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Uhlig proposes two conjectures. The first concerns the Jacobian of the
transformation Y = B X B’ where B is the matrix m X m and m and X,
Y belong to the class of positive semidefinite matrices of the order of
m X m of rank n <m, S, . The second is concerned with the singular
multivariate Beta distribution. This article seeks to prove the two conjec-
tures. The latter result is then extended to the case of the singular
multivariate F distribution, and the respective density functions are
located for the nonzero positive eigenvalues of the singular Beta and F
matrices.

1. Introduction. Let

be a matrix of the order n X m(n > m), in which the rows are independent
and identically distributed .7, (0,3) where X is m X m positive definite.
Then, X = Y7 ,Y,Y/ has a Wishart distribution with n degrees of freedom,
denoted as 7, (n, ). If n < m, this distribution is called pseudo-Wishart or
singular Wishart ([4], [3], page 72). Now let B ~7,(p,2), A ~%,(n, ) and
A+ B =T'T, where T is an upper-triangular matrix with positive diagonal
elements. Then the matrix U = 7" 'AT~! of the order m X m and rank
n < m has a singular multivariate Beta distribution.

Uhlig [4] found the density function of U on the manifold of positive
semidefinite matrices of the order m X m with n nonzero eigenvalues, ., ,,
when n = 1. Furthermore, he presented as an open problem the case in
which 1 < n < m, giving as a conjecture an expression for the density func-
tion in this case. Additionally, given the matrices X,Y €.%,", and the
nonsingular B matrix of the order m X m, Uhlig [4] calculated the Jacobian
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of the transformation X = BYB’ when n =1, and conjectured about the
result when 1 <n < m.

This article proves both conjectures in the general case, that is, when
1 < n < m. The proof of the singular multivariate Beta density is given as a
consequence of the proof of the conjecture of the Jacobian (see Theorem 2).
The proof presented in the calculation of the Jacobian of the transformation
X = BYPB' is given indirectly: two densities, fx(X) and gy(Y), are proposed
for ., such that these are related by the transformation X = BYB', and
thus, by using the variable change theorem, the Jacobian of the transforma-
tion is determined (see Theorem 1). Finally, these results are applied to the
definition of the multivariate F' singular distribution, called by some authors
Type II Beta distribution (see Theorem 3), and to the determination of the
densities of the positive nonzero eigenvalues of the singular Beta and F
matrices (see Theorem 4).

2. Results. Let ¥ be a matrix of the order m X m such that ¥~
7,(n,2), % > 0 positive definite and n < m. Then if B is a nonsingular
matrix of the order m X m, BSB' ~ 7, (n, B3 B’); note that this is still valid
whether B is rectangular or singular, ([1] page 303). In this light, let us
consider Uhlig’s first conjecture.

THEOREM 1. LetX,Y €., , berelated by X = BYB', where B is m X m of
full rank. Form the representations X = G,KG', Y = H,LH, where G{H, €
\% the Stiefel manifold of m X n matrices H; with orthogonal columns,

Hni;-lll =1, and K, L are n X n diagonals, L = diag(l,,...,1,) and K =
diag(kq,..., k) withl; > - >1,>0and k; > -+ >k, > 0. Then
(dX) =|G,BH,|" "' ""|BI"(dY) = |H,B'G,|"" " "|B|*(dY)
— |K|(m+1fn)/2|L|(m+lfn)/2|B|n(dY)‘

PrOOF. Suppose that Y ~ 7,,(n,3). Then X ~ 7, (n,E) with § = BXB’
and thus the density functions are given, respectively, by

,ﬂ.f(mnfnz)/2|K|(n*m71)/2
X) = tr| - —E'X
fX( ) zmn/ZFn[%n“E'n/Z eI‘( B )
and
W—(mn—nz)/2|L|(nfm—1)/2 1
Y) = tr| - =371y
er(¥) 2mn /2T, [Ln] 3]/ er( 2> )

with X = GKG', Y = H,LH; [4] and etr(-) denotes exp(tr(-)). The Jacobian
of the transformation X = BYB' is written as (dX) = |J(X — Y)I(dY ). From
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the variable change theorem, it is known ([1], page 166) that
gy(Y) = fx(BYB)|J(X - 7)|
W—(mn—nz)/2|K|(n—m—1)/2

2mn/2rn[%n]|a|n/2

Xetr

1
(1) _EE_IX)|X=BYB’|J(X_)Y)|

—(mn-n?)/2 (n—-m-1)/2
7T( n=n7/ |G&BiB/G1|n

m o 2

2 ”/2In[—én]|:|n/

X etr —%E_IBYB’)IJ(X - Y)l
This follows because
(2) |G\ BYB'G,| = |G} XG,| = |K].
We also have
(3) |G, BYB'G,| = |G, BH, *|L|.
Furthermore, given that £ = B3 B/,
(4) trE 'BYB = tr3°'Y
and
(5) =l =|B3B'| = |BI’|3l.

Substituting (3), (4) and (5) in (1), we have

|G,BH,|" " J(X > Y)l
|BI"

gy(Y) =gy(Y)

and therefore
(dX) = |G, BH,|" "*'|B|"(dY).

