On L-functions of twisted 4-dimensional
quaternionic Shimura varieties

Cristian Virdol

Abstract In this article we prove the meromorphic continuation to the entire complex
plane and also the functional equation of the zeta functions of twisted 4-dimensional
quaternionic Shimura varieties in quite general cases.

1. Introduction

Let F' be a number field, and let X be a smooth projective variety defined over F'.
For a prime number [/, we denote by H? (X,Q;) the l-adic cohomology of X =
X x Q. Then the Galois group I'r := Gal(Q/F) acts on H.,(X,Q;) by a repre-
sentation p;;, and the L-function Li(s7X/F) attached to the representation p;;
converges for Re(s) > 1+ 4/2. Moreover, it is conjectured that the L-function
L(s,X /) converges and does not vanish in the semiplane Re(s) > 144/2, has a
meromorphic continuation to the entire complex plane, and satisfies a functional
equation.

In this article we prove, in quite general cases, that the zeta function of
“twisted” quaternionic Shimura varieties can be meromorphically continued to
the entire complex plane, satisfy a functional equation, do not vanish, and con-
verge in the semiplane Re(s) > 3. We prove all these results also for the base
change of these Shimura varieties to arbitrary solvable extensions of totally real
number fields which contain their field of definition.

More precisely, in this article we consider a totally real number field F with
[F': Q] =d >4 and a quaternion algebra D over F', which is unramified at exactly
4 infinite places of F'. We denote by G the algebraic group over F' defined by
the multiplicative group D> of D, and we define G =: Res r/o(G). Fix a prime
ideal p of the ring of integers O := O of F, such that G(F),) is isomorphic to
GL2(F),), and denote by Sz x = Sk the quaternionic Shimura variety associated
to an open compact subgroup K := K, x H of G(Ay), where K, is the set of
elements of GL2(O,,) which are congruent to 1 modulo g, H is an open compact
subgroup of the restricted product of (D ®p F},)* where p runs over all the finite
places of F', p # p, and Ay is the finite part of the ring of adeles Ag of Q. Then
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the quasi-projective variety Sk is defined over a totally real finite extension E/Q
called the canonical field of definition.

The group GL2(O/p) acts on the variety Sk. For H sufficiently small this
action is free. We fix such a small group H, we consider a continuous Galois repre-
sentation ¢ : 'y — GL2(0/p), and we denote by Sy the variety defined over
E obtained from Sk via twisting by ¢ composed with the natural action of
GL2(O/p) on Sk (see §2 for details).

In this article we assume that D # M(F) and that L := Q¥®"(¥) is a solv-
able extension of a totally real number field. Under these assumptions we prove
that (for some quaternion algebras D we have to assume the existence of some
Asai representations of degree 3 or 4 for GL(2); see Theorem 7.1 for details) if
k is an arbitrary solvable extension of a totally real number field containing F,
then the L-function L*(s, Sk / «) is holomorphic, does not vanish in the semiplane
Re(s) > 3, has a meromorphic continuation to the entire complex plane, and sat-
isfies a functional equation. We remark that one could obtain these results also
for general (not twisted) quternionic Shimura varieties of arbitrary level. In order
to obtain these results, we use in particular the automorphy of degree two Asai
representations of automorphic representations of GL(2) which appear in [R2]
(for details, see Proposition 6.2) and also the meromorphic continuation of some
degree 16 L-functions that appear in [R3] (see Proposition 6.3 for details). We
remark that similar results were obtained by the author in [V1] in the case of
twisted quaternionic Shimura varieties of dimension 3, and in that case the mero-
morphic continuation of the triple L-functions that appear in [I] was essential.

2. Twisted quaternionic Shimura varieties

Let F be a totally real number field such that [F': Q) =d >4, and let O :=Op
be its ring of integers. Let D be a quaternion algebra over F' which is unramified
at exactly 4 infinite places of F. In this article we assume that D # My (F).
Let S be the set of the infinite places of F'. Then S, is identified as a I'g-set
with I'p \ I'g. Let S, be the subset of Sy, at which D is ramified. Thus the
cardinality of S, — S, is equal to 4.

