 5)5 - Dém )( ) Déer;( )
D1 (= 5). Dy (1w 1), = Dy (w)eDi 5 (w)e
which is in R[[¢]]. Let us calculate the right-hand side of (6.46). Let = mean
the equality in R[[¢]] modulo eR[[¢]]. By (6.33) and Dgnil%( )e =0, we have
r+2), y — D (1N e 1 (r)
D5 (w). = D5 (u=3) D5V (u+3) /DG,

2m 2m

r+2 r+1 1 r+1 1 r
DY w)e = DG (u=3) Dot (ut5) /DS a(w),
(6.47) : :
r+2 1 _ r+1 1 r+1 1 r 1
Dt 5), = =8 (ut 3) Dalia (et 5),/Dbmia (v 5),.
(r+2) LN _ et NG 1 (r) 1
Doyt (U - 5)8 =Dy, (U - §)ED2m+2 (U - §>S/D2m+l (“ - 5)5'
Thanks to (6.47), the right-hand side of (6.46) equals, modulo eR[[¢]],

LAUR T A IRET TS L A URE )
Dén)mﬂ(“ 2)D§:7)z+1(u+ )D(T( )D

(6.48)  (—1)
2m+2(u)

Then, using the induction hypothesis (6.36) up to a =r + 2 in P. and
the relations (6.13) and (6.14), one can show that (6.48) is equal to —1.
Therefore, we have Dggﬂ(u)a = —Dgnll%(u)a, which means (6.44). This
ends the proof of Claim 1.

Next, we show that (6.36) is true for any (a,m,u) € He \ P.. We first
remark that, by (6.34), (6.36) is now true for any (a,m,u) € 8H,. Then,
using the T-system (6.13) as

1

1
(@) (a) (a)
(6.49) S (u + 2) 5’7(7‘11) (u . %) (Smfl(u)5m+1(u)
+ 597D (1) S (w)),

and repeating the same argument as before, one can inductively, with respect
to tu, conclude that (6.36) is true for any (a,m,u) € H. \ P.. Once again,
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in the induction process we need the following claim, which can be verified
by a similar deformation argument as Claim 1.

CLAM 2. For (r+1,2m+1,u) € H, \ P., the following relation holds in
Toe(A2r41):

r+1
(6.50) DY (u) =0.
This ends the proof of Proposition 6.11. [l

REMARK 6.12. The system 'ﬁ‘g(Cr) plays a role analogous to that of
Ty(A,) in the determinant method. Thus, it is natural to expect that the
analogue of Proposition 5.9 also holds. Unfortunately, this is not true. The
simplest case, Co and £ = 2, provides a counterexample by the similar reason
to Example 3.9(3).

§7. Direct method: T3(A4,), T2(D,), and T2(B;)

In this section we give some explicit formulae of generators Tr(,f ) (u) in
terms of “initial variables” for T2(A;), T2(D;), and T2(B,). Our goal here is
to prove the periodicity for To(B,). The formulae for To(A,) and To(D,)
should be obtained as a specialization of the more general formulae by
Caldero and Chapoton [CC, Theorem 3.4] and/or by Yang and Zelevinsky
[YZ, Theorems 1.10, 1.12]. Nevertheless, we include these formulae as well,
since they are good examples showing how the periodicity actually happens
in the T-systems.

7.1. Explicit formula by initial variables for T»(A,)

Throughout this subsection, I = {1,...,r} is the set enumerating the
diagram A, in Figure 1. Recall that the (dual) Coxeter number of A, is
r+1.

DEFINITION 7.1. For a family of variables X = {z, | a € I}, we define
'y,(f)(X), V}LJ)(X) €Z[XF (1<j<r,0<n<j) as follows:

. 1 _ _ _
(7.1) ,YT(ZJ)(X):__|_ Tn—1 + Tn—1 &,
Tn TnTn+1 Tn+1Tn+2 Tj—2T5-1
(12)  WP(X) =22
asj,l

where we set z_; =0 and x¢ = 1. In particular,

(7.3) WXy =1,  JPx)=0,



128 R. INOUE, O. IYAMA, A. KUNIBA, T. NAKANISHI, AND J. SUZUKI

(7.4) Wixy=0, x)=1.

The following lemma is easily checked.

LEMMA 7.2. The following relations hold for any 1 <j <r and1<n <j.
(75) xnflryr(szl(X) =1+ xn7277(Lj) (X)’
j i—1 i—1
(7.6) w2 (X) =250 45 ().

We define a family 7 = {7(®)(u; X) € Z[X*!] |a € [,u € Z,a +u is odd}
as follows. First, we define, for ae [ and 0 <k <r +2,

YO (X2 0k + 0 (X)

(0<k<r-—a),
Vﬁ?lfa(X) + Vﬁqu)lfa(X)lJr;g—:_l
(7.7) 7 D(a—1+2kX)= (k=r—a+1),
(k—1) (k—-1)
Vath—(r+2)(X)Tr—1 Vo 70 (X)
(r—a+2<k<r+1),
(r) (") ¢ ) Lrar—1 _
Yo ' (X) +ve ' (X) = (k=r+2).

Then, we extend the definition by the following periodicity:
(7.8) 7@ (u+2(r +3); X) =7 (u; X).
By (7.3), we have
(7.9) 7@ (@ —1;X) = 24,
(7.10) T2 +3—a;X) =241 a

See Figure 5 for the fundamental domain of 7(%) (u; X) in the strip {(a,u) |
a€l,u€Z,a+uis odd}, which consists of four parts, corresponding to the
cases in (7.7):

>

1={(a,a—1+2k)|acl,0<k<r—a},

(
(7.11) 2=
(
(

-

a,a—1+2k)|acl,k=r—a+1},

~

3={
1={(a,a—1+2k)|acl,k=r+2}.

a,a—1+2k)|acl,r—a+2<k<r+1},

)
)
)
)

>
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"L’rfll . . P R . ) -'177’71'

T3 o i o IR C R ) ’ T iT3e”
L2 O Tp—1 /}/
Ié' ----- e——0- -t Trg T1e”

0 2 r—1 r+32r—2 2r+2 2r4+63r+1

T

=

Figure 5: The fundamental domain of 7(®) (u; X) for T2(A,). The
solid circles in D7 are identified with the initial variables of
Ta(Ar) 4.

PROPOSITION 7.3. The family T satisfies the following relations in Z[ X *'].
(1) Half-periodicity:
(7.12) 7@ (w47 +3;X) =701 (y; X).
(2) T-system Ta(A;):
(713) 7w —-1LX)r D (w4 1;X) =1+ 707D (u; X )70 (4 X),
where 70 (u; X) = 70+ (u; X) =1 if they occur in the right-hand side.

Proof. For simplicity, in this proof we write %(gj) = fy,(gj) (X), y,(gj) = y,gj)(X),
and 7(@) (u) = 7(@) (u; X).

(1) As an equivalent claim to (7.12), we prove
(7.14) 7@ (u) = 701D (y 4 4 3).
Thanks to (7.8), it is enough to prove it for (a,u) € D; U Ds. Suppose that
(a,u) = (a,a — 14 2k) € Dy. Then we have

(7.15) @ (a—1+2k) = ’VIE;aJrk)anrk + V;(gaJrk).

On the other hand, (r +1 —a,u+7r+3) = (a’,a’ — 14 2k’) € D3, where
a =r+1—aand k' =a+ k+ 1. Therefore, we have

(K'—1) (K'—1)

a4k —(r4+2) T =1 T Vo~ (r42)

k k
= ’Yl(ca+ )anrk + Vlgsa+ .

U= (4 r 4 3) =~
(7.16)
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Thus the claim follows. The remaining case (a,u) € Ds is similar and easier.

(2) Thanks to (1), it is enough to show (7.13) for (a,u —1) = (a,a — 1+
2k) € D1 U Do; that is, 0 <k <r—a+ 1. It is proved by a direct calculation
using Lemma 7.2. []

Like (4.3), it is enough to consider the subring T2(A, )+ of Ta(A,) gener-
ated by Tl(a) (w)* (a €1, u€Z, a+u: odd). Set

(7.17) T — (T (o —1) |a €T}

We call the elements of T the initial variables of To(A,), .
By Proposition 7.3(2), we have the following explicit formula of other

variables T 1(a) (u) € T2(Ar)+ by Laurent polynomials in the initial variables.

THEOREM 7.4. The following relation holds in To(A;) 4 :
(7.18) Tl(a)(u) _ 7_(a) (u; Tinit)’

where we set xq, = Tl(a) (a—1) (a€l) in the right-hand side.

Proof. Tn the following we simply write 7(®) (u) for 7(%) (u; T™it).
We rewrite (7.18) as (n € Z),

(7.19) T%a—1+2n) =79 (a—1+2n),
and we show it by induction on n. Recall that Ty(A,) becomes
(7.20) T%a—1+20)T(a+ 1+ 2n)

=1+ Tl(a_l)(a + 2n)T1(a+1)(a +2n).

By (7.9), the n =0 case of (7.19), 7@ (a — 1) = Tl(a)(a — 1), is satisfied.
Assume that (7.19) holds up ton (> 0). Then (7.13) with u = a+ 2n becomes

Ta—1+2n)7@ (a—142(n+1))
(7.21)
=147l (a—2+2(n+ 1))T1(a+1)(a +2n).

By setting a =1 in (7.20) and (7.21), we obtain the relation

@)
(7.22) W (2(n+1)) = L+0 (A+20) o 2(n+1)).
(1) == o (2 +1)
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By increasing a one by one up to r, we recursively obtain the relation

(a—1) (a+1)
F@ (a1 42+ 1) = LT ((;L)“”)Tl (a+2n)
(7.23) T (a—142n)

:T(a)(a— 1+2(n+1)).
The case of n (< 0) is similar. N

In the above proof, we carefully stay inside the ring T2(A,)+ by avoiding
the division by 7(%)(u)’s. As a corollary of Proposition 7.3(1) and Theo-
rem 7.4, we once again obtain the periodicity of T2(A,) (Corollary 4.5 for
X, =A4,).

