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EDGEWORTH EXPANSIONS FOR SEMIPARAMETRIC
WHITTLE ESTIMATION OF LONG MEMORY

BY L. GIRAITIS! AND P. M. ROBINSON?
London School of Economics

The semiparametric local Whittle or Gaussian estimate of the long
memory parameter is known to have especially nice limiting distributional
properties, being asymptotically normal with a limiting variance that is
completely known. However in moderate samples the normal approximation
may not be very good, so we consider a refined, Edgeworth, approximation,
for both a tapered estimate and the original untapered one. For the tapered
estimate, our higher-order correction involves two terms, one of order m~—1/2
(where m is the bandwidth number in the estimation), the other a bias term,
which increases in m; depending on the relative magnitude of the terms, one
or the other may dominate, or they may balance. For the untapered estimate
we obtain an expansion in which, for m increasing fast enough, the correction
consists only of a bias term. We discuss applications of our expansions to
improved statistical inference and bandwidth choice. We assume Gaussianity,
but in other respects our assumptions seem mild.

1. Introduction. First-order asymptotic statistical theory for certain semi-
parametric estimates of long memory is now well established and convenient for
use in statistical inference. Let a stationary Gaussian process X;, t =0, &1, ...,
have spectral density f(}), satisfying

b3
Cov(Xo,Xj)=/ f(A)cos(jr)dAa, j=0,%£1,...,
—T

and for some o € (—1, 1), G € (0, 00),
(1.1) fA)~Gr™* asiA— 0T,

where “~” means that the ratio of left and right sides tends to 1. Then (1.1) is
referred to as a semiparametric model for f(A), specifying its form only near
zero frequency, where X; can be said to have short memory when o = 0, long
memory when « € (0, 1), and negative memory when « € (—1, 0). The memory
parameter « (like the scale parameter G) is typically unknown, and is of primary
interest, being related to the fractional differencing parameter d by o = 2d and
to the self-similarity parameter H by « = 2H — 1. Equation (1.1) is satisfied by
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leading models for long and negative memory such as fractional autoregressive
integrated moving averages (FARIMA) and fractional noise. The latter, however,
are parametric, specifying f(A) up to finitely many unknown parameters over all
frequencies (—m,w]. When f(X) is thus correctly parameterized, o (and other
parameters) can then be precisely estimated, with rate n!/2, where n is the sample
size. However, if the model is misspecified, inconsistent parameter estimates
typically result. This is the case even for estimates of the long-run parameter «
when (1.1) holds but the parameterization of higher frequencies is incorrect, in
particular in a FARIMA model, if either or both the autoregressive or moving
average orders are underspecified or both are overspecified.

Nevertheless, it is possible to find estimates of @ and G that can be shown
to be consistent under (1.1), with f(X) unspecified away from zero frequency.
Two classes of such, “semiparametric,” estimates are based on the very well-
established statistical principle of “whitening” the data and, as a consequence, have
particularly neat asymptotic statistical properties which place them in the forefront
for use in statistical inference on memory. This whitening occurs in the frequency
domain. Let w(A) and I (}) be, respectively, the discrete Fourier transform and the
periodogram of X, based on n observations,

n

(1.2) w) = Qrn)" 2y X' 1) =|w®)%.

=1
Denote by A; = 2mj/n, for integer j, the Fourier frequencies. Then for certain
sequences [ = [, > 1 and m = m,, which increase slowly with n, under
regularity conditions the ratios r; = I(A;)/f(A;), | < j < m can be regarded as
approximately independent and identically distributed (i.i.d.) in a sense that can
be rigorously characterized. We call [ the trimming number and m the bandwidth
number.

A popular semiparametric estimate of « is the log-periodogram estimate of
Geweke and Porter-Hudak (1983), defined here [in the manner of Robinson
(1995a) that relates more directly to the form (1.1)] as the least squares estimate in
the “linear regression model”

(1.3) logI(A;) =logG —alogh; +uj, j=I1,....,m,

where the u; are “approximately” logr;, following (1.1). Denoting this estimate
of @ by &, Robinson (1995a) showed that under suitable conditions,

2
(1.4) m'2@G —a) % N(O, %) as 1 — oo.

This is an extremely simple result to use in statistical inference, especially
as the asymptotic variance 72/6 is independent of «. Hurvich and Brodsky
(2001) showed that under slightly stronger conditions we can take / = 1 in the
estimation, while Velasco (1999a) has shown that (1.4) can also hold, for a
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modified estimate, when X; is non-Gaussian but linear. In the asymptotic theory
of Robinson (1995a) and Velasco (1999a), the conditions on f (1) away from
zero frequency extend (1.1) only mildly, not requiring f(}) to be smooth or
even bounded or bounded away from zero. However, under a global smoothness
condition on f(A)/GA™%, similar results have been obtained by Moulines and
Soulier (1999) for an alternative estimate originally proposed by Janacek (1982), in
which increasingly many, p, trigonometric regressors are included in (1.3), and the
regression is carried out over frequencies up to j = n — 1; the rate of convergence
in (1.4) is then p'/2, rather than m'/2.

An efficiency improvement to & was proposed by Robinson (1995a), in
which groups of finitely many, J, consecutive /(1) are pooled prior to log-
ging. Asymptotic efficiency increases with J, but it turns out that the efficiency
bound, as J — oo, can be achieved by an alternative estimate of «, the Gaussian
semiparametric or local Whittle estimate originally proposed by Kiinsch (1987).
This is also based on periodogram ratios and as it is an implicitly defined extremum
estimate, we henceforth distinguish between the true value, now denoted «g, and
any admissible value, denoted «. After eliminating G from a narrow-band Whittle
objective function, as in Robinson (1995b), we consider

(L.5) o = argmin R(«),
ael
where
1 & O,
(1.6) R(a) =log| — Y j*“I(hj) | — =) logj
"= " j=1

and [/ is a compact subset of [—1, 1]. Under regularity conditions, Robinson
(1995b) showed that

(1.7) m' 2@ —ap) > N©0,1)  asn— oo.

These conditions are very similar to those employed by Robinson (1995a) for &,
except that X, need not be Gaussian, but only a linear process in martingale
difference innovations, whose squares, centered at their expectation, are also
martingale differences. Robinson and Henry (1999) showed that (1.7) can still
hold when the innovations have autoregressive conditional heteroscedasticity. As
in (1.4), the asymptotic variance in (1.7) is desirably constant over o, while & is
clearly asymptotically more efficient than & for all ¢ and the same m sequence.
Semiparametric estimates have drawbacks, however. Due to the merely local
specification (1.1), m must increase more slowly than n, so that & and & converge
more slowly than (n'/? -consistent) estimates based on a fully parametric model.
Indeed, too large a choice of m entails an element of nonlocal averaging and is a
source of bias. If n is extremely large, as is possible in many financial time series,
for example, then we may feel able to choose m large enough to achieve acceptable
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precision without incurring significant bias. However, in series of moderate length,
we have to think in terms of m which may be small enough to prompt concern
about the goodness of the normal approximation in (1.4) and (1.7).

Higher-order asymptotic theory is a means of improving on the accuracy of the
normal approximation in many statistical models. This has been most extensively
developed for parametric statistics, where in particular Edgeworth expansions of
the distribution function and density function have been derived, such that the
first term in the expansion corresponds to the normal approximation while later
terms are of increasingly smaller order (in powers of n~!/?) but improve on
the approximation for moderate n. Taniguchi [(1991), e.g.] has extensively and
rigorously analyzed Edgeworth expansions for Whittle estimates of parametric
short memory Gaussian processes. Given this work, and Fox and Taqqu’s (1986)
extension to long memory of the central limit theorem (CLT) for Whittle estimates
of Hannan (1973) under short memory, the existence and basic structure of
Edgeworth expansions for Whittle estimates of parametric long memory models
can be anticipated. Indeed, Liebermann, Rousseau and Zucker (2001) have
developed valid Edgeworth expansions (of arbitrary order) for quadratic forms
of Gaussian long memory series, with application to sample autocovariances and
sample autocorrelations. Edgeworth expansions have also been developed for
some statistics, which, like & and @, converge at slower, “nonparametric,” rates.
We note, for example, the work of Bentkus and Rudzkis (1982) on smoothed
nonparametric spectral density estimates for short memory Gaussian time series,
later developed by Velasco and Robinson (2001), while related results have also
been obtained for smoothed nonparametric probability density estimates by Hall
(1991) and for Nadaraya—Watson nonparametric regression estimates by Robinson
(1995¢). However, this literature seems small compared to the parametric one,
and the development and study of Edgeworth expansions for semiparametric
estimates of the memory parameter seems an especially distinctive problem, in
view of the current interest in such estimates due to their flexibility, discussed
above, the notational and expositional advantage of being able to focus on a
single parameter &g, the simple parameter-estimate-free studentization afforded by
(1.4) and (1.7), and the interesting role played by the bandwidth m in a
semiparametric set-up, in which terms due to the bias can compete with Edgeworth
terms of a more standard character; indeed, our Edgeworth expansion provides a
method of choosing m, proposed by Nishiyama and Robinson (2000) in another
context, which seems more appropriate in the context of statistical inference than
the usual minimum mean squared error rules.

We study here only @, and trimmed and tapered versions of it, not so much
because of its greater first-order efficiency than &, but because of its greater
mathematical tractability. Though, unlike &, it is not defined in closed form, its
higher-order properties can nevertheless be analyzed by making use of general
results for the implicitly defined extremum estimates of Bhattacharya and Ghosh
(1978), whereas the logged periodograms appearing in & are technically difficult
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to handle. Our theory also requires development of Edgeworth expansions for
quadratic forms of a type not covered by Lieberman, Rousseau and Zucker (2001)
(due principally to the narrow-band nature of ours, in the frequency domain).
Various other estimates of «( that are also semiparametric in character have been
studied, such as versions of the R/S statistic, the averaged periodogram estimate,
and the variance type estimate. However, not only do these also converge more
slowly than n!/? under the semiparametric specification, but unlike & and @ they
are not necessarily asymptotically normal, or they may be asymptotically normal
only over a subset of « values, where they can have a complicated «-dependent
asymptotic variance; they have a nonstandard limit distribution elsewhere. Such
estimates are thus much less convenient for use in statistical inference than
@ and &, and moreover do not lend themselves so readily to higher-order analysis.
Though higher-order approximations to the distribution of & are of course more
complicated than (1.7), they are, as we show, still usable, and indeed can be
approximated by a normal distribution with a corrected mean and variance, so
that normal-based inference is still possible.

We give greater stress to a (cosine bell) tapered version of &, where the
m frequencies employed are not the adjacent Fourier ones, at 2 /n intervals, as
used in (1.6), but are separated by 67 /n intervals, so that two A ; are “skipped.”
The skipping avoids the correlation across nearby frequencies that is induced by
tapering, which otherwise improves the i.i.d. approximation of the periodogram
ratios rj, to enable a valid Edgeworth expansion with a correction term of
order m~!/? (with desirably a completely known coefficient), along with a higher
order “bias” term, which is increasing in m. The m~!/? correction term is what
we would expect from the classical Edgeworth literature, obtaining in case of
weighted periodogram spectral density estimates for short memory series. Without
the tapering and skipping, the m~!/? term appears to be dominated by something
which we estimate as of order m~1/2log* m, but if m increases sufficiently fast this
term is in any case dominated by the bias term. Tapering was originally used in
nonparametric spectral analysis of short memory time series to reduce bias. More
recently, to cope with possible nonstationarity, it has been used in the context of &
by Hurvich and Ray (1995) and in first-order asymptotic theory for both & and & by
Velasco (1999a, b); tapering has also been used in a stationary setting by Giraitis,
Robinson and Samarov (2000) to improve the convergence rate of & based on a
data-dependent bandwidth. Trimming also plays a role in our Edgeworth expansion
for the tapered estimate. This was used in first-order asymptotic theory for & of
Robinson (1995a), but not for @ [Robinson (1995b)].