We denote by G the algebraic group over F' defined by the multiplicative
group D>, and we let G = Resp/qG. For v € Sy, — S, we fix an isomorphism
of G(F,) with GL2(R). We have G(R) =[], 5. G(F). Let J=(J,) € G(R),
where

1 forve S,
v {1/\/5(_11 1) forve Sy, —S..
Let K., be the centralizer of J in G(R). Set
X=GR)/Kx.

Then X is complex analytically isomorphic to (H4)*, where Hy = C — R. For
each open compact subgroup K C G(Ay), set

Sk(C)=G(Q)\ X x G(Ay)/K.
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For K sufficiently small, Sk (C) is a complex manifold that is the set of the
complex points of a quasi-projective variety Sk of dimension 4 defined over a
totally real number field . More exactly, we have that I'g is the stabilizer of
S’ CTr\Tg.

We fix p a prime ideal of Op such that G(F|,) is isomorphic to GLo(F},).
Consider K := K, x H, where K, is the set of elements of GL2(O,,) which are
congruent to 1 modulo p and H is some open compact subgroup of the restricted
product of (D ®p F,)*, where p runs over all the finite places of F, with p # .
Then it is well known (see, e.g., [C, Corollary 1.4.1.3]) that for H sufficiently
small, the group GL2(O/p) acts freely (see [V1]) on

Sk(C)=G(Q)\ X x G(Af)/K.

We fix such a small H.
Consider a continuous representation

¢: I'e— GLy(O/p),

and denote by Sk /Spec(E) the twisted Shimura variety obtained from Sk via
twisting by ¢ composed with the natural action of GL2(O/p) on Sk (see [V1,
§2] for details).

3. Zeta functions of twisted quaternionic Shimura fourfolds

From now on, if 7 is an automorphic representation of G(Ag), we denote the
automorphic representation of GLa(Af), obtained from 7 by Jacquet-Langlands
correspondence (usually denoted JL(7)) by the same symbol .

If 7 is a cuspidal automorphic representation of weight 2 of GL(2)/F which
is a discrete series at infinity, then there exists (see [T], [C], [BR1]) a A-adic
representation

prx: Tp— GL2(0)) — GL2(Q)),

which satisfies L(s — 1/2,7) = L(s, pr,») and is unramified outside the primes
dividing nl. Here n is the level of w, O is the integer ring of the coefficient field
of 7, and ) is a prime ideal of O above some prime number /. In order to simplify
the notation, we denote by p, the representation p ».

Let K be an open compact subgroup of G(Af), and let Hxg be the Hecke
algebra of convolutions of bi- K-invariant, Q;-valued compactly supported func-
tions on G(Ay). If 7 = 7o, ® 7y is an automorphic representation of G(Aq), we

denote by 71'}( the space of K-invariants in m¢. The Hecke algebra Hy acts on
K

We have an action of the Hecke algebra Hx and an action of the Galois
group I'g on the étale cohomology HZ (Sxk,Q;) and these two actions commute.

Then we know (see, e.g., [RT, Proposition 1.8]).
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PROPOSITION 3.1
The representation of 'y x Hy on the étale cohomology H2 (Sk,Q;)(2) is iso-

morphic to
Pom) erf,

where p(m) is a representation of the Galois group T'g. The above sum is over
weight 2 irreducible cohomological automorphic representations © of G(Ag), and
the H -representations 71')5 are irreducible and mutually inequivalent.

The automorphic representations that appear in Proposition 3.1 are one-dimen-
sional or cuspidal and infinite-dimensional. If 7 is one-dimensional, then p(m)
has dimension 6 and if 7 is infinite-dimensional, then p(7) has dimension 16.
We fix an isomorphism j : Q; — C and define the L-function
1

L*(s,Sk) : HHdet 1— Ng=**2j(p(m)(Froby))|HA (Sk, Qi) (2)") ",

where Frob, is a geometric Frobenius element at a finite place ¢ of E and I is
an inertia group at ¢. (In order to define the local factors at the places of E
dividing I, one actually has to use the I’-adic cohomology for some I’ #[ and [B,
Theorem 3] which gives us the expression of the local factors of the zeta functions
of quaternionic Shimura varieties.)

