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PROJECTION ESTIMATION IN MULTIPLE REGRESSION
WITH APPLICATION TO FUNCTIONAL ANOVA MODELS'

By JianHUA Z. HUANG

University of California, Berkeley and University of Pennsylvania

A general theory on rates of convergence of the least-squares projec-
tion estimate in multiple regression is developed. The theory is applied to
the functional ANOVA model, where the multivariate regression function
is modeled as a specified sum of a constant term, main effects (functions of
one variable) and selected interaction terms (functions of two or more
variables). The least-squares projection is onto an approximating space
constructed from arbitrary linear spaces of functions and their tensor
products respecting the assumed ANOVA structure of the regression
function. The linear spaces that serve as building blocks can be any of the
ones commonly used in practice: polynomials, trigonometric polynomials,
splines, wavelets and finite elements. The rate of convergence result that
is obtained reinforces the intuition that low-order ANOVA modeling can
achieve dimension reduction and thus overcome the curse of dimensional-
ity. Moreover, the components of the projection estimate in an appropri-
ately defined ANOVA decomposition provide consistent estimates of the
corresponding components of the regression function. When the regression
function does not satisfy the assumed ANOVA form, the projection esti-
mate converges to its best approximation of that form.

1. Introduction. Consider the following regression problem. Let X rep-
resent the predictor variable and Y the real-valued response variable, where
X and Y have a joint distribution. We assume that X ranges over a compact
subset 2 of some Euclidean space. In addition, we assume that the distribu-
tion of X is absolutely continuous and its density function fx(-) is bounded
away from zero and infinity on 2. Set w(x) = E(Y|X =x) and o?2(x) =
var(Y|X = x), and assume that the functions w = u(-) and 2% = ¢2(:) are
bounded on #. Let (X;,Y;),...,(X,,Y,) be a random sample of size n from
the distribution of (X,Y). The primary interest is in estimating u.

For any integrable function f defined on 2, set E (f) = (1/n)X!_; (X))
and E(f) = E[f(X)]. Define the empirical inner product and norm as
{f1, faon = E(f1f5) and IIfllli = {fy, f1)n for square-integrable functions f;
and f, on 2. The theoretical versions of these quantities are given by

<f1’ f2> = E(f1f2) and ”}“1”2 = <f1, f1>
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Let H be a closed subspace of the space of all square-integrable, real-valued
functions on 2. We model the regression function p as a member of H and
refer to H as the model space. Since X has a density with respect to
Lebesgue measure, H is a Hilbert space equipped with the theoretical inner
product. We employ the least-squares estimate of u, where the minimization
is carried out over a finite-dimensional linear space G ¢ H of bounded
functions. The space G may vary with sample size n, but for notational
convenience, we suppress the possible dependence on n. We require that the
dimension N, of G be positive for n > 1. We also require that G be theoreti-
cally identifiable in that, if g € G equals zero almost everywhere relative to
the measure induced by the distribution of X, then it equals zero everywhere.
Since we hope to choose G such that the functions in H can be well
approximated by functions in G, we refer to G as the approximating space.
For example, if 27C R and the regression function u is smooth, we can choose
G to be a space of polynomials or smooth piecewise polynomials (splines). The
space G is said to be empirically identifiable (relative to X;,..., X,) if the
only function g in the space such that g(X,) = 0 for 1 < i < n is the function

that equals zero everywhere. Given a sample X,,..., X,, if G is empirically
identifiable, then it is a Hilbert space equipped with the empirical inner
product.

Consider the least-squares estimate g of w in G, which is the element
g € G that minimizes Y[ g(X,) — Y;]%. Since X has a density with respect to
Lebesgue measure, the design points X;,..., X, are distinct with probability
1 and hence we can find a function defined on 2 that interpolates the values
Y,,..., Y, at these points. With a slight abuse of notation, let Y = Y(-) denote
any such function. Then u is exactly the empirical orthogonal projection of Y
onto G—that is, the orthogonal projection onto G relative to the empirical
inner product. Hence we also refer to . as a least-squares projection or a
projection estimate.

We expect that if G is chosen appropriately, then & should converge to w
as n — o, In general, the regression function u need not be an element of H.
In this case, it is reasonable to expect that 4 should converge to the
theoretical orthogonal projection u* of w onto H—that is, the orthogonal
projection onto H relative to the theoretical inner product. One purpose of
this paper is to determine the condition for which this is the case and to
determine how quickly & converges to w*. In fact, we shall establish a
general theory for the rate of convergence in terms of the integrated squared
error || i — ,u*ll2 or the averaged squared error || i — p,*lli.

One interesting application of the general theory is to the functional
ANOVA model, where the (multivariate) regression function is modeled as a
specified sum of a constant term, main effects (functions of one variable) and
selected interaction terms (functions of two or more variables). For a simple
illustration of a functional ANOVA model, suppose that =27 X 2, X 23,
where 2, c R% with d, > 1 for 1 <i < 3. Allowing d;, > 1 enables us to
include covariates of spatial type. Suppose H consists of all square-integrable
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functions on £ that can be written in the form
(1) pr(x) = pg + M{l)(xl) + M{z)( xy) + :U~(3)(x3) + Mu,zy(xp x3)-