The following section describes our main results, with detailed definition of
our estimates of «g, regularity conditions and Edgeworth expansions, including
implications for improved inference and bandwidth choice. Section 3 develops
our expansion to provide feasible improved inference, entailing data dependent
estimation of the “higher-order bias.” Section 4 presents the main steps of the
proof, which depends on technical details developed in Sections 5-7, some of
which may be of more general interest.
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2. Edgeworth expansions. We define the statistics

-1/2 ,

(2.1) wh(k)=(2n2h,2> YohXeed™t L) =lwa (),
t=1 t=1

where h; = h(t/n), with
(2.2) h(x)=3(1 —cos2rx), O0<x<l.

The function A (x) is a cosine bell taper. We could establish results like those
below with (2.2) replaced in (2.1) by alternative tapers h(-), which like (2.2),
have the property of tending smoothly to zero as x — 0, x — 1. Tapers increase
asymptotic variance unless a suitable degree, £, of skipping is implemented, such
that only frequencies of form Ay; are included (so £ =1 in case of no skipping).
We prefer not to incur this greater imprecision, but higher-order bias is seen to
increase in £. For the cosine bell taper we have ¢ = 3, while larger £ are needed for
many members of the Kolmogorov class of tapers [see Velasco (1999a)], and on the
other hand it seems £ = 2 is possible in the complex-valued taper of Hurvich and
Chen (2000). However, we in any case incorporate a method of bias correction,
and since tapering is in our context just an (apparently) necessary nuisance,
we fix on the familiar cosine bell (2.2). We call wy(A) the tapered discrete
Fourier transform and /,(A) the tapered periodogram. Of course for A(x) =1,
0<x <1,w,() and I (1) reduce, respectively, to w(A) and I (A) in (1.2).
We consider alongside @ (1.5) the tapered (and possibly trimmed) version,

(2.3) djp = argmin R (w),
ael
where
m o m
(2.4) Ry (o) =log [m‘l Y i 03 j)} —————— log}.
o m—I1+1 o

the argument A3; indicates that two A; are successively skipped, and the lower

limit of the summation indicates trimming for / > 1. Notice that & (1.5) is given

by replacing I;(A3;) by I(X;), and [ by 1; we could allow for trimming also in

(1.5) and (1.6) but it plays no useful role in our expansion for &, unlike that for &y,.
We now describe our regularity conditions. The first is standard.

ASSUMPTION «. «p is an interior point of I = [a, b], wherea > —1,b < 1.
In the CLTs of Robinson (1995a, b), (1.1) was refined in order to describe the

error in approximating the left side by the right. This error plays an even more
prominent role in higher-order theory, and we introduce the following assumption.
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ASSUMPTION f.
2.5 FO)=A"%g(), A€ [—m, 7],
where for constants c¢g # 0, c; and B € (0, 2],
(2.6) g =co+cilAf +o(rf)  asr—0.
In addition f (1) is differentiable in a neighborhood of the origin and
(2.7) @/0M) log fF(A)=O0(AI™H  asa— 0.

Under Assumption f, we have the following properties of the

ap/2
J

2
why), w0 =20 w,0)),

which are so important to the sequel that we present them here, without proof.

LEMMA 2.1 [Robinson (1995a)]. Let Assumption f be satisfied. Then
uniformlyin1 <k < j=o0(n), as n - oo:

@ Ev(j)v(r;)=gh;)+ 0 log ),

(b) Ev(xjv(r;) = 0@~ log j),

(©) Ev(rj)v(hg) = O(k~190l/2| j|=1+leol/2Jog j),
(d) Ev(rj)v(rg) = O (k1012 j =1+l 210 ),

This result was derived by Robinson (1995a), but in the actual statement of his
Theorem 2, (c) and (d) were replaced by the weaker bound k~1eol/2| j |~ 1Hleol/2
logj <k 'logj.

LEMMA 2.2 [Giraitis, Robinson and Samarov (2000)]. Let Assumption f be
satisfied. Then uniformly in 1 <k < j —3=o0(n),asn — oo:

@ Evy(pva(hj) =ghj)+ 0™,

(b) Evy(xjvp(r)) = 0(j72),

© Evyi(p)va() = O(Gi/m)Plj —kI2+ k7 j —k|73/%),
(d) Evy(jop (i) = O/ m)P1j — k|72 + k71 j — k| 7372).

Note the requirement £ < j — 3 in Lemma 2.2, which corresponds to the
skipping in &},.

In order to use our asymptotic expansions to improve statistical inference, it
is generally necessary to specify B. Estimation of § is discussed by Giraitis,
Robinson and Samarov (2000). On the other hand, when f (4) is additive in a long
memory spectrum and a short memory one, as can happen in case of measurement
error or as a consequence of a stochastic volatility model, we typically have § < «.
However, setting aside such structure, the leading parametric special cases of (1.1),
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such as FARIMA spectral densities, entail 8 = 2, and as this corresponds to the
twice-differentiability condition stressed in much of the literature on smoothed
nonparametric estimation of spectral and probability densities and regression
functions, we explore this case in more detail, with a further refinement which
also holds in the FARIMA case:

ASSUMPTION f’. Assumption f holds with (2.6) replaced by
(2.9) g =co+cilAP+ A +o(rhH  asar— 0.

The main assumption on the bandwidth m also involves B.

ASSUMPTION m. For some 1 > 0,

(2.10) n" <m= 0n*/FtD),

Note that the CLT for @, centered at «g, holds only for m = o(n?P/2B+1))
[Robinson (1995b)]. We allow the upper bound rate n2A/CB+D) in (2.10) because
we will also consider recentered estimation. The rate n#/f+D g the minimum
mean squared error (MSE) one, and K € (0,00) in m ~ Kn?P/CB+D can be
optimally chosen, in a data dependent fashion, on this basis [see Henry and
Robinson (1996)].

For the trimming number / we introduce the following.

ASSUMPTION [. If [I| < 1,lo@m <l <m'B.If |I| > 1,m" <1 <m'/3 for
some 1 > 0.

Assumption / implies that “less” trimming in & is needed when |/| < 1, as
is the case if we know X; has long memory and take I C [0, 1]. (In view of
Assumption «, this would not permit inference on short memory, g = 0, but
I =[—¢,1 — ¢] would.) Strictly speaking (see the proof of Lemma 5.7 below),
this requirement |/| < 1 can be relaxed to I = [eg — 1 + ¢, 1] for any € > 0, so that
for g < 0, I =[—1, 1] is possible, but of course «g is unknown.

We establish Edgeworth expansions for the quantities

U, = ml/z(& — ), U,},’l = ml/z(&h — ).

These involve the parameter

2.11 =P Y
=i awrrelE)

for £ =1 and ¢ = 3, respectively, and the sequence

B
(2.12) qm :m1/2<ﬁ) ’
n
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where (2.11) and (2.12) represent, respectively, the coefficient and rate of a bias
term. In connection with Assumption m and the subsequent discussion, note that
gm — 0 if m = o(n*#/CP+DY whereas g,, ~ KP2 if m ~ Kn?P/CP+D_ We also
introduce the standard normal distribution and density functions,

2
e /2,

y 1
CD =/ d . =

) _oo¢(y) y ¢(y) N
THEOREM 2.1. Let Assumptions o, f, m and [ hold.

Q) Ifm =om*/ 2P+ then as n — oo,

sup| P{UR <y} — ®(y) — p(0)(03gm +m ™2 p(»))|
(2.13) YER

=o(gm + m_1/2),

where
(2.14) Py =2 zyz.
Ifm ~ Kn*P/CB+D K € (0, 00), then as n — oo,
(2.15) sup| P{U" <y} — @(y + 6:KPF1/2)| = o(1).
yeR
(i) Iflog*m/(m'2q,) — 0,
(2.16) ;gE!P{Um <y} =) — ¢ (01gm| = 0(gm).

There is no m~ /2 term in the expansion (2.16) for the untapered estimate &
because it is, in effect, dominated by a remainder term whose order of magnitude
depends on the approximation errors in Lemma 2.1, so we are only able to obtain
a useful asymptotic expansion by making m increase faster than nf/(f+1 such
that g,, dominates. Our conditions are only sufficient, but we are unable to see
a way of improving Lemma 2.1 to the extent of obtaining an expansion for U,
involving both m~'/? and g,,, as in (2.13), explaining our resort to tapering. To
conserve on space we focus the discussion which follows on the tapered results
(2.13) and (2.15), though some consequences for the untapered case (2.16) can be
inferred, dropping the m~!/2 term and replacing 65 by 6.

There are three cases of interest in (2.13), which can be isolated and discussed
similarly to Robinson (1995¢) and Nishiyama and Robinson (2000), for different
nonparametric and semiparametric statistics.

(i) When
(2.17) m/nP/B+D s 0,
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we deduce
P(Up <y) =)+ p(»d(y)m~"> +o(m™'/?).
(i1) When
(2.18) m ~ KnP/F+D K € (0, 00),
we deduce
.19 PUy <y)=®() +n PPV () (0:K P2+ K12 p(y))
+o(nB/2BD),
(ii1)) When
(2.20) m/nBlE+D 5 oo,
we deduce
(2.21) P(U} <y) = @) + 03¢ (3)qm + 0(gm).

In case (i) m is chosen so small that the bias does not enter. If we believe
in (2.17) there is the benefit that 63, which will be unknown in practice, is
not involved in the refined approximation, only the known polynomial p(y). In
case (iii), on the other hand, m is so large that the bias dominates; (2.20) permits
only a slightly slower rate for m than that required for (2.16) and in the region

of m = o(n?#/2B+D) that approaches the minimal MSE case
(2.22) m ~ Kn?P/CPHD,

Case (ii) is the one in which m is chosen to minimize the error in the normal
approximation. Note the difference between (2.22) and (2.18). Case (iii) has
the advantage of entailing a smaller confidence interval. However, this is little
comfort if the interval is not suitably centered and the normal interpretation is
not appropriate. Robinson (1995¢) and Nishiyama and Robinson (2000) suggested
that it is m that minimizes the deviation from the normal approximation, not m
that minimizes the MSE, that is most relevant in normal-based inference on «y,
making (2.18) more relevant than (2.22).

We can go further and optimally estimate K in (2.18). As in Nishiyama and
Robinson (2000), consider, in view of (2.19),

’

Kop = argmin r;lealgi|¢(y)(93K’3“/2 + K2 p(y))

choosing Kopt to minimize the maximal deviation from the usual normal
approximation. We obtain the simple solution

Kopt = (363(8 + 1/2))"/F+D,
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An alternative to carrying out inference using the Edgeworth approximation is to
invert the Edgeworth expansion to get a new statistic whose distribution is closely
approximated by the standard normal. From (2.13), uniformly in y,

(223) Py <) =y +63gm +m™ 2 p() +olgm +m™""?)
and hence
P(Up +03qm + p(y)m ™2 < y) ~ @ ().
It may be shown that (2.23) implies
P(UL +63gm + p(y)m™ "% < y) = @(y) + o(gm +m™ /%)
uniformly in y = o(m1/%). Indeed, by (2.13),
P{UN <y} = @(y+03gm +m ™ p(y)) = 0(gm +m™'/?).

Setz = y+03qm+m~12p(y) = y+m~Y2y?/3+a where a = 03q,, +2m~/2/3.
Then

-1+ \/1 +4m=12(z —a)/3
2m=1/2/3 '

y:

Assuming that z = o(m'/%), by Taylor expansion it follows that
y=z=a-mPz=a)*/3+om™*) =z—03gm —m?p2) +o(m™/?).

