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A GENERAL BAHADUR REPRESENTATION OF M-ESTIMATORS
AND ITS APPLICATION TO LINEAR REGRESSION WITH
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We obtain strong Bahadur representations for a general class of M-
estimators that satisfies }; ¢(x;, 6) = 0(8,,), where the x;’s are indepen-
dent but not necessarily identically distributed random variables. The re-
sults apply readily to M-estimators of regression with nonstochastic de-
signs. More specifically, we consider the minimum L , distance estimators,
bounded influence GM-estimators and regression quantiles. Under appro-
priate design conditions, the error rates obtained for the first-order approx-
imations are sharp in these cases. We also provide weaker and more easily
verifiable conditions that suffice for an error rate that is suboptimal but
strong enough for deriving the asymptotic distribution of M-estimators in
a wide variety of problems.

1. Introduction. Bahadur representations are often useful to study the
asymptotic properties of statistical estimators. Typically, an estimator is ap-
proximated by a sum of independent variables with a higher-order remainder;
see Bahadur (1966) for some beginning work. The first-order terms may be
used to measure the influence of a single observation or to derive the asymp-
totic distribution of the estimator. The asymptotic joint distribution of multiple
statistics may also be obtained from individual Bahadur representations. Fur-
thermore, a good error bound for the representation provides a quick guide to
how good the linear approximation can be. Because of the wide applicability
of M-estimators in parametric estimation, a number of authors have obtained
Bahadur-type representations for M-estimators in their respective applica-
tions. For example, Carroll (1978) and Martinsek (1989) obtained strong rep-
resentations for location and regression M-estimators with preliminary scale
estimates. Recent work includes, among many others, Portnoy and Koenker
(1989) for regression quantiles, He and Wang (1995) for multivariate location
and scatter estimation, Babu (1989), Pollard (1991) and Arcones (1996a) for
the least absolute deviation regression.

Some recent studies focused on M-estimators in general parametric prob-
lems. Niemiro (1992) and Bai, Rao and Wu (1992) considered a class of
M-estimators defined by minimization of a convex objective function. Bose
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(1996) extended this approach to estimators defined through minimization of
a U-statistic. A technical report of the authors, He and Shao (1994), dealt
with those defined through scoring equations. A related development that
can be found in Jureckova (1985) and Jureckova and Sen (1987) was to
find the second-order asymptotics in weak representations. For example, it
was known that the remainder term of the first-order approximation is of
the order of O,(n™') when the score function is twice differentiable, but it
becomes Op(n*3/ 4) if the score function has jump discontinuities. The present
paper shows that an almost sure Bahadur representation with good and often
sharp error bounds can be obtained for a general class of M-estimators of
independent observations.

Consider a sequence of variables {x;, i = 1, ..., n} that are independent but
not necessarily identically distributed. Suppose that there exists 6, such that
Y Ey(x;, 6y) = 0 for some score function . We work with any M-estimator
6, of 6, which satisfies

i d’(‘xi’ é\n) = O(8n)7
i=1

for some sequence §,,.

Most authors have been concerned with i.i.d. variables. The relaxation of the
assumption of identical distributions here allows this formulation to include
regression models with nonstochastic designs. Representations for regression
estimators with nonstochastic designs are often of more practical interest and
harder to derive. In Section 2, we obtain a strong Bahadur representation for
0, by substantially strengthening the results of Huber (1967). It is developed
for M-type estimation problems in a rather general setting. Specific applica-
tions to linear regression models are given in Section 3, where we show how
the general theorems work for M-estimators with varying degrees of smooth-
ness of their score functions. For example, the exact error bound is obtained
for the minimum L , distance estimators. The same can be done for regression
quantiles and generalized M-estimators.

The reason we choose the minimum L, distance estimators to illustrate
the utility of our general representations is that such estimators are rou-
tinely used and analyzed not only in statistics but also in numerical anal-
ysis and computational geometry. There is a vast amount of literature for
the algorithmic aspect of the L ,-approximation [see, e.g., Watson (1980) and
Spath (1991) and the references therein]. Under appropriate conditions on
the design, the error rates in the Bahadur representation are on the order of
((loglog n)/n)Y4+P/2 for 1 < p < 3/2, and (loglog n)/n for p > 3/2. The same
bounds obtained by Arcones (1996a) for random designs may be derived as a
direct consequence of these results.

In some, if not many, statistical applications, a slightly suboptimal error
rate would serve almost all purposes. The asymptotic distribution of an M-
estimator often follows from an error rate of 0,(n~'/?). A slight modification of
our proofs shows that such results can be obtained under weaker conditions



2610 X. HE AND Q.-M. SHAO

than required by Huber (1967). Our results may also facilitate asymptotic
analyses for redescending M-estimators, one-step M-estimators and rank-
based estimators [see, e.g., Hossjer (1994)].

The proofs of the general theorems and some of their generalizations are
provided in Section 4, but detailed calculations used in the linear models of
Section 3 are given in Section 5.

2. Bahadur representation: general results. In this section, we con-
sider M-estimators in a general parametric framework. More specific applica-
tions to linear regression models will be discussed later.