We need to impose some identifiability constraints to make the representa-
tion in (1) unique. The expression (1) can then be viewed as a functional
version of analysis of variance (ANOVA). Borrowing terminology from
ANOVA, we call y; the constant component, u;,(x,), (%) and s (x;) the
main effect components and p; 4(%;, x,) the two-factor interaction compo-
nent. The right-hand side of (1) is referred to as the ANOVA decomposition
of u. Removing the interaction component w5 in the ANOVA decompo-
sition of u, we get the additive model. On the other hand, if we add the
three missing interaction components pug 5(x;, x3), Hy 3(xs, x3) and
K, 2,3 %1, X3, X3) to the right-hand side of (1), we get the saturated model, in
which there is no restriction on the form of wu. It is well known that the
saturated model is subject to the curse of dimensionality due to data sparse-
ness in high dimension, and it is expected that the curse of dimensionality
can be overcome by using low-order functional ANOVA models.
Given a random sample, suppose we have an estimate

(2) a(x) = g + fgy(x1) + Bygy(x9) + fygy(x3) + iy 9 %15 X5)

having the form given by (1). Three fundamental question regarding the
properties of [ arise naturally:

1. Does [ converge to u when the sample size tends to infinity? If so, what is
the rate of convergence?

2. How do we define appropriate ANOVA decompositions of u and f, that is,
how do we put identifiability constraints on the terms in the expansion (1)
and (2) so that the components of i converge to the corresponding compo-
nents of w?

3. How does i behave when the model is misspecified, that is, when u does
not have the assumed ANOVA form?

The convergence property in question 1 is a necessary requirement on an
estimate. Question 2 is based on the expectation that examination of the
components of i should shed light on the shape of u. Question 3 is critical
because, in practice, the functional ANOVA model is largely only an approxi-
mation.

The major purpose of this paper is to give quite thorough answers to these
questions for an arbitrary functional ANOVA model when @ is a projection
estimate. To this end, a general mathematical framework for functional
ANOVA models in multiple regression is developed. The approximating space
is constructed from virtually arbitrary linear spaces of functions and their
tensor products. The linear spaces that serve as building blocks can be any of
the ones commonly used in practice: polynomials, trigonometric polynomials,
splines, wavelets and finite elements. The ANOVA decomposition of the
unknown regression function is defined in such a way that each nonconstant
component is orthogonal to all possible values of the corresponding lower-order
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components relative to the theoretical inner product. The ANOVA decomposi-
tion of the projection estimate is defined by similar orthogonality require-
ments relative to the empirical inner product.

We shall see that, under mild conditions, the projection estimate is consis-
tent, provided that the approximating space is compatible with the assumed
ANOVA structure on the regression function. Moreover, the components of
the projection estimate in the ANOVA decomposition are consistent in esti-
mating the corresponding components of the regression function. When the
regression function does not satisfy the assumed ANOVA form, the estimate
converges to its best approximation of that form relative to the theoretical
inner product. A rate of convergence result is obtained, which reinforces the
intuition that low-order ANOVA modeling can achieve dimension reduction
and thus overcome the curse of dimensionality.

As an effective way to overcome the curse of dimensionality in multivariate
function estimation, functional ANOVA models have received much atten-
tion, and related literature has been growing steadily in recent years. For
example, Stone and Koo (1986), Friedman and Silverman (1989) and Breiman
(1993) used polynomial splines in additive regression. Hastie and Tishirani
(1990) discussed extensively the methodology in fitting a generalized additive
model. Friedman (1991) introduced the MARS methodology for regression,
where polynomial splines and their tensor products are used to model the
main effects and interactions, respectively. Recently, Kooperberg, Stone and
Truong (1995) developed HARE for hazard regression, and Kooperberg, Bose
and Stone (1997) developed POLYCLASS for polychotomous regression and
multiple classification.

Theoretical investigations of the polynomial spline approach in fitting
functional ANOVA models have also achieved much progress. In particular,
for the regression context, the rate of convergence result for the additive
model established in Stone (1985) was the pioneering theoretical work in
understanding the functional ANOVA model. Similar results for models
involving interactions were established in Stone (1994), where univariate
splines and their tensor products were used as building blocks for the
approximating spaces. These results were extended by Hansen (1994) to
include multivariate splines. See Stone, Hansen, Kooperberg and Truong
(1997) for a comprehensive review of both the methodological and theoretical
aspects of functional ANOVA modeling.

The result of this paper provides a clearer picture of the mathematical
structure of the projection estimate in fitting a functional ANOVA model in
regression. By removing the dependence on splines in the theory developed by
Stone and by Hansen, we are able to discern what is essential in getting a
consistent estimate in a functional ANOVA model and in getting consistent
estimates of the ANOVA components of the function of interest. The message
we get here is that the structure of the approximating space is critical:
provided that we construct the approximating space to have the same struc-
ture as the model space, under mild conditions, we can always get consistent
estimates of the regression function and its ANOVA components.
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The deep understanding of the structure of the problem enables us to
adopt a fully geometric approach, which leads to much simpler arguments
than those in the previous works by Stone and by Hansen, even though the
results here are much more general. In particular, a novel decomposition of
the error into three terms yields fresh insight into the problem, especially
when the model is misspecified, which is an important issue for functional
ANOVA models. In the bulk of this paper (Sections 2-5), we use best L,
approximation to the regression function. This allows us to treat functions
belonging to various Holder classes as in Stone (1994). The technique in this
paper also enables us to use best L, approximation and thereby to treat
regression functions belonging to Besov spaces (see Section 6); in this treat-
ment, however, it is necessary that the ANOVA model should be correctly
specified.

The understanding of the regression problem gained in this paper plays a
crucial role in extending the theory to other more complicated settings,
including generalized regression [Huang (1996)], event history analysis
[Huang and Stone (1997)] and proportional hazards regression [Huang, Stone
and Truong (1997)].