We have the following (for details, see the proof of [V1, Theorem 3.2]).

THEOREM 3.2
The L-function L(s,Sy) is given by the formula

L*(s,Sg) HLs—2p (JIc(oso)),

where the product is taken over cohomological automorphic representations ™ of
G(Aqg) of weight 2, such that 71'§c< £0.

4, Base change

We know the following result (see [V2, Theorem 1.1]).

THEOREM 4.1

If F is a totally real number field, 7 is a cuspidal automorphic representation of
weight 2 of GL(2)/F, and F' is a solvable extension of a totally real number field
containing F, then there exists a Galois extension F" of Q containing F', such
that F" is a solvable extension of a totally real field, and there exists a prime A
of the field coefficients of m, such that px A|r,,, is modular; that is, there exists
an automorphic representation w1 of GL(2)/F" and a prime 8 of the field of coef-
ficients of my such that px x|r,,, = pr, 8-
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In this section we fix an automorphic representation 7 as in Theorem 4.1 and
we denote w := 7rf§ o . In this article we assume that the field L := Q¥e"(¥) is a
solvable extension of a totally real number field. Thus the field K := QK@) g
a solvable extension of a totally real number field.

Let k£ be a solvable extension of a totally real number field which contains
E. From Theorem 4.1 we deduce that there exist a Galois extension F” of Q
containing F'Kk, such that F” is a solvable extension of a totally real field,
and a prime A of the field coefficients of 7, an automorphic representation m; of
GL(2)/F", and a prime (3 of the field of coefficients of 7, such that pr |r,, =
Pri,B8-

By Brauer’s theorem (see [SE, Theorems 16, 19]), we can find some subfields
F; C F" such that Gal(F"/F;) are solvable, some characters x; : Gal(F"/F;) —
QX, and some integers m;, such that the representation

wlr, : Gal(F"/k) — Gal(Kk/k) — GLn(Q)

can be written as w|r, = Zii’f m; Ind?’; Xi (a virtual sum). Then

L(S,( ( R w |Fk HL s p |F,€®Ind k )ml

1=k
= HL s Indg’; (p(m)|re, ®xi)

=1
H |FF ®X1) i-

If I C F;, since px A|r,,, is modular and Gal(F"/F;) is solvable, from Lang-
lands base change for solvable extensions one can deduce easily that p, A|r P, 18
modular, and in this case we denote by m; the automorphic representatioﬁ of
GL(2)/F; such that pr x|rp = pr,-

5. Known results

The following is known (see [R1, Theorem M]).

PROPOSITION 5.1

If m1 and 7wy are two cuspidal automorphic representations of GL(2)/L, where
L is a number field, then m N my is an automorphic isobaric representation of

GL(4)/L.
We know the following (see [JS]).

PROPOSITION 5.2

If m and my are two cuspidal unitary automorphic representations of GL(n)/L
and GL(m)/L, where L is a number field, then the function L(s,m X m3) has a
meromorphic continuation to the entire complex plane with possible simple poles
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only at Re(s) =0 and 1, and the completed L-function satisfies a functional equa-
tion s < 1 —s. Also, the function L(s,m1 X m2) does not vanish in the semiplane

Re(s) > 1.

6. Asai L-functions

Let K/F be an extension of number fields, and let d := [K : F]. We consider the
algebraic group G := Resg/p GL,, /K. Thus G(F) = GL,(K), and the L-group
of G is equal to the semidirect product

LG =GL,(C)¥ xTp,

where GL,,(C)? is indexed by the elements o € I'x \T'r and I' acts on GL,,(C)?
by permuting the factors in the natural way. We consider the representation

ri/p "G — GL((C")®) 2 GL,,4(C)
given by

ri/p((90);1) (® Ua) = ®gavo

o

and

7AK/F((IU);T) (®UU) = ®vro’7
g g
where (g,) € GL,(C)? and 7 € 'z and I, denotes the identity (n x n)-matrix in
the oth place.