Let x4, Xgs ey X be independent observations from probability distribu-
tions F; 4, i = 1 2 ...,n, with a common unknown parameter 6 € O, an
open subset of R™, m > 1. We consider an M-estimator 6 that satisfies

(21) id’(xwé\n) = O(Srl)’
i=1

where 8, is a sequence of positive numbers. Various forms of §, have been
used in the literature. For example, Huber (1967) considered 6, = n for his
consistency theorem and 5, = ./n for asymptotic normality. He and Wang
(1995) used §,, = \/ nloglog n to establish the law of the iterated logarithm for

gn. In most cases, the left-hand side of (2.1) is actually equal to zero, but the
least absolute deviation of linear regression is one important exception.
To fix notation, define

AO) = 3 Bi(x,, 0)

i=1

and
(22) u(x7 6’ d) = | Slgl|pd |l/j(x> T) - ‘!I(xa 0)|>
where | - | is taken to be the sup norm: |6] = max(|6,],...,|6,,]), and the

expectations are taken at the underlying distributions of x,’s. We aim for a
generally good error rate in the Bahadur representation of /0\,“ and work under
the following set of conditions (not all conditions are needed for each theorem;
for explanations of what roles each condition plays, see Remark 2.1):

(B1) For each fixed 6 € O, ¢(x, 0) is Borel measurable.

(B2) There exists 6, € ® such that A,(6,) = 0 and |6, — 6, — 0 almost
surely as n — oo.

(B3) There exist r > 0, d; > 0 and a sequence of positive numbers {a;, i > 1}
such that Eu?(x;, 0, d) < a?d" for |0 — 90| <dy and d < d,.

(B4) Ay, = O(A)), Where A, » L al
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(B5) There exist 0 < B < « and B; > 0 such that

Eu**(x;, 05, d) < a2 P d@E2 for d < d,,

Z a2+ﬁ1 — 0(A512+B)/2 (1Ogn)—7—2a)‘

i
=1

(B6) There exists a sequence of positive numbers {s,,, n > 1} with s, - oo
and s, < A, such that

lim sup IZi:l (x;, 6p) <

2 as.
nooo  (8,loglogn)t/z — a-8

(B7) |A,(6,)| > ¢,|6, — 6| for some positive numbers c,,.
(B8) There exist a nonsingular matrix D, and positive numbers {b,} such
that

IAn(8,) — D,(8, — 6p)| <b, as.

THEOREM 2.1. Under conditions (B1)—(B7), we have

R 1/2 1/2 r/4
(2.3) 6, —6,= o(s" (loglogn)1/2<1 + (A") (‘j;loglog n) ))

Cn Sn n

for any sequence 9, satisfying (2.1) with 8, = O((s, loglog n)'/2). If, in addi-
tion, (B8) is satisfied, then 0, has the following almost sure representation:

(2.4) 0, — 0g == D;M(x;, 0p) + O(R,. 1) + O(R,, 5),
i=1

where
R, 1= |D;Y (A28, — 6y|"% + 1)(loglog n)'/?
and

Rn,2 = |Dr_Ll|(bn + Sn)

The first remainder term R, ; comes from the linearization given in Lem-
ma 4.1. Usually this dominates the error rate in the representation. The sec-
ond remainder R, , is due to other approximations. In typical applications,
especially when each x; has the same distribution, the following corollary
would give a simpler remainder term.

COROLLARY 2.1. Suppose that (B1)—(B8) are satisfied with n/c, = O(1),
|D;Y = O(n7t), A, = O(n) and b, = O(n'/?>"/*(loglogn)/?). Then, any
sequence 0, satisfying (2.1) with 8, = O(nY277/*) has the following almost
sure representation:

(2.5) 5n — 0y =—D,' Y ¢, 0p) + O(n*(1/2+r/4)(10g log n)1/2+r/4)_
i=1
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The results apply to any consistent estimators as assumed in (B2). In some
cases, the verification of strong consistency could be highly nontrivial. General
conditions on consistency are not discussed in the present paper, but we refer
to Huber (1967), Haberman (1989) and Liese and Vajda (1994) among others.
On the other hand, consistency is often the first step in the asymptotic analysis
and can be found in existing literature for most estimators in use. We also
note that, with some nonessential modifications in the proof of Lemma 4.1,
the results of Theorem 2.1 remain valid if the strong consistency in (B2) is
weakened to the following:

(B2') There exists 6, € ® such that A,(6,) = 0 and log(|0, — 6,|)/log(n) is
bounded almost surely.

In fact, (B2') together with other conditions implies strong consistency.

REMARK 2.1. The Borel measurability of ¢ in condition (B1) is to ensure
measurability of all quantities used in Section 4. Huber (1967) assumed some
form of separability for the same purpose. The major conditions of Theorem
2.1 are (B3) and (B5) as they are used to obtain a linear expansion of A, (6,,)
in Lemma 4.1. Condition (B7) is used to ensure its invertibility in order to
obtain the rate of convergence of 6, in (2.3). Condition (B6) is usually a result
of some known law of the iterated logarithm such as those in Wittmann (1987)
and Chen (1993). It is not critical to the representation but simplifies the error
rate expression in (2.4). We require the growth rate of A, to be limited by (B4),
but this is not essential (see Lemma 4.6). The quantity b, in (B8) is usually
obtainable by Taylor expansion and by (2.3).

The most demanding condition here is (B5). In fact, to get a looser error
bound in the representation that is still strong enough to imply asymptotic
normality, this condition is not needed at all.