The CLT (1.7) of Robinson (1995c¢) was established without Gaussianity and
with only finite moments of order four assumed. The asymptotic variance in (1.7)
is unaffected by cumulants of order three and more, and thus hypothesis tests
and interval estimates based on (1.7) are broadly applicable. Looking only at our
formal higher-order expansion, it is immediately apparent that the bias term (in g,;,)
will not be affected by non-Gaussianity, so nor will be the expansion when m
increases so fast that g, dominates [see (2.16) and (2.21)]. Moreover, preliminary
investigations suggest that when X, is a linear process in i.i.d. innovations
satisfying suitable moment conditions, the m~!/? term in the formal expansion
is also generally unaffected. (Specifically, the leading terms in Corollary 7.1 are
unchanged.) However, as proof of the validity of our expansions even in the
linear case seems considerably harder and lengthier, we do not pursue the details
here, adding that the estimates &, &, optimize narrow-band forms of Gaussian
likelihoods and are thus in part motivated by Gaussianity, which in any case is
frequently assumed in higher-order asymptotic theory.
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3. Empirical expansions and bias correction. The present section develops
our results to provide feasible improved statistical inference on «g. An approxi-
mate 100y % confidence interval for g based on the CLT is given by

(3.1) @n — zyom ™2 @+ 2y om ),
where 1 — ®(z,,) = y. From (2.23) a more accurate confidence interval is
. (@n + O3gmm 2 + p(z),/z)m_1 — zy/zm_l/z,

@ + 03gmm ™2+ p(zy)m ™" + 2, om~12).

Of course (3.1) and (3.2) correspond to level-y hypothesis tests on «g. We reject
the null hypothesis «g = ozg , for given a8 (e.g., ozg = 0, corresponding to a test of
short memory) if ag falls outside (3.1) or, more accurately, (3.2).

An obvious flaw in the preceding discussion is that 63 is unknown in practice.
However, given an estimate 3 such that

(3.3) 03— 63  as,
we deduce from (2.13) the empirical Edgeworth expansion
sup| P{U, <y} — ®(¥) — ¢ () (B3gm +m ™ p(»))]
3.4) ek
=o(gm +m~1/?) a.s.

We can likewise replace 63 by 53 in (2.15), (2.19), (2.21), (2.23) and (3.2).
We discuss two alternative estimates of 63. Our first is

R B
(3.5) b1 = (%) RO @),
where
St
(3.6) RY (@) = 2 @)
So,m’ (@)
in which
T
(3.7) Sk (o) = %Zvjm/xg‘jwm, k>0,
j=l
and
m/
(3.8) Vi =logj—m —1+ 17" logj,
j=l

where m’ is another bandwidth, increasing faster than m. Note that R,(,,1 )(a) =
(d/da)Ry,(a) [see (2.4)], and so R,g})((’x‘h) = 0. Our second estimate of 05 is

(3.9) 0 _§L<i>ﬂ
' TR B+2\2n)
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where, as in Henry and Robinson (1996), ¢y and ¢; are given by least squares
regression based on (2.6), that is,

’ _1 /
(3.10) [aﬂ [f:(]»ki)} 3 { 1}x®1(x )
“l =l \ A3, A3 ey

Estimation of 6; is relevant in connection with (2.16). We define §1,1 by
replacing A3; by Ayj, I by I and 3 by 1 in (3.7) and then @), by @ in (3.5).
Likewise we can define 6; » by (3.9) with 3 replaced by 1 in (3.9) and 3, A3;, I},
and @, by 1,1, I and @ in (3.10).

LEMMA 3.1. Let Assumptions «, f,l and m hold, and let
(3.11) nm~12P+e < ) < pl=¢
hold for some ¢ > 0. Then for £ =1, 3,

bri— 0 as,i=12.
Note that (3.11) implies that n?#/C#+D /1’ — 0 so that m = o(m”).

As discussed in the previous section, we now focus on the case § = 2. We first
modify Theorem 2.1, noting that for § =2,

(3.12) qm =m — 1, Op=—=—).£=1,3.
n co9\2m

THEOREM 3.1. Let 8 =2 and Assumptions o, f', 1 and m hold.
) Ifm= o(n*3) then as n — oo,

(3.13)  sup|P{U" <y} — ®(y + O3gm +m~2p(y)| = o(m™ /).
YER

Ifm ~ Kn*3, K € (0, 00), then as n — oo,

(.19 sup| P{US < y} — ®(y +6:K5%)| = 0(m ™12,
yeER

indeed, more precisely,

sup|P{U,f’1 +63K°? <y}
(3.15) YER
—®(y +m 2 p(y) +mT 2Ky | = o(m™/?),

(e 4 <c1)222 (3)4
Y25 \o) 243)\27 )

where
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(i)

sup| P{Up, + 01K/ < y} — & ()| = o(m ™ log* m).
YER

Prompted by (2.23) and (3.4), we now consider expansions for bias-corrected
estimates,

(3.16) af =@, + (m/n)?05,  of =@+ (m/n)*0},
where

. 0,
(3.17) o 41

tT 1 (m/m")?
(To conserve on space we consider only é\g,l here and not ’9\@,2.) Define
Upl' = /m(aj — ao) = V/m@, — 20) + gm03,
Uy, = /m(e* — ag) = v/m(@ — o) + gm0} -

The following theorem shows that the distributions of U*", U* converge to
the normal limit faster than those of Uf,’l, U,, (albeit slower than the optimal
rate pertaining to the infeasible statistics U,f; + gm03, Upn + gmb1). Set ky,, =
Smm/n)2(m' [n)?, vy = (m/m')?, rm = kp + v +m~ Y2,

THEOREM 3.2. Let B =2 and Assumptions o, f' and [ hold. Let
(3.18) I <m<n8°¢, m'te <m = o(min(nl_g, nzm_5/4))
for some ¢ > 0. Then as n — o0,

(3.19) sup| P{U! <y} — @(3)| = O(r) —> 0
yER

and, more precisely,

sup| P{U" < y} — ®(y 4 (6303 — b3)ky +m ™2 p(y) — vmy))|
(3.20) yeR

=o0(rm) —> 0,
where
62 w=iilr) =)
Also,
(3.22) sup| P{U} <y} — @(y)| = O(rm +m~*1log*m) — 0.

yeER
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On choosing m ~ Kn8/1 m’ ~ K'n'%11 for K, K’ € (0, 00), it follows
that k,,, v, both increase like m~'/2 and so the term r,, in the error bounds
of (3.19) and (3.20) is minimized by the rate r,, = n~*/!1. Moreover, it may be
shown that we can then invert (3.20) to get

sup  |P{UL +m V2 (KK (Ba —v)
{y:1yl=0(m!/6)}

+p(y) — (K/K)*y) <y} — @)

= o(m_l/z).

On the other hand, if m/n® ' + m/m"*/> + m'm3/?/n*> — 0 (as is true if m’ in-
creases either like nm =178 or n19/11y then again we have ry, = m~Y2 in (3.19)
and (3.20), but this converges more slowly than n~%11. note that here k,, v, =
o(m_l/ 2) so the correction terms of orders k,;,, v, on the left-hand side of (3.20)
can be omitted. On the other hand, if m’ = o(n®/1!) then for any choice of m sat-
isfying our conditions, we have k,, = o(r,,), so the correction term in k,, can be
omitted. Finally, if n8/''/m — 0 and m = O (n8/°~*) then r,, in (3.19) and (3.20)
converges more slowly than m~Y2 = o(max(k,,, vy)); indeed on equating the
rates of k,,, vy, (so m’ increases like nm~—1/8), we obtain r,, = m9/4/n2, which
decreases more slowly than n~#/!! but no more slowly than n~°¢/%. Of course in
this case the correction term of order m~!/2 on the right-hand side of (3.20) can
be omitted. For example, in the case m ~ Kn*/3 discussed in Theorem 3.1 (where
there is not even a central limit theorem for @, centered at «), we must have m’
~ K'n®10 and hence r,, =n~'/° in (3.19) and (3.20), while we can invert (3.20)
to get

sup| P{UY (1 — (K/K")*n~ /%)
y

+ KK 073 (0a —v) <y} — ()| =0~ 1).

With regard to (3.22) for the untapered estimate, the error r,, +m ! log* m is min-
imized, for large n, by m = K (nlog®n)8"", m’ = K'n'%"10g?/!! n, whence it
decays like n=%/1110g3%/!! n. However, it must be stressed that the m~!/?1log* m
component of (3.22) is just an upper bound.

We stress that the choices of m, m’ discussed above are designed to minimize
the error in the normal approximation, but the upper bound choice m = n8/°~¢
in (3.18) entails an asymptotically smaller confidence interval. Moreover, from the
standpoint of minimum mean-squared error estimation, the methods of Andrews
and Guggenberger (2003), Andrews and Sun (2001) and Robinson and Henry
(2003) provide optimal choices of m of order n'/>~" for arbitrarily small > 0,
while those of Moulines and Soulier (1999) and Hurvich and Brodsky (2001)
provide an optimal choice of order (n/logn)'/?.
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4. Proofs for Sections 2 and 3. To avoid repetition we attempt to cover
both the tapered estimate, &y, and the untapered one, &, simultaneously in
the proofs, for brevity denoting both &@. Likewise, except in Section 7, we
use R(x), Uy, I (A), £, 0,1, to denote, respectively, Ry, («), U,f;, I;,(1), 3,03, inthe
tapered case, and R(«), Uy, I (1), 1, 01, 1 in the untapered case. We also introduce

“4.1) Km = log4 mig—1y + -1/ logzmll{gzg},

meaning that we have «,, ; = [~'/>log? m with tapering and «, ; = log* m without
tapering, and the remainder terms

42)  Ap=max(m~'2 (m/m)P),  Ap=0m/n)f +mP 4w P,
Zm being the remainder in our final expansions and A, (= O(Zm)) that in
our auxiliary expansion. Note that A,, = m~!/? when m = O (n?#/f+D) (as in
Theorem 2.1) and A, = (m/ n)P otherwise. Throughout, C denotes a generic,

arbitrarily large constant.
By the mean value theorem,

RY@) = R () + @ — atp) R® (atp)

4.3) ~ 2 ~ 3
+= 2a0)‘R(3)<ao) + &2 3?0)—13(4) @),
where
) i

RV (a) = d—.R(a).

Writing Si (o) = C()m ’]" / sz‘jl(lg]) [cf. (3.7)], with v; = v; , [see (3.8)],
RO (e) = (d/da)So(a) Ch= J=l vjJ*1 ()
So(@) Y i G

where m = (m — [ + 1)~} ZT:[ log j. Then with Sy = Si(ap), R® = RP (),
we have

2 3
RMD — ﬂ R® — M’ RO — 5350 35,8180 + 25
S0 S 53

Note that under the above assumptions P (Sg > 0) = 1.

REMARK 4.1. RW, R® and R® are invariant with respect to the scaling
constant in Si. Therefore, without loss of generality, we can replace (2.6) in the
proofs below by

(4.4) g<x>—1+ |x|ﬂ+o<|x|ﬂ>
and (2.9) by
4.5) g<x>—1+ |x| + |x| +o(|Alh).
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PROOF OF THEOREM 2.1. Define
(4.6) Z;=m'*(S; —ES)), j=0,1,2,....
By Lemma 5.6 we have

Un=-—Bn+Vin+ z}yj—a‘ém,

where

4.7) B, =m'?ES;(2 — ESy) —m'*(ES))?

and

(4.8) Vw=—2Z12—ES)) + L+ 2y +QZ, + Z2)ES),

ml/2

where § > 0 and &,, denotes a remainder term. Set V/, = V,, + Al Thus

4.9) P(Uy <y)=P(V,, <y + By).