7.2. Explicit formula by initial variables for T3(D,)

The method is parallel to the A, case, so we present only the results for
the most part. Throughout this subsection, I = {1,...,7} is the set enumer-
ating the diagram D, in Figure 1. Recall that the (dual) Coxeter number
of D, is 2r — 2.

For a family of variables X = {z, | a € I}, we define vflj)(X),Vr(Lj)(X) €
ZIX* (1<j<r—1,0<n<j) by Definition 7.1. We set
(7.24) o =AU V(X), B = v I(X), 2 =Tp 1Ty

n
Note that a,—1 =5y =0, ag =3,—1 =1, and 51 =1/x,_2.

DEFINITION 7.5. Define T (X), TI¥ (X), QY (X) e Z[X*] (0<j <7 —
2,0<n<r—1-j) as

(7.25) IY(X) = jajin,
(7.26) I (X) = B4 + ﬁjaj+n2;—lﬂl7
1+
(7.27) 0 (X) = 38n 651) .
In particular,
(7.28)
; ; 1+ ; 1+
F(()J)(X) — Oé?, H(()J)( ) — QOZJﬁJ /81/81’ Q(()J)(X) — ﬂj( ﬂlﬁl) )

Note that they are independent of x,_1, z;.
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LEMMA 7.6. The following relations hold:

(7'29) O‘nﬂn—i—l - an-‘rlﬂn = 51 (O <n<r-— 2)7
D)0 (X) + T ()20 ()
(7.30)

— 1Y ()Y (x) - 19V (x0)aY) (X) = (81 +1)°

n n

0<j<r-3,1<n<r—2-j),

(7.31) 09 OIGY(x) -1, ()Yt x) = -2+ )

n—1

(0<j<r—-31<n<r—-2-j).

Proof. Tt is easy to check (7.29). The rest are the consequences of Defin-
ition 7.5 and (7.29). 0

We define a family 7= {7(®) (u; X) € Z[X*] |a € I,u € Z, a + u is odd/
even if a #r/a=r} as follows. First, we define, for 1 <a<r—2 and 0 <
k<r—1,

(7.32) 7@ (a—1+2k; X)

P (X )z + (X)) (0<k<r—a—2),

_ P(a+k—r+1)(X)z+H(a+k—r+1)<X)+ Qletk—r+1) (x)

r—a—1 r—a—1 z

(r—a—1<k<r-1),

and, fora=r—1,rand 0 <k <r—1,

oz +Pe(14+51) /B (.. dd)
(r=1)(,. _ . — Lr— ( O ’
(7.33) T (r—2+2k; X) = {M (k : even)
awz 0 (1451) /By (k : odd)
(7.34) T()(T—QJF%?X):{M (k : even)
Tr—1 ’ ’

Then, we extend the definition by the following half-periodicity:
(7.35) 7@ (u+2r; X) = 7@ (4; X),

from which the periodicity 7(® (u 4 47; X) = 7(9) (u; X) also follows.
By (7.3), we have

(7.36) 7 (a-L;X)=2, (a=1,...,r—1), (-2, X) =1,
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a
Ir ¢——0- - b, ;O:I xw(r)I
Ly @O - - e
To(r—1)
337-—2' e S R R 3 Tp—2
SL'T73./.\® ; e} ; xr73/
T39 o i o ' o T T3e°
ron” o ° /
TiggQ—o- ---- M - ------- o c - T1e
. N . . . . u
0 r—3 r—1 2r—4 2r—2 2r 3r—>5

Figure 6: The half of the fundamental domain of 7(® (u; X) for T»(D,)

See Figure 6 for the half of the fundamental domain of 7(*) (u; X), which
consists of three parts. The domains D and Dy correspond to the two cases
of (7.32), while D3 does the cases of (7.33) and (7.34):

Di={(a,a—1+2k)|a=1,...,r —2;0<k<r—a—2},
(7.37)  Do={(a,a—1+2k)|a=1,....r—=2;r—a—1<k<r—1},
D3={(T—l,r—2+2k),(r,r—2—|—2k)|O§k:§r—1}.
Using Lemmas 7.2 and 7.6, one can verify, case by case, the following.

PROPOSITION 7.7. The family T satisfies the T-system To(D,.) in Z[X*']:

(7.38) 7D —1;X)r D+ 1;X) =1+ H 7O (u; X).
bel:.Cup=—1

Let T3(D;)+ be the subring of To(D,) generated by Tl(a) (w)* (a e,
u€Z,a+uis odd/even if a #r/a=r). Set

(7.39) T — (T (a—1) (a=1,...,r —1), T (r —2)}.

We call the elements of T the initial variables of To(D,) .

THEOREM 7.8. The following relation holds in To(Dy )y :

(7.40) Tl(a)(u) _ 7_(a) (u; Tinit)’
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where we set xq, = Tl(a)(a —1) (a#r) and x, = Tl(r)(r —2) in the right-hand
side.

As a corollary of Theorem 7.8 and (7.35), we once again obtain the peri-
odicity of To(D,) (Corollary 4.5 for X, = D,).

7.3. Explicit formula by initial variables for T3(B,)

Again, the method is parallel to the former cases, so we present only the
results for the most part. Throughout this subsection, I = {1,...,7} is the
set enumerating the diagram B, in Figure 1. Recall that the dual Coxeter
number of B, is 2r — 1, and the number ¢, in (2.1) is 2 (resp. 1) if a =7
(otherwise).

For a family of variables X = {z,,%T, (a=1,...,r — 1), w1, w2, w3}, we
define ’y,(Lj)(X),Véj)(X) €Z[X* (1 <j<r—1,0<n<j) by Definition 7.1.
We set

(7.41) an=7"X),  Ba=vITVX),  z=wws.

Note that Qp_1 = ﬂo =0 and ag = ﬂr,1 =1.

In the following, for p(X) € Z[X*!], we write p(X) for what obtained from
p(X) by replacing x; with Z;. Similarly, we write p(X) for what obtained
from p(X) by swapping w; and ws.

DEFINITION 7.9. We define 11,,(X),6,(X) € Z[XF] (0<n<r) as

an+£—f1 0<n<r-1,

- Y
Tr—1

(7.42) pn(X) = Tl on(X) = {0 _

where we set 29 =Tp=1,2_1 =Z_1 = 0. In particular, we have py(X) =0,
MT(X) = 1, 50(X) = 1, and 5r,1(X) = 1/5[77«,1.

Note that p,(X) and 6,(X) depend on x,_1, while 'y7(lj)(X) and 1/7(1]')(X)
do not.

DEFINITION 7.10. We define Pflj)(X), S)(X),RS)(X),nn(X),én(X) €
Z[X*1] as follows. For 0<j<r,0<k<r1<j+k<r+1,

. _—
PY(X) = P15, 1 k(X),
] < 2T _
(7.43) gjk)(X) = Th—1lj k-1 +5j+k71(X)fr—1<5k(X) + ]; 1)7

Tr—1 " 1 )

Tr—1

Réjz;;) (X) =0 14%(X)Tp_1Tr1 (
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For0<j<r0<k<r,0<j+k<r,

Pz(i)ﬂ( ) = 0 (X)dj4x(X),
(7.44) Q2k+1( )= Z(Sj-l—k(X)ﬁk(X) + gk(X):uj-i-k(X)a
1 _ Tr_1 1
Ré]k)—i—l(X) = ijﬂ%ﬂk(x)( —t xr—1)'
And,
k(X)) = w10k (X) + xk_l,
w3
Tr_1 1
— <k<
) &or(X) ’wlxk—l( . +$r—1> (0<k<T),
7.45 _
0p(X
Nok+1(X) = Ii)l ),
1

Eor1(X) = w—l(fr—lgk(X) +2(X)) (0<k<r-—1).
In particular, we have ng) (X)= R](LO) (X)= P2(7(")2|—1( )= Q2r+1( ) =0 and
PO(x)=1.
LEMMA 7.11. The following relations hold. For 1 <k <r,

k-1 (X)zp—1 — pr(X) T2 = 1 (X)Tpp—1 — g (X)Tp—2 = 0,

k1 (X) 1 — Ok (X)wp—2 = 6p—1(X)Th—1 — O (X)Tp—o = 1.
For1<j<r—1,0<k<2r—2, 1<j+4[k/2]<r,

VXRELX) + QL ORY ()

Qi ORI 0 - T (0O RS () =0,
¢ O R0 + QL (X) P (X)

— QU (x)PI(xX) - UV (x)PYLY (x) =0,

Dx)QY),(x) - VL (x)QV ™ (X)

_ —zp (X)) (X) k- odd,
1 k : even,

(7.46)

(7.47)
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PO ORI X) + PR (X) = RS CORET (x)

k12 0 k : even.

P (x)RUD (x )_{1+Z#1(X)ﬂ1(X) k: odd,
For1<k<2r,
QY (X)RY, (X) + QY (X)RY(X)
~ V)RV, (X) - QM ()R (x)

:{0 k: odd
Eu(X) (X)) + E(X)m(X)  : even,
Ox) P (x)+ QY (x)P” (x)

(7.48) Qk< )Pé%( X) -, ()P (X)
E(X)T(X) + E(X)m(X)  k: odd,
0 k : even,

k—1

LRV (X) + QY (x)Q\Y, (x) - W, ()@ (x)

_ {fk(X)fk(X) k : odd,
Me(X)Nk(X) K even.