COROLLARY 2.2. Assume conditions (B1), (B2) and (B3) with A, = ¥I ;a? =
O(n). If, in a neighborhood of 6,, A, (0) has a nonsingular derivative D, (0)
such that |D;1(0y)] = O(1/n) and |D,(0) — D,(6,)| < kn|6 — 6| for some
constant k, then for any sequence gn satisfying (2.1) with 8, = O(n'/?77/%),

6, — 00 = —D;(8,) Y w(x;, 6) + O(n~ V279 (log n)?).
i=1

The result of Corollary 2.2 holds true even if (B3) is generalized to
Eu?(x;,0,d) < a?d"|logd|. Therefore, our conditions are generally weaker
than those employed by Huber (1967) for asymptotic normality in the special
case of i.i.d. samples. Corollary 2.2 is convenient for verifying asymptotic
normality of M-estimators. The proof is similar to what is given in Section
4, and more details may be obtained in He and Shao (1994), an unpublished
technical report of the authors. On the other hand, if ¢ as a function of 6
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satisfies a Holder condition of some order, the verification of (B5) becomes
straightforward with g; = B. R

Although we are working with a consistent estimator 6,, the rate of con-
vergence (2.3), which is typically O((s, loglogn)¥/2c;t), follows from those
conditions automatically. If, however, a rate of convergence is already known,
an alternative condition (B5’) may be used in lieu of (B5), (B6) and (B7) [in
some applications, (B5') is much easier to verify]:

(B5') For some decreasing sequence of positive numbers d,, such that d,, =
O(d3,) = o(1), max, ., u(x;, 0y, d,,) = O(A;*d;*(logn)~?) a.s.

THEOREM 2.2. Under conditions (B1)—-(B4), (B5') and (B8), any sequence
0, satisfying (2.1) and |6, — 6y| < d,, = o(1) almost surely has the following
representation:

(2.6) 0, — 0y =—3 D y(x;, 00) + O(R:) as.,
i=1

where R = |D:1((8, + b, + Ay*d)/*(loglog n)'/2 + (loglog n)'/2).

Some other generalizations of Theorem 2.1 are given briefly at the end of
Section 4. However, we conclude this section with a quick comparison with the
results of Niemiro (1992), who also obtained strong Bahadur representations
of M-estimators.

Niemiro (1992) considers a class of M-estimators defined by minimization
of a convex objective function. The convexity leads to some simplifications,
but excludes redescending M-estimators often used in robust statistics. The
smoothness condition used in Niemiro (1992) is similar in nature to (B3) used
in the present paper. It is sometimes easier to check than our condition (B5),
but the resulting error rates are not as sharp. Finally, the assumption of i.i.d.
observations in Niemiro (1992) is not appropriate for applications in the re-
gression problems with non-stochastic designs.

3. Applications to linear models. One important application of Theo-
rems 2.1 and 2.2 is in the area of linear models. We consider the usual regres-
sion model

Yi :Z;0+ei>

where the z;’s are nonstochastic design points in R™, and the e;’s are inde-
pendent error variables with common probability density function f. Without
loss of generality, we assume that the true parameter 6, = 0. We now con-
sider three different classes of M-estimators that are commonly used in the
literature. As in Section 2, the consistency of these estimators is not explicitly
discussed here but can be found in the existing literature.
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3.1. M-estimators with smooth score functions. We first consider the sim-
plest case, where 6, is defined through

(3.1) Yy —20)z; =0,
i-1

where ¢ is Lipschitz. Results on consistency and asymptotic normality were
given in Yohai and Maronna (1979). To illustrate the application of Theorem
2.1, we shall not seek the weakest possible assumptions at the cost of clarity.

Let @, = Y.I';2;2;. To use Theorem 2.1, we identify x; = (y,,2;) and
Y(x;, 0) = ¢(y; — 2;0)z;. Note that part of x; has a degenerate point-mass
distribution, but this is allowed in Section 2.

THEOREM 3.1. If the following conditions (C1)—(C3) are satisfied, then

~ " loglogn
B = ~(rQ) X bz + O E BT )
i=1

(C1) both ¢ and f’ are Lipschitz;

(C2) Ed(e) =0, vy = [* d(x)f'(x)dx # 0 and Ed*"*(e) < oo for some
e>0;

(C3) n7'Q, — Q for some positive definite matrix @ and I ;|z;|*** =
O(n) for some ¢ > 0.

PROOF OF THEOREM 3.1. Since f’ is Lipschitz and Y7, |z;|>=O(n), the
derivative of A, (0) equals Y1 ; [*° &(u)f'(u+2,0) du z;z; and is Lipschitz in
6. It then follows that, for sufficiently large n, |An(§n)| > (1/2)yn/\min(Q)|5n|,
where A;,(Q) is the smallest eigenvalue of @, and (B7) is satisfied with
¢, = (1/2)ynipin(@). Similarly, (B8) holds with D, = y@Q,, |D;!| =
O(n7') and b, = O(n). By the standard LIL, (B6) is satisfied with
s, = O(X",|2;]>) = O(n). Furthermore, because ¢ is Lipschitz, (B5)
holds with A, = O(X,z*) = O(n) and r = 2. The result follows from
Corollary 2.1. O

3.2. Minimum L, distance estimators. The minimum L , distance estima-
tors obtained through minimization of )} ; |y; — 2;6|” for some p > 1 are au-
tomatically scale equivariant. The convexity of the objective function ensures
the existence of a solution. Results on consistency and asymptotic normal-
ity of the L, regression estimators are covered in Bai, Rao and Wu (1992),
and the Bahadur representation with the exact error rate was obtained by
Arcones (1996a) in the case of random designs. Under appropriate design con-
ditions, our Theorem 2.1 gives the same exact second-order error rate, but for
the more general case of deterministic designs. We first consider the case of

p > 1, where 5n solves (3.1) with
(3.2) ¢(e) = le|”~* sgn(e)

and the case of special interest with p = 1 is considered in Section 3.3.
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THEOREM 3.2. If 1 < p < 2 and p # 3/2, the minimum L, distance esti-
mator satisfies

0, ={(p—DE|e|’2Q,} 'Y ¢(e,)z;
(3.3) i=1

+ O((loglog n/n)min{l. 1/4+p/2}) - g g,
provided that (C3) and the following conditions (C4) and (C5) are satisfied:

(C4) Y7, E(le— z;0|P — |e|?) has a unique minimum at 6 = 0;
(C5) f is bounded and Ele — t|P~2 is Lipschitz in t.

