The Annals of Statistics
1982, Vol. 10, No. 3, 1021-1024

A CHARACTERIZATION OF THE MULTIVARIATE
PARETO DISTRIBUTION

By P. E. Jupp' AND K. V. MARDIA
University of St. Andrews and University of Leeds

For a random vector X on X > b whose mean exists, the mean residual
lifetime E (X — ¢ | X > ¢) is an affine function of ¢ on ¢ > b if and only if X can
be partitioned into independent random vectors which have shifted multivar-
iate Pareto or exponential distributions. An interpretation in terms of income-
distribution is suggested for the Pareto case. It is also shown that every
multivariate distribution whose mean exists is determined by its mean residual
lifetime.

1. Introduction. The Pareto distribution is widely regdarded as a suitable model for
the distribution of incomes in a given year. Other models which have been suggested
include the lognormal distribution considered by Gibrat (1931), the stable distribution
proposed by Mandelbrot (1961), and the hyperbolic distribution of Barndorff-Nielsen
(1977). These are all asymptotically equivalent to the Pareto distribution in the upper tail.
However, little attention has been given to the distribution of incomes in successive years.
We suggest that the multivariate Pareto distribution of Type 1 introduced by Mardia
(1962) may prove useful for this purpose. ‘

The object of this note is to provide a simple characterization of the multivariate Pareto
distribution in terms of the mean residual lifetime.

Let X = (Xi, -+, X,)’ denote a random vector. For vectors x and y we shall use x >
y to mean that x; > y;for i = 1, . .- , p. Then the multivariate Pareto distribution has tail
distribution function

1.1) PX>c)={1+Y2 (b7lc;:— 1)} c=h,

where b; >0fori=1, ..., p and a > 0. If X has distribution (1.1) then each X; has a
Pareto distribution

PX;>c) = (bi'c:)™% ci> by

and when a > 2, for i # j, X; and X; have correlation coefficient 1/a. These desirable
properties together with the simple form of (1.1) suggest that this may prove a useful
model for the distribution of income in p successive years.

Other applications of the multivariate Pareto distribution have been given by Hutch-
inson (1979) who shows that this distribution arises as a gamma mixture of distributions
in which Xj, ..., X, are independently exponentially distributed.

2. A characterization. The importance of the univariate Pareto distribution has
been emphasised by the characterization results of Krishnaji (1970) and of Revankar,
Hartley and Pagano (1974) who considered under-reporting of incomes to tax authorities.
Another characterization was given by Dallas (1976). Our emphasis is rather on savings
and subsistence levels and this leads to a characterization of the multivariate Pareto
distribution which generalizes that of Revankar et al. for the univariate case.

By allowing the group of translations to act on the family of distributions (1.1) we obtain
the larger family of shifted multivariate Pareto distributions which have tail distribution
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functions
(2.1) PX>c)={1+Y1dilci—b6:)}7% e=Db,

where d; >0 for i =1, ---, p. This family is closed under marginalizing and conditioning:
if X = (Xi, X;) is distributed according to (2.1) then both X, and X, |X; = x; are also
distributed according to (2.1). Note that the mean of a distribution in the family (2.1)
exists if and only if a > 1. We shall need to consider also another family of distributions.
It will be convenient to define a multivariate exponential distribution to be that of a
random vector X for which the X; — b; have independent exponential distributions.

For any multivariate distribution we can define the mean residual lifetime as

(2.2) e(c)=EX—-c|X>c¢)

wherever this exists, so generalizing a familiar univariate concept in reliability theory (see,
for example, Swartz, 1973). Our main result characterizes those distributions for which the
mean residual lifetime is an affine function.

THEOREM 1. Let X be a random vector satisfying X > b for some vector b. Then
(2.3) EX-c|X>¢)=Ac+f, c¢c>bh,

for some constant matrix A and constant vector f if and only if (after a possible
renumbering of coordinates) there is a partitioning X = (X, ---, X,) of X into
independent vectors X, where each X, has either a multivariate exponential distribution
or a shifted multivariate Pareto distribution with exponent a > 1.

Proor. If X has a shifted multivariate Pareto distribution then a calculation shows
that (2.3) holds with A;; = di'dj(a — 1) " and f; = (1 — Y3-1 bedr)di (@ — 1) for i, j =1,

-, p. If X has a multivariate exponential distribution then (2.3) holds with A = 0. It
follows that all the distributions considered satisfy (2.3). To prove the converse we first
define G(c) = P(X>¢), F(c) = P(X =c¢) and

H;(c) =J (xi—c)dFx), i=1,---,p.