The theoretical investigation in this paper reveals that the nice conver-
gence property of the least-squares estimate in fitting a functional ANOVA
model is inherent in its projection property. This naturally suggests an
interesting question: does any estimate not of the projection type share the
same convergence property? Smoothing spline ANOVA is another attractive
approach to fitting functional ANOVA models; see Wahba, Wang, Gu, Klein
and Klein (1995) and the reference therein. For this penalization approach,
Chen (1991) gave a positive answer to the question when the data come from
a suitably regular balanced complete factorial design, but the general picture
remains to be clarified. While linear wavelet estimates can be used to fit a
functional ANOVA model, as we show in this paper, the applicability of
nonlinear wavelet methods is still unclear.

This paper is organized as follows. In Section 2, we present a general
result on rates of convergence; in particular, a novel decomposition of the
error helps in understanding the nature of the problem. In Section 3, the
mathematical structure of functional ANOVA models is supplied and the rate
of convergence is studied. The emphasis is on the convergence of the ANOVA
components of the estimate to the corresponding components of the target
function. Some examples are provided where the ANOVA components of the
unknown function belong to Hoélder classes. The proofs of the theorems in
Sections 2 and 3 are provided in Section 4 and 5, respectively. Section 6, as
mentioned above, contains extensions to handle functions in Besov spaces.
Section 7 gives two lemmas that play a crucial role in our arguments and are
also useful in other situations.

In what follows, for any function f on &, set || fll.. = sup, c ,|f(x)|. Given
positive numbers a, and b, for n > 1, let a, < b, mean that a,/b, is
bounded and let a, < b, mean that a, <b, and b, < a,. Given random
variables W, for n > 1 let W, = O,(b,) mean that lim, _,, lim sup, P(IW,| >
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¢b,) =0 and let W, = 0p(b,) mean that limsup, P(|W,| > cb,) = 0 for all
c>0.

2. A general theorem on rate of convergence. In this section, we
provide a general result on the rate of convergence of the least-squares
projection onto an arbitrary linear space. First, we give a decomposition of
the error in estimating w* by k. This decomposition helps in understanding
the structure of the problem, and it simplifies the analysis. Next, we define
two important constants related to the approximating spaces that the main
result will involve. We shall discuss how to determine these constants for
various linear spaces used in the approximation theory literature. Then we
give our main result.

2.1. Decomposition of the error. Let @ denote the empirical orthogonal
projection onto G, P the theoretical orthogonal projection onto G and P* the
theoretical orthogonal projection onto H. Recall that Y denotes a function
interpolating the data points. We observe that @ = QY and u* = P*wu.

We first decompose the error into two parts that are orthogonal to each
other relative to the theoretical inner product. Let w be the best approxima-
tion in G to u relative to the theoretical norm. Then w = Pu = Pu*. Consider
the decomposition

38 p-wp=(p-m)+@-p)=(QY — Pu) + (Pu— P*u).

Since [ is the least-squares estimate in G, it is natural to think of it as an
estimate of u. Hence, the term & — w is referred to as the estimation error.
The term w — p* can be viewed as the error in using functions in G to
approximate functions in H, so we refer to it as the approximation error.
Note that

(fpo—H,m— p*) =<{QY — Pu, Pu* — u*) = 0.
Thus we have the Pythagorean identity ||t — ,u*||2 =g - ,TLII2 + 1w — ,uf"||2.
Next, we decompose the estimation error further into two parts that are
orthogonal on the average relative to the empirical inner product, conditioned
on the design points. Let & be the best approximation in G to u relative to
the empirical norm. Then & = Qu and { 1, g, = { u, g, for every function
g € @G. Consider the decomposition

(4) p—p=(R—-p)+ (-1 =(QY —Qu) + (Qu — Pu).

Observe that { it, g), = (Y, g), for every function g € G. Taking conditional
expectation given the design points X;,..., X, and noting that

n

E(Y|X,,..., XXX, = w(X,) for 1 <i < n, we get that

<E( I:\L|X15---1Xn)7 g>n :<E(Y|X1;5Xn)a g>n = </~L’ g>n = </-L’ g>n
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Now E(ulX,,...,X,) € G, so, if G is empirically identifiable, then g =
E(plXy,...,X,). Thus, we refer to o — i as the variance component and
i — u as the estimation bias. Since

E((ﬂ—ﬁ,,&—ﬁ)nXl,...,Xn) =0,

we have the Pythagorean identity
Ellp-ali|X,, ..., X,| =E[lp - &3] Xy, ..., X,] + 15— &l
Combining (3) and (4), we obtain the decomposition
(5) o=t = (=) +(p—w) + (k= u),

where it — &, i — w and w — u* are the variance component, the estimation
bias and the approximation error, respectively. But now we do not have the
nice Pythagorean identity. Instead, by the triangular inequality,

o —wll<llp—pall+1ae—ol+lw—wl
and

o= wpilln <l — gl + 112 =&l + 15— wl.

Using these facts, we can examine separately the contributions to the inte-
grated squared error from the three parts in the decomposition (5).

2.2. Two important constants. The general theorem involves two con-
stants, A, and p,, that we define in this subsection.

Recall that G depends on the sample size n. Set A, = sup, c 4{lgll-/llgl.
The constant A, > 1 is a measure of irregularity of the approximating space
G. Since we require that G be theoretically identifiable and functions in G be
bounded (see Section 1), A, is finite. Let {d)j}j]i'll be an orthonormal basis of G
relative to the theoretical inner product. Then, by the Cauchy-Schwarz
inequality, A, < (I ]|/[12}1/2 < <,

Since the density of X is bounded away from zero and infinity, the
theoretical norm is equivalent to the L, norm induced by Lebesgue measure.
Thus the constant A, for commonly used approximating spaces is readily
obtained by using results in the approximation theory literature. Here are
some examples.