For any automorphic representation m = ®; 7y of GL(n)/K and any alge-
braic Hecke character x of F, which by class field theory may be viewed as
a character of 'y and thus as a character of “G, one can define the Asai
L-function L(s,m,7x/p @ Xx) =[], L(5,Ts,"Kk/L ® Xv), Where the product is over
all the finite places v of F', and if v is a finite place of F' such that m,, is unrami-
fied at any place w of K above v and Y, is unramified, then there is a semisimple
conjugacy class A(m,) in G such that

L(s,my,"K/1 ® Xv) = det (I - XU(Frobv)rK/F(A(m))Nv*S)71,

where Frob,, is a geometric Frobenius at v.
We know the following (see [R3, Theorem 6.11]).

PROPOSITION 6.1

Let K/F be a quadratic extension of number fields, let n be a positive integer, and
let ™ be a cuspidal automorphic representation of GL(n)/F. Then L(s,m,7k/F)
admits a meromorphic continuation to the entire complex plane with the only
possible poles at s =0 and 1 and satisfies a functional equation of the form

Loo(1— S,?TV,TK/F)L(l - 877TV7TK/F)

=e(8,m,7x /) Loo(8, T, T p)L(8, 7,7k /1),
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where w is the contragredient of T, €(s,m, 7 ) is an invertible holomorphic
function, and Loo(1 — 8,7V, 7k ) and Loo(s,m,7x/p) are the infinity parts of
the L-functions and are products of T'-factors. Also, the function L(s,m,7x ;)
does not vanish in the semiplane Re(s) > 1.

We know the following (see [R2, Theorem DJ).

PROPOSITION 6.2
Let K/E be a quadratic extension of number fields, and let © be a cuspidal auto-

morphic representation of GL(2)/K. Then there is an isobaric automorphic rep-
resentation Asg g(m) of GL(4)/E such that

L(saAsK/E<7T)) = L(S?TryTK/E)'

This identity is true for the completed L-functions, that is, for the infinity parts
of these L-functions as well.

With the same notation as in Proposition 6.2, for 7 a cuspidal cohomological
automorphic representation as in Proposition 3.1, we denote by

PAsk, () : Lr— GLa(Q)

the representation associated to Asg/p(m). Thus we have L(s,pASK/E(W)) =
L(s,Asg/p(m)), and PAsg,p(r) i a subrepresentation of

Indp? (px ® ),
which satisfies
pASK/E(ﬂ')|FK =pr® me
where 6 is the nontrivial automorphism of K over E.

We know the following (see [R3, Proposition 7.3]).

PROPOSITION 6.3
Let K/E/F be extensions of number fields with [K : E] =2 and [E : F]=2, and
let m be a cuspidal automorphic representation of GL(2)/K. Then

L(S,W,TK/F) = L(SaASK/E(W)aTE/F).

Moreover, this identity is true also for the completed L-functions.
Actually, the following is conjectured.

CONJECTURE 6.4

Let K/E be an extension of number fields, with [K : E]=d and 7 be a cuspidal
automorphic representation of GL(n)/K. Then there is an isobaric automorphic
representation Asyp(m) of GL(n?)/E such that

L(S,ASK/E(’IT)) = L(S,’]T,TK/E).
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Moreover if K/E/F are extensions of number fields and 7 is a cuspidal auto-
morphic representation of GL(n)/K, then

L(S,W,T’K/F) = L(SaASK/E(W)aTE/F)-

These identities are true for the completed L-functions as well.

7. L-functions of twisted quaternionic Shimura fourfolds

Assume that k is a solvable extension of a totally real number field which contains
E and that 7 is an infinite-dimensional cuspidal automorphic representation of
GL(2)/F which appears in Theorem 3.2.

We recall that in §4 we denoted w =: 7T;< o ¢, and we have assumed that the
field L := QK¢ is a solvable extension of a totally real number field.

