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We study the problem of testing a simple null hypothesis about the
multivariate normal mean vector against smooth or piecewise smooth cone
alternatives. We show that the mixture weights of the 32 distribution of
the likelihood ratio test can be characterized as mixed volumes of the cone
and its dual. The weights can be calculated by integration involving the
second fundamental form on the boundary of the cone. We illustrate our
technique by examples involving a spherical cone and a piecewise smooth
cone.

1. Introduction. We first state our problem and then give an outline of
the paper. In Section 1.2 we prepare basic material from convex analysis.

1.1. The problem. We consider the problem of testing a simple null hy-
pothesis about the multivariate normal mean vector against a convex cone
alternative in the following canonical form. Let Z € R? be distributed accord-
ing to the p-dimensional multivariate normal distribution with mean vector
w and identity covariance matrix N ,(u, [,). Let K be a closed convex cone
with nonempty interior in R?. Our testing problem in the canonical form is

(1) Hy:p=0 vs. H;:peK.

The main objective of this paper is to study the null distribution of the like-
lihood ratio statistic for K with smooth or piecewise smooth boundary using
techniques of convex analysis and differential geometry.

In addition to (1), consider a complementary testing problem

(2) Hi:peK vs. Hy peRP.

In describing the complementary testing problem, we need to use the dual
cone K* of K:

K*={y[(y,x) =0, Vx € K},

where ( , ) denotes the inner product.

For x € R? let xx denote the orthogonal projection of x onto K and let x .
denote the orthogonal projection of x onto K*. Then the likelihood ratio test
of (1) is equivalent to rejecting H, when

3) /\701 = ||ZK||2
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is large and the likelihood ratio test of (2) is equivalent to rejecting H; when

(4) X =1 Z g |

is large. We consider the joint distribution of y2, and y%, under H,,.

The statistics y2, and y%, in (3) and (4) are called chi-bar-square statistics
and their distributions are finite mixtures of chi-square distributions when
H, is true. In this paper we call the mixing probabilities the weights. Gen-
erally, it is not easy to derive the explicit expression of the weights. Here we
list some examples of cones whose weights are known explicitly or can be
easily calculated numerically. The following are such examples of practical
importance:

Ky ={plps = < pp},

K2:{I'L|M1§I‘LJ’ j=2""’p}’

Iludl_|_..._|_,uf M1+ +p
K3:{Mi i ]S J p

- ,j:l,...,p—l}.
J p—1J
K, and K, are defined by the partial orders referred to as simple order and
simple tree order, respectively. For these three cones the null hypothesis is
usually u; = --- = u,, the hypothesis of homogeneity. However, the testing
problems can be easily reduced to the canonical form in (1). The corresponding
weights are given by recurrence formulas. In particular, the weights for K,
are known to be expressed in terms of the Stirling number of the first kind.
The weights for K5 are obtained as the reverse sequence of those of K;. See
Chapter 3 of Barlow, Bartholomew, Bremner and Brunk (1972) and Chapter
2 of Robertson, Wright and Dykstra (1988) and the references therein for the
weights of these cones as well as the related statistical inference. See also
Bohrer and Francis (1972a, b) and Wynn (1975), in which x? distributions are
treated in the context of constructing the one-sided Scheffé-type simultaneous
confidence regions.

The cones K, K5 and K5 given previously are polyhedral, that is, the cones
defined by a finite number of linear constraints. The following are examples
of nonpolyhedral cones whose weights are known:

o
Ky={plp = |ufeosy}, — 0<y <o,
Ky ={M: p x p symmetric|M is nonnegative definite}.

K, is the spherical cone which is smooth in the sense of Section 2.2 with no
singularities except for the origin. Takemura and Kuriki (1995) show that K
is a piecewise smooth cone in the sense of Section 2.3 and that the singularities
of Ky exhibit a beautiful recurrence structure. The weights for K, and Kj
were given by Pincus (1975) and Kuriki (1993), respectively.

For the polyhedral cone, the geometrical meaning of the weights is clear,
since the weights can be expressed in terms of the internal and external
angles. Compared with the polyhedral cone, the meaning of the weights for
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nonpolyhedral cones is not clear. In this paper we clarify the geometrical mean-
ing of the weights in the case that the boundary of the cone is smooth or
piecewise smooth.

In Section 2 we prove our basic theorem relating the weights to the mixed
volumes of K and its dual K*. For smooth or piecewise smooth cones we
express the mixed volumes as integrals involving the second fundamental
form on the boundary of the cone. We apply our technique to the cone K,. The
application to the cone K is discussed in Takemura and Kuriki (1995).

Throughout this paper by “smooth” we mean the class C2.