By Lemma 6.3,

(4.10) sug\Pw,,; <y) = ®() —m 29 p(y)| = 0(An).
ye

It remains to derive an expansion for B,,. By Lemma 7.1, bearing in mind
that (m/n)’3 = O(m~1?), we have ES| = G(m/n)/8 +om™ 4+ O(m_le,l),
ESy =1+ o0(m~1?), so that

m'2ES) =0 + o(qm +m~?) + O(m_l/Z/ch),
m'2ES1(2 — ES») = 0gm + 0(qm).
If m = o(n*#/A+D) then g,, — 0, and
4.11) By =0 + 0(gm +m~?) + 0(m™ 2k, ).
If m ~ Kn?f/B+D "then g, ~ KP*1/2, and we obtain
(4.12) B, = KPT129 +o(1).
Relations (4.9)—-(4.12) imply (2.13) and (2.15) of Theorem 2.1. [

PROOF OF THEOREM 3.1. This follows the lines of that of Theorem 2.1.
Relations (4.9) and (4.10) remain valid. Recall that g,,, = (m/ n)?m!'/?, and under
Assumption m, g, = O(1). To expand B,,, we use (7.15) and (7.16) with k = 2 to
deduce

(4.13) B =0qm + yqm(m/n)* +om™"?) + 0(m™ i),
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c1\22/ € \?
9=e(1,z,2)=<—> —(—) ,
CQ 9\ 27

y =d(1,0,4) —e(1,£,2)e(2,£,2) —e*(1,£,2)

e <c1>2 22 (E )4

" \c25 \co/ 243)\2n /)"
where e(k, £, B) and d(k, ¢, B) are defined in (7.5) and (7.17). If m = o(n*/3),
then ¢, = o(1) so that B, = 0¢q,, +o(m~ V%) + O(I’n_l/sz,[), and (3.13) follows
from (4.9) and (4.10). If m ~ Kn*/3, then (m/n)> ~ K>/>m~'/? and thus B,, =

OK>?+m~12K3y +o(m~1?)4+ 0@ =%k, ;). Therefore from (4.9) and (4.10),
it follows that

with

sup|P(Up < y) — ®(y +0K>2 +m™12K5y)
yeER

—m ¢y + 0K p(y +0K>?)|
=o(m™ %)+ 0(m™ iy ),
which implies (3.15). O

Denote by X the set of all sequences &, satisfying
(4.14) P(|&n]| = m®) =o(m™P) alle >0, all p > 1.
Note that &, € X, n,, € X implies &,,1,, € X. For ease of exposition we denote

by &, a generic member of X.

PROOF OF LEMMA 3.1. Set p,, =01 — 6 = (n/m")P Ry v (@) — 6. [Here
and below we index some quantities by m even if they depend on m’ also, noting
from (3.11) that m’ depends on m.]

By the Borel-Cantelli lemma it suffices to show that, for all § > 0,

(4.15) > P{lpml = 8} < oo.

m=1
We show that
(4.16) pm=o0(1)+m %, a.s.
for some ¢ > 0 where &,, € X.. Then
P{Ipml = 8} < P{o(1) = 8/2} + P{m™*&, = §/2} = o(m™?)
by (4.14), and thus (4.15) holds. By the mean value theorem, we have

_ _ d ).
R,/ @ =R, (@0) + @~ x0) -~ R, @).
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where |@ — o] < |@ — ag|. We show that

(4.17) prm = |(n/m)P R (o) — 6] = o(1) + m~*&p,

NP d )~ e
(4.18) pam = (n/m) (a—ao)aRmr ()| =m "&p,

which yields (4.16). To prove (4.17), note that, writing Z; ,,/ (a) = m’l/Z(Si,mr (@) —
ESi (),
St (@0) = ESy wr(e0) +m'~ 2 Zy i (c0) = 00n' /)P +o((m' /)P ) +m' ™28,
by Lemmas 5.3 and 7.1. Observe that (3.11) implies
(4.19) (n/mYPm="? <m=*¢
for some ¢ > 0. Thus
(n/m" P S| (o) =6 + o(1) +m =&,
Applying Lemma 5.4 to Sp_, (o) ~!, we get

Son (@) =1+ 0((m'/n)?) +m' ™ 26,0 = 1+ O((n/ )P) +m' g,
Thus
(n/m"YP R} (at0) = (n/m)P Sy (000) So (c20) ™"
=0+ o0(1) +m2&,)(1 4+ O(m'/n)P +m'*&,)
=0+o0()+m™%,.
Hence p1 , =o0(1) + m—%&, and (4.17) holds.
To prove (4.18), note that |d%R,511,) (@) < Clog2 m’ [see the proof of (5.12)].
Then, by (4.19),

pam < C(n/m)Pm=1/2

[Un|log*m’ < Cm™*&p,

since by Lemma 5.7, U, log> m’ = m'2 A&, log> m' = &, log? m’ € X, bearing
in mind tllat under Assumption m, A, = O(m~'2). Thus (4.18) holds and the
proof for 6, 1 is complete.

The proof for é\g,z follows on showing that d; ,, (@) =¢; —¢; > O as.,i =1, 2.
As before, it suffices to show that, for all § > 0,

(4.20) Y Plldim@]|>8) <00,  i=0,L

m=1

By Lemma 5.8 with k = p =2, P{|&@ — ap| > (log n)~2} = o(m=2), it suffices to
prove (4.20) in case |& — ag| < (log n)"2. Similarly to the proof of Lemma 3.1 it
remains to show that

(4.21) |dim (@) =0(1) +m™ &y, i=12,
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for some ¢ > 0 where &,, € X. By the mean value theorem,
. . d .
din (&) = di,m(@0) + (@ — o) i m (@),

where | — o] < |[@ — ap] < (logm)_z. We show that, asn — oo fori =1, 2,

(4.22) Edjm(ao) = o(l),

(4.23) Pim = dim(@0) — Ed; m(cg) =m™ &y,
/ . d - _
(4.24) Pim =10 — o d—di,m(a) =m" &y,
a
which yield (4.21).

First, (4.22) follows by approximating sums by integrals and Lemma 7.1. We
have

1—1/2 —1/2

1P}l < C(m' ™21 Zg e (@) + (m /)P’ ™| Zgy (g + B)I).

Py < C(m' /)P ™21 Zg (@) + (' 1)’ ™) 2 (00 + ).

By (3.11), (m’/n)Pm’~"* < m~¢, and by Lemma 5.3, Zo (o) € X. Using
Lemma 7.3, it is easy to show that El(m’/n)_ﬂzo,m/ (ag + ﬁ)|k <ooasn— o0
for any £ > 1, so (m//n)_ﬁzo,m/(ao + B) € X, to imply (4.23). It remains to
show (4.24). Since | — ag| < log_zm, it is easy to see that

< C(logm)Sop v (ap),

d
—So (@
’da 0,m’ (0)

\(m’/n)‘ﬂ%So,mm& +5) = Cllogm) o a).
Thus
I < Clam — ao|(m'/n) P (logm) So w (cto)
< Cm'/n) " Pm™2|U,| (logm) S m (o).

Since under Assumption m, A, = O(m~?), from (4.19) and Lemma 5.7 it
follows that

m'/n)Pm=V2|U,, | logm = m ™%, logm € X.
This and Sp ' (o) € X imply that P,Nm =m%&,. O

PROOF OF THEOREM 3.2. By Lemma 5.6,
(4.25) Un=—Bn + Vi + Al g,
By (4.13),
(4.26) By =0qm + otk +m™ %) + 0(m™" k),
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since ¢, (m/ n)? = kv = 0(ky,). This and Lemma 4.1 give
m'(a* — ag) = Uy + gmb*
=—0a - bk, +V,, — v, Z1
+0rm) + 0™ iy 1) + (B + vm) b,
where § > 0, writing 0* = é;k This and Lemma 6.4 imply (3.20). U

LEMMA 4.1. Suppose that the assumptions of Theorem 3.2 hold. Then
(4.27) 0% g = 0qm — (0a — bYkyy — Z1vy + 0(rm) + vy O
for some § >0, &, € X.

PROOF. Set ji,, = (1 — vp)gm0* and 1,, = (m/n)2. Then g, = m'/%t,,. We
show that
(4.28) Jm =0gm(1 —vy) — (Oa — b)k,, — Z1vy,
. +olkm + v + m—1/2) + U,L—Hs‘i:m,
where 6;, ag, by are given in (3.12) and (3.21). Dividing both sides of (4.28) by
1 — vy, and taking into account that v,, — 0 gives (4.27). By Taylor’s theorem,
Jm =My RS @)

5 — )2
= v, (Rf,j? (@0) + @ — a0)RD (ag) + L2 R (é)).

2!
Thus
Jm =d\m +dapy + d3 m,

where

diw=m"v, R\ (@), dom =m"Pv,y(@ — a0) R (t0),

ds.m = ml/zvmwlgﬁ) @).
We shall show that
(4.29) di m = 0/mty + (v — 0k + 0(rm) + vy, &,
(4.30) dym = — 0 Mt vm — Z1vm + 0(rm) + v’11+5§m,
4.31) d3.m = v;ffsgm

for some § > 0 where 0 =e(1,¢,2), v=4d(1,£,4), a =e(0,£,2) are given by
(7.5) and (7.17); then (4.28) follows.
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Note that dy ,, = m'/2(m/m’)? S (20)So.m (ctg) ~!. We have

—1/2

Sl’mr(o{o) = ESLm/((X()) + m/_l/zzlvm/(ao) =0t + Ul‘r%l/ + O(Z‘,%l/) +m Em

since Z1 ,(ap) € X by Lemma 5.3, and Lemma 7.2 implies that

).

(4.32) ESy(a0) = Oty +vi2, + 02, +m' ™/

Lemma 5.4 applied to Sp (otg) ™! implies that

1—1/2

So.m'(@0) ™ =2 — So_ (o) + 0(tyr) +m' &y,

whereas by Lemmas 7.2 and 5.3,

—1/2

SO,m/ (ag) = ESO,m/((XO) + m/_l/zzo’m/(ao) =1+4aty +oty)+m En.

Since (m/m’)*t,y = t,,, we get

diw=m"2(m/m)2 Oty +vi2, +0(2) +m'™'?
/—1/2%_m)
= O/ Mty 4+ (v — 0a) Mty + o(ky) + v 108,

for some § > 0. Thus (4.29) holds.
We now bound d3 ;,,. By Lemmas 5.4 and 7.2,

R (a0) = (S2,m/(010) S0, m' (00) — St (010)%) S0, m (ct9) ™2
=1+ 0(m'/m) +m'™ ),
and by (4.25) and (4.26),
U = Mm@ — ag) = —0/mty + Vi + 0(rm) + Om ™2 ) + A28,

From (4.8), Lemma 5.3 and (4.32) it follows tha~t Vo =—721 + Zmé‘m. Thus
Up = —0/mty — Z1 4+ 0o(ry) + O(m™ 2k ) + A, and

do.m = O (=0t — Z1 4 0(rm) + O™ iy 1) + A& ) (1 + ApEn)
= —0/mtyvym — vmZi + 0k + vp) + v,if‘sém

Em)
x (1 —aty +o(ty) +m

since Zm < v, for some § > 0. This proves (4.30).
Finally, note that

3| < v PUR|RD (@)| = v,m' 2 A2 E2|RD) (@)
by Lemma 5.7. Similarly to (5.12) we can show that IRS/) (@)| < C(logm’)*. Since

under (3.18) ml/zAfn < vfn for some § > 0, we get |d3 | < v,ln+3§m. Thus (4.31)
holds. [



EDGEWORTH EXPANSION 1347

5. Approximation lemmas. To characterize negligible terms of our expan-
sions, we shall use the following version of Chibisov’s (1972) Theorem 2, which
we present without proof.

LEMMA 5.1. LetY, =V, + 8,%1&‘,,,, where §,, > 0 asm — 0,
(5.1) P(l&nl = 6,,°) = 0(8m) forsome 0 <¢ <1,
and V,, have the asymptotic expansion
(52 PVu=)=20) =M En1p1(y) +8n2P2(3)) + 0(Em)

uniformly in 'y € R where pi(y), p2(y) are polynomials and 8, ; = O (),
i=1,2. Then

(5.3) P(Yy =y)=P() = () (m,1P1(0) + 8m,2p2(3)) + 0(Sm)

uniformly in y € R.

We shall use the following corollary of Lemma 5.1 for the remainder terms
&n € X defined in Section 4.