X)R%( )+ PO (X >R<°><X>—P,£”<X>R<” (X)
)

Proof. Tt is easy to check (7.46). The rest are the consequence of Defini-
tions 7.9, 7.10, and (7.46). 0

For a triplet (a,m,u) (a€ Iym=1,...,2t, — L;u € %Z), we set the con-
dition,

Z+ 3 = (r,1),(r,3
(7.49) Condition (P): we 42tz (@m)=(1)r3),
Z otherwise.
We define a family 7 = {T,Sf)(u;X) EZXT|acI;m=1,...,2t,—1l;uc
(1/2)Z; Condition (P)} as follows. First, we define ) (u; X) in the following
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region:

7@ =142k X) =7 (X) 20 + 1 (X)
(1<a<r—-1,0<k<r—1-a),

7@+ 2k; X) =7 (a— 1+ 2k; X)
(I1<a<r—-1,0<k<r—1-a),

(7.50)

Tl(a)(a—l—Q(r —1-a) +k;X)
r—a r—a (r—a)
= P (X)ws + QY (X) + B

(7.51) (1<a<r—-1,1<k<2a+1),

(0)
7'2(74) (r=1+kX)= PlgoJr)l(X)w? + le(X) 4 B

ws
(0<k<2r),

7 (r 4 2k — L5 X) = napei 1 (X)wa + Eopia (X)) (
(7.52) {77 (r+ 2k — 3; X) = nap(X) + 2N

T:)ET)(’I"—F]{Z — %;X) :?fr)(r+k— %;X)
Then, we extend the definition by the following half-periodicity:

(7.53) 7D (0 +2r +1; X) =719 (u; X),

<
|

[t

~—

ENE S
VAR VANIRVAN

—
oS o O
N =
<

~—

VANVANIRVAN

—

from which the periodicity ) (u+2(2r+1);X)= ) (u; X) also follows.
By (7.3), we have

Tl(a)(a—l;X)::ra, Tl(a)(a;X)zfa (a=1,...,r=1),

r 3 r
(754) T )(7‘— Q;X) =wi,  r-1X)=w,

3
T?ET) (7‘ — —;X) = ws.
2
See Figure 7 for the half of the fundamental domain of 79 (u; X) which
consists of three parts. The domains Dy, Do, and D3 correspond to the

cases (7.50), (7.51), and (7.52), respectively:
Di={(a,a—1+k)|1<a<r-1;0<k<2(r—a)—1},
Dy={(a,a—1+k)[1<a<r—1;2(r—a) <k <2r}

(7.55) I_I{(TQ,T—l—i—k)\OSk‘SQr},

D3:{(rl,r+k—g>,<r3,r+k—;) ‘O§k§2r},
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a
w3
2 EETTTTPI 4 S w1
0, D; 11
Sl EETETT TR s L w3
wao w
[ ) B — O —OC—O0—0O--- - 3 [ J 2
Tr—1 o o o o o ./o Tr—1
Tr—2¢ @ © ® ® 0 O O 0 & T2
D, Dy L .
Z30" 0¥ o o o ‘Qa '@ 0 0 0 O O P T3
T Lo
T20" @2 o0 6 6 O o \ o o To
T14 Tlg. ... o—6—o—=o0----- e c 5 & L1
T : s : U
0 r—2r—1 2r —2 2r 2r+1 3r—1

Figure 7: The half of the fundamental domain of 7o (u; X) for To(B,)

where the point (r;,u) corresponds to Ti(T) (u).

Using Lemmas 7.2 and 7.11, one can verify the following, case by case.

PROPOSITION 7.12. The family T satisfies the T-system To(B,.) in Z[X*!]
(by replacing T\ (u) in To(B,) with @) (u; X) ).

Let T2(By)+ be the subring of T2(B;) generated by T (w)* (a € I;m =
1,...,2t, — 1;u € (1/2)Z; Condition (P)). Set

init _ {Tl(“)(a— 1)’T1(“)(a)(a: L...,r—1),

10(r-3) 16010 (- 3) |

We call the elements of T the initial variables of To(B,) .

(7.56)

THEOREM 7.13. The following relation holds in To(By )4 :
(7.57) T3 (u) = 73 (w; T),
where we set xq = Tl(a)(a —1), Ty = Tl(a)(a) (a#71), wy = Tl(r)(r —(3/2)),
wy = Tz(r)(r —1), and ws = Tg(r) (r—(3/2)) in the right-hand side.

As a corollary of Theorem 7.13 and (7.53), we obtain the following.
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COROLLARY 7.14. The following relations hold in Ta2(B;):
(1) Half-periodicity: 7 (u+2r+1)= TQ(Zl)—m(U)
(2) Periodicity: 7 (u+2(2r+1)) = T (u).

88. Periodicities of restricted T- and Y-systems at levels 1 and 0

So far, we have assumed that the level ¢ for the restriction is greater
than or equal to 2. In this section we extend the periodicity property of the
restricted T- and Y-systems at levels 1 and 0.

8.1. Periodicities of restricted T- and Y-systems at level 1

In the systems Ty(X,) and Y,(X,), we treat the variables Tr(,f)(u) and
Y,,(f) (u) with m=1,...,t,¢ — 1. Thus at ¢ =1, these systems are void for
simply laced X,; however, Definitions 3.1, 3.2, 3.5, and 3.6 still make sense
for nonsimply laced X,.

The level 1 T- and Y-systems in these cases are actually equivalent to
the systems of type A. To illustrate, consider T;(Fy):

T (u- %)Tf?’) (u+ %) — 1+ 7" (w),

¥ <u - %)Tf‘” (u + %) =1+ 7% (u),

(8.1)

where we have omitted the first three relations in (2.5), which are void at
£ =1. To be precise, let us introduce another level £ restricted T-system
Ty(A;) for T = {T,(,f)(u) la=1,....,r;m=1,....0 — 1;u€ (1/¢)Z} with the
relations

(82) T8 (u— )76 (ut ) =T ()T () + T ()T w),
where the left-hand side of (8.2) differs from (2.2) for Ty(A,). Then, the
relations in (8.1) are equivalent to T, (Asz). In other words, T1(Fy) ~ T5(Asg),
where T}(A,) denotes the T-algebra associated with T} (A, ). A similar reduc-
tion of the Y-system, Yi(Fy) ~ Y5(Asz), happens, where Y} (A,) and Y,(A,)
are defined in the same way.

In general, 77(X,) ~ T}(A,) and Y1(X,) ~ Y;(A,s) hold for nonsimply
laced X, where t is the number in (2.1) and 7’ equals the number of the
short simple roots of X,..
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Let us summarize the relevant data for the periodicities of T7(X,) and

yl(Xr):

X | A thﬂ\ (' +1+t)/t
Br Al 2 2

(83) Cr | Ay |2 7"+2 (r+2)/2
Fy |l Ay |2 5/2
Go || 41 |3 5/3

THEOREM 8.1. (i) For any nonsimply laced X,., the following relations
hold in T1(X,):
(1) Half-periodicity: Ty(n)(u +hY+1)= T(a) (u).
(2) Periodicity: T (u42(hY +1)) = Tr(,f)(u).

(ii) For any nonsimply laced X,., the following relations hold in Y1(X,):
(1) Half-periodicity: v, (u+hY+1)= YtiaEm (u).
(2) Periodicity: Y, (u+2(hY +1)) = Y, (u).

Proof. By inspecting (8.3), one can check that the half-periodicities of
T1(X;) and Y1(X,) follow from the half- or full-periodicities of the corre-
sponding T}(A,+) and Y, (A,). [

8.2. Periodicities of restricted T- and Y-systems at level 0
At level 0, one can still introduce, at least formally, a restricted T- and
Y-system for any X,, and study their periodicity.

DEFINITION 8.2. The level 0 restricted T-system To(X,) of type X, is
the following system of relations for a family of variables T = {T(® (u) | a €
I,u e U}, where T (u) =1 if they occur in the right-hand sides in the
relations.

For simply laced X,

(8.4) TOw-1)Tu+1)= J[ TP(w).
bGI:Cab:—l

For X, =B,,
(85)  TO@w- DT (u+1) =T D@7 @) (1<a<r-2),
T (w— DT D0+ 1) = T2 ()T (w),
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For X, =C,,
86) T (u- %)T(“) (ut %) — T D)7 () (1<a<r—2),
A e

T (u - %)T@) (u + %) =7 (u - %)T(l)(u)T(l) (u + ;)

DEFINITION 8.3. The level 0 restricted T-group To(X,) of type X, is
the abelian group with generators T(®) (u) (a € I,u € U) and the relations
To(X;).

REMARK 8.4. Ty(X,) is obtained from the unrestricted T-system T (X, )
(2.2)—(2.6) by setting T,Eff)(u) =T (y) if m =0 and 7\ (u) =0 otherwise.
It was originally introduced in [KNS2, Section 2.2] as “bulk T-system.”

Similarly, we define the following.

DEFINITION 8.5. The level 0 restricted Y-system Yo(X,) of type X, is
the following system of relations for a family of variables Y = {Y(®) () | a €
I,u € U}, where YO (u) =1 if they occur in the right-hand sides in the
relations.

For simply laced X,

(8.9) YO u-1)YDu+1)= J[ Y.
bel:Cyp=—1
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For X, = B,,

(810) Y u—-1)Y @ (u+1) =Y D)y (1<a<r-2),

2
For X, =C,,
1 1
@ (, _ N\y@(, 1 _yla=1)(,yy(atD) < B
(8.11) Y (u 2>Y <u+2> YD)y (y) 1<a<r—2),
1 1
-1, _ DNy e-1(, - LY _ v -2,y 0)
Y (u 2)Y <u+2) YD ()Y O (u),

For X, = Fy,

(8.12) YO -1)YD(u+1) =Y (u),

YOu-1)YOu+1) =y (@)y® (u - %)Y@) (u + %) :
YO (u YO (ut 3) = Oy,
y® (u — %)Y(‘l) (u + 1) =Y O ()

2 2
YDy - 1YW VYO (0 —-2\ Y@ () Y® z

y® <u - %)Y@) <u + %) — v ().