1.2. Preparation from convex analysis. Here we summarize basic results
from convex analysis. These results are taken from Webster (1994). Let U =
U, be the closed unit ball and let K be a convex set in RP. For A > 0, the
A-neighborhood of K or outer parallel set of K at distance ) is defined as

(K)y=K+AU,

where the addition is the vector sum. The Hausdorff distance between two
nonempty compact convex sets K, K, is defined by

p(Kq, Ky) =inf{A > 0| K; C (K3), and Ky C (K1),}-

Endowed with the Hausdorff distance, the set of compact convex sets becomes
a complete metric space [Section 1.8 of Schneider (1993a)].

A polytope is the convex hull of a finite number of points. Any compact
convex set can be approximated by polytopes.

LEMMA 1.1 [Theorem 3.1.6 of Webster (1994)]. Let K be a nonempty com-
pact convex set in RP and let ¢ > 0. Then there exist polytopes P, @ in RP such
that PC K C Q and p(K,P)<e¢, p(K, Q) < e.

We deal with convex cones which are not bounded. However, uniform con-
vergence on any bounded region is sufficient for us because we are concerned
with the standard normal probabilities of the cones. Let K be a convex cone
and denote K,y = K N AU. In view of the fact that polytopes are bounded
polyhedral sets [Theorem 3.2.5 of Webster (1994)], the next lemma follows
easily from Lemma 1.1.

LEMMA 1.2. Let K be a closed convex cone in RP and let A > 0, ¢ > 0.
Then there exist polyhedral cones P, @ in R? such that P ¢ K C @ and

P(K(,\)a P(A)) <s, P(K(A), Q(A)) <e.

Now we introduce the notion of mixed volumes of two compact convex sets
K, K5 in R?. Let v,(-) denote the volume in R? and consider v,(vK;+AKj3)
for », A > 0. Mixed volumes v,,_; ;(K;, K3),i =0, ..., p, are defined implicitly
by the following lemma.
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LEMMA 1.3 [Theorem 6.4.3 of Webster (1994)]. v,(vK; + AK3) is a homo-
geneous polynomial of degree p in v and A with nonnegative coefficients, that is,

p

p —iyi

vp(vKl—l—)\Kz):Z(i) PoN v, (K, Ky),
i=0

where v, o(K1, K3) = v,(K;) and vy ,(K;, Ky) = v,(Kj).

In the particular case » = 1 and K, = U, that is, when we are considering
the outer parallel set of Ky, v,,_; ;(K;,U) is called the quermassintegral of
K, and (?)v; , ;(K;,U)/w, ; is called the intrinsic volume of K, where

/2

(5) w, = m

is the volume of the unit ball Uq in RY. It is also known that mixed volumes
are continuous in K, K, with respect to the Hausdorff metric [Theorem 6.4.7
of Webster (1994)].

2. Weights of X?distribution as mixed volumes. In this section we
first prove our basic theorem which states that the weights of the y? distribu-
tion are the mixed volumes of the convex cone K and its dual cone K*. Then
we apply the basic theorem to the case of a smooth convex cone using the
fact that mixed volumes can be evaluated as integrals involving the second
fundamental form on the boundary of K. Our result for the case of R? is very
easily stated and the connection to the classical Gauss—Bonnet theorem will
be discussed. We illustrate our result for the smooth cone with the cases of
the elliptical cone in R? and the spherical cone in R”. Finally, we discuss the
case of the “piecewise smooth” cone.

2.1. Basic theorem. Here we prove our basic theorem stating that the
weights of x? distributions are mixed volumes. Since the concept of mixed
volumes applies equally to polyhedral as well as smooth cones, our Theorem
2.1 covers both cases.

THEOREM 2.1. Consider the testing problems (1) and (2). Let K1y = KNU
and Kiyy=K*NUand let v, ; (Kaq), K(;), 1 =0,..., p, be the mixed vol-
umes of Ky and szl)' Then, under H,,

(6) P(z\731§a, )2?256)=Z
i=0

P p\ Upi,i( Ky, Kp)
( . ) G, (@)Gi(b),

wiwp_i
where o, is the volume of the unit ball in R given in (5) and G(t) is the
cumulative distribution function of the chi-square distribution with q degrees
of freedom.
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ProOF. Let P,,n=1,2,..., be a sequence of polyhedral cones converging
to K in the sense of Lemma 1.2. For a given point x € R?, let xp denote the
orthogonal projection onto P,. Then it is easy to show that xp converges to
xg. At the same time the dual cone P;, converges to K* and the projection x p.
converges to x g.. Since pointwise convergence implies convergence in law, we
have

P(% < a. % <b) = P(1Zx)* < a, | Zx.|” <b)
= hm P(”ZPn”Z <a, ”ZP;‘L”Z < b)

(7

In view of the continuity of the mixed volumes, (7) shows that it is enough to
prove our theorem for polyhedral cones.