PoLyNoMmIALS. Let 2= [0, 1]. Let Pol(¢J) denote the space of polynomials
on [0, 1] of degree ¢/ or less; that is,

J
Pol(J) ={ Y a,x*, x €[0,1]: a, € R}.
k=0

If G =Pol(J,), then A, <J, [see Theorem 4.2.6 of DeVore and Lorentz
(1993) or Theorem 3.1 of Schumaker (1981)].
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TRIGONOMETRIC POLYNOMIALS. Let 2°=[0,1]. Let TriPol(J) denote the
space of trigonometric polynomials on [0, 1] of degree J or less; that is,

a J
TriPol(J) = ?O + Y a, cos(2kmx)
k=1

+b, sin(2k7x), x €[0,1]: a;, b, € R).

If G = TriPol(<J,), then A, = J!/? [see Theorem 4.2.6 of DeVore and Lorentz
(1993)].

UNIVARIATE SPLINES. Let 2=1[0,1]. Let J be a positive integer, and let
tosty---5ty, 5.1 be real numbers with 0 =¢, <¢, < - <¢;,<¢,;,, =1
Partition [0, 1] into J + 1 subintervals I, = [¢,,¢;,,), j=0,...,J — 1, and
I;=1[t;,t;.1]. Let m > 0 be an integer. A function on [0,1] is a spline of
degree m with knots ¢;,...,¢; if the following hold: (i) it is a polynomial of
degree m or less on each interval I, j =0,...,dJ; and (ii) (for m > 1) it is
(m — 1)-times continuously differentiable on [0, 1]. Such spline functions
constitute a linear space of dimension K = J + m + 1. For detailed discus-
sions of univariate splines, see de Boor (1978) and Schumaker (1981). For
fixed m, let Spl(¢J) be the space of splines of degree m with J knots. Suppose
that
(6) me“XOSjsJ(th —t;) <
ming _ ;5 (¢41 — ¢))
for some positive constant y. If G = Spl(J,), then A, < J!/? [see Theorem
5.1.2 of DeVore and Lorentz (1993)].

WAVELETS. Let 2=[0,1]. Let r > 1 be an integer. Then there exists a
compactly supported father wavelet ¢ and mother wavelet ¢ associated with
an r-regular multiresolution analysis of L?(R); see Meyer (1992). For j > 0
and 0 < k£ < 2/ — 1, denote the periodized wavelets on [0, 1] by

dh(x) =223 ¢(2/x + 2/l - k), x€][0,1]
lez
and
Yh(x) =272 Y ¢(2/x +2/1 k), xe][0,1].
lez
For j, > 0, the collection {¢/,,, & = 0,....,27 = L, ¢}, j = jo, k= 0,...,27}is
an orthonormal basis of L,[0,1]. We consider the finite-dimensional linear
space spanned by this wavelet basis. For an integer J > j,, set
2j0—1 J-12/-1

Wav(J) = kZ ik J{J,k(x) + X Bir ¥k (x),
-0

Jj=Jjo k=0

x €[0,1]: @, By € Ry,



250 J. Z. HUANG

or, equivalently [see Meyer (1992)],

271
k=0

If G = Wav(J,), then A, < 27/2 [see Lemma 2.8 of Meyer (1992)]. We can
use other wavelet bases on the interval to build the approximating space G
and obtain similar results. See Daubechies (1994) for discussions of construct-
ing wavelets on the interval.

FINITE ELEMENTS. Suppose 2 C R? Let the diameter of a set A C.2° be
defined as diam A = supf{|x; — x,|: x;, x, € A}. Suppose there is a basis {B;}
of G consisting of locally supported functions satisfying the following stability
condition: there are absolute constants 0 < C; < C, < » such that

Cl||{h?/pci}”lp <llgllz, < Cz||{hfl/pci}”lp’

D l<p<w and g= ) B, €G.
i

Here, h; denotes the diameter of the support of B;, while |- || 1, and || - ”lp are

the usual L, and [/, norms for functions and sequences, respectively. This

stability condition is satisfied by many finite element spaces [see Chapter 2 of

Oswald (1994)]. By ruling out finite element spaces that are not theoretically

identifiable, we can assume that ||g|l, = lIg|l. for g € G. Suppose max; i, x

min,; &; < a, for some positive constant a,. Then |Igllz, < Ii{c;}ll,. and lIgll., <
d/2||{c i, "Since e, < e}z, we obtain that SungG{HgHL /lgllz, } =
d/ 2. Note that || - | is equlvalent to the L, norm. Thus, A, < a, ¢/

n

TENSOR PRODUCT SPACES. Let 2}, 1 <[ < L, be compact sets in Euclidean
spaces and suppose that 2 is the Cartesian product of 27. Suppose G, is a
linear space of functions on 2] for 1 < < L, each of which can be any type of
space described above, for example, polynomials, trigonometric polynomials,
splines or wavelets. Let G be the tensor product of G,...,G;, which is the
space of functions on 2 spanned by the functions ['1~ , g,(x,), where g, € G,
for 1 <l < L. The constant A, associated with the tensor product space G
can be determined from the corresponding constants for its components.

LeEMMA 1. Set a,, = sup, c g{lgll./lgl} for 1 <l <L.Then A, <TI}_,a,,

Proor. This is easily proved by using induction and the tensor product
structure of G. The statement is trivially true for L = 1. Suppose the state-
ment is true for L =k — 1 with 2 > 2. For each x € 27 X --- X 23, write
x = (x4, xy), where x;, €2 and x, €2, X - X2,. Let C,,...,C, denote
generic constants. Note that the density of X is bounded away from zero and
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infinity. By the induction hypothesis,

sup sup g2(x;, x5)
X, Xg

k
C, SUP( I_Iaiz)f
X, =2 Lo X

2

lgll?