DEFINITION 8.6. The level 0 restricted Y-group Yo(X,) of type X, is
the abelian group with generators Y(®)(u) (a € I,u € U) and the relations
YO(XT')‘

REMARK 8.7. Yy(X,) is obtained from unrestricted Y-system Y(X,)
(2.15)-(2.19) by first making the replacement (1 —l—Yn(@a)(u), 14+ Y, (u)~1) —
(Y,T(La) (u),1) in the right-hand sides (i.e., taking a formal limit v, (u) — 00),
and then setting v\ (u) =Y @ (u) if m =0 and Yn(ma)(u) =1 otherwise.
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From (8.4) and (8.9), we see that To(X;) >~ Yo(X;) if X, is simply laced.

The following periodicity property justifies that we call these systems
“level 0.” Notice that the half-periodicity here contains the inverse in the
right-hand sides, in contrast with the level ¢ > 1 case.

THEOREM 8.8. (i) The following relations hold in To(X,).
(1) Half-periodicity: T (u+ h) = T®) (y)~1,
(2) Periodicity: T (u+2hY) = T (u).
(ii) The following relations hold in Yo(X,).
(1) Half-periodicity: Y@ (u+ hY) = Y @(@) (3)~1
(2) Periodicity: Y@ (u+2hY) =Y (@) (u).

Proof. 1t is enough to show the half-periodicity, and it can be proved by
elementary manipulations. Especially for exceptional X, = Fg, E7, Eg, Fy,
and G, it is a matter of a direct check. As an illustration we present a proof
for To(D,) (~Yo(D,)) and Yo(B,) below. The cases To(B;), To(Cy), To(Fy),
and Tp(G2) have been treated in [KNS2, Section 2.2.1 and Appendix A].

First we consider To(D,). From (8.4) we have

a

(8.14) TOw) =[TM(w-a-1+2s) (1<a<r-2),
s=1
r—1

(8.15) T ()T () = [TTW (w - r +29),
s=1

(8.16) TW(u—1D)TWD(u+1)=T""2(u) (a=r—1,r).

In (8.15) replace u by w £ 1 and take the product. Using (8.14) with a =
r —2 and (8.16), one can express all the factors by T only, leading to
TO -7+ D)TO(u+r —1)=1. In view of h¥ =27 — 2 and (8.14), this
verifies the claim of the theorem 7@ (u)T(®) (u4h") = 1 except for a =r —1
and 7.

Suppose r is even. Then for a =r — 1,r we have

o T (u+2s)  TIL T2 (u 14 4s)

T ()T (u 4 hY = g
()T )= H;”;T(a)(u+2s) [T T0=2) (u— 1+ 4s)

where the second equality is due to (8.16). From (8.14) with a =7 — 2,
the ratio is expressed by T only, which turns out to be 1 owing to
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TO@)TO(uw+hY)=1. If 7 is odd, let F=7—1 and 7 — I = r. Then we
have
(T2 T (u +28)) T@ (u + hY)

HT L 7(@) (u + 25)
H(r /2 "2 (u+ 1+ 4s)
TSI (-1 4s)
< T (u+ hY)T" (u+hY),

T )T (u+ hY) =

where the second equality is due to (8.16). Again, this can be shown to be
1 from (8.14) with a =7 — 2, (8.15), and T (u)TM (u +hY) =1.
Next we consider Yo(B,). From (8.10) we find

(8.17) Y@ () = ﬁY(l)(u—a— 1+ 2s)

(I1<a<r-1),

818) Y D(u—1) Y D (u4+1) =YD ()Y (w),

1 1
(r) S (r) ) vy (-1
(8.19) YO (u 2)Y (ut 2) YD ().
Substituting (8.17) into (8.18), we get Y"1 (u) = [[4_, Y (u—7—1+25).
Comparing this with expression (8.17) with a =7 — 1, we have

(8.20) YO D) =y D+ D)YO(wrr+1).

The two relations imply Y (u—7+1)Y W (u+7) = 1. In view of bV = 2r —1
and (8.17), this verifies the claim of the theorem Y (¥ (u)Y (@ (u + hY) =1
except for a =r. From either of the relations (8.20) and (8.17) with a =
r—1, one can derive [/, YD (u—r—1+2s) = [\ YD (u—r+25).
Substitution of (8.19) into this gives Y (u)Y (") (u + hY) = 1. [

For simply laced X, a more intrinsic proof of Theorem 8.8 by the Cozeter
element of the Weyl group is available, following the remarkable idea by
Fomin and Zelevinsky [FZ3] used for the proof of the periodicity of Ya(X,).

Alternative proof for simply laced X,. Assume that X, is simply laced.
Let I =1, U I_ be the bipartite decomposition of the index set I, and
define (a) by e(a) = =+ for a € L. Since To(X,) closes among those T(%) (u)
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with fixed “parity” e(a)(—1)%, it is no problem to impose an additional
relation in To(X,),
(8.21) T@(u+1) =T (u)™'  whenever e(a)(—1)" =+,

in order to prove its periodicity. Let W be the Weyl group of type X, with
the simple reflections s, (a € I), which acts on To(X;) by

(8.22) sp (T () = T (w)T® (1) =,

Define 74 =[]
as

acl: Sa- Then, 717 is the Coxeter element of W, and 7. acts

T ()™ cla)=¢,

(8.23) %@@W»:{ﬂwwH#ﬂWW)%de#&

By (8.21), (8.23), and To(X,) in (8.4), we have T@ (u+1) = 7_1yu (T(@ (v)).
The following fact is known ([B, Chapter V, 6.2], [FZ3, Lemma 2.1]):

(824) T TyT_ T = -T47_T4T- =wpo (the longest element of W),

h times h times

where h is the Coxeter number of X,.. Also, wo(T® (u)) = T@@)(y)~! due
to the remark after (3.6). Using these results, we obtain

(8.25) T (u+ h) = (- rprerere) (T (u))
h ti

= wy (T(a) (u)) = 7@ ()1,

O

REMARK 8.9. As for the half-periodicity of To(X,), a similar result has
been obtained in [KNS2, (2.8)]. Compared with Theorem 8.8 here, the result
there is weaker in that it does not cover A, (r > 2) or individual T )(u) for
Es and Eg. Moreover, [KNS2, (2.8a)] should be corrected for X, = D, with
roddand a=r—1,r.
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89. Periodicities of restricted T- and Y-systems for twisted quan-
tum affine algebras

The T- and Y-systems considered so far are associated with the untwisted
quantum affine algebra U,(g) (when U = Uy,) as explained in Section 2.
In this section we consider T- and Y-systems associated with the twisted
quantum affine algebra Uy(g”) following [KS], [Her2]. All the basic results
presented for the untwisted case can be naturally extended to the twisted
case as well. Moreover, the periodicity property of the twisted case reduces
to that of the untwisted case.

9.1. Dynkin diagrams of twisted affine type

Throughout this section, we let X exclusively denote a Dynkin diagram
of type Ay (N >2), Dy (N >4), or Eg. We keep the enumeration of the
nodes of Xy by the set I ={1,..., N} as in Figure 1. For a pair (Xy, k) =
(An,2), (Dn,2), (Es,2), or (Dy,3), we define the diagram automorphism
o:1—1of Xy of order k as o(a) = a except for the following cases (in our
enumeration):

91)  ol@)=N+1-a (a€l) (Xn, k) = (An,2),
o(N-1)=N, o(N)=N—1 (Xn, )= (Dn,2),
o(1)=6, 0(2) =5, 0(5) =2, 0(6) =1 (Xn,k) = (Es,2),
o(1)=3, 0(3) =4, 0(4) =1 (Xn,r) = (D1,3)

The map o is the same as the involution w: I — I in (3.6) except for
Xn =Dy (N:even). Let I/o be the set of the o-orbits of nodes of Xy . We
choose, at our discretion, a complete set of representatives I, C I of I /o as

{1, 2, e ,T’} (XN, K) = (Agr_l, 2), (A2r7 2), (Dr+17 2),
(9.2) I,=<{1,2,3,4y (Xn,r)=(Es,?2),
{12} (Xn, k) = (D4, 3).

Let X\ = A2 | (r>2),4% (r>1),DP, (r > 3),EY, or DY be a
Dynkin diagram of twisted affine type [Ka]. We enumerate the nodes of
X with I, U {0} as in Figure 8, where I, is the one for (Xy,x). By
this, we have established the identification of the non-zeroth nodes of the

diagram X](\';) with the nodes of the diagram Xy belonging to the set 1.
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0
2 2
Ao b —ote AP =
1 2 r—1r 0 1
2)
AP oi% - —O>0 DTHO_J;F . — @ >0

r—1r r—1r7r
2 3
Eé ) o—0—0<9o—e D o—0<%e
o 1 2 3 4 0 1 2
Figure 8: The Dynkin diagrams X](\';) of twisted affine type and

their enumerations by I, U {0}. For a solid node a, o(a) =a
(i.e., kKq = k) holds.

(2)

For example, for Eg™, the correspondence is as follows:

(9.3) Eéz) O—0—0<e—e:

The solid nodes 3,4 in E(()?) correspond to the fixed nodes by ¢ in Eg. We

use this identification throughout the section. (The zeroth node of X](\';) is
irrelevant in our setting here.)

We define k, (a € 1,) as
1
o - { o(a) £ a,

k o(a)=a.

Note that X](\?) = Agz) is the unique case in which xk, =1 for any a € I,,.

9.2. Unrestricted T-systems
Choose h € C\ 2mv/—1Q arbitrarily.

DEFINITION 9.1. The unrestricted T-system T(X K“)) of type X( *) is the
following system of relations for a family of variables T = {T,(,f (u) |a €
I,,m € Nyu € Cy,p}, where Q = 2my/—1/kh, and T,g?)(u) = To(a)(u) =1if
they occur in the right-hand sides in the relations.

For X7 =AY |

(95) TT(rg) (’U, — 1)T7(:) (u + 1) = Tr(r;lzl(’U’)Ty(T?j_l(u) + Tr(r?_l) (U)T a+1) (U)
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T (u— DT (w4 1) =T ()T, ()
For X](\';) = Ag«)’

+ T DT @) (L <a<r—1),

T (u—D)TD (w4 1) =T ()T (u) + TE D ()T (w0 + Q).