LEMMA 5.2. Suppose that 8,;1 >mfand Y, =V, +5,1n+€/ém for some ¢ > 0,
& >0asm— 0,and &, € X. Then (5.2) implies (5.3).

We first discuss properties of the sums S;, Z; for a wider range of m than in
Assumption m.

ASSUMPTION m*. m > 1 is such that n® <m < n'~¢ for some & > 0.

LEMMA 5.3.  Suppose that Assumptions f,l and m* hold. Then for Z; given
by (4.6)andany j =0,1,2,...,

(5.4) ZjeX.

PROOF. By Lemma 7.4, for any k > 1, E|Zj|k < 0o uniformly in m — oo.
Thus (5.4) follows by the Chebyshev inequality. [J

We consider following lemma, which is related to the lemma of Robinson
(1995¢) and concerns general functions Y, = f;,,(So, S1, ..., S3) of the vari-
ables S; (3.7).

LEMMA 5.4. Let (4.4) and Assumptions f,l and m* hold. Let Y, =
fm(So, S1,...,83) for a function f, such that for some & > 0 the partial
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derivatives (az/axixj)fm(xo, oy x3),1,j=0,...,3, are boundedin |x; —ej| <
8,j=0,...,3.Then as n — 00,

Ym = fm(eanla ""63)
(5.5) 39

+ Y ——fuleo. e, ..., e3)(Sj —ej) + O((m/n)*F) + m™ &,
=0 axj

(5.6) Y= fuleo.e1.....e3)+ O((m/m)P) + m™ 112,
and
(5.7) Y € X,

where &, € X.

PROOF. Observe that for any j =0, ..., 3, we can write Y, 11(m—1/2|z | >
8/2) =m~'&,, where &,, € X. Indeed, for all p>1,
P{|&n| = m®} < Pim~'|Z;| > 8/2} = o(m™ "),

since Z; € X. Therefore,

Yo = fn(S0. S1, .-, S~V Z;1 <872, =0,...,3) +m &,
We have by Lemma 7.1 below that
(5.8) ES)=e+0(m/n)f +m™1%),  i=0,1,2,3,

where by (7.5),eg=1,e1 =0,e2 =1,e3=—2. By (5.8),
S;=ES;+m™'?Z;=e; + O((m/n)P +m™?) 4+ m™12Z;.

Thus if |m~!/2Z;| < /2 for any j =0,...,3 then |S; — ¢;| <§ for large m, and
by Taylor’s theorem we get

Yo = fu(eo. €1, ... e3) + Z fm<eo,e1,...,e3><sj —ej)

3
+ 0<Z(Sj —~ ej)2> + O0((m/n)*P) + m™'&,,.

j=0

In view of (5.8) and (5.4),

(S;—ej)* <2((ES; —e))* +m™'Z3) = 0((m/m)*P) +2m™" 2}
= O0((m/n)*) +2m~ g,

since Z; € X. This proves (5.5). Equation (5.9) implies that [S; — e;| =
O((m/n)P) + m~1/2¢,,, and therefore from (5.5) it follows that (5.6) holds.
Equation (5.6) implies (5.7). O

(5.9
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LEMMA 5.5. Let (4.4) and Assumptions «, f, 1 and m* hold, and let
(5.10) m < np*B/@B+D—e for some ¢ > 0.

Then

U2
G611 m"2RD(ag) + U, R >(a0)+ R () = A%

ml/
for some § >0 and &, € X.

PROOF. Multiplying both sides of (4.3) by m!/2, the left-hand side of (5.11)
can be written as A+, with

En=0(m'PA P IROD @) +m~ AU, P IR @),

where |@ — ag| < [& — ap]. It remains to show that &,, € ;. We show first that
(5.12) IR (@)| < Clog*m.
Now R™(&) is a linear combination of terms

lo 0 14—
F!
503 @R @ F@ 4 0<lo.... L <4,
F()(Ol)

where
dk "
Fir(@) = ——Fo(),  Fole)= > 0w, k=0,
j=I
Now
m
| Fi(e)| <log“m Y" j*I(he) = (logm)* Fo(a).
j=1

Therefore the terms in (5.13) are bounded by log m, and (5.12) holds. By
Lemma 5.7, U,, = m'/ zAm“;‘m where Sm € X. Assumption (5.10) implies that

(5.14) ml/zAg1 < Ai for some § > 0.
Therefore
sm < C(m' 2 AP IRV @) +m' 2 AT°E] (logm)*)
<Cm'?A 1RO @)| + &) (logm)*).
Thus, for large m,
P{lgn] = m®} < P{IRD@)| > 0} + P{&,, = m*/%)
<P@=+1}+ P{E, =m* P} =o(m™?)

forall p > 1, since P{& = +1} = o(m~P) by Lemma 5.8 below, using the fact that
ROD@) =0ifae(—1,1)and P{&, >m/8) =o(m P)by &, € X. O
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LEMMA 5.6. Let (4.4), (5.10) and Assumptions «, f, 1 and m™ hold. Then for
some § > 0,

(5.15) Up=—Bn+ Vi + ALF¢,
where By, and V,, are given by (4.7) and (4.8), and &,, € X.

PROOF. We deduce from (5.11) that
Un=-m'"?RD —U,(R® — 1) —=m™2UrRD )24+ A} FE,.
By definition of RMW RP and R®), we can write
Un = —m'2$11:(So) = Unn f (So. S1, 52) —=m ™' 2Up (S0, S1. S2. 83) + Ay 6im,

where

h(xo) = x; ',

2
X2X0 — X{
S (xo,x1,x2) = — 5 I,
)
2 3 2 3
X3 Xox1x2 + 2x7
3 .
2xg

g(xo, x1, X2, x3) =
We apply now Lemma 5.4. Since h(eg) = h(1) =1, (0/0x0)h(eg) = —1, we get
by (5.9),
h(So)=1—(So—1)+m & =2—So+ A2&,.
Similarly, since

flep,e1,e2) = f(1,0,1)=0,

d d d
—f(1,0,1)=—1, —f(1,0,1) =0, —f(1,0,1)=1,
0xo 0x1 dx2

by (5.5) of Lemma 5.4,
(S0, 81,8) =(So—1) = (S — 1) +m &, =S — So+ A2 &

Finally, since g(eg, e1,e2,e3) = g(1,0,1,—-2) = —1 and g(ep, e1,e2,e4) = 1,
by (5.6) of Lemma 5.4, we have g(So, S1, S2, $3) = —1 4+ A&, Thus

(5.16) Uy = —/mS1(2—S0) — Un(S2 — So) +m~V2U2 + yu + ALFg,,,

where |y,| < A2 &, (J/m|S| + |Un| + m~1/2|U2]). Relations (5.8) and (5.4)
imply that

(5.17) 1S1] < CAm +m™ V221 = Ak,
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where £, € X. By Lemma 5.7, U,, = ml/zAiém. Thus |y, | = ml/zAfném and,
using (5.14), |yn| = A9, Next, by (5.8) and Lemma 5.3,

S2—So=(ESy— ESo)+m™"*(Zy— Zo) = O(Aw) +m™ V(2 — Zo) = Ak,

and S1(2 — So) = A&, S1(1 — Sp) = Ai“;‘m where &, € X. Thus, repeatedly
applying the recurrence relation (5.16) and taking into account (5.14), we get

Un = —/mS1(2 = So) + /mS1(Sy — So) +m ™2 (J/mS1)* + A&
=—V/mS$12—8) +m~P(/mS1)* + A,k
= —VMES|2—ESy) —Z1(2—ES)) + Z,ES1 +m~'?7,7,
+ (m2ES)? +2Z1ES) +m™ V2 77) + AlFog,
=B+ Vu+ ATk,
This completes the proof of (5.15). U

LEMMA 5.7. Let (4.4) and Assumptions o, f, 1 and m* hold. Then
(5.18) Un =m'"? Ay,

where &, € X.

PROOF. By Lemma 5.8, Uy, 1(|& — o] > log_4 n) = &, € X. It remains to
show that U,,(|&d — ag| < log_4 n)==¢&, €X. Let |[@ —ag| < log_4n. Then as
n— 00, & € (—1, 1) and, consequently, R (@) =0, so that

@)

0=m'?RM + U, R® + 71]’”(&2_ “) .

for |@ — ap| < |& — agp|. Similarly to the proof of (5.12) it can be shown that
IR® (@)| < C(logn)3, so that |&@ — ao||R® (@)| <log~' n and

0=m'?RM 4 Um{R(z) + O(log™! n)}.

Thus

1

Up=-—m"?RV(RD 1+ 0(og™' m)} ™" = —m'/28) £,(S0, S1, S2),

where, by definition of R M RD,

) ~1
Ju(xo0, X1, Xx1) =XO_I(M + O(log_ln)> )
0

Since

faleo. e, e2) = (1,0, 1) = (14 O(log™" n)) ™" < o0,

Lemma 5.4 implies that f,(So, S1, $2) = &n € X, whereas by (5.17), S1 = A&,
to give (5.18). O
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LEMMA 5.8. Let (4.4) and Assumptions o, f, 1 and m* hold. Then for any
s>1,

P{|@ — ap| > (logn)~*} =o(m™7F),

forall p>1.

PROOF. Let ¢ > 0 be arbitrarily small. Set F; = {o € [—1,1]:(logn)™ <
o —apl,p—a<1—¢}, h={l—¢<apy—a=<l+e¢e}, Fs={ae[-1,1]:ap—
a>1+¢e}. If [I] <1 then I C F; when ¢ > 0 is small enough. In that case
F>, = F3 = &. Hence we shall consider F,, F3 only for |/]| > 1 when [ > n" holds
for some n > 0 by Assumption /.

It suffices to show that

(5.19) di:=Plaec F;}=o0m™?), i=1,2,3.
We have
di < P{R(@) < R(ap), @ € F}}

Fo@
= P(log(FOO(SO))> <(@-—aym,dc Fi)

_ P( Fo(@) < e(&—ao)'ﬁ’ = F,-).
Fo(ap)

Set
(@) =m™ 2 Fo(aye ™0™
and define s, (@) = fin () — Efin(a), e () = Efy (o) — E fiu(g). Then
di < P{fn(@) < fin(0):@ € Fi} < Plen(@) < sm(@)| + Ism(x0)|: 0 € Fi}.
We show below that
(5.20) em(t) = Pia

uniformly in o € F;, i = 1,2,3, where pj, = clog_zsn, D2a =C, P3ag =
c(m/ )%=~ for some ¢ > 0. Using (5.20), we get

a=p(1= sup 7 (fn @)+ sn(ao)))
oaecr;

(5.21)
< CE( sup 2 (sn@P + Isn(e) ™))

ackF;
k > 1. If we show that for large enough k,
(5.22) E sup |p; ysm(@[* =o(m™"),  i=1,2,3,

aekF;

and
(5.23) Elsm(ao)|* =om™P),
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then (5.19) follows from (5.21). Since s,,(ctg) = m~1/?Z; and E|Zo|k < oo for
any k > 1 by Lemma 7.4, (5.23) follows by the Chebyshev inequality.
Before proving (5.22) we show (5.20). With

(5.24) dj () = ja—aoe—(a—ao)rﬁ

we can write
m
em(@)=m~"Y " (d;j() = ) E[AgM T (he)]-
j=l

By (4.4) and (a) of Lemma 2.1 or Lemma 2.2,
E[ 1] =1+ 0(j/m)’ + 0" log j)
so that
m
(5.25)  em(@=m""'> (d;(@)— D{l+ 0(i/n)f + 0 'log j)}.
j=l
Since
(5.26) i =logm — 1 +o(m™1/?),
by Z _log j =mlogm —m + O(logm), from (5.24) it follows that
(5.27) dj(@) = (ej/m)* (1 + o(m™"/?)).
Case (a). Let @ € F1. Then (5.25) and (5.27) imply

em(@)=m™" > dj(@) = 14+m™ " (m/j)' =0 ((m/n)f + j~'log j)
j=l j=l

=m™' > dj@)—1+0(m™)
j=l

for some " > 0 when ¢ > 0 is chosen small enough. Hence for large m,

e,,,(a):m—lz(ﬁ,) it om™)
j=1 ¢

o — O
e 0

= e 1+ O(m_"/) > cla — apl® + O(m_"/) > c(logn) /2
using the inequality ¢” — (1 4+ y) > cy2 fory>—14¢,¢c>0, and |og — x| >
(logn)™*. This proves (5.20) in case i = 1.
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Case (b). Letao € F. Then1 —e <ag—a <1+ ¢&. Then

m~' Y di@) = C mT Y (/im0 = lm T Y im0

Jj=l J=l J=l

m
>C'm™' Y (m/j) 7 = (Ce)!
j=l
Choosing ¢ > 0 small, (5.25) and the assumption / > n" imply (5.20) fori = 2.
Case (¢). Let o € F3. Then g — a > 1 + ¢, and thus

m m
m™' Y dje) = CTlm™h Y (j/m)* T = € /0T,
j=l j=l
which together with (5.25) and the assumption / > n” implies (5.20) for i = 3.
To prove (5.22), set

Gi(@) = p; asm(@) =m IZpl (i@ (I () — EI (), i=1,2,3.