Then (2.3) can be rewritten as
(2.4) H:(c) = G(c)ei(e), i=1,.--,p,

where e(c) = Ac + f for ¢ > b. Note that the existence of the conditional expectation in
(2.3) implies that e(c) = H(c) >0 forc > Db,s0 A;;=0fori,j=1,...,p. Put g = Ab +
f. As H;(.) is a decreasing function of each ¢;, we have

g =lim. .y e(c) = Hi(c) >0, i=1,---,p,

for ¢ > b.
We must next show that H;(-) is partially differentiable with respect to c;. Let 8 be a
vector with ith component §; and all other components zero. Then

(2.5) H;(c + &) — Hi(c) = — sgn(s;) f (x; — ¢;) dF (x) — 8;G(c + J),
I

where the region of integration I is defined by ¢; < x; for i # j and either ¢; < x; < ¢; + &;

or ¢; + §; < x; =< ¢; as §; is positive or negative. As the absolute value of each term on the

right of (2.5) is at most | 8; |, H;(-) is continuous as a function of ¢; alone, and so is G(-).
From (2.5) we obtain

(2.6) {Hi(c + 8) — Hi(c)}/d: + G(c + 8) = — sgn(&) j (x: — €:)/8: dF (x).
I
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As the integral is bounded by | G(c + 8) — G(¢) |, it follows on letting &; tend to zero that
oH;

2.7 0

= —G(c).

We can now differentiate (2.4) to see that G(-) is partially differentiable with respect to c;
and we obtain

(2.8) 2 (1og G) = ~(4u + D/exte), i=1,---,p.

It can now be seen that log G has continuous second-order partial derivatives. Thus the
matrix of second derivatives is symmetric. Applying this symmetry to the derivatives of
(2.8) we obtain

(Ai + DA;j/ef = (Aj + DA/ e}

If A;j # 0 it follows that e;g; = e;g; and so A;; # 0. Define'l, = {i: A; = 0}. Then the
relation on (1, --., p}\I, defined by i ~ j if A;; # 0 is an equivalence relation. Let the
equivalence classes be I, - - - , I,. We can now deduce the existence of constants d; > 0 for
J € I, with r > 0 and a, > 1 for 1 < r < g such that A;; = g;d; and A;; = (a, — 1) ™' whenever
i,J € I, with r > 0 and that A;; = 0 otherwise.

Incorporating this into (2.8) we obtain

ad Jd
o - = —ar— l r)y 1 ry
(2.9) Y (log G) a aCi(ogu) i€]
where u, = 1 + Yicr di(c; — b;). We also have
ad
(2.10) P (log G) = —-1/g;, i€ L.

Solving (2.9) and (2.10) and using G(b) = 1 yields the required result
G(c) = ([I*-1 ur™) [Lien exp{—(c: — b:)/g&:}.

Every distribution in Theorem 1 is a mixture of multivariate exponential distributions
(Hutchinson, 1979). The mixing distribution is unique since it is determined by its Laplace
transform which is readily seen to be G(b+-). The univariate version of Theorem 1 was
given by Revankar et al. (1974) and, in the case where only mixtures of exponential
distributions are considered, by Morrison (1978).

A characterization of the multivariate Pareto distribution follows immediately from
Theorem 1.

CoROLLARY. Let X be a random vector satisfying X > b for some vector b with b; >
Ofori=1, ..., p. Then X has a multivariate Pareto distribution with exponent a > 1 if
and only if

E{bl_l (Xi_ci)|x>c}=)\{1+2p'=l (bjTlc]'_l)}’ i=11 '°°1p)c>by

for some constant \ > 0.

For an economic interpretation of this result note that if b, is regarded as the subsistence
level in the jth year then b;" (X; — c;) represents the excess of real income above the
threshold ¢; in that year and 1 + Y%, b;" (X; — b;) represents the real resources (gross
income for the pth year plus net income saved from previous years) available for use in the
pth year. Thus the multivariate Pareto distribution is characterized by the expected real
value of excess of income over the threshold value being the same for each year and
proportional to the resources from that threshold income available in the pth year.

By applying the proof of (2.7) to the mean residual lifetime of any multivariate
distribution we obtain
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aici (log H;) = —1/e:i(c)

if G(-) is a continuous function of ¢; and a refinement of the argument gives analogous
versions for left- and right-hand derivatives and limits in the general case. The theorem
below follows readily.

THEOREM 2. Let X and Y be random vectors in R® whose means exist. Then X and
Y have the same distribution if and only if

EX-c|X>c)=E(Y—-¢c|Y>c¢), cER".

This is a multivariate generalization of the familiar univariate result that the mean
residual lifetime determines the distribution. See, for example, Cox (1962, page 128),
Swartz (1973), or Galambos and Kotz (1978, pages 30-35), where references to related
characterizations are given.

Using Theorem 2 it can be shown that a distribution on an open set U has constant
mean residual lifetime on U if and only if it has density proportional to exp(8’ x) on U and
the recession cone of U contains the positive orthant. Distributions on convex sets with
densities of this form were introduced by Blaesild (1978).

3. Note on estimation. For the multivariate Pareto distribution (1.1) with p = 2 the
behaviour of the maximum likelihood estimators does not in general have the simple form
given by Mardia (1962). If x;) denotes the vector of sample minima, then any MLE b of
b must lie on the boundary of the region 0 <b < X3 and in general the MLE’s ¢ and b
are not unique. Also, X() is not sufficient for b and @ and x(;) are dependent, in contrast to
the univariate case (Malik, 1970). As n — «, X1y — b in probability and the expressions
for G and b given in Mardia (1962) hold asymptotically.

Acknowledgment. We are grateful to a referee for pointing out a deficiency in our
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