For X' = D%,

9.7 T (u— 1T (u+1) =T ()T | (u)

+ TR VTS (@) (1<a<r-2),
T = DTS D+ 1) =75 T ()
+ TP @) T @) (u+ ),
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The domain C,_ 5 of the parameter u effectively imposes the following
periodic condition:

TS (u+kQ)  o(a) #

a
T,gf)(u—i—ﬂ) o(a) = a.

(9.10) T4 (u) = {

DEFINITION 9.2. The unrestricted T-algebra ‘J'(X](\';)) of type XJ(\';) is the
ring with generators 7 (u)*! (a € I,,m € N,u € C,,;) and the relations
T(X](\';)). Also, we define the ring ‘J’O(X](\';)) as the subring of ‘J'(X](\';)) gener-
ated by 7\ (u) (a€l,,meNueC,,p).

The following are some features of the T-system ’]I‘(X](\';)) that are specific
to the twisted case.

(i) The relations include the two basic units of the parameter u, 1 and
2, which are Z-linearly independent under our assumption of A ¢ 27/—1Q.

(ii) The domain C,,; of the parameter uw and the resulting periodic
condition (9.10) depend on a € I,.

(iii) We do not consider the T-system T(X](\f)) whose domain U of the
parameter u is C. This is because the periodic condition (9.10) is now an
integral part of the relations T(X](\';)) due to (i). This is also natural given
that no Yangian analogue of the twisted quantum affine algebra U,(g?) is
known.

(iv) The discrete version of ']I‘(XJ(\';)) is available by taking the domain
U of the parameter u as U =Z x Z,;, where (a,b) € U corresponds to u =
a+ bQ), and imposing the periodic condition (9.10).

REMARK 9.3. The T-system ']I‘(X](\f)) was introduced in [KS] as a family
of relations in the ring of the commuting transfer matrices for solvable lattice
models associated with the twisted quantum affine algebra U,(g”) of type
x{.

N

REMARK 9.4. Unifying the untwisted and twisted cases, the T-system
T(X,) and the Y-system Y(X,) of type X, in Section 2 are also said to be
of type XY and are denoted by T(Xﬁl)) and Y(X,gl)). Strictly speaking,
this should be applied only when the domain U of the parameter u is Cyy.
However, as we have seen, such a distinction of U is not so essential in many
aspects of T(X,) and Y(X,).
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There is a simple relation between the rings ‘J'(X](VH)) and T(Xy). Let

{T,(,f) (u)* |a € I,m e N,u e Cy} be the set of generators of T(Xy). Let g7
be the ideal of T(X ) generated by

(9.11) T4 (u) = T (4 Q) (a€l,meNsy,ueCy).

Then one can choose a generating set of T(Xy)/d% as {Té?)(u)ﬂ |a €
I,,me Zzl,u € (Cnah}~

PRrROPOSITION 9.5. There is a ring isomorphism

T(Xn)/87 - T(XY),

(9.12) R
W (w) = T (u)  (a€l,).
Proof. Tt is easy to check that the relations of the both rings are identical
under the correspondence. []

The T-system ’]I‘(X](\';)) plays the same role in the Grothendieck ring
RepU,(g7) of the category of type 1 finite-dimensional U,(g”)-modules for
the twisted quantum affine algebra U, (g?) of type X ](\';) as does the untwisted
case.

For arbitrarily chosen /i € C\ 2m/—1Q, we set the deformation parameter
q of the twisted quantum affine algebras U, (g§) [J], [D1], [D2] as ¢ = e" € C*,
so that ¢ is not a root of unity.

The g-character map x§ of U,(g”) is defined by Hernandez [Her2] as an
injective ring homomorphism
(9-13) XZ : Rep Uq(ga) - Z[Z'il]ielg,aetcx-

i,a

Consult [Her2] for more information on Uy(g?) and xg. The enumeration of
I, in [Her2] is the same as the present one except for Agi), where 1,2,...,7
here correspond to r—1,...,1,0 in [Her2]. To make the description uniform,
foracl,={1,...,r} weset a=r—a for x{ = Agz) and @ = a otherwise.
(This notation @ will be used only in the rest of this section.) From now on,
we employ the parameterization of the variables Zg grau (a € I5, u € Cy,p)
instead of Z; , (i € I, a € C*) in [Her2]. The g-character ring ChUq(g”) of
Uy(g7) is defined to be Im xg.



PERIODICITIES OF T-SYSTEMS AND Y-SYSTEMS 151

DEFINITION 9.6. A Kirillov-Reshetikhin module Wéf)(u) (a € I,,m €
N,u € Cy,5) of Uy(g?) of type X](\';) is the irreducible finite dimensional
Uq(§7)-module with highest weight monomial

m
(9.14) 1 Zz gretwsmir—2s.
j=1

REMARK 9.7. The above W& (u) corresponds to W@

m,gra(e—m+1) in [HGI‘Q].
The T-system T(XJ(\I; )) in Definition 9.1 agrees with the one in [Her2, Sec-

tion 4.3] under the identification 7\ (u) = x@

m’qna(u—m-ﬁ-l) .
In the same way as (2.9), we define Sgny(T) € Z[T] (a € I,m € Nyu €
Cy,n), so that all the relations in ’]I‘(X( )) are written in the form Sy, (T) =
0. Let I(’]I‘(X](V))) be the ideal of Z[T]| generated by Sgmu(T).

THEOREM 9.8. Let T = {ﬁ(,?) (u) := Xg(W,Ef) (u))|a€l,,meNueCyn}
be the family of the q-characters of the Kirillov-Reshetikhin modules of
Uqy(§7) of type X(H) Then,

(1) the family T generates the ring ChU, 7(8%);

(2) (Hernandez [Her2]) the family T satisfies the T-system T(X( ))
ChUy(g%) (by replacing T(a)( ) in ']T(X(H)) with T )( ));

(3) for any P(T) € Z[T), the relation P(T) =0 holds in ChU, ¢(8%) if and
only if there is a nonzero monomial M (T) € Z[T| such that M(T)P(T') €
[(T(X).

Proof. (1) The fundamental character Xg(Wl(a) (u)) has the form

(9.15) Xg (Wla) (w)) = Zg grav + (lower term),

where “lower” means lower in the weight lattice for the subalgebra U,(g?) of
U,(§%) [Her2]. Thus, if there is a nontrivial relation among the fundamental
characters, then it causes some nontrivial relation among Zg g=au’s. This is
a contradiction.

(2) This was proved by [Her2, Theorem 4.2].

(3) The proof is completely parallel with Theorem 2.8(3) by setting the
height as ht Tr(,f)(u) =m. 0

COROLLARY 9.9. The ring ‘J'O(X](\';)) is isomorphic to RepUy(g”) by the
correspondence T,(,f)(u) — Wéf)(u)
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In Appendix A.2 we give parallel results for the ring associated with the
Q-system and Rep U,(g7).

9.3. Unrestricted Y-systems

DEFINITION 9.10. The unrestricted Y-system T(X () ) of type X( ~) is the
following system of relations for a family of Varlables Y = {YT% (u) |ae
I,,meNueCyp}, where Q = 27/—1/kh, and v, (u) = Yo(a) (u)~t=0if
they occur in the right-hand sides in the following relations.

For X](\';) = Ag}_l,

1+ Y V@)1 + v ()

1+ Y ()= ) 1+ Y, (w))
(I1<a<r-1),

A+ V)1 + Y5 (w+ Q)

1+, ) )+ Y w1

(9.16) Y 9(u—-1)Y, D(u+1)=

YD (=Y, (ut1) =

For X](\';) = AS,),
1+ Y V)1 + v ()
(1+Y (@) )1+ Y, ()
(1<a<r-—1),

1+ V)1 + Y (u+ Q)
T+Y @ ) A+ Y0, ()1

9.17) YD (u—-1)Y D (u4+1)=

Y (w=1)Y, O (u+1) =

For X' = D%,

1+ Y, D)1+ v ()
(L+ Y ()= 1)(1+ Y, (w)1)
(1<a<r-2),
1+ YD)+ v ()
x (1+ Y (u+Q))
1+ @A+ v o )
_ 1+ Y Y ()
L+ Y () )(1+ YY) (w)-1)

(9.18) YD (u—1)Y, W (u+1)=

YD (1), D+ 1) =

m
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(k) _ 1(2)
For X N = EG ,

1+ % (u)
1+ Y, () (A + Y ()1
a+Y D (w)(1+ Y (u)
1+ Y, () + Y2 ()1
1+ Y2 )1+ VP (u+ Q)

x (1+ Y, ()
1+ YD @)= (1 + Y, ()1
1+ Y5 (u)
1+ Y () (A + Y, ()

9.19) Y Wwuw-1)yWV(u+1)=

YA (u—-1)YP(u41)=

Y=Y P (w+1)= ,

Y (w—1)Y, P (u+1)=

For X' = D),

1+ Y (u)
1+, () )1+ Y ()
1+ @)1+ VP (w— )

x (1+ YV (u+ Q)
(1+Y, 2w )1+ Y, (w) )

The domain C,_; of the parameter u effectively imposes the following
periodic condition:

9.20) Y WO(uw-1)Y,Pwu+1)=

YD (u—1)Y,P(u+1)=

(9.21) Y, () =

m

y,@ (u+kQ) o(a)#a,
y,\@ (u+9Q)  oa)=a.

DEFINITION 9.11. The unrestricted Y-algebra H(X](\';)) of type XJ(\';) is the
ring with generators nga)(u)ﬂ, (1+ Vo (u))™! (a € I,,m € Nyu € Cy,p)
and the relations Y(X](\';)).

Let {Y,%a) (u)*1, (1 4 VA (u))~t|a€I,meN,ucCp} be the set of gen-
erators of Y(X ). Let J7 be the ideal of Y(Xx) generated by

(9.22) V) - V@O (u+Q) (ael,meNueCy).
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Then one can choose a generating set of Y(Xy)/I7 as {?é“)(u)ﬂ,(l +
Y,n,(f)(u))_l la€l,,meNueCyp}.
As Proposition 9.5, we have the following.