REMARK 3.1. It can be seen from the proof that the second part of condi-
tion (C3) can be weakened to Y7, |z;|?P*1** = O(n) for 1 < p < 3/2. The
representation (3.3) also holds for any p > 2 if we have " ,|2;|?P** = O(n).

REMARK 3.2. The special case of p = 3/2 is not directly covered by Theo-
rem 2.1, but we have Eu?(x;, 0, d) < a?d?|log d| for (B3). The proof of Theorem
2.1 can be slightly modified to yield the same representation as (3.3) with the
remainder in the order of (log n)'/2(loglog n/n) (see Lemma 4.5). The fact that
p = 3/2 serves as a break point in the second-order error rate has been ob-
served by earlier authors in some restricted settings [see Niemiro (1992) and
Arcones (1996a)].

3.3. The least absolute deviation regression. The minimum L; distance
estimator is probably the most widely used regression estimator outside the
least squares universe [see Bloomfield and Steiger (1983)]. It is also of special
interest here, as it does not satisfy the requirement (B5) with r = 1. Instead,
we can verify the alternative condition (B5’) to have

THEOREM 3.3. The least absolute deviation (LAD) estimator satisfies

n

(64 B, = 2£0)Q,) Lsanten= +0(( 2 )T (eer) T s,

i=1 n

provided that (1) e has zero median and a bounded density function [ with
f(0) > 0, (ii) n7'Q, — Q for a nonsingular matrix @, (iii) max;_, |z;| =
O(n4(log n)2) and (iv) () — £(0) = O(|y|/2) as y — 0.

Note that the LAD estimator does not necessarily solve (3.1) with ¢(e) =
sgn(e). However, condition (iii) ensures that (2.1) holds with §, = n'/4.

Theorem 3.3 does not assume differentiability of f at zero. Under a weaker
condition on max;., |z;|, Babu (1989) also obtained a strong representation
for the LAD estimator, but the remainder term there is suboptimal. A more
careful study indicates that the order of the remainder term depends not only
on the magnitude of the design points, but also on the behavior of f near 0.
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REMARK 3.3. We have assumed here and in condition (C3) that the matrix
Q, is on the order of n. This corresponds to the root-n consistency for each
component of 8,. In this case, our error bound in (3.4) is known to be optimal.
In more general designs (which are allowed in Section 2), the components of
@\n may converge at different rates. A representation can be derived directly

from Theorem 2.1 for Q,ll/ zﬁn as in Babu (1989) and Pollard (1991), the error
bound, however, may not be optimal unless the transformations from 6 to

}/ 26 and z; to Q,Il/ 2zi are used. It is not clear, however, whether and how
Theorem 2.1 should be adjusted at a general level (as in Section 2) to yield the
best possible error rates. The sharp error rate for the least absolute deviation
regression estimator with more general designs (in terms of @,) has recently
been obtained by Arcones (1996b), and we shall not pursue it further in the

present paper.

REMARK 3.4. With some routine modifications, a representation similar to
(3.4) can be derived for regression quantiles of Koenker and Bassett (1978).
We omit the details.

3.4. Generalized M-estimators. An M-estimator defined via a minimiza-
tion of }_7' ; p(y; — 2;60) for some convex objective function p may become less
sensitive to outlying response values, but can still be unduly influenced by
leverage points. This is reflected partially in the use of design conditions in
Theorems 3.1-3.3. Hampel, Ronchetti, Rousseeuw and Stahel (1986) studied
the asymptotic behavior of the generalized M-estimators which solve

n

> by — 2i0)z;w(z;) =0

i=1
for some weight function w. If sup, |z]2w(z) < oo, E|d(e)|?>t* < oo for some
e > 0 and ¢ is Lipschitz as in Section 3.1, then, for any design, conditions
(C1) and (C2) imply that any consistent sequence of the GM -estimator admits
the following representation:

n -1 n
0, = _{VZw(zi)ziZQ} 2. blen)ziw(z:) + O(logln(gn>
i=1 i=1

4. Proofs and generalizations of Theorems 2.1 and 2.2. The basic
idea of our proof takes root in Huber (1967), but a refinement of Huber’s
Lemma 3 is essential for better control of error rates.

Let {x;, i > 1} be independent random vectors. Define A;(0) = Ey(x;, 6)
and

3 (s, 7) — (i, 0) — Ag(7) + /\i(a))!.

li=1

(4.1) Z,(7,0)=

The following plays the central role in the proof of Theorem 2.1. For conve-
nience, in the proofs of this and next section, we shall use a generic constant
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K which may vary from line to line. It may depend on the fixed quantities
such as m and ¢, but not on the sample size n.

LEMMA 4.1. Assume conditions (B1) and (B3)—(B5). We have

) Z (T 00)
4.2 \
(42) - Tmsup S (ALl — 6o + D (loglog )1 =

<C as.,

for some constant C < oo.