We denote by p(m)® the semisimplification of p(7). Since at all but a finite
number of finite places of E the representations p(m)|r,, and p(7)*|r,. yield the
same local L-factors, and because from the weight-monodromy conjecture which
is true for p(7) and p(7)® (see [B, Theorem 2]), we know that the poles of the
local L-factors corresponding to p(m) and p(m)®® are on the line Re(s) = —1 (see
[B, Theorem 2]), we deduce that the order of the pole at some s with Re(s) > 1
of L(s,(p(m) @ w)|r,) = Hi’f L(s,p(7)|ry, ® xi)™ is equal to the order of the
pole at s of L(s, (p(m)* @w)|r,) = [[;Z} L(s, p()* |1y, © x:)™.

In this article we show the following result.

THEOREM 7.1

If k is a solvable extension of a totally real number field containing E, and K :=
QKer@) s g solvable extension of a totally real number field, then the function
L(s, (p(m)* ®w)|r,) has a meromorphic continuation and satisfies a functional
equation s < 1 — s, and it has no zeros and is holomorphic in the semiplane
Re(s) > 1. (In some subcases of cases (iv) and (v) below, we have to assume
that the existence of Asai representations Asp, /g, 7' defined in Conjecture 6.4 if
[Fy: F1] =3 or 4 and 7' is an automorphic representation of GL(2)/Fs).

Since L(s, (p(7)* @w)|r,) = szf L(s, p(7)**|rp, @ x;)™, in order to prove The-
orem 7.1 it is sufficient to show the following.

PROPOSITION 7.2

Under the same assumptions as in Theorem 7.1, we have that L(s, p(7)*|r, ®Xxi)
is holomorphic away from the lines Re(s) =0 or 1, satisfies a functional equation
s« 1—s, and does not vanish in the semiplane Re(s) > 1.

We describe now the representation p* (7) with 7 infinite dimensional (see [BR2,
§7.2]). Let G be a group, and let K and H be two subgroups of G. We consider
a representation

7: H— GL(W)
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and a double coset HoK such that d(o) = |H \ HoK| < oo. We define a rep-
resentation Ty, of K on the d(o)-fold tensor product W®¥?)  Consider the
representatives {01,...,04()} such that HoK =|JHoj;. If v € K, then there
exists &; € H and an index (j) such that

757 = &)
We define the representation

THok (1) (W1 ® - ®Wa(o)) = T(§1)wy-11) @ -+ @ T(fd(a))wvfl(d(o))'

One can prove easily that the equivalence class of Ty, is independent of the
choice of the representatives o1,...,04()-
Let Soo — S, ={01,02,03,04}, and let S :=|JT'po;. We write S as a disjoint
union of double cosets
k

S = U FFJjFE,
j=1

and we denote by p; the representation of I'r defined by p, » and the double
coset I'ro;I'g. Then our representation p* () is isomorphic to p; ® - -+ & py.

Define FEl = 0'1_1FF0'1 n 02_1FF02 n 0'3_1FF0'3 n 0'4_11—‘170'4.

We distinguish several cases (up to some permutations).

(i) We have k=4 and I'po;I'g =T'po; for j=1,...,4. Then, for a fixed j,
from I'ro;I'g =T'ro; we get I'g C aj_lFFcrj, and thus we obtain F; = FE and

SS ~~

p(m)> = prl|7l @ prlf2 @ prlPs, ® prlpss
where
Pl (7) = prlojyo; ).
Hence

o~

P(T)*rr, @ Xi = Proigy, @ Proz ® pros @ proa,

where the representation 7}’ satisfies proi = pﬂ|§; B
(ii) We have k =3 and T'po1 'z = ['poy and Dpool'p = T'pos and Tposl'p =
Trpos UT'poy. Then it is easy to see that [Fy : E] =2, FE contains o1 (F) and
o2(F) but does not contain o3(F) and o4(F), that o3 -0, " is the nontrivial
automorphism of F; over F, and that
p(m)™ 2 pr|f, @ prlf @ p(m)”,

where p(m)"” is a subrepresentation of

Indr? (|73 ® prlfe ),

FEl

which satisfies

P s, = PelFS, @ Pl .

We consider two subcases
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(a) E1 g FZ Then

~

P(T)*|rr, @ Xi = Prsigy, ® Proz ® pros @ proa.