PROPOSITION 9.12. There is a ring isomorphism

Y(Xn) /97 = Y(X),
(9.23) ) N
Vi (w) =Y () (a€l,).
The following theorem is an analogue of Theorem 2.12.

THEOREM 9.13. (1) There is a ring homomorphism

(9.24) oYX - 7(x )
defined by
(a)
(9.25) Y ) oo = )
Tmfl (U)Terl (u)

where To(a) (u) =1.

(2) There is a ring homomorphism
(9.26) v T - Y(XY)
such that ¥ o p = idy(va“))‘

Proof. We derive the theorem from the results of Theorem 2.12 and
Propositions 9.5 and 9.12.

(1) Let ¢: Y(Xn) — T(Xn) be the homomorphism in (2.21). Let J°
and J% be the ideals of T(Xy) and Y(Xx) in Propositions 9.5 and 9.12,
respectively. We claim that ¢(J7) C J7. In fact,

A CL)
1l My, (u
GIT) = =]
Tmfl(u)Terl(u)
(9.27) B M (1 Q)
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where we also used the invariance of T(Xy) by o in the second equality.
Then, the induced homomorphism

(9.28) &7 Y(Xn)/I7 = T(Xn)/3°

gives the desired homomorphism ¢ under the isomorphisms in Propositions
9.5 and 9.12.

(2) Let 1 : T(Xy) — Y(Xn) be the homomorphism in (2.25), where we
modify Step 1 of the construction of 1& in the proof of Theorem 2.12 with
the following. (For simplicity, we write ¢ (T l(a)(u)) as Tl(a) (u).)

Step 1. We arbitrarily choose Tl(a) (u) € Y(Xn)* (a€l) for each u € Cy,
in the region —1 < Rew <1 such that

(9.29) T =T (4w + Q) modd°.

(For example, just take Tl(a) (u)=1.)

Then, one can easily show that T,Sf)(u) = T,Sf(a))(u + Q)modJ? for any
T )(u) constructed in Steps 2 and 3 of Theorem 2.12, again by the invari-
ance of T(Xy) by o. Then, the induced isomorphism

(9.30) V7 T(XN)/3° — Y (XnN)/I?

gives the desired homomorphism 1 under the isomorphisms in Proposi-

tions 9.5 and 9.12. The property ¥ o p = idg follows from 97 o @7 =

(X§)
idy(xy) /20 :

9.4. Restricted T- and Y-systems

DEFINITION 9.14. Fix an integer ¢ > 2. The level ¢ restricted T-system
T[‘g(X](\'f)) of type X](\',i) with the unit boundary condition is the system of rela-
tions (9.5)—(9.9) naturally restricted to a family of variables T' = {T,(Y? ) (u) |
acl,;m=1,....0 —1;ueC,p}, where T,Sq(,))(u) = Téa)(u) =1, and fur-
thermore, Te(a)(u) =1 (the unit boundary condition) if they occur in the
right-hand sides in the relations.

DEFINITION 9.15. The level £ restricted T-algebra ‘J'g(X](\';)) of type X](\'f)
is the ring with generators 7 (w* (aclyym=1,...,0—1;ueC,,) and
the relations Tg(X](\l;)). Also, we define the ring ‘J’;(X](\';)) as the subring of

(Ig(X](\I;)) generated by Ty(r?)(u) (acl;m=1,....0—1ueC,,p).
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DEFINITION 9.16. Fix an integer ¢ > 2. The level ¢ restricted Y-system
Yg(X](\';”)) of type X](\';) is the system of relations (9.16)—(9.20) naturally
restricted to a family of variables Y = {Yn(f) (u)la€ly,ym=1,....0—1L;ue
Cx, 1}, where Y, (u) = Yo(a) (u)~' =0, and furthermore, }Q(a) (u)~t =0 if
they occur in the right-hand sides in the relations.

DEFINITION 9.17. The level £ restricted Y-algebra Hg(X](\';)) of type X](\';)
is the ring with generators v\ (w)*!, (1 +Y@ (w)t(a€l,;m=1,...,0—
1;u € Cy, 1) and the relations Yg(X](\';)).

REMARK 9.18. The level restrictions of the T- and Y-systems for the
twisted case are introduced here for the first time. The former is defined such
that dropping the parameter u, namely, the formal replacement T7(na )(u) —
Qﬁﬁ), coincides with the level £ restricted Q-system introduced in [HKOTT,
(6.2)].

Propositions 9.5 and 9.12 have natural counterparts in the level restricted
situation. Let {T,gf)(u)il laeI,m=1,....,0 —1,u € Cy} be the set of gen-
erators of T;(Xy). Let J7 be the ideal of T¢(Xx) generated by
(9.31) T (w) =T (u4+Q) (ael;m=1,...,1—1;uecCy).

Then one can choose a generating set of Ty(Xy)/d7 as {Tr(r?) (w)* | a €
Iyym=1,....0 —1l;ueCyp}.

Similarly, let {}A/,(na) (u)®, (1 + A () tael;m=1,....0 —1;ucC}
be the set of generators of Yo(Xn). Let I7 be the ideal of Yo(X ) generated
by
(9.32) V) -V (w4 Q) (aelym=1,....0—1;ueCy).

Then one can choose a generating set of Y,(Xn)/JI7 as {Yn(@a) (u)*, (1 +
}A/T(na)(u))_1 la€ly,;m=1,... 0 —1;ueCy}.
PROPOSITION 9.19. There is a ring isomorphism

To(Xn)/37 — T X)),
(9.33) )
T () = T () (a€ 1),

Stmilarly, there is a ring isomorphism
Ye(Xn) /97 — Yol X)),

(9.34)
Y (u) YD) (ael,).
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Proof. Tt is compatible to set Te(a) (u) = Tz(a) (u) =1 in Proposition 9.5. It
1= 0 in Proposition 9.12. []

is also compatible to set Yé(a) (u)~t = Yg(“) (u)

9.5. Periodicities of restricted T- and Y-systems
Let Y be the dual Coxeter number of X](\'f) [Kal. It is the same with the
(dual) Coxeter number of Xy and the following:

K 2 2 2 2 3
X[ AR, a9 D B DY
Yol 2 2r+1 0 27 12 6

(9.35)

The periodicity of ‘J'g(X](\';)) reduces to that of T;(X ) proved in Corollary
4.29.

THEOREM 9.20. The following relations hold in To(X\):
(1) Half-periodicity:

(a)  y(K) 2) (3)
T, (u) if X' =D, (r+1: even) or D;”,
Ty(];l)u_'_hv_'_e: L—m N r+1 4
( ) Tf(f)m(u +Q) otherwise.

(2) Periodicity: TTS;I) (u+2(hV +10)) = Tr(r?) (u).

Proof. 1t suffices to prove the half-periodicity (1). First consider the case
X](\';) # D,@l (r+1: even) and Df). Then we have 0 = w and x = 2. Thanks
to the first half of Proposition 9.19, it is equivalent to showing that T, 7%1 ) (u+
WY +0) =T (u+Q) for a €I, in Ty(Xy)/3. Both the left and the right

m
sides coincide with Tg(fgz))(u) due to the half-periodicity of Xy and (9.11),
respectively.

Next consider the remaining case X ](\'f) = Dq(ni)l (r+1: even) or Df). Then

we have w =1id. By the same reason as before, we show that 7 (u+h"+
() = Tz(f)m(u) for a € I, in Ty(Xn)/d7. Again, this is guaranteed by the
half-periodicity of Xy . [l

Similarly, the periodicity of He(X](\';)) reduces to that of Y,(Xy). Recall
that Conjecture 3.12 has been proved for Y,(Xy), except for the half-
periodicity for Dy and FEj.

THEOREM 9.21. Suppose that Conjecture 3.12(1) is also true for Dy and
Eg. Then, the following relations hold in ‘jg(X](\';)):
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(1) Half-periodicity:

Y@ (4 hY +0) = Y( 2n(u) if X](\';) = Dfi)l (r+1: even) or Df’),
Y( Zn(u + Q) otherwise.

(2) Periodicity: Y (u + 2(hY +£)) = Y (u).
REMARK 9.22. By formally setting 2 =0 (i.e., h — 00; ¢ — 0,00) or by
imposing a further relation A (u) = Yn(f)(u + Q) in Yu(X x\ )) for X(H)

Agill (resp. Dr(,i)l, Eéz), Df’))7 one gets the Y-system of the form

Hbe[(1+Y(b)( ))Pab=Cat

9.36) V(W (u—1)Y, P (u+1)= |
0 e ) = ) 0 Y D)

Here, Cyp = 2(aq, )/ (g, tg) is the Cartan matrix for B, (resp. C,, Fy,
G4) with the enumeration [ in Figure 1. This is the Y-system for nonsimply
laced X, considered in [FZ3], [Kel2]. It was proved, by [FZ3] for £ =2 and
by [Kel2] for any ¢ > 2, that the system (9.36) has the full-period 2(h + ¢),
where h is the Cozeter number of B, (resp. C,, Fy, G2). This completely
agrees with Theorem 9.21, since the dual Coxeter number h" of Agi)_l (resp.

Dﬁi)l, EéQ), Df’)) equals the Coxeter number h of B, (resp. C,, Fy, G3).

By the same token, one can obtain from T,(X () ) the T-system of the form

(9.37) T (u— )T (u+ 1) = T ()T (u) + [ T () 200 Cor,
bel

whose periodicity is the same as (9.36).

9.6. Periodicities of restricted T- and Y-systems at level 0

Here we introduce the level 0 restricted T-system T (X](\';)) and T-group
To(X x\r )) of type Xy ) in a manner similar to Section 3. The analogous
construction of the Y—system and Y—group leads to exactly the same objects.
Thus one should understand To(X 5, ) Yo(Xy ) by T (u) — Y@ (u) in
the sequel. Such a coincidence has been already encountered in the untwisted
case between Ty (X,) (8.4) and Yo(X,) (8.9) for simply laced X,.