From now on let K be a polyhedral cone. In this case the weights of the ¥
distribution are well understood in terms of the internal and external angles.
Therefore, we only need to verify that these angles can be expressed in terms
of mixed volumes. Let F be a (closed) face of K and let B(0, F) and y(F, K)
be the internal angle and the external angle. See the Appendix for precise
definitions. Then it is well known that the joint distribution of ¥%; and 2, is
a mixture of independent chi-square distributions

p
P(xoy = a, Xia =b) =Y w, ;G, ;(a)G;(b).
i=0

The mixture weights are expressed as

wg= Y B, F)y(F,K),
FeF(K)
dim F=d

where .7 (K) is the set of faces of K and dim F is the dimension of the affine
hull of F' [Bohrer and Francis (1972b) and Wynn (1975)].

Let F* be the face of K* dual to the face F of K. Then dim F* = p—dim F,
and F is orthogonal to F*. Consider the orthogonal sum F @ F*. For different
faces F'{, F'y, the interiors of the sets F{ @ F;, Fy @ F are disjoint and R? is
covered by these sets

R’= |J FeoF*
FeF(K)

[Lemma 3 of McMullen (1975) and Wynn (1975)]. Then

VK(l) + )\KZ‘U = (VK(l) + /\KZ‘D) N ( U Fe F*)
FeF(K)

= U (FeF)n@Kq) +AK()
FeF (K)

= U (FnvU)s (F*NAU).
Fe7(K)
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Therefore,

v, Kqy +AK;) = Y 0,(FNol) & (F* N AU)).
Fe7(K)

Because of the orthogonality
v,(FNvU)@ (F*NAU)) = vg(FNvU) x v, o(F*NAU)
= 170480, F) x A" 9w, 4¥(F, K),
where d = dim F. Therefore,

p
v(Kqy +AKG) =2 3 AP w40, ¢B(0, F)y(F, K)

d=0 dim F=d
and
P K, Kp) = 0, F)yy(F, K) =
i vp—i,i( (1) (1))_wiwp—i Z B(0, F)y(F, )_wiwp—ixwp—i
dim F=p—i
or

i .
P i

(p) vpi,i(Kqy, Kiy))
w, ;= )

W0,

Therefore, (6) holds for polyhedral cones. By the argument given at the begin-
ning of the proof, this proves the theorem for general cones as well. O

REMARK 2.1. The argument of approximating a nonpolyhedral cone with
a sequence of polyhedral cones is also found in Theorem 3.1 of Shapiro (1985).

To characterize the set vK ;) + AK(j), the following lemma is useful.

LEMMA 2.1. Let K be a closed convex cone in RP and let K* be its dual.
Then, for v, A > 0,

vK)+AK() = (K +AU)N (K" +vU).

PrOOF. Note that vK ;) = v(KNU) = KN (¥U) and AK{;, = K* N (AU).
Now suppose that x €¢ KNvU and y € K*NAU. Then x € K, y € AU and
x+y e K+ AU. At the same time x €¢ vU, y € K* and x + y € K* +vU.
Therefore, x + y € (K + AU) N (K* + vU). This implies

(K noU) + (K*NAU) C (K + AU) N (K* + vU)

To prove the converse, let z € (K+AU)N(K*+vU). Since z € K*+vU there
exist x and y such that z = x + y and x € K*, ||y| < v. Write z = zx + zg-.
and y = yx + yg-- Then

2 2 2
lzxll® =z — zg.II* < ]z — % — yg.II* = | k]|

2

2yl <v

= y1* = lyx-
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Therefore, zx € K NvU. Similarly, zg. € K* N AU. Hence z = zx + zg. €
(KNvU)+ (K*NAU) and this implies

(K+AU)N(K*+vU) c (KnvU)+ (K*NAU). O

In evaluating mixed volumes, the p-dimensional volumes v, o(K 1), K{3)) =
vp(K(1y) and vo, (K (1), K{;)) = v,(K(;)) have to be evaluated individually.
Other mixed volumes turn out to be easier to evaluate. Consider

(8) (vKqy+AKG) N (K 1)° N (AKE)C,

where AC is the complement of A. By Lemma 2.1, x ¢ K U K* belongs to the
set (8) if and only if |x — x| < A and ||x —x k.|| < v; that is, x is not more than
A distant from the boundary surface /K of K and |xg| < v. Therefore, the
evaluation of mixed volumes is reduced to the evaluation of quermassintegrals
or, more precisely, the volume of “local parallel sets” defined in (9). In the
case of polyhedral cones, the evaluation reduces to the evaluation of lower-
dimensional internal and external angles. On the other hand, in the case of
the smooth cone the evaluation reduces to the integral of principal curvatures
on /K.

2.2. The case of a smooth cone. One of the main objectives of this research
is to characterize the weights of 2 distributions for cones with smooth bound-
aries. Although the characterization by the mixed volumes in Theorem 2.1
applies to smooth cones, the definition of mixed volumes is not necessarily
easy to work with for computational purposes. Here we can use the result
that the volume of the local parallel set of a smooth cone K can be expressed
as an integral of principal curvatures on JK. See Section 3.13.5 of Santald
(1976), Section 2.5 of Schneider (1993a) or Schneider (1993b). We summarize
the result in the following discussion.