IA

g2(x1, xy) dxy
X2,

k
301(1_[‘1,211)] sup g%(x, x5) dx,.
=2 Lo X

By another application of the induction hypothesis,

sup g%(x;, x5) < Czarzz1[7g2(x1, xy) dxy, Xy EZH X " X2,
x4 1
Hence,
k
Ilglliscs(l_[aiz)f g%(xy, xy) dx; dx,
=1 LXK - X2,
k
< C4(z lail)llgllz. o

Recall that G depends on the sample size n. Set p, = inf, c;llg — u*[l..
Observe that p, is finite if and only if w* is bounded. In this case, p, < || w*|l..
and, by a compactness argument, there is a g* € G such that ||lg* — n*|.. =
p,- The constant p, characterizes the target function u* and reflects the
approximation property of the space G. For a specific choice of approximating
space, a condition of the rate of decay of p, gives a smoothness assumption on
u*. On the other hand, given that the target function falls in a specific
function class, the constant p, is a measure of the approximation power of
the approximating space in the supreme norm.

We introduce a smoothness condition commonly used in the nonparametric
estimation literature; see, for example, Stone (1982, 1994). To this end,
assume for the moment that 2’ is the Cartesian product of compact intervals
2,...,27. Let 0 < B < 1. A function 2 on £ is said to satisfy a Holder
condition with exponent B if there is a positive number y such that |A(x) —
h(xyl < ylx — x,|? for x,, x €2 here, |x| = (EF_,x?)"/? is the Euclidean
norm of x = (x,,..., x;) €. Given an L-tuple a = (a4, ..., a;) of nonnega-
tive integers, set [a] = a; + - +a; and let D® denote the differential

operator defined by
glel
D= —.
axfh ang

Let % be a nonnegative integer and set p = & + B. A function on 2’ is said to
be p-smooth if it is k-times continuously differentiable on 2 and D satisfies
a Holder condition with exponent 8 for all « with [a] = &.
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let H be the space of square-integrable functions on 2. Since u is
bounded, pu = u* € H. Let G, be a linear space of functions on 2 for
1</ <L and let G be the tensor product of these spaces. Suppose wu is
p-smooth. Then results in approximation theory can be used to bound the
constant p, from above. In the following examples, 2; = [0,1] for 1 </ < L.

PorLynomiaLs. If each G, = Pol(J,), then p, < J,” [see Section 5.3.2 of
Timan (1963)].

TRIGONOMETRIC POLYNOMIALS. Suppose u can be extended to a periodic
function. If each G, = TriPol(J,), then p, < J,” [see Section 5.3.1 of Timan
(1963)].

SPLINES. Suppose m >p — 1. If each G, = Spl(J,) and (6) holds, then
p, < J.? [see (13.69) and Theorem 12.8 of Schumaker (1981)].

WAVELETS. Suppose r > p. If each G, = Wav(J,), then p, < 2777 [see
Proposition 2.5 of Meyer (1992) and Donoho and Johnstone (1992)].

2.3. The general result.

THEOREM 1. Suppose u* is bounded and that lim, A2N,/n = 0. Then:

(1) (variance component) ||p — ,LIII2 = Op(N,/n) and | — [Llli =

(i1) (estimation bias) || — TLII2 = Op(N,/n + p2) and | — ﬁlli =
Op(N, /n + p3);

(iii) (approximation error) |m — p*l|> = O(p2) and | m — p*ll% = Op(p2).

Consequently, || — w*l*> = Op(N, /n + p2) and || o — p*ll2 = Op(N, /n + p2).

Theorem 1 gives a unified treatment of the rate of convergence for least-
squares projection on a finite-dimensional linear space. When H is a finite-
dimensional linear space of bounded functions, we can choose G = H, which
does not depend on the sample size. Then A, is independent of n and p, = 0.
Consequently, i converges to u* with the parametric rate 1/n. When H is
the space of square-integrable functions on a Cartesian product space 2, we
can choose G as the tensor product of certain linear spaces of functions of one
variable. Since we require u to be bounded, u* = u € H. If we put smooth-
ness conditions on the regression function u, we can get the standard rate of
convergence results.

Of great practical interest is putting some structure on H, such as the
functional ANOVA model considered in the next section. The general result
can be applied to get the rate of convergence in such a situation and to deal
effectively with the model misspecification problem. In a functional ANOVA
model, we restrict H to be a subspace of the space of square-integrable
functions and the issue of model misspecification then becomes important.
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For example, when we use the additive model, it is dubious in many applica-
tions to assume that the unknown function has exactly the additive form;
thus, the behavior of an estimate when the model is wrongly specified will be
one of the determining factors in choosing that estimate.

REMARKS. (i) For any square-integrable function f, the distance from f to
u measured in the theoretical norm is related to the prediction error:
El(y — f(X)?] = E[c2(X)] + | o — fII%.

(ii) We measure the error in two natural norms: the empirical norm and
the theoretical norm. Under certain conditions, these two norms are equiva-
lent over the approximating space G (see Lemma 4), but they need not be
equivalent outside G in general.

(iii)) Theorem 1 holds true when we use weighted least-squares estimation.
For a positive, bounded weight function w(-), the weighted least-squares
estimate in G is defined as the element g € G that minimizes ¥, w(X,)[ g(X,)
— Y,]%. Correspondingly, we need to redefine the theoretical inner product
and norm as { fi, 57 = E[lw(X)f(X)f,(X)] and ||f||2 = {f, . The empirical
inner product and norm are redefined similarly. For example, if the variance
function o () is known, then we can take w(x) = 1/0%(x).