DEFINITION 9.23. The level 0 restricted T-system TO(X](\';)) of type X](\';)
is the following system of relations for a family of variables T' = {T(® (u) |
a € Iy,u € Cp,p}, where Q = 21y/—1/kh, and T (u) =1 if they occur in
the right-hand sides in the relations.
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(k) _ 4(2)
For X' = Ay,

9.38)  T@W(u—1T@(wu+1) =T D@W)T@ (W) (1<a<r—1),
T (= 1)T (w+1) =T ()T (0w + Q).
For X7 = A{Y,
(9.39)  TWu—-1)TWD(u+1) =TV ()T (W) (1<a<r-1),
T (w—1)T (u+1) =T ()T (u 4 Q).

For X = D,

(940)  TOu—-1)T(u+ 1) =T D@7 () (1<a<r-2),
T (0= 1T D (w41) = T2 ()T ()T (u + Q),
T (=T (uw+1) =70 (w).

T —-1)T? (uw+1) =T (W) TW (u— O)TW (u+ Q).

DEFINITION 9.24. The level 0 restricted T-group ‘J'O(X](\'f)) of type X](\';)
is the abelian group with generators 7 (u) (a € I,,u € C,5) and the rela-
tions ']I‘O(X](\f)).

REMARK 9.25. ’]I'O(X](\f)) is obtained from the unrestricted T-system
T(X{7) (9.5)-(9.9) by setting T (u) = T@ (u) if m =0 and T (u) =0

otherwise.
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Let {T®(u) |a € I,u € Cy} be the set of generators of To(Xy). Let g
be the subgroup of To(Xx) generated by

(9.43) T@O W) (40~ (ael,ueCy).

Then one can choose a generating set of To(Xn)/dg as {T@(u)*! |a €
IU, u e C,{aﬁ}.

PROPOSITION 9.26. There is a group isomorphism

To(Xn) /35 — To(XY)),

(9.44) )
T@W W) —TW(w) (ael,).

Proof. Tt is easy to check that the relations of the both rings are identical
under the correspondence. []

THEOREM 9.27. The following relations hold in ‘J'O(X](\f)):
(1) Half-periodicity:

T(@ ()~ if XJ(\';) = Dﬁi)l (r+1: even) or Df’),

7@ (u+hY) =
( ) TW(u+Q)~"  otherwise.

(2) Periodicity: T'® (u+ 2hY) = T(®) (u).

Proof. 1t suffices to prove the half-periodicity (1). First consider the case
X](\';) # Dg_)l (r+1: even) and fo)). Then we have 0 = w and x = 2. Thanks
to Proposition 9.26, it is equivalent to showing 7@ (u+hY) = T (u+Q)~?
for a € I, in To(Xn)/dg. This equality is verified by Theorem 8.8 and (9.43).

Next consider the remaining case X ](\';) = Dﬁ)l (r+1: even) or Df’). Then
we have w = id. By the same reason as before, we show that 7°(%) (u+hY) =
T (u) for a € I, in To(Xn)/dg. Again, this is guaranteed by Theorem 8.8.

O

§10. Remark on the periodicity of ¢-characters

We conclude the paper with a remark on a formal correspondence between
the periodicity of the T-system and the g-characters of U,(g) at roots of
unity.

Recall that T7°(X,) ~ ChU,(g) by Corollary 2.9. Let

(10.1) e T°(Xy) — T3 (X))
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be the surjective ring homomorphism in (3.1). One can easily see that

T t( Z) (u) —1 and Tt(ae) 1 (u) are in Ker my. Correspondingly, we define the level
¢ restricted g-character ring ChyUq(g) of Uy(g) b

(10.2) Che Uy(8) = ChU,(8)/Ir,

where [, is the ideal of ChU,(g) corresponding to Ker 7, under the isomor-
phism T°(X,) ~ ChU,(g). By construction, we have an isomorphism,

Chy Uy(8) = T3 (X5),
(10.3) |

Xa(WiD (u)) = T (u) (1 <m <tol — 1),

and the periodicity of Ty(X,) in Conjecture 3.11 is rephrased as the following
periodicity of the g-characters. For 1 <m <t,¢ —1,

(10.4) X (WD (u+2(hY +0))) = xg (WP (u))  mod I.

In view of (2.12), this implies (but does not directly require) g2’ +0 =1,
which is natural, as mentioned in the end of Section 3.3. Let us make this
implication, still formal, but more manifest in the form of a conjecture.

Recall that ChU,(g) is a subring of the ring Z[Ya:tqltu]aef,ueﬁcth- Let I; be the

ideal of Z[Y tu]aej uec,, generated by Ij.

CONJECTURE 10.1. The following equality holds in Z[Y tu]ael weCyp”

(10.5) Y, urznvin =Yg

!/
a.q mod Ie

t
g

ExampLE 10.2. (1) X, = A;. We set W, (u) = Wy(nl)(u) and Yyu =Y gu,
for simplicity. Recall that [FR, Section 4.1]

(10.6) Xq (H Yu+m+1 21) Z H Al qutm+2-2;>

=0 j=1
Aqu = qu“‘71 Yqu+1.
Thus, we have

(10.7) Xq(Weg1(w)) =Yu-exqg(We(u+1))

-1 1 -1
+ Y;]ufew Yqu4+4 T Yqu+l+2'
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Meanwhile, x,(We(u)) =1 and xq(Weg1(uw)) = 0. Therefore,
(108) Y:]u—quu—u-z te Yqu+e+2 = —]_,

from which Y ui20240 = Ygu follows.
(2) X, = A, (r>2). We remark that, in addition to 7."(u) — 1 and
Tﬁ(i)l( ), Te(i)Q( ) ,Tz(j_)T (u) are also in Ker7y. Then, generalizing the argu-

ment of (1), one can show that

(10.9) Ya,una7qu+2 Y qut2r+o = (—1)M mod Ié,

a?
from which Y, quterirrn =Yg qu follows. More detail is given in Appendix B.

It is important to establish a precise relation between the ring Chy U, (g)
and the ring Rep U (g) of [FM2] for a primitive 2¢(hY +¢)th root of unity e.
A similar remark is applicable to the twisted quantum affine algebras as well.

Appendix A. Q-systems and RepU,(g)

A.1. Q-systems for untwisted case

Here we present results parallel to Theorem 2.8 and Corollary 2.9 for the
Q-system and Rep U, (g). For a Dynkin diagram X, let I be as in Section 2.

The following system was introduced by [Ki], [KR].

DEFINITION A.l. The unrestricted Q-system Q(X,) of type X, is the
following system of relations for a family of variables Q = {Qﬁf«f) lael,me
N}, where QS? (u) = Qéa)(u) =1 if they occur in the right-hand sides in the
following relations.

For simply laced X,

(A.1) QW2=Qw QW + JI @P

bel:Cpp=—1
For X, = B,,
(A2)  (QW)=QY QW +QE Q) (1<a<r-2),
QU 2= Pl Y + Qi)
(QS))? = Q5 1 (WS 41 (w) + (QE)?,
)? =

Q412 = Q5 Q%)+ QE YUY,
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For X, =C,,
(A.3) (QW)2=QW Q" + Q=Y+ (1<a<r-2),
Q5 )2 = é’;n DO+ Q5,2 (@),
(Qmi)? = @5, V05 + QL B e
Q)2 = Q;Z 1Qm+1 +Q(r Y,

For X, = F},
(A4) QW1 =Q5) Q0 + QP
(Q@P)?=Q2 Q% + QL.
Q5N =Q8) Q%) 1 +(QP)Q5,),
(Qg?;nJrl)Q = Q2mQ2m+2 +QF Q(Q) 1Q2m+17
@) =Q4) Q% + QP
For X, = Go,
(A.5) @)= Q0+,
Q2N =Q5 Q%) 1 + QW)
( :(337)1+1)2 = Q3mQ3m+2 + (Q1(’)’1L))2Q7(7}Lz|*17

Q%) .2 = Q5 1 Q%) 5+ QW (W) Q) 1)%

DEFINITION A.2. The unrestricted Q-algebra Q(X,) of type X, is the
ring with generators Q%)ﬂ (a € I,m € N) and the relations Q(X,). Also,

we define the ring Q°(X,) as the subring of Q(X,) generated by anff) (a €
I,meN).

The system Q(X,) is obtained by T(X,) by the reduction of the spectral
parameter u. One can also define the level ¢ restricted Q-system Qg(X,)
by the reduction of T;(X,) [KNS1]. The system Q(X,) plays the central
role in the dilogarithm identities for the central charges of conformal field
theories (e.g., [Ki|, [Ku], [KN], [KNS1], [KNS2], [RTV], [FS], [GT], etc.).

Let g be the complex simple Lie algebra of type X,., and let U,(g) be the
quantized universal enveloping algebra of g. Then, U,(g) is a subalgebra of
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the untwisted quantum affine algebra U,(g). Let x be the character map
of U,(g); it is an injective ring homomorphism x : Rep U,(g) — Z[yF]aer,
where we follow the notation of [FR]. The character ring ChU,(g) of U,(g)
is defined to be Im . Thus, ChU,(g) is an integral domain and isomorphic
to RepUy(g). Let Res : RepU,(g) — Rep U, (g) be the restriction homomor-
phism induced from the inclusion U,(g) — Uy,(g).

A Kirillov-Reshetikhin module W, (a €I, meN) of Uy(g) is the (not
necessarily irreducible) U,(g)-module defined by A Res(W,Sf ) (u)),
where W, )(u) is a Kirillov-Reshetikhin module of U,(g). We remark that
W,Sf ) is independent of u.

In the same way as (2.9), we define Sg,,,(Q) € Z[Q)] (a € I, m € N), so that
all the relations in Q(X,) are written in the form S, (Q) = 0. Let I(Q(X,))
be the ideal of Z[Q)] generated by Sgm(Q).