(b) E1 € F;. Then [E\F; : F;] =2, and since px z|r,,, is modular, and F" is
a solvable extension of E1F;, we obtain that p, 1‘12 - is modular, and thus there
exists an automorphic representation ;7% of GL(2)/FF; such that p, AH“;Q =
p.ros. We get

>~

p(ﬂ)sslrF,i QX = Prlex; ® Pri2 ® PAsg, p,/F, (7}73)"
(111) We have k=2 and I'ro1I'g =T'ro1 UTl'pos and 'posl'g = T'ro3 UT'RFoy.
Then it is easy to see that
p(m)™ = p(m)' @ p()",

where p(7)’ is a subrepresentation of

Indr? (pe|7y, @ palf2, ),

which satisfies

p(m) |rg, = prlly, @ pxlls,

and p(m)"” is a subrepresentation of

r
Indl"};S (pﬂ' |;i73 ® Pr \1‘223 )7
which satisfies

g4

p(m)"I0s, = prlts, @ palfs,
where the fields Ey and E3 verify the following properties [Ez : E] =2; [E5: E] =
2; E does not contain o1 (F), 02(F), 03(F) and 04(F); Ey = E3F3 and E5 could
be equal to E3 and o7 - 05 ! is the nontrivial automorphism of E, over E and
03 -0y " is the nontrivial automorphism of F3 over E.
Thus we have two cases.

(a) Ey = Ey = FE3. Then we consider two subcases.
(1) E; CF;. Then

o~

P(m)*rp, @ Xi = Priigx; ® Pr72 © Pros @ Pros.
(2) E1 Z Fl Then [E1E : Fz] =2 and
P(T)* e, @ Xi = PAsg, p,/r, (171) @ PAsp, g,y p, (}73) © Xis

where 7,7t and 7,7% are automorphic representations of GL(2)/E; F; defined as
above.

(b) Es2 # E3. Then we consider several subcases.
(1) E1 g Fz Then

P(T)*|rr, @ Xi = Proigy, ® Proz ® pros @ proa.



Twisted 4-dimensional quaternionic Shimura varieties 277

(2) E3 g FZ‘, but EQ - Fi~ Then [E3Fz : Fz] = 27 and

p<7r)SS|FFi Oxi = Pritex ® Pri2 ® PAspyr,/r, (7(73)>
where 7/?8 is an automorphic representation of GL(2)/E3F; defined as above.
(3) E, € F;, but Es C F;. This case is similar to case (2).
(4) Fz ﬂEl = F. Then [EQFi : Fz] =2 and [EgFl : Fz] =2 and
P(T)*[0g, @ Xi = PAsp, . p, (7171) ® PAsp, .y p, (w173) © Xis
where 77" and 7}°% are automorphic representations of GL(2)/E2F; and of
GL(2)/E3F; defined as above.

(iv) Wehave k=2 and T'po1T'g =T'po; and Tpool'g =T pos UT po3 UT poy.
Then it is easy to see that [Ey : E]=3 or [E; : E] =6 and E; is Galois over E,
with Gal(Ey/E) = Zs or Gal(E1/FE) = S3, and E contains o1 (F'), but E does not
contain o9 (F), 03(F) and o4(F). Thus we have two cases.

(a) [Ey: E]=3. Then o3-05 ' is a nontrivial automorphism of E; over E and
o3-05 =04-05". We get

( )SS:JpTr| ( )I//’

where p(m)"" is a subrepresentation of

r
T'r ”;E 77; TR
Indpy (=75, © pxl7, @ pxl7,)

which satisfies

p(m)" |rs, Zprlts, @ prlf, @ palf,
We consider two subcases.
(1) E1 Q Fl Then

P(T)TIrr, ®Xi = prii oy, @ Pryz @ prya @ prrs.
(2) Ey € F;. Then [E1F; : F;] =3, and we should have

( )SS‘FF QXi = PW“1®X1 ®pA>E1F s (T172)5

/oo

where T;

is an automorphic representation of GL(2)/E1F; defined as above
and Asp, p,/p,(7;7?) is the conjectured automorphic representation defined in
Conjecture 6.4.

(b) [Ey: E] =6. Then it is easy to see that p(m)® satisfies the following
properties:

(1) E1 g FZ Then
P[0, © Xi = Prtr gy, @ Prg> © pros @ proa.