Let K be a closed convex set with boundary ¢ K. For a relatively open subset
S of K, the local parallel set of S at distance A is defined as

9 A(K,S)={x|xgeSand 0 < ||x — xg| < A}.

Assume that dK is of class C2. Let H = H(s) be the positive semidefinite
matrix of the second fundamental form at s € /K with respect to an orthonor-
mal basis. The principal curvatures ki, ..., k, ;1 are the eigenvalues of H.
Denote the jth trace of H, that is, the jth elementary symmetric function of
the eigenvalues of H, by

tI‘JH:tI‘JH(S)z Z Kil.'.Kij’ j:l’..‘,p_]_’
(10) 1<ij<-<ij<p-1
troH = ]_,

and let ds denote the (p — 1-dimensional) volume element of /K. Then we
have the following lemma.
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LEMMA 2.2 [Steiner’s formula, (2.5.31) of Schneider (1993a)].

p
(11) v,(ANK,8) =Y Afl/ tr,_H(s)ds.
=1 J7S

We now apply Lemma 2.2 to our problem. Let K be a closed convex cone
with smooth boundary ¢K and tr;H(s) be defined by (10) on /K. Consider
the base set

S={s|se€dK and 0 < |s|| <v}.
Then A, (K, S) is equal to the set (8) except for the boundary, that is,

int A,(K, S) = int((vK(l) +AK ) N (K1) N ()\Kjl))c).

Note that, for each s € dK, JK contains a half line starting at the origin
in the direction of s. Therefore, the principal curvature for the direction s
is 0 and tr,_;H(s) = 0. Other principal directions lie in the tangent space
T, (9K Nd(lU)), where [ = |s|. Furthermore, because of the cone structure
the integration on JK can be reduced to the product of integration on /K NoU
and the one-dimensional integration with respect to [.

THEOREM 2.2. Let K be a closed convex cone whose boundary dK is of class
C? except for the origin. Then the mixed volumes vpii(Kay, K1), 1 =i <
p —1,in (6) of Theorem 2.1 are expressed as

p *
( i >vpi,i(K(1)a K(1)) =

1

— tr; {H(u)du,
i(p—1) Jognou ri Hu) du

where du denotes the (p — 2-dimensional) volume element of /K NJU.

ProOF. Let I = |s|| for s € dK. The half line in the direction of s and
T,(dKNd(lU)) are orthogonal and the volume element of 9 KNJ(IU ) is IP~2 du.
Therefore,

ds = dl x (1P2 du).

The principal curvatures are inversely proportional to [, that is, «;(s) =
k;(w)/l, where u = s/l. Therefore,

tr;H(s) = ter(u)/lj, L=|s|, u=s/l.
Then

v lP*Z
/S tr, H(s)ds = [ o di L ot Hw) du

pP—J

p—J

/ tr;_yH(u)du.
JKNIU
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By (11)
p-l yijyp—i
A\(K,S)) = - tr;_H(u)du.
o ANE ) = X G ey i B0 A
Therefore,

1

. — tr;  H(u)d
30— ) Jokoa T

p \
(j)vp—j,j(K(l)’ Ky =

and this proves the theorem. O

REMARK 2.2. Theorem 2.2 is stated in terms of K. However, because of the
duality of K and K*, an equivalent statement can be made in terms of K*.

REMARK 2.3 (The case of R? and the classical Gauss—Bonnet theorem). For
p = 3 the mixed volumes take particularly simple forms. Let
P(X41 < a, X3y < b) = w3G3(a) + wyGy(a)G1(b) + w;G1(a)Gy(b) + woG3(b).

Then clearly

total area of K NoU total area of K* NgU
W3 = > Wy = 5
47 47
where 47 is the total surface area of the unit sphere JU in R3. By Theorem 2.2,

1 1
= troH(u)du = — 1d
We 2w wq /,ﬂmaU roH (u) du 4 /aKﬂ(?U ,

_ total length of the curve /K N U
B 47

and, considering K*,
on — total length of the curve s K* N U
1= 47 '
On the other hand, by Theorem 2.2,
1
=— d
17 /;"KmﬁU w(u) du,

where k(u) = tr{ H(u) is the geodesic curvature of the curve ¢K NJU on dU.
Since the Gaussian curvature is 1 on JU, the classical Gauss—Bonnet theorem
states

27 = / k(u) du + (total area of K NJU).
dKNoU

Therefore,

1
§=w1+LU3,

which is a particular case of Shapiro’s conjecture that 37 (-1)'w; = 0
[Shapiro (1987)].
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REMARK 2.4. Shapiro’s conjecture is known to hold for polyhedral cones.
Because of the continuity of mixed volumes, Shapiro’s conjecture holds for
smooth or piecewise smooth cones as well.