By Lemma 7.3,
(528) El¢i(@) — @) <CDp(a, o), E|¢(@)]* < CDy(a),
where

m
Dot o) =m™ 3 |piydj o) = pi )
=l

Dy () =m 22|pl;d (@)]*.

We show that
(5.29) Dp(a,a’) < |a —d'*h,
(5.30) Dy (o) < h,
uniformly in «, &’ € F;,i = 1,2, 3, with some h = cn™" where y >0, ¢ > 0 do
not depend on m. Then from (5.31) of Lemma 5.9, by (5.28)—(5.30) it follows that
£(supla ) < Bt = 0G~+7) = 0™,
teF;

choosing k such that ky > p to prove (5.22). ~
We prove first (5.29). Let o, &’ € F;, i = 1, 2. Setting hj = je™™ we can write
dj(a) = h‘;_a". By the mean value theorem,

ldj(e) —dj(@)] = |h‘;{_a° — h‘;/_a"| <C| log(hj)lh‘;_a"loz ——
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where & € o, @'] C F;. By (5.26), hj = C(j/m)(1 + O(m~1/?)) and |logh;| <
Clogn, uniformly in/ < j <m. If o, &’ € F| then

11970 < C(m/j)* ™% < C(m/j)' ™,

and since p1 o = c(logn)_Zk,

m
Dy (e, &) < Clogm)*2m =23 " (m/j)* '~ — /1> < Cm ™ | — '],
=l
If o,a’ € Fy then |h;|*~% < C(m/j)!*¢ and, since I > n", ps 4 =c,

m
Dy(er, ') < Clogn)*m ™23 (m/)*' e — o> < Cm™"2|a — o
j=l
when ¢ is small enough.
If o, a’ € F5 then

ml ap—a l oap—o
pyidi(@) = C(m/l)("’.—) _ <m/1>(—.(1 +o<1>)) ,
jm ej
so that
n~11 lﬁl ag—a
|p3hd;(e) = pyLd;@)] = Com/1) (log(e.—)) (e—) o — o)
’ Jm Jm

< C(m/1)(logm)(1/j)* %o — ag.

Since @ € F3 implies og — & > 1 + €, we obtain

m
Dp(a, o) < Cla — o' 2172 log* m Z(l/j)m“)
j=l
<Cla—d[*I" log?m < Cn™ "o — o/ |7

since [ > n". This proves (5.29). The proof of (5.30) in cases i =1, 2, 3 is similar.
O

The following lemma is a modified version of Theorem 19 of Ibragimov and
Has’minskii [(1981), page 372] and follows by the same argument.

LEMMA 5.9. Let the random process {(t) be defined and continuous with
probability 1 on the closed set F. Assume that there exist integers m >r > 2 and
a number H such that for all t,s € F,

E[@) — ()" <hlt =5, E[E@®)|" <h.
Then
(5.31) E(suple@”) < Boh.
teF
where By depends on m, r and does not depend on ¢.
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6. Second-order expansions. Since by Lemma 5.6, U, = —B,,, + V;, +
A}n”ém, the expansion for U,, requires one for V,, (4.8). This in turn requires
one for Z = (Zy, Z,)', where Z; are given in (4.6) and defined with £ = 3 in
case of tapering and £ = 1 in case of no tapering. We assume in this section that
(4.4) and Assumption m™ are satisfied. We shall derive the expansion of V,, in
terms of zm(z Ap).

We shall approximate the distribution function P(Z < x), x = (x1, x2) € R2, by

(6.1) F(x)= ¢(y:S)K(y)dy,

y=x

where
¢(:) =o' Q" Pexp(—3y'Qly),  yeR?
is the density of a zero-mean bivariate Gaussian vector with covariance matrix
q_ <€1+1 €1+2> _ ( 1 —2>
€1 ey -2 9 )
where the elements of 2 are defined by (7.5) and related to Zy, Z, by

6.2) E[ZpZy] = epv +20m/m)e(p + v, €, B) +0(An)
(see Lemma 7.5). The polynomial K (y) is given by

m\F1 o 12! 56
(63) Ko =1+ (%) 5PP0) +m L POG),
n . .

where P ), P(3)(y) are polynomials defined by

2 2
POy =23 eli+j.L.AHH;(»). PP0)=2 Y eiyjuHjx®),
i,j=1 i jk=1
0

2
. — .o
Ht](Y)—¢(y-Q) dy: ayj

¢ (y:£2),

3

Hij(y) =—¢(y: Q)" S—0(:Q), i k=12
Yk

dyi dy;

THEOREM 6.1. Suppose that (4.4) and Assumptions o, f, 1 and m*™ hold.
Then
(6.4) sup|P(Z € B) — F(B)| = 3 sup F((B)*) + o(A)

B B

foranye =m~'=P (0 < p < 1/2), where supy is taken over all Borel sets B in R?,
F(B)= [p¢(y: K (y)dy and (3 B)* is an & neighborhood of B. In particular,
(6.5) sup |P(Z <x) — F(x)| = o(Ap).

xeR?
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PROOF. Set
6.6) F'B) = [ 902 Kn()dy.
where

1 1
Kn() =1+ 3P0 0)+m 22 POy,

2
PP = Y (EIZiZj] - eir))Hij (7).
i,j=1
We show below that

6.7) sup|P(Z € B) — F*(B)| = $sup F((B)*) + o(A).
B B

By (6.2) it follows that
PP () = (m/m)f PO (y) +o(Aw) ¥,
where A, = max((m/n)ﬂ, m~12) < Zm. Therefore
(6.8) sup |F*(B) — F(B)| = o0(Ap),
B
and (6.4) follows from (6.8) and (6.7).
When supp is taken over the sets B = {z:z2 < x}, x € R2, (6.5) follows
from (6.4), noting that supp F((3B)*) = o(Ap).

To prove (6.7) we obtain first an asymptotic expansion for the characteristic
function

(1) =1(11, ) =exp(itZ), t=(t1,0),1,12>0.

Set Q =tZ =t1Z1 + tZ>. We shall show that
i2 i3
(6.9) logz(t) = o Cumy(Q) + 3 Cum3(Q) + O(Cumy(Q)),

where Cum; (Q) denotes the jth cumulant of Q. Since

m
tZ=0Z1+nZy=m""2Y (t1v; + o)Ayt (I () — EI (),
j=l

we can write tZ = X'B,X — E[X'B,X] where X = (X;,...,X,) and B, =
(bi, )i, j=1,...n 18 @ symmetric matrix defined by

m
m_1/2 Z(tlvj + IQUJZ))»?;I()LE]‘) = X/BnX'
=
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Then [see (3.2.36) of Taniguchi (1991)] =(t) = |I — 2iS|~"/?exp(—i Tr(S)),
where S = Ry?B,Ry/*, Ry = (r(i — j))ij=1
of X, with r(t) = Cov(X;, Xo).

Since § is symmetric, it has real eigenvalues, denoted p;,j = 1,...,n.
Therefore as in (3.2.36) of Taniguchi (1991), we can write

n, being the covariance matrix

.....

n n
logz(1) =—(1/2) Y log(1 —2ip)) —i Y pj.
j=1 j=1
Using Lemma 8.1 of Bhattacharya and Rao [(1976), page 57], we get

2 ik’ I (1—v)3

log(1 —ih) = —ih+ — 4+ — + (h)* | ———— dv,

og(l —ih) ih+ > + 3 + (ih) b (L —iuh)?
where

(1—v)? !

V v) ‘</ / ldv=1.

o (1—ivh)* 0 (|1+Ivhl2)2
Thus

n n n
logz(1) =) i2,0]2- +3 Z i3,0J3- - O(Z p?)

(6.10) j=1
= i? Tr(S?) + 3i° Tr(S?) + O(Tr(SH).
Since
Cumy(Q) =2 Tr([B,Ra1%),
(6.11) Cums(Q) = 8Tr([B, R, 1),
Cumy(Q) = 48 Tr([ B, R1"),

(6.10) implies (6.9). Note now that

2
Cumy(Q) = Y tytyE[Z,Zy] =1'Qt + p{P (1)
p,v=1

by (6.2), where

P& (0 = Z tpto(ELZpZy] = epio).
p,v=1

Since  is positive definite, such that 1'Qt > ||£||?/4, in view of (6.2),
P (D] < CARIEI>,
so it follows that for large enough m,

(6.12) Var(Q) = Cumy(Q) > |17]%/8.
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By Lemma 7.5,
2 ~
Cum3(Q)= Y EIZZ;Ztitite =m™2pP ) + O(A}) |11,
i,jk=1
where

2
PP =2 Z it j+kliljtk.
i) jk=1

Finally, since EQ =0,
(6.13) Cumy(Q) = EQ* — 3(EQH? = O(AZ |Ith),
using Lemma 7.5. Hence by (6.9),

pan)  m2p®(ir)
2! + 3!

1 ~
(6.14) logr(r) = —21'Q + + OB,

where ||#||+ = max(||¢], 1). Set

@) 3) (i
1 pm (i) —12P (it)
* _ Y rm A7 r N7
T (t)_exp< 2t Qt)(l—l— 2 +m 3l ),

which corresponds to the Fourier transform of the measure F* in R? given
by (6.6) [see, e.g., Taniguchi (1991), page 14]. Equation (6.7) now follows from
Lemma 6.1 below, using the same argument as in the proof of Lemma 3.2.8 in
Taniguchi (1991). O

Lemma 6.1 corresponds to Lemmas 3.2.5 and 3.2.6 of Taniguchi (1991).

LEMMA 6.1.  There exists § > 0 such that, as n — oo, for all t satisfying
el < 8A,,"

(6.15) [T() — (@) <m ™ exp(=allt|*) P (1),
where a > 0 and P (t) is a polynomial, and for all ||t| > 8&;1,
(6.16) |T(#)] < exp(—aim®),
wherea; > 0, ¢ > 0.

PROOF. By (6.14), log 7(t) = —3t'Qt + k(t), where
(6.17) k(O] < CARNILIE + AnlI213) < N1213./16

for ||t]| < 8&,;1 where § > 0 is chosen sufficiently small.
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Using (6.14) and the inequality |e? — 1 — z| < 3|z|%e/*!, we see that
[T(t) — T*(1)] = exp(—31'Q) [exp(k (1)) — {1 + k(1) + O(AL [ItID)}]

< Cexp(—glltl*) exp(k()]) (1k(D)]* + O(A7 [1£]3))

< Cexp(—glltl*) exp(ll]|*/16)]I2]]%..
This proves (6.15). To show (6.16) note that

n
[T < [Ta+4pH V%
j=1
By the inequality log(1 4+ x) > x /(1 +x), x > 0, we get
1 40]

log | (¢ <—— log(1+4 ——
gle®)] < le g(1+4p7) < 211+4p§.