PROOF. Observe that, for any random vectors {Y, = (Y, 1,..., Y, )}t
of dimension m,

P(|Y,| = C, infinitely often) < ) P(|Y, ;| > C, infinitely often).
i=1

Therefore, we can assume, without loss of generality, that ¢ is real-valued,
6y = 0 and d, = 1. For simplicity, write

(4.3)  mi(7) = (x;, 7) — P(x;,0) — Ai(7) + 4,(0), Zy(7):=Z,(7,0).
Since Ay, = O(A,), there exists K; > 1 such that
(4.4) Ay, <K;A, and A, <nf forn=2,3,....

It is easy to see that

1 |||S||l) 71«(1)
1 Sl]p

<limsup max sup Zn(7)
koo 2Fl<n<2k |7|<1 (An|7|r + 1)1/2 (log IOgn)l/z

(4.5) Z.(r)
r
li
= P E I (A + 1)12 (log log 28112
Z
< K, lim sup max sup n(7) 5T
koo n=<2 |T|<1 (Agi|7|m +1)1210g"* k
Let
(4.6) #, = [maxsup DL 4]
n<2k |71<1 (A2k|7-|r + 1)1/2 k2~
By Lemma 4.2, P(%4;, infinitely often) = 0. It suffices to show that
(47) Z P(ﬁk N e@k) < 00,
k>1
where
Z
(4.8) 6, = {max sup "(12 > }
n=2* |r|<1 (Age|7|" + 1) (log k)1/2

for some constant C.
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To prove (4.7), we decompose the cube {7: |7| < 1} in the definition of #,
into smaller cubes. The Freedman exponential inequality [Freedman (1975)]
is evoked to bound the probabilities on each subcube followed by a chaining
argument to extend the bound to the probability in (4.7).

Before we proceed, we state the following variant of the Freedman inequal-
ity for easy reference.

FREEDMAN INEQUALITY. If {{;, 1 < i < n} are independent random vari-
ables with E{; <0 and ¢; < a for each 1 <i < n, then, for any x > 0,

i 22
P(max2§1>x> <exp< )

1<i<n -1 2(a X+ Z?:l Eng)

< ex <—x>+ex <_’“2)
=P\ "o ) T Ty B2 )
Let

(4.9) §:=8, = 1728l M= My, = 1/6 = 28RKT]

where K is defined as in (4.4), and [x] denotes the integer part of x. We use
:= in the proofs to match the symbols on both sides in an obvious way (in
order to simplify writing). Consider the concentric cubes

(4.10) & ={r|r| <18}, 1=1,2,..., M.

Subdivide the difference ¢; ; \ ¢; into smaller cubes with edges of length 6.
For each value of / there are m; = (2(/+1))™ — (2[)™ such small cubes, which

are denoted by Klj, Jj=1,2,...,my. Let ¢/ be the center of ;. Then we have
le/| = (I +1/2)8 and, for x > 1,

{maxsup Z”—(T) > Sx}
n<2h <1 (Age|7|" + 1)12

- {su max Z(7) Sx}
762 n<2k (A2k|7'|r 1)1/2 -

Z,(7) }
U sup max ————*——— > 3x
1§gM { redng n<2h (Age|T|" + 1)1/2

2! Z,(71)
C { > sup |n;(7)] = 3x} vy U { sup max (Ag (18)" + 1)1/2 = 3x}

k
i1l7l<s 1<i<M j<m; Creg) =2

[ Somm@iz1lv U U Lo O D] ,)

i=1I71<d 1<i<M j<m; Li= lre/J

Z,(c})
v U U {I,flazk (A (o) + D7 Zx}'

1<l<M j<m,
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Therefore

2k
P02y < P( T swp (o) = 1)

i=1I7|=<8

(1) = m:(c))| o )
4.11) i 1<ZX<:M ](Xn:” P< 2 fe,{f (Agk (l8)r + 1)1/2 = 2C(log k) *@k

(U U {mas g (lél)(i) s = Clog k), 4

1<l<M j<m,

_ Pgel) + Pf) + Pf’),

where P(l) P(Z) and P;f) denote the three terms on the right-hand side of

(4.11), respectively. It remains to show that each Pg), i =1, 2,3 is summable
over k.
From (B3), (4.4) and (4.9) it follows that

2k 2k

> Esup|n;(n)] = 3 2(Eu*(x;, 0, 6))'/

i=1 |7|=8 i=1

2k 1/2
< 21+k/2<2 Eu®(x;,0, 5))

i=1
< 2F(Ag 672 < 27F,
Similarly,
2k .
(4.12) > Esup|n;(r) —mi(ef) < 27*,

i=1  r1eq/

By Chebyshev’s inequality,

YPY<Y» ZEsuplm(T)l <Y 2k«

k>1 k>1i=1 |7|<8 k>1
. 2 .
To estimate P\ ), we shall use for convenience

mp =, ;= sup |0 (7) - 77;‘(Czj)|: Gri = (A (18)" + Hl2.