EXAMPLE 2.1 (Elliptical cone in R?).
2 2
K={(M1,IU«2,M3)|,U«12Z (f) +<‘23) , Mlzo}, a,b>0.

This is a special case of Remark 2.3. Using a local coordinate system, d K NoU
is expressed as

{s(6) e R?* |0 <6 <27},
where
1
1
s(0) = = acos 6
2 ane2 2 o
\/1+a cos? 0 + b?sin” 6 bsin 0

The total length of the curve ¢ K N U is

/2” ds
0

de
fla,b) = /2” Va2b? + b2 cos? 0 + a2 sin? 0
’ 0 1+ a2cos? 6+ b2sin? 0

and therefore we have wy = f(a, b)/47, wy = 1/2 — f(a, b)/4m. The dual of
K is

do = f(a,b),

where

do,

K* = {(1, mo, p3) | 13 > (apg)? + (bug)?, uy <0},

and hence we have w; = f(a™1, b 1) /47, wy = 1/2 — f(a™t, b7 1) /4.
Note that f(a, b) can be expressed by elliptic integrals of the first and third
kinds.

ExaMPLE 2.2 [Spherical cone in R?; Pincus (1975) and Akkerboom (1990)].

r
K={pn=(up -, mp) [ p1 = fulleos g}, 0<y <3

This is the spherical cone K, mentioned in Section 1.1. Let
(12) F(x)=F(xy,...,x,) =x7sin” ¢ — (x5 + -+ + x%) cos® .
Then the boundary JK of K can be written as

dK ={x | F(x) =0, x; > 0}.

By our Theorem 2.2 we consider a point s € K, |s|| = 1. Because of spherical

symmetry with respect to x,, ..., x,, we take s = (cos ¢, sin¢,0,...,0)as a
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representative point. The values of tr; H(u) are the same for all u € K NJU.
The outward unit normal vector at s is easily seen to be
N, = (—sin¢,cos,0,...,0).
Consider the rotation of coordinates (x1,...,x,) > (Ug,...,up,)
u; = —sinx; + cos Yxq,

Uy = €OS fxy + sin P xq,

u; = x;, 1=3,...,p.
Note that u, is the coordinate for the direction of s°. Substituting the inverse
rotation x; = —sin $yu; + cos Yu,y, x9 = cos Yu; + sin Yu, into (12), K can be
written as

F:x%sinzz,[f—x%cos2w—(x§+-~-+x?,)coszz,lf
(13) = —u?cos2¢ — uquysin 2y — (Ui + - + ufp)cos2 1
=0.

The particular point s° expressed in the new coordinates is u° = (0, 1,0, ..., 0).
Now we want to calculate the elements of the second fundamental form

(14) -

i, j=>2.

Recall that s° itself is the principal direction with zero principal curvature
and u, is the coordinate for this direction. Therefore, actually we only need
to calculate (14) for i, j = 3, ..., p. (Or one can easily verify that derivatives
with respect to u, are indeed 0.) Now regard (13) as an equation determining
uq in terms of uy, ..., u,. Taking the partial derivative of (13) with respect to
u;, i >3, we have

_oF = _2(9u1 ujcos2y — iea!

0=
&ui &ui c?ui

Uq 8in 246 — 2u; cos? .

Differentiating this once more, we obtain

a2
0=-2 “ ujcos2y —2

du; du ; Jdu; du

uy duq 2

0s 2y

- Uy sin 246 — 28, cosZ i,
J ﬁulﬁuj 2 w Y l/j

where §;; is the Kronecker delta. Evaluating this at u®, we obtain

1 1
Hu® = di — ... .
@) dlag<0’tan¢’ ’tanlp>

p—2

—2N 1
ter(u0)=<pj )tanf¢'

Therefore,




PIECEWISE SMOOTH CONE ALTERNATIVES 2379

As mentioned earlier this value is the same for all u, that is, tr;H(u") =
tr;H(u), Yu € dK NJU. Furthermore,

dKNaU = {x | x; = cosy, x%—l—---—}-xi:1—cos2d1=sin2d1}.

Therefore, the (p — 2-dimensional) total volume of /K N JU equals the total
surface volume of a sphere of radius sin ¢ in RP~!, that is,

v,_9(dK NaU) = v, o(d(sinyU,_1)) = (p — 1)sin” Y w,_;.

Combining the preceding results, the weights of the y? distribution are

p 1 p—2 1
<i>va( - Kiy) l(P—l)(i—l )tan"ll/f

(15) x (p—1)sin? 2y o,
_ (-1}
il(p—1)!
Further manipulation of (15) shows that
<p> Ui, i( K1) K?n)
w, .=

w; w

0,1 sin? Ly cos’ 1 .

p—i

1 (p —2 ) B((p—i)/2,i/2)
i—1)B(1/2,(p-1)2)

2
which coincides with the result given by Pincus (1975).

sin? "Ly cos 1y,

REMARK 2.5. After completing this paper in the form of a discussion paper,
we found that Lin and Lindsay (1997) derived essentially the same result as
Theorem 2.2 using the formula in Weyl (1939), and calculated the weights for
the spherical cone as an example. They also mentioned the classical Gauss—
Bonnet theorem and the example of the elliptical cone.