En Tr(S?)
4<1+p£)Z EREYSX

where ,of = max; ,oz. Note that

p2 < [Tr(sH1Y2 = (Cumy(Q)/48)"/* < CA,, 11112

by (6.11) and (6.13). The assumption ||¢|| > cSA;1 > 1 implies that

1+ '> 2 L —
(1+0H7 "> @oH~ CA TS

For large m, by (6.12), Tr(S%) = Var(Q)/2 > ||t||>/16. Thus, since A,.! > m? for
some ¢ > 0,

log|z()] < =C~ (Al ie1?/16 = —C~'m? /16,
to prove (6.16). U
LEMMA 6.2. Let (4.4) and Assumptions a, [, and m* hold. Then, with V,,
given by (4.8),

sug|P<vm <) = D) —m 2P p()| =o0(An),
NS

where p(y) is given by (2.14).

PROOF. We shall derive the second-order expansion

(6.18) PV <y)=0) —m 2o p») +o(An)
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uniformly in y € R where

2—1

~ N y y
(6.19) p(y) =a +a25 + a3 3l

and the coefficients ap, ap,as are defined [cf. (2.1.16), page 15 of Taniguchi
(1991)] by

(6.20)  Cum;(Vy) =1(j=ay+m 2a;j+0(Ay),  j=1,2,3.

In fact we shall show that (6.20) holds with A,, (< &m) instead of &m. We first
show that

(6.21) ar=-—1, ar =0, ay=—2.

Write V,, = —P + m~'"2Q + R, where P = Z|(2 — ES»), Q = Z1Z> + Z3,
R=2Z + Z,)ES;.

Since EP = ER =0and by (7.39),(7.38), EQ = EZ1Z, + EZ? = —1 +0(1),
we obtain

(6.22) Cumy (V) =EV,=m™ " ?EQ=—m""? + o(m™1/?)
and therefore a; = —1. Now, by (6.22),
Cumy (Vy,)
(6.23) = E(Vy— EVy)>=EV2 +om™1/?)
=EP?>—2EPm Y2Q+ R+ Em™ 20 + R)* + o(m™1/?).
‘We show that
(6.24) EP*=140(Ap), EPQ=0(Ap), EPR=0(A)

and
(6.25) Em™' 2P+ 0l =0(Al), i=2,34,
which with (6.23) implies
(6.26) Cumy (Vi) =14+ 0(Ap),
and thus a; = 0.
By Lemma 7.1,
(6.27) ES; = O0(An), ESy=1+v(m/n)f +o(An),

where v =¢e(2, ¢, B), and (7.38) implies
EP?=EZ2Q2 - ESy)*= (14 2v(m/m)P)(1 = vim/n)P)* + 0(Am)
= (1+2v(m/n)?)(1 = 2v(m/n)P) + 0(Ap) =14 0(An),
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while from (6.27), (7.38) and (7.39), it follows that
EPQ=Q2—ESEIZIZ+ EZ}) = (1 +0(1))O(Ap) = O(Ap),
and
EPR=(Q2—ES)ESIQEZ} + EZ1Z2) = (14 0(1))0O(An)o(1) = 0(Ap).

Thus (6.24) holds and (6.25) follows using (6.27) and E|Zj|k < 00, shown in
Lemma 7.4.

Next, from EV?} = Cumz(V,,) + 3 Cumy(V,,) Cumy(V,,) + Cum(V,,)3, by
(6.22) and (6.26) it follows that

Cumz (V) = EV,) +3m™ 2 4 0(Ap),
where
EV2=E(-P+[m 20+ R))’
=—EP}+3EP’m™Y?Q+R)
—3EP(m 20+ R+ Em~'*Q + R)?
=—EP3+3EP m Y2Q + R) + 0o(An),
in view of (6.25) and (6.24). From (6.27), (7.38) and (7.39) it follows that
EP}*=EZ]2-ES))?
= (—4m™ 12 4 o(Am)) (1 4+ 0(1)) = —4m ™2 £ 0(A,),
EP’Q=Q—-ESHEZZ,+ EZ}}
= (l4+o0(1)(—6+3+0(1)) =—-3+0(1),
EP’R=Q2— ES)’ES|{EZ}Z, +2EZ})
= (1+0()O(AN{O(AR} =0(A)

which yields EV"31 = —5m~ 12 4 0(A,,). Thus Cum3(V,,) = —2m~12 + 0(A,,)
and a3 = —2.

It remains to establish the validity of the expansion (6.18). The proof is based
on the expansion for (Z1, Z,) of Lemma 6.2 and follows by a similar argument to
the proof of Lemma 3.2.9 of Taniguchi (1991) or the proof of Bhattacharya and
Ghosh (1978). Denote by

2

fz1,22) =

F(z1,22) = ¢(21,22: ) K (21, 22)
021022

the density of (Z1, Z»)’, where F is defined in (6.1) and K is defined in (6.3). Set
By = {v(z1, z2) < y}. Then by (6.4) of Theorem 6.1,

slylp|P{Vm <y}—F(By)|=3 sup F((3By)*) +o(Ap),
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where ¢ = m™!~" for some 0 < p < 1/2. We will show that

(6.28) F(By) = () (1 + p(x))dx + o(An),

x<y

(6.29) F((3By)?) = o(An)

uniformly in y, to prove (6.18). Setting

6.30)  v(x1,x2) =—x1[2—ES) — ES|]1+m 2xix+x2ES;

and f*(x1, x2) = f(x1,x2—x1), we can write V,,, in (4.8) as V,,, = v(Z1, Z1+ Z»),

and

F(By)=/ f(x1, x2) dxydx;.

v(x1,x2)<y

Denote v = v(xy, x2). Then x; = (—v + x2ES))D~! where D = (2 — ES; —
ES>) —m~1/2x,. Since | f*(x1, x2)| < Cexp(—c(xl2 —i—x%)) with some ¢ > 0, then
for any 6 > 0,

P(Viy<y)

= FH(=v+xESHD ™, x2) (=D Y dvdxy + o(Ay).

v<y:lxil|xa|<m?
When [x1], |x2] <m® and § > 0 is small, Lemma 7.1 implies
D' =14 hu(x2) +0(Ap),
hn(x2) = (e(1,€, B) +e(2, £, B))(m/n)P +m™"/2x,

X1 = —v — vhy(x2) +e(1, £, B)xa(m/n)P + o(A)([v] + |x2])
=—v+o(l).

(6.31)

This and Taylor’s theorem imply
P(Vin<y)

_ (f*(—v, 22) + (W (x2) — e(L, £, BYxa(m/m)P)

v<y:|v|,|xz|<m?
a *
X — 7 (—v,x2) |dvdx;
dv
+o(An),

and integrating out x, we arrive at the second-order expansion

F(Viy <v) = / W) Pu(v)dv + 0(A).
v<y
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where P, (y) is quadratic in y. Comparing this expansion with (6.18) we
conclude that P, (x) =1—m~1/2 p(x), where p (6.19), as already shown, has
coefficients (6.21), so that P, (x) =1 +m~1/2(2 4+ xz)/3, to prove (6.28).

To show (6.29) note that

F((3By)") :/ F*(x1, x2) dx1dxz + o(m™"/?)

(By)? : |xi|<m?

for any 6 > 0. By (6.30), from y = v(x1, x2) we can solve for xo = h(y, x1). Thus

F((0By)®) < C/ dxydx; +o(m™'/?)
(0By)? : |xi|<m®

< C/ / dxadx; +o(m="?)
[xi1<m® Jxp€lh(y,x1)—&,h(y,x1)+¢]

<C2em® + o(m™'?) = o(m~1/?)

whene=m~'"Pand p>45. O

LEMMA 6.3. Let
V =V, 4+ Altg

where V,, is given by (4.8), &, € X and 0 < § < 1. Then under the assumptions of
Lemma 6.2,

(6.32) sug\Pw,; <y)—®() —m 2o p()| =o0(An).
ye

PROOF. By Chibisov’s Lemma 5.2 and Lemma 6.2 of this paper,
PV, <) =PV < y) +0(Ap),
implying (6.32). O
LEMMA 6.4. Let the assumptions of Lemma 6.2 hold and V,, =V, — v Z1

where V,, is as in Lemma 6.2 and v,, is a sequence of real numbers such that
vy = o(m™%) for some ¢ > 0. Then as n — oo,

(6.33) sug|P<V,:: <) = D) —dWMm 2 p(y) — vmy}| = 0(Am + vm).
NS

PROOF. Similarly to the proof of relations (6.20) in Lemma 6.2, it can be
shown that

Cum (V) =—-m 2 4 0(A,),  Cuma(VE) =142, + 0(Apy + vn),

Cums (V) = —2m~ Y2 4 0(Ap + vi),

whence (6.33) follows using the same argument as in the proof of (6.18) of
Lemma 6.2. [
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7. Technical lemmas. The present section provides approximations for

(7.1) Sk1 = —Zv"x“OI(x@

(7.2) Sk3=— Zv AR (),

and related quantities. Note that S 3 is Sk m (o) (3.7) and is relevant in case

of tapering, but to discuss the untapered estimate of «g we need to study (7.1)

also. Recall the definition (4.1), x;, ;, which likewise differs between tapering

(synonymous with £ = 3 in our setup) and no tapering (synonymous with £ = 1).
Put

1
1k, B) :/ (ogx + xPdx,  k>1,8>0.
0
LEMMA 7.1. Let Assumptions «, f, | and m* and (4.4) hold. Then as
m — oo, forf =1, 3,
(7.3) ESi o= m/mPe(l, €, B)+o((m/m)PF)+ Om™ icn )
and

ESio=ex+ (m/n)Pe(k, ¢, B)

(7.4)
+o(m/m)f +m~1%),  k=0,2,3,4,...,

where

c1/ L\*P
(75)  ex=1(k,0), e(k,f,ﬂ)=—<—) (kB k=0,1,....
(o) 21

REMARK 7.1. InLemma7.1,eg=1,e1=0,ep=1,e3=-2,e4=9,

1 R BT+
t(0,B) = ,3+1 f(l,ﬂ)—m7 t(z’ﬂ)_i(ﬂ—i-l)y
_BP+3p-2 _ Br+6B2—88+9
t(3,ﬁ)—7(13+1)4 R CYN IS Brip

PROOF OF LEMMA 7.1. We show that
ESi¢=er+ Afmclt(k, B) + o((m/n)P) + 0 (m™ 'k, (logm)*=1)

(7.6)
+O0m Nog"mlysy,  k=0,1,...,
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which implies (7.3). Then (7.4) follows from (7.6) and Assumption [. To
prove (7.6) note that (4.4) and assumption (a) of Lemma 2.2 or Lemma 2.1 imply

(7.7) EX 1G] =1+ (e1/co)d +rj (D),
(1.8) EDSH (3] = 1+ (c1/co)hs; +r;(3),

where (1) = o((j/n)?) + O(j~2) (without tapering), and r;(3) = o((j/n)?) +
O(j~'log j) (with tapering). Setting

(79) ik, B)=m"" Y Vi(i/m)P,  Rulk, £, B)=m"" Y vir;(0),
j=I

J=l

we can write

(7.10) ESk¢=1tn(k,0) + (Cl/Co)kfmtm(k, B) + Ru(k, £, B).
Note that

(7.11) tm(k,,B):t(k,,B)+O(llogkm/m), k>0,8>0,
and

(7.12)  Ry(k, £, B) = o((m/n)P) + O(m™ "k (logm)=1),  k>0.