TEKIJ
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Note that %, implies 7; < 277G, ; k2. By (4.12) and the Freedman inequal-
ity, we have

() — mi(c})]
(ZS  (Ag oy +1)172 =

i=1re

> 2C(log k)2, ,zk)

A

2k
= P( > il <o, -2y = 2CGy, g (log k)1/2>

i=1

2k
= P( > {Wil{wiglwak,lku} - EWiI{W,SZHrGMku}} > CGy,; (log k)1/2>
i=1

(413)  _ ( CG,, (log k)l/z) N < (CG), ,(log k)1/2)? )
<exp|——2—2"— _
23+er’ lk_2 4 leil E7Ti21{77i§21+er¢[k’2}

CE?(log k)12 CG. (log k)1/2)2
< exp<_(§i)> —I—exp(— (CGy,i(log ;k ) )
2 23+er,lk_2 Y2 Em

Ck2(log k)12 C2G,, ;log k
oo ) S

2 1/2
B Kexp(_Ck (log k) )

23+r

Also, by the choice of M = M, we have, for any C > 1,

) CE2(log k)2
SRSKY ¥ ¥ ew(-CEOENT)

k>1 k>11<l<M j<m,
(4.14) CR2(log k)2
<K )Y @eM)" exp(—(mg)) < oo.
it 16

By Lemma 4.3, there exists C < oo such that Pf’) is also summable over k.
The proof of Lemma 4.1 is complete. O

We shall now prove Lemmas 4.2 and 4.3. The former is rather straightfor-
ward, and the latter is much more technical but based on similar ideas used

above.

LEMMA 4.2. Under the assumptions of Lemma 4.1, we have

11,(7)]
P >1 .
,§1 (liiazi‘i}i‘{ (Agplrr + 1)1 2k2=") =%

ProOOF. Using the same notation %, as in (4.6), we have

[1a(7)]
P(‘zk) = Z P<Sup (A2k|7|r+1)1/2k 9 = ) Z P, k-

n§2k |<1 n<2k
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Let I}, = {l: — (logy Ay:)/r <1 <0} be an index set. From (B5) it follows that

pri=P( sup [0z k2) 4P swp O g2)
<4, Az <peiz1 (AelTl")

<EYRE sup [, (P + Y P( sup |n,(n)] = k(Ay 2070)12)

Irl<A," ler, 2lslr<2!

< 8k4+2a{Eu2+a(xm 0, Az—kl/r) + Z (Azk 2(l—l)r)—(2+a)/2Eu2+a(xn, 0, 21)}
lel,

< 8k4+2a{a%+61 A;k(ZJrB)/Z + Z (Azk2([—1)r)—(2+a)/2a%+61 2lr(2+ﬂ)/2}
lel,

< Kk4+20(a’21+31 A;;§2+B)/2{1+A2_k(a_ﬁ)/2 Z 2[7‘(/3—11)/2}
lel,

< Kk4+2“ai+31A2_,fz+B)/2{1 + k}
< K k52 A;,52+B)/2 a?fﬁl-
Therefore, P(%;) < Kk~2, from which the lemma follows immediately. O

LEMMA 4.3. Under the assumptions of Lemma 4.1, > ka’) < 00 for some

constant C, where Pf’) is defined in the proof of Lemma 4.1.

PrROOF. We shall continue to use the partition and the associated notation
used around (4.10). Furthermore, let

N =(logy M) —1=[8kK/r]—1 and 2,=|{c]: j<m, I <2}

for u = 0,1,..., N. Note that the subscript £ for N is suppressed in our
notation here and that 2, is actually the set of centers of the small cubes
with edges of length 6 in €5..1. It is easy to see that

Zn(czj) 1/2
J U {Iiazi‘(Azk(la)r+1)1/2201°g k

1<I<M j<my,

(4.15) c U U U jmax Z,(c1) > Clogl/Zk}
o (Age (248) + )12 =

0<ux<N 2u<]<2u+l j<m,

2,() y
1 .
C O<&J<N { 1722? I;tzﬂgaz)k( (A2k (2u5)r + 1)1/2 = C og k

For 0 < p < u + 1, subdivide €5..1 into smaller cubes with edges of length
275. There are m,, , := (2“*7P)™ such subcubes, which will be called € p,

whose centers are denoted by c{t,p, J=12,...,m, ,. Let

2

—[p] 5=
u,p—{cu’p._]_l,Q,...,m

u’p}.
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Please note the difference between 2, and the 2, ,’s. For any 7 € 2, and for
each 0 < p < u+ 1, there is a unique Ju p which contains 7. When p = 0, we

have 7 = 00° " for some j, ,. Moreover, Ku, » is increasing in p, and
Jp,r Jptr | _ op-1
(4.16) |culs — Cu pi1l =2P774.

Hence,

Z,()= Zy(cl) + X (Za(eils) = Zo(e i)

0<p<u
and

max Z0(7) < myx 2L + X max|Zuil) - Zu(eln)
<p<u

T ] +1, 7
(4.17) =.mex At 3 max |2 (€u5) = Zalel )

= mex Zu()+ 3 max lzl mi(cils) = mi(eul i)
For further notational convenience, let
Xiu p =k (A9 (298) + 1)V2 + (u +2 — p)(Agr(27 5)")
It is easy to show that
> Xikuop < K(An(298) + 1)1

1/2

0<psu+l
Thus,
Z
{mﬂ}x max (1) 172 = Clogl/z k}
€3, neoh (A2k (248)" + 1)

418 < U {rrgfzn(f)zc”zxk,u,m10g1/2k}

TED,

u, u+1
i |
U U {maxlz nl(C“ ») — ni(Cif);lﬁ)I = C? Xk, u, p log'/? k},
0<p<ure?, |

provided that C is sufﬁciently large.
For0 < p<wuandre2,, the event %, implies that

[mieilts) = mi(eil )| = 417 B2 (A (2"8) + D)V,
Similar to the proof of (4.13), we have, by the Freedman inequality,