2.3. The case of a piecewise smooth cone. Here we consider an intermediate
case between a polyhedral cone and an everywhere smooth cone, namely, a
cone K whose boundary dK consists of both smooth surfaces and edges. To fix
the ideas, let us consider a generalization of Example 2.2.

EXAMPLE 2.3. Let K be defined as
K ={peRP|u; > |plcosyy and uy > ||u| cos iy },
where

cos? iy + cos? Py < 1, O<1,[/i<g, 1=1,2, p=>3.
In this example, K = K; N K4, where

K;={p|mp=|pnllcosi,;}, =12,
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are the cones of Example 2.2. Note that /K is no longer smooth at the common
boundary dK; N dK,. At a point s of JK; N dK,, the outward unit normal
vector is no longer unique and the contribution to the mixed volume from
s € dK; NJK, cannot be expressed as an integral with respect to the volume
element of the p — 1-dimensional surface of /K.

Let K be a convex set. For each point s on the boundary ¢K of K, the
normal cone N(K, s) is defined as

N(K,s)={y|(y,z—s) <0, Vze K}
[see Section 2.2 of Schneider (1993a)]. Define
D,,(dK)={se€dK |dim N(K, s) =m}, m=1,...,p.
Then
JK = Dy(dK)U---U D (dK).

In Example 2.3, Dy(dK) = relint(dK; N dK,), and D;(dK) consists of two
relatively open connected components, relint(¢K;NdK) and relint(¢d K, NJdK),
where relint(-) denotes the relative interior. D ,(7K) = {0}, and other D,’s are
empty. With Example 2.3 in mind, we make the following assumption on the
convex set K and we call such K piecewise smooth.

ASSUMPTION 2.1. D,,(dK) is a p — m-dimensional C2-manifold consisting
of a finite number of relatively open connected components. Furthermore,
N(K, s) is continuous in s on D,,(dK) in the sense of Lemma 1.2.

Let s € D,,(¢K). In a neighborhood of s we take an orthonormal system
of vectors ey, ..., e, ,,, Np_piq,-.., N, where eq, ..., e, ,, constitute an or-
thonormal basis for the tangent space T'((D,,(¢K)) and N,,_,,1,..., N, con-
stitute an orthonormal basis for the orthogonal complement 7(D,,(JK))* of
T.(D,,(dK)). Clearly, N(K, s) c T (D,,(¢K))* .

Let

H;;,, i,j=1,...,p—m, a=p—m+1,..., p,
be the element of the second fundamental tensor with respect to the chosen
coordinate system. For a unit vector v in T(D,,(¢K))*,

v= Y V"N vl =1,

a’

define
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Furthermore, let

tr;H(s,v) = > K, (8, 0) - K (8, 0), j=1,...,p—m,

1<ij<--<i;<p-m

where k;(s, v), ..., k,_,(s, v) are eigenvalues of the (p —m) x (p — m) matrix
H(s,v) = (H;i(s,v)), that is, the principal curvatures against a particular
normal direction v at s.

We now generalize Lemma 2.2 to the case of a piecewise smooth convex set.
We use the same notation as in Lemma 2.2.

THEOREM 2.3. Let K be a piecewise smooth closed convex set satisfying
Assumption 2.1. Let ds,,_,, denote the (p — m-dimensional) volume element of
D, (6K) and let dv,,_; denote the m — 1-dimensional volume element of the
surface U ,,. Then

v, (ALK, S))

p p ; 1
= A —
a5

X / |:/ tr;_, H(sp_p, vm_l)dvm_l] ds,_p-
SnD,,(9K) L/ N(K. s,_,,)noU

For a sketch of the proof, see the Appendix. From Theorem 2.3 we obtain
the corresponding result for our problem.

THEOREM 2.4. Let K be a closed convex cone satisfying Assumption 2.1.
Let du,,_,,_; denote the (p — m — 1-dimensional) volume element of D,,(dK)N
oU, m=1,..., p—1. Then the mixed volumes vp,i’i(K(l), Kfl)), 1<i<p-1,
in (6) of Theorem 2.1 can be expressed as

p %
( ; )Up—i,i(K(l)’ K{y)
_ 1
i(p—1)

i
X tr, L H(Uy 1> V1)U 1 | Ay 1.
mX_:lfDm((?K)ﬁdU[/N(K,upml)md'U (Upm-1: Um-1) 1} pom-l

PROOF. It is easy to show that
N(K,s)= N(K,u), L=|s|, u=s/l.
As in the proof of Theorem 2.2,
tr;_,,H(s,v)=tr; ,, H(u, v)/17™.
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Therefore, in (16),

