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A NOTE ON THE ESTIMATION OF PARAMETERS IN
A BERNOULLI MODEL WITH DEPENDENCE

By Jay L. DEVORE
Oberlin College

A generalization of a Bernoulli process which incorporates a depend-
ence structure was given by Klotz (1972, 1973), in which he considered
X1, Xz, - -, Xnas a stationary two-state Markov chain with state space {0, 1}.
The parameters of the process are p = P(X; = 1) and 2, which measures
the degree of persistence in the chain. Klotz was unable to solve the
equations arising from the full likelihood for the M.L.E.’s of p and 2, so
proposed and investigated an ad hoc procedure. Here explicit solutions
are obtained for M.L.E.’s based on a modified likelihood function, where
the modification consists of neglecting the first term of the full likelihood.
In addition it is observed that Klotz’s equations can in fact be solved
explicitly.

In two papers by Klotz ([2], [3]) a model for Bernoulli trials with dependence
is developed in which X;, X,, - - -, X, is a stationary two-state (0 and 1) Markov
chain with transition matrix

1 —2p42p (1—4p
(1) p= 1—p 1 —p
1—2 A

Here p = P(X, = 1) and the parameter 2 gives a measure of the degree of cluster-
ing or persistence in the chain. If the transition matrix is parametrized as P =
(pi;) for i, j = 0, 1, then the log likelihood for the realization x,, x,, - - -, x, can
be written as

) L=xlogp+ (1 —x)log(l —p)+ L
where
3) L’ = ny, 10g poy + 1 10g (1 — pyy) + myglog (1 — py) + nyy log py, .

Here p = (1 — po)/(2 — po — pu)s X, denotes the state first visited by the chain,
and the n;;’s are the usual transition counts given by the number of indices m
for which x,, =i and x,,, =j(m=1, ..., n — 1), so that ng + ny + n,, +
n,=n— 1.

After taking the partial derivatives of L with respect to p and 2 and equating
to 0, the author in [3] states that closed form expressions are difficult to obtain.
He notes, however, that the estimate p = S/n, where S = x, + --- + x,, has
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the same asymptotic distribution as does the M.L.E. for p and suggests substi-
tuting this estimate back into one of his estimating equations to obtain an estimate
A for 2; he then shows that (p, 1) is asymptotically equivalent to the M.L.E.’s.

This approach seems unsatisfactory for several reasons. First, the author of
[3] uses the theory in Billingsley ([1], page 14) to show that the M.L.E.’s are
asymptotically unbiased and normal with covariance matrix

@ A= (20 =0 (1 - p) ).
A(1—p) p(l—p)(1—=2p+ /1 -2

Because Billingsley’s development of the asymptotic theory of M.L.E.’s is based
on the use of the modified log likelihood L’, the application of this theory to
the estimates in [3] based on the full likelihood L is inconsistent, though the
conclusions are still correct. The modification consists of neglecting in the full
likelihood the term p®i(1 — p)'==, which represents the contribution due to the
first state visited by the process. In fact, using L’ from the outset, it is easily
verified that the modified M.L.E.’s of p,, and p,, are given by [1] page 26, p,, =
oo/ (ngy + noy) and py, = ny,/(nyy + ny,). The modified M.L.E.’s for the parameters
p and 2 are now explicitly obtained by equating p,, and p,, to the appropriate
functions of p and 2 given in (1), solving for p and 2 as functions of p, and p,,,
and finally substituting g, and p,, for p,, and p,, to yield

6)) A= Pu> P =1 = P2 — Po — Pu) -
The argument of [3] applies a fortiori to yield asymptotic normality of 4 and p
with limiting covariance matrix given by (4).

Thus to prefer the estimators of [3] to p and 4 above amounts to using ad hoc
estimators in place of the usual estimators p,; = n,;/(n,, + n,). When p has a
known value, however, as is assumed in [2], only the model parameter 2 is free
to vary. In the above derivation, both p,, and p,, (and thus 2 and p) are free to
vary, so that when the value of p is specified, the modified M.L.E. of 2 is no
longer given by (5).

Finally, it is actually not very difficult to solve the system (4.2) in [3]. The
system can be written as

6) Noo/Po = (Moy + X1 + p)/(1 — Poo) 5 nyfpy = (M — X, — p/a — Pu) -

Assuming for the moment that p is known, (6) can be solved to yield
) Poo = noof(Meg + 1oy + X, — P> Pu = ny/(nyg + ny — x; + p) s
from which we have
(8) I—le—ﬁu: Ny — X +p _”oo+”ol+x1—[7.

P 1 — P ny+ ny — X, +p ny + X, —p
Clearing the fractions in (8) yields
%) P — x; + p)(ng + ngy + x; — p)
— (I = p)(ny + nyy — x, + p)(g + X, —-p)=0,
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which reduces to a quadratic equation in p since the p® terms cancel. The
l.h.s. of (8) decreases from co to 0 in p while the r.h.s. increases, so there is a
unique root in [0, 1] which give the “unmodified” M.L.E. of p.

Acknowledgment. The observation that the system in [3] can be solved
explicitly is due entirely to the referee. The author wishes to express his
appreciation for a careful reading of the manuscript.
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