P(rzaas > mi(cl) = mi(elpi)| 2 €V xn o l0g" , @k)
(4.19) =t e 1 )
CY2k log"* k C(u+2-p)logk
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Similarly, we obtain, for 7 € 2, , 4,

P(max Z,(1)=>C¢p w1 log"? k, %k>
n<2k T
C12k log'? k C logk
< Kexp(—42+r> + Kexp(— 16 ),
for some constant K. We conclude from (4.15) and (4.18)—(4.20) that

@) _C'2k log'? k) (_ C log k)
P, <K > {exp( P + exp 16

O0<u<N
1/2 1/2
+ Y (Qurzeym {exp<_0k1°gk>
0<p=u 16

+exp<_C(u+2—p)2 logk)H

42+r

(4.20)

< Kk2,
for sufficiently large k. Therefore Pf) is summable over k. O

Theorem 2.1 follows directly from the following lemma.

LEMMA 4.4. Under conditions (B1)—(B7) we have, for any ﬁn satisfying (2.1)
with §, = O((s, loglog n)/?),
(4.21) 6, — 6y = O((s¥%c;t + AVZT/4c 1=12(Jog log n ) /*)(log log n)'/?)

and
(4.22) > (i 00) + X0 4,(6,) = O(R,) as.,
i=1 i=1
where R, = AY?[6, — 0,|"/2(loglog n)Y/2 + (loglog n)V2 + &,
ProOF. Without loss of generality, assume 6, = 0 and d, = 1. Let )’ be
the set of w such that
limsup [6,| < (2C)~2",

n—oo

n—co g3/ "(loglog n)l/2

. S0 (i 7) — (. 0) — Ay(1)}
tm sup Sup =04 77 - D2(loglog )2 = O

where C is the same constant as in (4.2).



2624 X. HE AND Q.-M. SHAO

By (B2), (B6) and Lemma 4.1, P(Q)') = 1. We will show that (4.22) holds
on (). Note that (B5) implies A, — oo and that, for each w € ' and for
sufficiently large n,

S p(x 0) + 3 ()
i=1

i=1

=

| n - .
+ (x4, 0) — w(x;, 6,) + A,(6,))

li=1

Z lﬁ(%‘a 5n)
i=1

S w(x, 6,)| + (4,10, + 1)*(log log n)/2

i=1

=

(4.23) n
+ sup | ZHL (0, 0) = (i, )+ A

rzt (AylTI" 4+ 1)Y2(log log n)t/2

< CA,ll/2|§n|r/2(log log n)'? 4+ C(loglog n)'/? + o(8,,)
1

< ZA}/Q(log log n)'2 4+ C(loglog n)'? + o(5,,)
1

< 5A,11/2(lozcgglog.3: n)l/2,

By (B7), we have

> w(x;,0)+ 3 A,(6,)| < 3(A, loglogn)'/2,
i=1 i=1

Cnl0nl <

n |
i=1

for sufficiently large n. Using
(4.24) 16,,] < 3c; (A, loglog n)"/?
in (4.23), we obtain
_nzldf(xi, 0) + Zl A (E))
< 3CAY2((A, loglog n)"?/c,)"*(loglog n)"/ + C(loglog n)"/% + o(3,,).
Therefore,

cnlby] = 3(loglog n)"*(s;/” + CA}/*((A, loglog n)'2 /e, )/* + C) + o(5,,)

from which Lemma 4.4 follows. O
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Lemma 4.1 can be generalized in several ways. Two useful ones are dealt
with in Lemmas 4.5 and 4.6. One is to remove condition (B4), and the other
is to generalize the conditions (B3) and (B5).

LEMMA 4.5. Suppose that there exist 0(d),0 < B <a<1,0< B; <ooand
a sequence of positive numbers {a;, i > 1} such that

Eu’(x;, 0,d) < a?o(d) for|6— 6y +d < 2d,,
Eu?(x;, 0y, d) < > Pro(d)@P2 for d < d,

and
Z a?-‘rBl _ O(AgLZJFB)/Q(lOg n)7772a)’

i<n

where A, = Y"1 | a?. Assume that there are r > 0 and L > 0 such that o(d)/d"
is nondecreasing and o(2d) < Lo(d). Then we have

limsup su Z (7, 09) <C as
P S (Ano(ir— 6D + D)2 (loglog(n + A, )12 = = 4%

for some constant C < oo.

The proof of Lemma 4.5 is similar to that of Lemma 4.1, and Theorem 2.1
can also be modified under the weaker conditions. We omit the details. One
can also use (B5') to replace (B4) and (B5).

LEMMA 4.6. Assume that (B1), (B3) and (B5’) are satisfied. Then we have

limsup su Z (7, 0o) <C as
e R (Audy + D72 (loglog(n + A, )7 = = ¢

for some constant C < oo.

The proof of Lemma 4.6 is also a variant of that of Lemma 4.1. The following
lemma is analogous to Lemma 4.4.

LEMMA 4.7. Under the conditions of Theorem 2.2, for any sequence ﬁn sat-
isfying (2.1) and |0, — 04| < d,, almost surely,

S (x5, 00) + 3 Ai(8,) = O(8, + AY2d7%(loglog n)"?) a.s.
i=1 i=1

Theorem 2.2 is a direct consequence of the preceding lemma.
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5. Proofs of Theorems 3.2 and 3.3. Theorems 3.2 and 3.3 are direct
applications of Theorems 2.1 and 2.2, respectively. We give some nontrivial
details in both verifications.