/N(K Sp_m)NIU jme(SP*m’ vmfl)dvmfl
> Op-m
1

[ji-m /N(K, Upp_1)NIU

trj—m}I(up—m—ls vm—l) dvm—l'

Moreover,
ds,_,, =dl x (ip—m-t dup,_p_q).
Therefore, for S ={s|s € JK and 0 < ||s|| < v},

tr._  H(s, ,.,v,_1)dv, _{|ds,_
LﬂDm(ﬂK)[/N(K,spm)m‘U j=mH (Sp-m> Vm-1) AUy, 1] p—m

_ /OVZP—H dl

X/ / trjme(upfmfb Umfl)dvmfl dupfmfl
D,,(0K)NU LY N(K, up_p_1)NoU

pP—J

p—J

X/ / trjme(upfmfla Umfl)dvmfl dupfmfl'
D,,(0K)NU LY N(K, up_p_1)N0U

It follows that
v,(AN(K, S))

X tro_, H(u,_,,_1,Vm_1)dU,,_1|du,_,,_
/Dm(ﬁK)ﬂaU[/N(K,upml)r‘nﬁU J (Upm—1 V1) 1} pom=t

and this proves the theorem. O
ExaMPLE 2.3 (Continued). Using Theorem 2.4, we evaluate the weights

of the y? distribution. First, we consider D;(dK) = relint(¢K; N dK) U
relint(d K, N dK). Note that relint(dK; NdK) = dK; NintK,. Therefore,

relint(0 K; NJdK)NIU = {x | x; = cos y;, x9 > cos g, |x|| = 1}.
Now consider the following ratio of volumes:
vpo({(x2, ..., %)) | X9 > cOS g, x5+ -+ 2% = sin® §,})
vy, o({(xg, ..., x,) | xE 4+ x2 = sin? ¥1})

This is obviously equal to the following incomplete beta function:
1

a7 B = u12(1 —u)P92dy.

[N

/(:052 Yo/ sin? i,
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The contribution to the weights from JK; N 9K N JU is just (15) multiplied
by By with ¢ = ;. Similarly, the contribution from ¢K, N dK N U is (15)
multiplied by By with ¢ = 5, where

1

(18) Bz=3

3 / u12(1 —u) P24y,
cos? 1/ sin? ¢y

It remains to evaluate the contribution from ¢K; NdK,. Consider a represen-
tative point
s% = (cos ¢, cos g, 7,0, ..., 0),

where

(19) 7-=\/1—cos2 i1 — cos2 iy,

The outward unit normal vector to K, at s° is

. cos g T
=|- , ———, ,0,...,0).
i ( Sy tan ¢; tan iy, >

Similarly, the outward unit normal vector to K, at s° is

ng = Coswl,—sintlrz, L,O,...,O .
tan iy tan ¢,
The normal cone N (K, s°) is the nonnegative combination of these two vectors
N(K,s°) = an, + bn,, a,b>0.

The inner product of these two vectors is

1

(n1, n2) = ~ tany, tan ¢y

Let

T cos iy
_ N — (o 0,...,0).
N, 1=ny, p (’ sing;” sing,” 7 )

Then N, ;, N, form an orthonormal basis of Tw(Dy(/K))*. Now consider
the rotation of coordinates based on N, ;, N, and s0:

_siny, cos g T
Uy tany; tany, X1
us, | = 0 T Ccos Py Xg
Us sing; siny, X3
cos iq cos iy T
and u; = x;,i =4,..., p. In the new coordinates s° is u° = (0,0, 1,0, ..., 0).

Now consider (12) for K; and K,:

(20) 0=F; =x2sin ¢y — (22 + x2)cos® ¥y — (2 + - + uf,)cos2 Uy,

(21) 0=Fy=uxisin® ¢y — (3 +x2)cos? Py — (U4 + uf,)cos2 o
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In (20) and (21), x4, xg, x3 are functions of uq, ug, u3. We regard (20) and
(21) as a system of equations for determining u, uy in terms of ug,..., u

D
Furthermore, as in Example 2.2 we can ignore differentiation with respect to
ug and we differentiate (20) and (21) with respect to uy, ..., u,. At u®,
0= 07u1 _ O’JUZ ’ ; > 4.
o7ui 40 o7ui w0

Therefore,

Ix ; . .

=0, i>4, j=1,2,3.
(?ul- 20

Using this, it can be easily shown that 0 = §2F1/(z9uiz9uj), i, j >4, evaluated
at u° reduces to

Pu

(22) 0= —207ui Onltj cos ¢y sin ¢y — 25 cos? i,

and that 0 = ¢*Fy/(du;du ;) evaluated at u° reduces to

2 2 2
d“uq, cos ¢2_2 d“ug TCOS YPg

23 0=2 95, cos2 .
( ) &ulﬁu] tan lpl &ulﬂu] sin ll/l ij COS 11[12
Solving (22) and (23), we obtain

Pup 1 Puy  cos Py

gu?  tanyy’ Ju?  Tsingy’

13 1

All the other second-order derivatives evaluated at u° are 0.
Let

1
0y = arccos| ——— |, T < 0y < .
tan i, tan ¢, 2

Then v € N(K, s°), |v| = 1, can be written as

v=cosON, ;+sindN,, 0<0<6,.