3. Functional ANOVA models. In this section, we provide the mathe-
matical structure of ANOVA models for functions and establish the rate of
convergence for the projection estimate. We construct the approximating
space appropriately to reflect the assumed ANOVA structure of the unknown
regression function. Moreover, we define identifiable ANOVA decompositions
of the target function and of the estimate. In particular, we show that such
defined ANOVA decomposition guarantee the convergence of the components
of the estimate to the corresponding components of the target function. Our
terminology and notation follow closely those in Stone (1994). Here, however,
the approximating space can be built from arbitrary linear spaces.

3.1. Model space. Suppose £ is the Cartesian product of some compact
sets 2,...,2;, where 2; C R with d, > 1. Let .¥ be a fixed hierarchical
collection of subsets of {1,..., L}, where hierarchical means that, if s is a
member of .% and r is a subset of s, then r is a member of .. Clearly, if .% is
hierarchical, then & €.%. Let Hy denote the space of constant functions on
Z. Given a nonempty subset s €.%, let H, denote the space of square-integra-
ble functions on 2 that depend only on the variables x;, [ € s. Let the model
space be given by H = {X,_ ,h;: h, € H}.

Note that each function in H can have a number of equivalent expansions.
To account for this overspecification, we impose identifiability constraints on
the terms in the expansion. For s €., let H? denote the space of all
functions in H, that are theoretically orthogonal to each function in H, for
every proper subset r of s.
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Let |21 denote the volume of 2, and let M; and M, be positive numbers
such that
-1
1 2
—— < fy(x) < —,

Then M, M, > 1. The following lemma is essentially Lemma 3.1 in Stone
(1994).

x EZ.

LEMMA 2. Set e, =1 -1 — M{'M;%)Y2 € (0,1]. Then |Al|?

1L _ Ik |? for all h = X h,, where h, € H? for s €.%.

Using this lemma, it is easily shown that H is a complete subspace of the
space of all square-integrable functions on 2 equipped with the theoretical
inner product. More importantly, the lemma reveals that every function
h € H can be written in an essentially unique manner as >, A, where
h, € H? for s €.#. We refer to ©, . ,.h, as the theoretical ANOVA decomposi-
tzon of h and h, € H?, s €.%, as the ANOVA components of h. The compo-
nent h, € H? is referred to as the constant component if #(s) = 0, as a main
effect component if #(s) = 1 and as an interaction component if #(s) > 2;
here #(s) is the number of elements of s.

Since each function in the model space H has a unique ANOVA decompo-
sition, we refer to it as a functional ANOVA model. In particular, .# specifies
the main effects and interaction terms that are in the model. As special cases,
if max, ., #(s) = L, then all interaction terms are included and we get a
saturated model; if max . ., #(s) = 1, we get an additive model.

3.2. Approximating space. We now construct the appropriate approxi-
mating space G for the functional ANOVA model associated with . and
define the appropriate ANOVA decomposition for functions in G. Naturally,
we require that G have the same structure as H. Let G denote the space of
constant functions on 2, which has dimension N, = 1. Given 1 <[ < L, let
G, O G denote a linear space of bounded, real-valued functions on £;, which
can vary with sample size and has ﬁnite, positive dimension N,. Given any
nonempty subset s = {s,...,s,} of {1,..., L}, let G, be the tensor product of

, G,,. Then the d1mens10n of G is given by N,=T1*_,N,. Set G =
{Zseygs gS € G,}. The dimension N of G satlsﬁes maxsEyN <N, <
Y.c N, < #(¥)max,_ ., N,. Hence, Nn < Y, oN,

Observe that each function in the space G can have a number of equiva-
lent expansions as sums of functions in G, for s €.%. To account for this
overspecification, we impose identifiability constraints on the terms in the
expansion as we do for the theoretical ANOVA decomposition for a function
in H. Recall that our goal is to obtain a decomposition of the projection
estimate such that the resulting components can provide consistent estimates
of the components of the target regression function. Since such a decomposi-
tion should be totally determined by the data, we impose the identifiability
constraints in terms of the empirical inner product instead of the theoretical
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inner product. For s €.%, let G? denote the space of all functions in G, that
are empirically orthogonal to each function in G, for every proper subset r
of s.

LEMMA 3. Suppose G is empirically identifiable. Let g = X, .8, where
g, €G? forses. Ifg =0, theng, =0 for s €.%.

The same lemma is given in Stone [(1994), Lemma 3.2] when G is built
from splines and their tensor products, but the argument there is valid in
general for the spaces G considered in this section. This result tells us that if
the space G is empirically identifiable, then each function g € G can be
written uniquely in the form T _ . g,, where g, € G? for s €.%. Hence, we
refer to ¥, g, as the empirical ANOVA decomposition of g and g, € G?,
s €%, as the ANOVA components of g.

3.3. Rates of convergence. The general result in Section 2 can be applied
to get the rate of convergence of the projection estimate g in G for the
functional ANOVA model. First, we define some constants that are analogs of
the constants A, and p, in Section 2. These constants are more straightfor-
ward to determine than the constants A, and p, themselves. Set

llgll
A, =A,(G,) = sup g—, s e

ge€q, ”g”

Since G, is a tensor product space, we can determine A, by using the
corresponding constants for its components; see Lemma 1. Recall that u* is
the theoretical orthogonal projection of w onto H and that its ANOVA
decomposition has the form u* = ¥ _ . u¥, where p* € H? for s €.%. Set

Py = Pen( 15, G,) = inf llg — pill., se7
g€q,

THEOREM 2. Suppose u* is bounded and that lim, A2N,/n = 0 for s €.%.
Then the results of Theorem 1 hold with N, and p, replaced by ¥ .. . N, and