(2)  0o(F)C F;, but By € F;. Then [E\F;: F;] =2 and o3 -0, " is the
nontrivial automorphism of E4 F; over F; and

P(T)*|rg, @ Xi = proigy, ® proz ® PAsg, r,/r, (mi73)"
(3) o3(F) C F;, but E; ¢ F;. This case is similar to case (2).
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(4) 04(F) C F;, but Ey € F;. This case is also similar to case (2).
(5) O’2(F) Z Fz and O'3(F) g E and O'4(F) Z Fi- Then [O’Q(F)Fz’ : Fz] =3

and we should have

ss ~
p(m) |FFi ©Xxi = Prit@xi ®pASG2(F)F1;/Fi (mi72)>

where 772 is an automorphic representation of GL(2)/o2(F)F; defined as above
and As,,(r)F,/F, (m;7%) is the conjectured Asai automorphic representation de-
fined in Conjecture 6.4.

(v) k=1land I'ro1I'g =T po1 UTl'poa UT'pos UT' poy. Then it is easy to see
that [oq(F) : E] =4 and p(m)™ satisfies, in particular,

P(m)|rp, = pxlTy, @ pxlPs, @ o=l @ prl7,

and hence if £y C Fj, then

~

P(T) e, ® Xi = Proigy, @ Proz ® pros @ proa.
The field F; is Galois over E, and Gal(E;/FE) is a subgroup of Sy of order
divisible by 4.
Anyway, p(7)**|r,, ® X; has one of the forms described above at (i), (ii)(b),
(iii) (b)(4), (iv)(b)(5), or
P(T)*rr, ® Xi = Pasy, p, (r173) © Xis

where K; is contained in EnF; and K; = o;(F)F; for some j and [K,: F;] =4
and 7,77 is an automorphic representation of GL(2)/K; defined as above and
Asg,/r,(m;77) is the conjectured Asai automorphic representation defined in Con-
jecture 6.4.

7.1. The proof of Proposition 7.2
In this section we prove Proposition 7.2.
In cases (i), (ii)(a), (iii)(b)(1), (iv)(a)(1), (iv)(b)(1), and so on, we know that

P(T) 0w, ® Xi = pr7igy, © P72 @ Prs @ Pros,

which, from Proposition 5.1, is a tensor product of two Galois representations
Pri @y, @ Pro2 and Pr7s @ proa arising from automorphic representations of GL(4).
Thus from Proposition 5.2 we deduce Proposition 7.2. (We remark that when
the representations p o1, ® pro2 and p s @ proa are reducible, they are sums
of cuspidal automorphic representations of GL(1), GL(2), or GL(3), and even in
this case we can apply Proposition 5.2.)

In cases (ii)(b), (iii)(b)(2), (iv)(b)(2), and so on, we know that [E4 F; : F;] =2
and

p(ﬂ)ss‘FFi ®Xi %pﬁq@m ®p77102 ®pASE1Fi/Fi(7T§U3)’

where 7}%3 is an automorphic representation of GL(2)/E1F;. From Proposi-
tions 5.1 and 6.2, we deduce that p(7)*|r,, ® X; is a tensor product of two Galois
representations Pri @y, © Pro2 and pag ) arising from automorphic rep-
resentations of GL(4). Thus from Proposition 5.2 we deduce Proposition 7.2.
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In cases (iii)(b)(4), and so on, we know that [ExF; : F;] =2 and [EsF; : F;] =
2 and

o~

P(W)SS|FF7_. QXi = PAsp,F,/r, (7}71) ® PAsp,r,/r, (7}73) & Xi,

where /%1 and 7.?® are automorphic representations of GL(2)/E-2F; and of
GL(2)/E3F;. Hence p(m)*|r,, ® x; is a tensor product of two Galois represen-
tations PAsp,r, /5, (7171 and PAspyr, /r, (m173) © Xi arising from automorphic repre-
sentations of GL(4), and thus from Proposition 5.2 we deduce Proposition 7.2.