Equations (7.10)—(7.12) and t,,,(1, 0) = 0 imply (7.6).
To prove (7.11) note that ZTzl log j =mlogm —m + O(logm) implies

(7.13) v; =log(j/m)+ 1+ O(llogm/m)

and therefore
tm(k, ) =m™" (log(j/m) + 1)*(j/m)P + O log" m/m)
j=I

=t(k.B)+om™"?,  k=0,820,
under Assumption /. To show (7.12) note that (7.13) and (7.11) imply

m m 1/2
(7.14)  |v;| < Clogm, Z|v§|§m1/2<2v§k) <Cm, k> 1.

Therefore

|Ry (k. £, B)| < o((m/n)P)m IZw |+ Cm~'log" ler](Z)l

Jj=l j=l
=o((m/n)?) + O (m ™ Y logm)<=1), k>1. O
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LEMMA 7.2. Let (4.5) and Assumptions o, f' and m* hold. Then

ESio=e(1,£,2)(m/n)? +d(1,€,4)(m/n)*

(7.15)
+o(m/m)* +m™ )+ 0m™ i),
ESpo=1+e(k, £,2)(m/n)?
(7.16)
+o((m/n)2+m_1/2), k=0,2,3,...,
where
(7.17) d(k, €, B) = (ca/co)(£)2m)Pt(k, B), k>0.

PROOF. Similarly to (7.10), under (4.5), we get

a18) ESi.¢ = tm(k,0) + (c1/co)A2,,tm (K, 2)
+ (c2/cO)Mpptm (ks &) + Ry (k, €,4),  k=>0.
Since t,,(1,0) =0, this and (7.11) and (7.12) imply that
ESy ¢ = (c1/co)X gt (k, 2) + (c2/co) Xyt (k, 4)
+o((m/m)*) + O((m/n)*1logm/m +m™ i 1),
where

(m/n)*llogm/m < (m/n)*/log> m + (Ilog® m/m)* = 0((m/n)4 + m_l)
by Assumption /, and thus (7.15) holds. Equation (7.16) repeats (7.4). U

LEMMA 7.3. Let Assumptions «, f,l and m* hold. For p =1, ...k, let

m
S,(np)=2a;p)|v(6)(?»6j)|2, p=1....m,
=

with tapering, v® (Agj) = v(A;) without tapering, where v(X.;), vy (A3;) are given
in (2.8). Then forany k > 1,

k k
(7.19) ET][sP — ESP) < [T a2,
p=1 p=l

where ||aP ||, = {Z;f’:l(a;p))z}l/z and C < oo does not depend on m or a'P, but
depends on k.
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PROOF. We have

—E 1_[ S(P) S(P)
p=1

- Z l_[a(p)El_[ vO (g, )[* = E[© (re,)].

]p— p=1
We introduce the table

((1,1) (1,2))
(7.20) T=1| ... ),
k,1) (k,2)

and define 1,1 (j) = v (1)), np2(j) = v©O(g)), for p=1,..., k. We denote
by y = (Vi,..., V&) partitions of 7 into nonintersecting sets Vs of the form
Vs ={(p,v), (p',v)} (p# p’), and write Vy € Vyif v #£v and Vi € V) if v =0,
Denote by I' = {y} the set of all partitions y and by I'g the setof y = (V1, ..., Vi)

such that Vi € Vo, s = 1, ..., k. By Gaussianity, we can write, using diagram
formalism [see, e.g., Brillinger (1975), page 21],
(7.21) ESn=)_0,,

yell
where

m k ( )
(7.22) 0, = Z (H P )C]V1 e qy
Jseeos jk=l \p=1

where, for Vi = ((p, v), (p', ), qv, = qv,(p, jp') = Ep,v(ip)np v (p)]. Set

1/2 ..

gy, =la? (p)\ \av, Gps jp)]-
Clearly
(7.23) 10,1 < Z av, - v,
Jlseees Jrk=l

Each argument ji,..., jr in (7.23) belongs to exactly two functions, q‘*,s.

Therefore, by the Cauchy inequality, we get

(7.24) [ e Z av, - av, < lav, |- lav, |

where

m 12
HqEHz=<Z qv, (j. k)} ) . os=1,... .k

J.k=l
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We now show that
(725) a3 1, < C(la®a]a™])",

which together with (7.24) and (7.21) implies (7.19).
We have
m
lay 5 = Yla”a lav, G HP+ X laal v, G, o

Jj=l I<k,j<m:k#j

2 2
= av,. 1l + lav, 2[5

From (a) and (b) of Lemma 2.2 or Lemma 2.1, it follows that |gv, (j, j)| < C. Thus
2 _ () () /
(7.27) lay,.1 5 = € Y laf"a"| < Cla?l2]a®],.
j=l
With tapering, from (c) and (d) of Lemma 2.2 it follows that
lqv, (k. /)] < C(m/m)P|j =k 72+ (mintk, ) ' 1j—kI72),  [<k#j<m.

Therefore

VR D W O S e
I<k,j<m:k#j

(7.28) + (mink, j)) 1) - k|—3))

< C<(m/n)2/3||a(p) la]a®], + ,<r?2§m’“§p)algp)’l_l>

< C”a(P) ||2||a(17/) ”2

Without tapering, by (c) and (d) of Lemma 2.1,

lqv, (k, )| < Ck112) |71l 2100 i 1<k <j<m,

and
2 / |2
lagv.ale<c > 1aPa llgv, k. )l
I<k,j<m:k#j
(7.29) 12
‘ scna(l’)nzua(wuz( > \qu(k,j)y“)
I<k<j<m

< C”a(P) ||2”a(17/) ”2
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The proof of (7.29) implies also the relation

!
lat, 215 = max [aia)| 32 kI og?
S r=m I<k<j<m

(7.30)

/
<C max [a'”a”’|log> m,
I<jksm 7/

which we shall use in the proof of Lemma 7.5 below. Equations (7.26)—(7.30)
imply (7.25). O

LEMMA 7.4. Let Assumptions o, f, 1 and m* hold and Z, be given by
(4.6) with £ = 3 under tapering and ¢ = 1 without tapering. Then for any fixed
q>0andk>1,

E|Z,* <00
uniformly in m.

PROOF. Applying Lemma 7.3 to (4.6) with aﬁq) = m_l/zv?, p=1,...,2k,
we get

k
m
E|Zy* < c<m—1 Zu?q) <C

j=l
in view of (7.11). [

LEMMA 7.5. Let (4.4) and Assumptions o, f, | and m* hold. Then for any
1 <q1,92,93,94 <2,

(7.31) E[Z4Zg,) = egy+g> +€(q1 + @2, €, B)(m/n)P + 0(Ap),
(7.32)  E[Zg,Z4,245] = 2m™ Pegigregs + O(AL),

(7.33) Cum(Zy,, Zgys Zgs» Zg,) = O(A2),

E\ZgZ24,24524,] = €q1+9:€43+q1 T €q1+43€492+
(7.34) (24124, 205 24.] = €1 +a2€05+0s + €ar+as€antas

+ egi+queqrrqz T 0(Am),

where A, Em are given by (4.2).

PROOF. Note first that Cum(Z,,, Z,,) = E[Z4Z4,] and Cum(Z,,, Zy,,

Zg4y) = E[Z4,Z4,Z4;]. Let aj-p) = m_l/zvjp, p=1,....k. Then Z, = S,gf) —

ESY. From (7.14) and (7.11),

(7.35)  max a1 <cm™Plog?m,  aPa<C.  p=1....k

=j=m
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By diagram formalism [see, e.g., Brillinger (1975), page 21], we can write

cx :==Cum(Zy,,, ... =Y 0.

yel'c

where I'° C T" denotes a subset of connected partitions y = (V1, ..., Vi) of the
table (7.20), T, and Q,, is given in (7.22). We show that

(7.36) =y 0,+0(@4}),

yel§

where I'g C I'g denotes the subset of connected partitions and
(p)
Q;/:Z (Hap>qV1 /
with gy, (jp;» ipa) = L, =jpy}4Vs Upy s Jpy) for Vi = ((p1, v2), (p2, v2)).

The derivations (7.26)—(7.30) imply that for any connected partition y € I'¢,
0, = Q;, +ry,, where

k k
lry| < Z ||‘1;F/,,,2||2||‘1§k/v,2||2 l_[ ”‘IT/,, (P
p,v=1:p#v j=1:j#pyv

By (7.25). llgy, 2 < C. With tapering, (7.28) and (7.35) imply
”qu 2”2 < C(m/m)** +m™Nog*m/17") < CAZ,.
Without tapering, from (7.30) it follows that
2 _ ~
lg¥, 2[5 < C(m/n)* +m~ log’ m) < CA;,.

Thus r, = 0(33,1). Then (7.36) follows if we show that Q;, = 0(&3,,)
for y e '\,
In that case y has at least two different V), Vi € V;. By the Cauchy inequality,

k
1051 < llav, 1 lalavily  TT Ny, lo=0(A%)
j=1:i#pl

since ||q‘*,p||2 <C,j=1,...,k, and, for V, € V, ||q‘*,p’1||% = O(Kfn). Indeed,
if Vi € V; then

la¥l= 1 max \a(”) (’”!Zlqw Ml <Cm™" logmy* Zmo !
J=l j=l

With tapering, from (b) of Lemma 2.2 it follows that |qv,(j, j)| < Cj -2

SO ”qV 1||2<Cm_110g m/l™ 1<CA2



1372 L. GIRAITIS AND P. M. ROBINSON

Without tapering, by (b) of Lemma 2.1, |gv, (j, j)| < Cj~'log j and gy, 1 ||% <
Cm~1ogbm < C&%. This proves (7.36).

We derive now (7.31)—(7.33) using (7.36).

Let k = 2. Then I'|; consists of one y = (V1, V2) such that V| = ((1, 1), (2, 2)),
Vo =((1,2),(2,1)). By (a) of Lemma 2.2 or Lemma 2.1, under (4.4),

(7.37) avi1(. ) = 1+ (c1/co)hy; +r(0),

where r(£) are as in the proof of Lemma 7.1. Hence

m

_ N

Q, =m=" Y v (qy, 1 (. )
j=t

m

=m! z‘; v?1+q2[1 + 2(c1/c0))»gj] +o0(A,)
J:

=eq i+ +€(q1 + 2. £, B)(m/n)P + o(Ap)

by (7.11). This and (7.36) imply (7.31) since Z,zn =o(Ap).
Let k = 3. Then I'; consists of two partitions,

y = Vi, Vo, V3), Vi=((,1),(2,2),

Vo =((2,1),(3,2)), Vi=((3,1),(1,2)
and

y = V1, V2, V3), Vi=(1,1),3,2),

Vo =((2,1),(1,2)), V= ((3,1),(2,2)).
For each of these y, by (7.37) and (7.11),

m
_ +gr+ N
Q;/:m 3/221);11 q2 q3(QVl,1(J,J))
Jj=1

m
_ m_3/2 Z v71+q2+43(1 + (Cl/CO))‘fj +r; (@)3
j=1

m
= m 23 VIS L 0/ +m ) = gy iqrigy + ORD).

j=1
This and (7.36) prove (7.32).
Let k =4. Then

m
_ . .\ 4 — X
Q;/ < Cm 4/2 Z U;j1+f]2+f]3+614(qvl’1(J,J)) < Cm 1: O(A,Zn)
j=1
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by (7.14) since |qv,1(j, )| < C.
Finally, by Isserlis’ formula,

E[Zth T ZCM] = E[qu ZCI2]E[ZQ3 ZCM] + E[qu Z%]E[Z%Z%]
+ E[Zth 2614]E[21122113] + Cum(qu, Zgys Zgs» 2114)’

and (7.31) and (7.33) imply (7.34). O
From Lemma 7.5 and Remark 7.1 we have the corollary.

COROLLARY 7.1. Let (4.4) and Assumptions o, f, | and m* hold. Then
as n — oo,

EZ?=1+2e(2,¢ ,3)(ﬂ)l3 Fo(An)
n

(7.38) EZf — —4m~ 12 4 o(A),
EZ}Z,=9m~ 2 4 0(Ap),
(7.39) EZ1Zy— =2, EZ3Zy— —6, EZ{—3.
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