Zseyps-

Proor. We need only check the conditions of Theorem 1. Let &; be
defined as in Lemma 2. Then A, <[e] #*L _ _A2]Y2 In fact, for each
g <G, write g =Y, _.g,, where g, € G, and g, L G, for all proper subsets
r of s. By the same argument as in Lemma 2, we see that ¥ _llg,l* <
el=#)||g||”. By the definition of A, and the Cauchy-Schwarz inequality, we
get that

1/2 L2
lgl < Y lglh < ¥ A gl < ( Y Ag) ( Y el ) .

se¥ ses ses ses
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Hence

1/2 1/2
lgl < ( X 42) " [et- g,
seES

and thus, A, <[e] #“7L _,A%]2 On the other hand, N, < .. . N, and
P, < Xy ops The conditions of Theorem 1 now follow from the conditions of
this theorem. O

Let =X, i, with i, € G? for s €.%, be the empirical ANOVA de-
composition of (. We expect that [, should converge to w* and hence provide
a good estimate of u* for s €.%. This is justified in the next result.

Recall that & = Q u and u = Pu are, respectively, the best approximations
to w in G relative to the empirical and theoretical inner products. The
ANOVA decompositions of o and w are given by =X . i, and @ =
Y. c oM, respectively, where i, i, € G? for s €. As in (5), we have an
identity involving the various components: o, — u* = (g, — o) + (@, — @w,)
+ (g — )

THEOREM 3. Suppose w’ is bounded and that lim, A%2N,/n = 0 for s €.%.
Then, for each s €.%:

(1) (variance component) || i, — ,[LSII2 = 0p(X,c »N,/n) and || i1, — ,Llll,z1 =
OP(ZseyNs/n);
(i) (estimation bias) ||, — f,ll* = Op(Z,c AN, /n + p2) and | j, —
I_'l’s”?l = OP(ZsEy(Ns/n + pez))’
(iii) (approximation error) |, — wlI>=0p(Z, c AN,/n+p?) and | @, —
wEl2 = 0p(E,c (N, /n + p2)).

Consequently, for each s €%, || fu, — u*l*> = 0p(Z, c AN, /n+p2)) and || j, —
willh = Op(E, c o(Ny/n + p2).

COROLLARY 1. Suppose lim, A%N,/n = 0 and that lim, p, = 0 for s €.7.
Then | o — ¥l = 0p(D) and || foy — & = 0p(1).

REMARK. Suppose the weight function w(-) is bounded away from zero
and infinity. The results in this section still hold when we use weighted
least-squares estimation. We need to redefine the inner products and norms
as in Remark (ii) following Theorem 1 and correspondingly redefine the
ANOVA decompositions.

3.4. Univariate function spaces as building blocks. We now give some
examples illustrating the rate of convergence for a functional ANOVA model
when different types of approximating spaces are used. We first consider
linear spaces of univariate functions and their tensor products as building
blocks for the approximating space. Four basic classes of univariate approxi-
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mating functions are considered: polynomials, trigonometric polynomials,
splines and wavelets. The results will explain, in terms of the rate of
convergence, why low-order ANOVA models can overcome the curse of dimen-

sionality.
In this section, we assume that 2 is the Cartesian product of compact
intervals 27, ...,27. Without loss of generality, it is assumed that each of

these intervals equals [0, 1] and hence that 2= [0, 1]%. Set d = max, ., #(s).

COROLLARY 2. Suppose w* is p-smooth for s €.%. Suppose also that:

() G,=Pol(J), 1<l <L, J3 = o(n); or
(i) G, = TriPol(J,), 1 <1 < L, J2?? = o(n) and that u* can be extended to
a function defined on R% and of period 1 in each of its arguments; or
(i) G, =Spl(J,), 1 <l <L,m=>=p —1, J*? = o(n).

Then i, — w12 = 0p(Je /n+J72P) for s€ and || f— p*|> = 0p(J2/n +

~21). Consequently, if p > d for case (i) and p > d / 2 for cases (ii) and (iii),
then, for J, vnl/(2p+d), we have that | i, — > = Op(n=27/CP*D) for
s €. and ||,u pHl? = Op(n=2P/@r+d),

Proor. Use the facts in the previous section and Lemma 1 to get the
following results. (i) If G, = Pol(J,) for 1 < < L, then A, < J*©), N, =< J#®
and p, < J;? for s €.7. (i) If G, = TriPol(J,)for 1 <! < L,then A, < J/2
and N, < J*©, If u* can be extended to a function defined on R% and of
period 1 in each of its arguments, then p, < J,;?. (iii) If G, = Spl(J,) for
1<I<L,then A, < J#®/% and N, < J?®. If m > p — 1, then p, < J,”.
The conclusions follow from Theorems 2 and 3.0

COROLLARY 3. Suppose u* is p-smooth for s €.%. Let r >p and G, =
Wav(J,)) for 1<l <L. If 22“" =o(n), then ||j, — u*ll> = 0p(2%7/n +
2-2p1) for s € and || — w*l® = 0297 /n + 272774). Consequently, if
also p > d/2, then, for J, = (log n)/(2p +d) + 0O(1), we have that || jr, —
wEl* = Op (n-2p/@r+d) for s €% and | ju — p*ll* = Op(n=2p/@p+d)),

Proor. Use the facts in the previous section and Lemma 1 to get that
A, = 2% /2 N < 2% and p, =< 2777 for s €. The desired results
follow from Theorems 2 and 3. O

According to the above results, when the highest order of interactions
included in a functional ANOVA model is d and the ANOVA components of
w* are p-smooth, we can achieve the rate of convergence n?/?P*4 which is
the optimal rate for estimating a p-smooth, d-dimensional function [see
Stone (1982)]. Hence, by using models with only low-order interactions (d <
L), we can ameliorate the curse of dimensionality that the saturated model
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(d = L) suffers. For example, if L > 2, then, by considering additive models
(d = 1) or by allowing interactions involving only two factors (d = 2), we can
get faster rates of convergence than by using the saturated model.