Finally, the other two expressions for (dX) are obtained from (2) and (3) and
from the fact that |A| = |A’|. O

An alternative proof to that given in Theorem 1 may be developed by
assuming that the conjecture is true; from the density of X, and employing
this Jacobian, we then find the density of Y, and the desired result is then
found by the variable change theorem

The following theorem proves the second conjective proposed by Uhlig [4]
in his Theorem 7.

THEOREM 2. Let m > 1 be an integer and let p > m and n < m. Let A and
B be independent, where A ~#,(n,%) and B ~%,(p,3). PutA+B=T'T,
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where T is an upper-triangular m X m matrix with positive diagonal ele-
ments. Let U be the m X m symmetric matrix defined by

U=T""AT!
Then A + B and U are independent; A + B ~%,(p + n,3) and the density

of U on the space %, , with respect to the volume element (dU) on this space
is

p

L.[3(n +p)]
L [3n]T,[2p]
whereU = H\LH{,H, €V, ., L =diagl,,...,1,),1>1,>1,> - >1,>0
and

fU(U) = ,77-(*mn+n2)/2 |L|(n—m—1)/2|Im _ U|(p_m_1)/2,

(dU) =27 i:r[llim—n (L = 1;)(H{dH,) A '{\1 dl;

1<j

see [4], Theorem 2. This will be denoted as U ~%,(n/2, p/2).

Taking into account Theorem 1, the proof is identical to that given for
Theorem 7 [4].

One consequence of the above result is the F singular density function,
also called Beta Type II; [3] page 92.

THEOREM 3. Let m > 1 be an integer and let p < m and n < m. Let A and
B be independent, where A ~%#,(n,I,) and B ~%,(p,1,). Put B=T'T,
where T is an upper-triangular m X m matrix with positive diagonal ele-
ments. Let F be the m X m symmetric matrix defined by

F=T"'AT"".
Then the density of F on the .7,
this space defined above is

1
,n_(fmn+n2)/2 Fm[f(n +11))]
where F = H].QH]’.’ Hl < Vn,m’ Q = diag(qla'-'»qn)’ 91 > qs > qn > 0.
This will be denoted as F ~ 7,(n/2, p/2).

, With respect to the volume element (dF) on

hF(F) — |Q|(ﬂ*fﬂ*1)/2|[m +F|7(p+n)/2,

Proof. Find the factorization A = G,KG}, where G, €V, , and K =
diag(k k,,..., k,), ky > ky> -+ >k, > 0. Then the joint density of A and
B is

d(n,m, p)|B|?~ " V2K "D/ 2 etr(— (A + B))(dA) A (dB),
where

W(—mn+n2)/2

2t m/2T, [on]T, [5p]

d(n,m,p) =
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Now let B =T'T, there T is an upper-triangular matrix with positive
diagonal elements and A = TFT'. Find the factorization F = H,QH;, H, €
V. m» Q = diag(q,q3,...,4,), g1 > q3 > - > q, > 0. Then, from Theorem 1,

(dA) A (dB) — |K|(m+lfn)/2|Q|f(m+lfn)/2|T|n(dF) A (dB),

remembering that T is a function of B, the joint density of B and F is given
by

d(n,m,p)lQI" " /2 B|" P~ V/2 etr(—3(I + F)B)(dF) A (dB).

The result follows from integrating with respect to B > 0 (see [2], page 61,
Theorem 2.1.11).

Finally, we find the density functions of the nonzero eigenvalues of the
Beta and F matrices.

THEOREM 4. (i) Suppose that U ~%,(n/2,p/2), n < m. Then
7" /2T, [5(n + p)]
L, [5p]T, [5n]T, [5n]

n n n
X TTA =2 TT( = a) " " 2 TT (A = ).
i=1 i=1 L <Jj

1<j

f(A,..0,A) =

(ii) Let F ~7,(n/2,p/2), n < m. Then
7" T, [3(n +p)]

f(8,,...,8,) =
' L, [zp]L.[3n] T, [3n]
n n n
X 1‘[ gi(m—n—l)/z 1—[ (1+ Si)f(mp)/z n(ai _ Sj),
i=1 i=1 i<j
where Ay, 5;,1 = 1,..., n, are the nonzero eigenvalues of U and F, respectively.

Proor. (i) From Theorem 2, note that L is a diagonal matrix; moreover,
[, = A, A; the ith nonzero eigenvalue of U, i = 1,..., n from which

I, - Ul=II, — H,LH|| =1, — LI = [T(1 - 1,),
i=1

given that U = H,LH{, with H, € V, . Furthermore |L| = I1}_, A; and from
Theorem 2,

(du)y =211 "T1( - [;)(H{dH,) A A di,.
i-1 i<j i-1

Substituting these results in the density of U and given that
I (H;dH,) = 2"=™"/? T, [4n],
}Ile Vn m

(see [2], page 70, Theorem 2.1.15) the joint density of A;,..., A,, is obtained.
(i) The proof is analagous to that of the above part (i). O
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