PROOF OF THEOREM 3.2. To verify conditions (B3) and (B7), we have, by
direct calculations,

dA,(0)
de

n
(p—1)> z;2z;Ele— z;0|p_2,
i=1

which is Lipschitz in # under the assumptions of (C3) and (C5). We now turn
to condition (B5). The same proof would validate (B3), whereas the remaining
conditions of Theorem 2.1 are easy to check.

It suffices to show that, for sufficiently small « > 0 and for every i > 1,

(51) Eu2+a(xi’ 0, d) <K |2L_|min(2p+1,4)+eldmin(2p71, 2)(24+amin(2(p-1),1))/2

for some constant &; € [0, €]. As can be seen from the proof below, one may
take ¢; to be 20 if 2/3 < p <2 and paifl < p < 3/2.

Recall that ¢(e) = sgn(e)|e|?~!. First note that, for any s, € R and 1 <
p =2,

|b(t +5) — d(t)| < 5min(|s||t]P7, |s]P7)
[cf. Arcones (1996a), Lemma 4]. Therefore

u(x;, 0,d) = sup [($(y; — 2,0+ 2i(7 — 0)) — d(y; — 2;6))z;|
|7—6]<d

(5.2) < 5| sulpdmin(IZQ(T = 0)l |y — 26172 |2;], |2j(7 = 0)]"7|z)
T—0|<

< 5min(|z;* d|y; — 2;6|7%, dP!|z;|P).
We complete the proof for two cases.

Case 1.3/2<p<2. Let 0 <a <min((2p—3)/2, ¢/2). Since 0 > (p—2)(2+
a) > —1 and f is bounded, we have

Eu2+a(xi, 6, d) < 52+ad2+a|zi |4+2aE|yi _ Z;0|(p_2)(2+a)

< Kd2+a|2i|4+201‘
Case 2. 1< p<3/2. Let 0 < a < ¢/2, and let

2 -2 -1
uy =" dly; — 201" Ly sgzpzay @0 wg = dP7 2P Ly orgi<pzay-
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It is easy to see that
Eui™ < (|zi|2d)2+a[I{\zi\d§1}<E|yi - Z;9|(p_2)(2+a)1{\yi72;9|>1}
+E|y; - 229|(p*2)(2+a)1{|zi|ds|y,~—z;o|sl})

+ Lz a1y Elyi = 229|(p_2>(2+“)1{\yifz;e|z|z,-|d}}

< (|zi|2d)2+“{1{zid§1}<1 i i (D £y 4 220) dy)

|z;|d<|y;|<1
+1 {|Zi|d>1}(|zi|d)(p2)(2+a)}
= K(lz |2d)2+a{1{|zi|d§1} (1+ (|2;]d)(P~2E+0)+)

+ I{\zi\d>1}(|2i|d)(p72)(2+a)}
< K[|2i|p(2+a)+1d(p—l)(2+oz)+l_,’_I{‘Zi|d>1}|zi|p(2+a)d(p—l)(2+oz)]

<K |Zi |2p+1+pad(2p71)(2+2a(p71))/2’

and

Buz*® = dP-DE |2, PO P(|y; — 20] < |z;]d)
< Kd(p’l)(2+“)|zi|p(2+“)|zi|d

— K |z;|2P 1P q@p-D@+2a(p-1)/2,
Therefore, (5.1) follows from (5.2). O
REMARK 5.1. When p = 3/2, following the proof of Case 2 above, we have
Eu®(x;,0,d) < K(1+ |z;]|*"*)d?|logd|.

The Bahadur representation in this case follows from Lemma 4.5 and a cor-
responding modification of Theorem 2.1.

PROOF OF THEOREM 3.3. We first note that a corollary of Babu (1989) im-
plies

(5.3) lim sup(n/loglog n)/?6,| < K

for some constant K. Arguments similar to those used in the proof of The-
orem 3.2 show that (B3) holds with r = 1 and A, = K Y " ,|z|3. Since
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n1y" 22, - @, we have YI' 1|z;|2 = trace(}>}_;2;2;) = O(n). Further-
more,

_ e,
M@y =23z [ F(y)dy
i=1
n 28, 28,
=23 ([ Fdy s [ ) - FO) )
= 2(00@. 5, -2 % [ (F()~ FO)db.
i=1

Therefore, by (5.3) and condition (iv),

—~ —~ n z;@n
A8+ 2 0@ By = Xl [ () - O
i=1

n 28l
= O(Z |Zi|/0 y dy)
i=1

log1 3/4 n
:O<<ognogn) Z|zi|5/2> a.s.
=1

On the other hand, by the Lyapunov inequality

n 5/ n ) 1/2 n 3 1/2
Z|Zi|/ §(Z|Zi|> <Z|2i|>
i=1 i=1 i=1

n 1/2
-of (£r) ),
i=1

_ R n 12
|An<en>+2f(0>Qnen|=0((Z|zi|3) n1/2(<1oglogn)/n)3/4> as.
i=1

Thus, we have

This means that (B8) is satisfied with
n 1/2
bu=0((n L 1= (Coglogmym*)
i=1

and D, = —2f(0)Q,. Condition (B5') is clearly satisfied by assumption (iii),
and other conditions of Theorem 2.2 are easy to verify with n/c, = O(1) and
s, = 0(n). O

Note that condition (B8) would be easier to check under the stronger con-
dition on the design used in Theorem 3.2. In Theorem 3.3, we allow for the
cases where n=1 Y, |z;|2 is unbounded in n.
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