Therefore,
H(s", v) = diag(0, h(0, Y1, ¥3), ..., (6, ¥y, ¥s)),
p-3
where
_ . coS Yo
h(0, ¥y, ¥y) = cos etan i + sin HTSil’l v

and we obtain

trH(s",v) = (p ; ’ )h((% U1, Pa2)’.
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Therefore,

(24) ter(SO, Ul)dU1 = (p ; 3 ) /000 h(aa djla ¢2)J do.

/N(K, sONoU
The value of (24) is the same for all s € dK; NJK,NJU, and

vp—S(&Kl N &K2 N L?U) = (p bl 2)7p73wp_2.

Therefore, the contribution from JK; N dK,; to the mixed volume
(D)vp-i,i( Ky, K{;)) is obtained as

p_3 1 N ii )
<i—2)i(p—i)/0 R(0, 1, 2) 2 d0 x (p— 2)77 2w, .

Summarizing the preceding calculations, the mixed volume is

p *
( ; )Up—i,i(K(l)’ K(1))

(p - 1)! . i ie . i i
- mwpfl(ﬁl sin? "1y cos’ iy + By sin? g cos’ L)
G-1(p-2) 5 [ .
Tilp—i) “’pr/O h(0, ¢y, ¥2)" " db,

where 7 is defined in (19) and B; and B, are defined in (17) and (18). Note
that the last term vanishes for i = 1, and that it can be expressed using the
incomplete beta functions.

REMARK 2.6. We conclude this paper by making a brief comment on the
Weyl tube formula [Weyl (1939)] and Naiman’s inequality [Johnstone and
Siegmund (1989) and Naiman (1990)]. We have obtained expressions for the
weights by evaluating the volume of the local parallel set, whose definition is
similar to the Weyl tube. In fact, our proof of Theorem 2.3, the extension of
Steiner’s formula, is essentially equivalent to the method in Weyl (1939) (see
the Appendix). We can restrict our attention to the local parallel sets which
are defined by the projection onto the convex surface, whereas the tubes con-
sidered by Naiman are defined by the projection onto the general surface, and
therefore the problem of overlapping which Naiman tackled does not occur in
our setting.

APPENDIX

INTERNAL ANGLE AND EXTERNAL ANGLE. Let F be a face of a closed polyhe-

dral convex cone K in RP”. The internal angle B(0, F') of F at 0 (the origin) is
defined as

po, Fy = 000,

d
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where v, is restricted to the affine hull L(F) of F'. Let C(F, K) be the smallest
cone containing K and L(F) and let F* = C(F, K)*. F* can also be written
as

F*={y|ye K*"and (x,y) =0, VY x € F}.

Therefore, F* is the face of K* dual to F of K. The external angle y(F, K) of
K at F is defined as

_qUNF*
v ) = 0D g )

p—d

where v,_j; is restricted to the affine hull L(F*). See McMullen (1975) and
Section 2.4 of Schneider (1993a) for more details.

SKETCH OF THE PROOF OF THEOREM 2.3. Let s € D, ,(JK) and consider
an infinitesimal spherical neighborhood B(s) c D,,(dK) of s of radius A.
The essential step of the proof is evaluating the infinitesimal contribution
v,(A\(K, B(s))) of B(s) to v,(A,(K, S)). The rest of the proof is just inte-
gration similar to the proof of Theorem 2.2 or Theorem 2.4. Note that we only
need to evaluate terms of order O(AP~™).

Now fix y € N(K, s), [ =] y|| < A. Define

B(s, y) = (y + D,,(9K)) N A\(K, B(s)),

where y + D, (/K) is D,,(dK) translated to go through the point P = s + y.
B(s, y) is orthogonal to N(K, s) and hence v,(A,(K, B(s))) can be evaluated
as

Vp(ANE B = [0 (B(s ) d,

where dy is the standard volume element of R™.
For v = y/l let G = G, be the associated Weingarten map. By the definition
of G,,

B(s,y) =P+ |J (5 —s+1G,(s —s))+o(A).
s'eB(s)

With respect to an appropriate orthonormal basis around s, the elements of
G, are the elements of the second fundamental form H(s, v). Hence

Up_m(B(s, y)) =det(,_,, +1H(s,v))v,_,,(B(s)) + o(AP™™)
=(1+41tryH(s,v) +--- +1P""tr,_, H(s,v))v,_,,(B(s))
+ o(APT™),

The rest of the proof is integration similar to the proof of Theorem 2.2 or
Theorem 2.4 and is omitted.
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