In the cases (iv)(a)(2), and so on, we know that [E4F; : F;] =3, and if we
assume the existence of the Asai automorphic representation Asg, g, /g, (7;72)
which appears in Conjecture 6.4, we have

p(ﬂ)SS‘FFﬁ ®Xi = Prltex; © PAsp, p, /5, (n]72)-

Hence under the above assumption, p(ﬂ')SS|FFi ® x; is a tensor product of two
Galois representations Pr7 @y, and pag 5y 7y /1, (w}o2) ATISING from automorphic rep-
resentations, and thus from Proposition 5.2 we deduce Proposition 7.2.

In some subcases of case (v), we have [K; : F;] =4 and

o) I, B2 P, ) @ X
if we assume the existence of the automorphic representation Asg, ,p, (7;°7) which
appears in Conjecture 6.4. Hence under this assumption we deduce Proposi-
tion 7.2.

Also, we observe that in case (v), when [K; : F;] =4, if we assume that K
contains a quadratic extension F; of F;, then

L(svp(ﬂ-)SS|FFi ®X1) = L(57ASKi/Fi’(7Tl{Uj ®Xi|FKi)7TFi'/Fi)a

and in this case, from Proposition 6.1, we deduce Proposition 7.2. ]

If 7 is one-dimensional, then p(m) is a 6-dimensional representation, that is, a
virtual sum of representations induced from characters, and Proposition 7.1 is
trivial.

References

[B] D. Blasius, “Hilbert modular forms and the Ramanujan conjecture” in
Noncommutative Geometry and Number Theory, Aspects Math. E37,
Vieweg, Wiesbaden, 2006, 35-56.

[BR1] D. Blasius and J. D. Rogawski, Motives for Hilbert modular forms, Invent.
Math. 114 (1993), 55-87.

[BR2] , “Zeta functions of Shimura varieties” in Motives (Seattle, 1991),
Proc. Sympos. Pure Math. 55, Part 2, Amer. Math. Soc., Providence, 1994,
525-571.

[C] H. Carayol, Sur la mauvaise réduction des courbes de Shimura, Compositio

Math. 59 (1986), 151-230.



280

(V1]

(V2]

Cristian Virdol

T. Ikeda, On the location of poles of the triple L-functions, Compositio Math.
83 (1992), 187-237.

H. Jacquet and J. A. Shalika, Fuler products and the classification of
automorphic forms, I, Amer. J. Math. 103 (1981), 499-558; II, 777-815.

D. Ramakrishnan, Modularity of the Rankin-Selberg L-series, and multiplicity
one for SL(2), Ann. of Math. (2) 152 (2000), 45-111; Correction, Ann. of
Math. (2) 152 (2000), 903.

, Modularity of solvable Artin representations of GO(4)-type, Int.
Math. Res. Not. 2002, no. 1, 1-54.

, “Algebraic cycles on Hilbert modular fourfolds and poles of
L-functions” in Algebraic Groups and Arithmetic, Tata Inst. Fund. Res.,
Mumbai, 2004, 221-274.

J. D. Rogawski and J. B. Tunnell, On Artin L-functions associated to Hilbert
modular forms of weight one, Invent. Math. 74 (1983), 1-42.

J.-P. Serre, Linear Representations of Finite Groups, 2nd ed., trans. L. Scott,
Grad. Texts in Math. 42, Springer, New York, 1977.

R. Taylor, On Galois representations associated to Hilbert modular forms,
Invent. Math. 98 (1989), 265-280.

C. Virdol, On L-functions of twisted 3-dimensional quaternionic Shimura
varieties, Nagoya Math. J. 190 (2008), 87-104.

, Non-solvable base change for Hilbert modular representations and
zeta functions of twisted quaternionic Shimura varieties, preprint, 2009.

Department of Mathematics, Columbia University, New York, New York 10027, USA;
virdol@math.columbia.edu



	Introduction
	Twisted quaternionic Shimura varieties
	Zeta functions of twisted quaternionic Shimura fourfolds
	Base change
	Known results
	Asai L-functions
	L-functions of twisted quaternionic Shimura fourfolds
	The proof of Proposition 7.2

	References
	Author's Addresses