From Theorem 2.8, we obtain the following.

THEOREM A.3. Let Q = {@%) = X(Wﬁf)) |a € I,meN} be the family of
the characters of the Kirillov-Reshetikhin modules of Uy(g). Then, we have
the following.

(1) The family Q generates the ring Ch Uq(g).

(2) (IN3], [Her1]) The family Q satisfies the Q-system Q(X,.) in Ch Uq(9)
(by replacing Q%) in Q(X,) with @52))

(3) For any P(Q) € Z[Q], the relation P(Q) =0 holds in Ch Uq(g) if and
only if there is a nonzero monomial M(Q) € Z[Q] such that M(Q)P(Q) €
1(Q(Xy)).

COROLLARY A.4. The ring Q°(X,) is isomorphic to RepU,(g) by the

correspondence Q%) — WT(,?).
By taking ¢ — 1, one can also obtain analogous results for Repg.

A.2. Q-systems for twisted case

Here we present results parallel to Theorem 9.8 and Corollary 9.9 for the
Q-system and Rep Uy(g?). For a pair (X, k) = (An,2), (Dn,2), (Es,2), or
(Dy,3), let I, be as in Section 9.

The following system was introduced by [HKOTT].

DEFINITION A.5. The unrestricted ()-system Q(X](\'f)) of type X](\'f) is the

following system of relations for a family of variables () = {Q%) |a€ly,me
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N}, where QLS) (u) = Q(()a)(u) =1 if they occur in the right-hand sides in the
relations.
For X](\';) = Ag»)—p

(A.6) Q)2 =Q\W QW + QLYW (1<a<r-1),
Q52 = QW) Q%) + Q)2
For X% — AR,
(A.7) QWY =@\ QW + QMUY (1<a<r-1),
Q)2 =4, Q% +QLIQw

For X' = D%,

(A8)  (QW)?=Q QY +QlVQLt) (1<a<r-2),
Q=12 = QU= V) 4+ Q=2 (U2,
QD)2 =@ Q") + Q1.

For X](\,) = E(Q)

(A.9) QW) =11 Q) + Q.
(@) = Qul 0 + QR
(@) = QL Qi + (@PQ,
Q) = Q1@ + Q.

For X](\';) = Df’)

)

(A.10) (@) = Q4@ + Q.
(D) = QW QL + QW)
DEFINITION A.6. The unrestricted Q-algebra Q(X () ) of type X](V) is the

ring with generators Qm J+1 (a € I,,m € N) and the relatlons QX )) Also

we define the ring QO(X](V)) as the subring of Q(X ](V)) generated by Qm
(a € Iy,meN).
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The system Q(XJ(\?)) is obtained by T(X](\';)) by the reduction of the
spectral parameter u. One can also define the level ¢ restricted Q-system
Qg(X](\'f)) by the reduction of T@(X](\’;)).

Let X§; be the subdiagram of X](\';) obtained by removing the zeroth node.
Explicitly,

X [AD, AP AP 0 B o

(A.11)
X4 ¢ A B B Fy Gy

Let g7 be the complex simple Lie algebra of type X§;, and let Uy(g?) be
the quantized universal enveloping algebra of g”. Then, U,(g?) is a subal-
gebra of the twisted quantum affine algebra U,(g?) of type X](\';) [Her2]. Let
Res? : RepUy(g”) — RepU,(g”?) be the restriction homomorphism induced
from the inclusion U,(g”) — U,y (g7).

We define the (not necessarily irreducible) U,(g”)-module s (a € I,
m € N) by Wi = Res"(W,gf)(u)), where T (u) is a Kirillov-Reshetikhin
module of U,(g”). We remark that AT independent of w.

In the same way as (2.9), we define S (Q) € Z[Q] (a € I,m € N), so
that all the relations in Q(X](\';)) are written in the form S, (Q) =0. Let
I(@(X](\';))) be the ideal of Z[Q)] generated by Som (Q)’s.

As Theorem 9.8, we obtain the following.

THEOREM A.7. Let Q = {@Sf;) = X(W,Sf)) |a € I,,m € N} be the family
of the characters of W,Sf) (u)’s. Then, we have the following:

(1) The family Q generates the ring Ch Uqy(g7).

(2) ([Her2]) The family Q satisfies the Q-system Q(X](\';)) in ChUq(g?)
(by replacing QT(ﬁ) in Q(X](\';)) with @T(ﬁ))

(3) For any P(Q) € Z[Q), the relation P(Q) =0 holds in ChUy(g?) if and
only if there is a nonzero monomial M(Q) € Z|Q)] such that M(Q)P(Q) €

QX))

COROLLARY A.8. The ring QO(X](\';)) is isomorphic to RepUy(g?) by the

correspondence ngf) — Wy(,?)

By taking ¢ — 1, one can also obtain analogous results for Rep g°.



PERIODICITIES OF T-SYSTEMS AND Y-SYSTEMS 167

Appendix B. Proof of (10.9) in Example 10.2(2)

First we show that Té(ié(u),...,Tz(i)T(u) are in Kermy. Let S,(,?)(u) =
ﬂg(TT(r?) (u)). Then, we have

r+1

(B.1) Z(—l)aTl(a)(u+a)T,Sla(u+m—|—a) = 6m,0,
a=0
(B.2) (~1Y 85" (wt )SL (w5 — m) = G,
7=0
k—1
B3) S (-1 (uta)Sy_(utb+k+a)=0 (1<k<r)
a=0

where T,V (u) = T,E;"H)(u) =SV (u) = Sﬁ,’{“)(u) =1 (m>0) and T (u) =
S\ (u) =0 (m < 0). We obtain (B.1) from the Jacobi-Trudi-type determi-
nant formula in [KNS1, (2.21)], (B.2) from a similar determinant formula in
T9(A,), and (B.3) from (B.1), (B.2), and the half-periodicity S\ (u + ¢+
r4+1) = Slgﬁl_a)(u) in T7(A;). It follows from (B.3) that Sé}r)z(u) =...=
1
S (wy=o.
Next we prove the following statement in Example 10.2(2).
PROPOSITION B.1. The following relations mod I hold in Z[quh]ael,uech :
(1) Ya,una7qu+2 et Ya’qu+22+27‘ = (_1)617‘7

(2) Ya,q“ = Ya,q”+2(r+1+l) .

Let
Y u+a—
(B.4) [, = 2" (1<a<r+1),
Yafl,q“‘ﬂl

where Y ju = Y, 11 4« = 1. We introduce the notation

m

b ’—‘

a —

<B5) u v Z’a—l‘ﬂ’a—Q‘u—f-Z L %m v’

where v =u + 2m — 2, and the sum extends over all the integers a,...,an

such that a <a; <--- <a,, <b. The array of boxes in the right-hand side is
to be understood as the product of the monomials (B.4). By the definition,
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we have the following identities:

m m—1 m
b b +1 b
(BG) Z v :@u u+g U+au VI
m m—1 m
b b b—1
(B.7) # o= ba[b], +4 o

It is well known that the g-character of W,y )(u) is given by

m
—

(B.8) Xq (WTg)(“)) = u—m—i—% Zﬁnfl-

LEMMA B.2. Let 1<s<r and 1 <a<b<r+1. Then, the following
relation mod I holds in Z[Yaj’[qh]ae[,uech:

ifs=r—>b+a,
ifs>r—b+a.

( 1) 2[4
0

Here v=u+2({+s—1) and the right-hand side of the first case stands for

r+1

H@quQa 2—2a H .v+2b+2 2,3

B=b+1

Proof. We employ the induction on s. Suppose s=1. Then s >r—b+a
happens only if (a,b) = (1,7+1); therefore, (B.9) is just Xq(We(+)1( ")) =0 for
some u’. On the other hand, 1 = s =7 —b+a is satisfied for (a,b) = (2,7+1)
and (1,r). Thus we show that

{41 /+1
—— ——

i 7"+1E u7 11L . —r+1v.

=(L,r+1),m=

These relations follow from (B.6) and (B.7) by setting (a,b

¢+ 1 and using Xq(We(l)(u)) =1 and Xq(We(Jlr)1 (u)) =0.
Now suppose that (B.9) is valid up to s — 1. First we consider the case

b—a>r—sin (B.9). Setting v’ =u+ ¢+ s — 1 and using (B.6) repeatedly,

~—
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we have

l+s—1 l+s

. a—1 —_—
(B10)  0=xg(Wh() =Y [a], . RN e
a=1

Each term in the a sum is zero mod I, due to the induction assumption.
Applying (B.7) similarly to the resulting relation, we find

l+s l+s—1 l+s
o N— r+1 —— "
—a r4+1 __ a 8 a b
(Bll) Ozu v Z U v—2v+u v
B=b+1

Again, each summand in the # sum vanishes mod I; by the induction as-
sumption, proving the latter case of (B.9).

Next we treat the former case of (B.9); namely, assume that b—a =r—s.
If b <r, the same argument (B.10)—(B.11) as above goes through except
that the 5 =5b+1 term in (B.11) is nonvanishing, leading to

l4s—1 l+s
—N—

—
o=2 b+1 b+1 +a b
—u v—2 b T u v*

Applying the induction assumption to the first term, we obtain the sought
expression for the second term. If b=r+1, then a=b—r+s=s+1 and
the @ sum in (B.10) contains nonzero summand at o = a — 1, leading to

l+s—1 l+s

——

a b
+u v

_ a—1
0=la—1 , ut2

SR~

Again, rewriting the first term by using the induction assumption yields the
sought expression for the second term. U

Proof of Proposition B.1. Item (2) is a corollary of (1). To show (1), set
a=0b and s =r in (B.9). Substituting (B.4) into the resulting relation, we
find

Ya7qu+1 Ya7qu+3 e Ya’qu+2l+2'r+1

-1)" (I<a<r+1
Ya—laquya—l,qu+2 e Ya_17qu+2£+2r (=) ( )

for any u € Z. From Y 4u =1, the assertion follows. []
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