REMARKS. (i) The projection nature of the least-squares estimate and the
structure of the approximating space, rather than the special properties of
the constituent univariate approximating spaces, are fundamental in getting
a consistent estimate in a functional ANOVA model. We can achieve the same
optimal rate of convergence by using polynomials, trigonometric polynomials,
splines or wavelets.

(i) To achieve the optimal rate of convergence, the required assumption
p > d on the smoothness of the theoretical components p* for using polyno-
mials is stronger than the corresponding assumption p > d/2 for using
trigonometric polynomials, spines or wavelets.

(iii) Corollary 3 involves the applicability of wavelet bases in a functional
ANOVA model. The method here is linear and thus is different from the
thresholding method studied in the large body of wavelet literature, which is
usually on univariate function estimation. See Donoho, Johnstone, Kerky-
acharian and Picard (1995) for a nice review of the wavelet-based method.
How to adapt the nonlinear wavelet thresholding method to fitting a func-
tional ANOVA model is an interesting open problem.

3.5. Multivariate splines as building blocks. Using univariate functions
and their tensor products to model u* restricts the domain of w* to be a
hyperrectangle. By allowing bivariate or multivariate functions and their
tensor products to model w*, we gain flexibility, especially when some ex-
planatory variables are of spatial type. We now show the applicability of
multivariate splines and their tensor products in a functional ANOVA model.
Throughout this subsection, we assume that 2 is the Cartesian product of
compact sets 27, ...,2;, where 2, c R% with d, > 1for 1 <1 < L.

Loosely speaking, a spline is a smooth, piecewise polynomial function. To
be specific, let A, be a partition of 2] into disjoint (measurable) sets and, for
simplicity, assume that these sets have common diameter a,. By a spline
function on 2}, we mean a function g on 2] such that the restriction of g to
each set in A, is a polynomial in x;, €2} and g satisfies certain smoothness
conditions across the boundaries. With d;, = 1, d; = 2 or d; > 3, the resulting
spline is a univariate, bivariate or multivariate spline, respectively.

Let G, be a space of splines defined as in the previous paragraph for
l=1,...,L. We allow G, to vary with the sample size. Then, under some
regularity conditions on the partition A,, G, can be chosen to satisfy the
stability condition (7). Therefore, |lgll. < A,llgll for all g € G, with A, =
a,%/?, 1 <1 <L (see Section 2.2). By Lemma 1, we see that A, < a,%/?,
where d, =Y, _,d, for s €.%. Note that N, < a,% and N, < a,%, so N, =
max, .., N, < a,?, where d = max, . ., d,. We assume that the functions u,
s €.%, are p-smooth and that the spaces G, are chosen such that p, =
inf, c ¢ llg — pill. = O(a}) for s €.7. To simplify our presentation, we avoid
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writing the exact conditions on p* and G,. For clear statements of these
conditions, see Chui (1988), Schumaker (1991) or Oswald (1994) and the
references therein.

If na’? - «, then the conditions in Theorems 2 and 3 are satisfied. Thus,
we have that ||, — u*[® = Op(a;d/n +a2?) for s €% and |p— p*l” =
0,(a,*/n + a2’). If p > d/2, by taking a, < n~'/®?*% we get that || 1, —
wil? = 0p(n=27/@r*d) for s €. and || o — p*ll* = Op(n~27/@P*D) When
d,=1for 1 <l < L, this reduces to case (iii) of Corollary 2. The result here
can be generalized to allow the various components u* to satisfy different
smoothness conditions and the sets in the triangulations A, to have different
diameters. To obtain such a result, we need only find upper bounds for the
constants A, and p, by employing results from approximation theory and
then apply the theorems in this section. See Hansen (1994) for similar
results.

4. Proof of Theorem 1. We handle the three terms in the decomposition
of the error separately. The rates for the variance component and the
estimation bias are more convenient to get in empirical norm, while that for
the approximation error is easier to obtain in theoretical norm.

The following lemma plays a crucial role in relating the result in theoreti-
cal norm to the result in empirical norm. It reveals that the empirical inner
product is uniformly close to the theoretical inner product on the approximat-
ing space G. As a consequence, the empirical and theoretical norms are
equivalent over G. This lemma is proved in Section 7 in a more general form.

LEMMA 4. Suppose that lim, A%2N, /n = 0 and let t > 0. Then, except on
an event whose probability tends to zero as n — o,

I<f.gm —<{fel<tlfllgl, f,geG.

Consequently, except on an event whose probability tends to zero as n — ©,

(8) Ygl® <lgl? < 2lgl?, gea.

The previous lemma also leads to a sufficient condition for the empirical
identifiability of G.

COROLLARY 4. Suppose that lim, A2N, /n = 0. Then, except on an event
whose probability tends to zero as n — ©, G is empirically identifiable.

ProoF. Suppose (8) holds, and let g € G be such that g(X,) =0 for
1 <i<n. Then IIgIIi = 0 and thus ||g||2 = 0. Since we require G to be
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theoretically identifiable, this implies that g is identically zero. Therefore, if
(8) holds, then G is empirically identifiable. The desired result follows from
Lemma 4. O

VARIANCE COMPONENT. Assume that G is empirically identifiable. (By
Corollary 4, this holds except on an event whose probability tends to zero as
n — «.) Let {d>j, 1 <j<N,} be an orthonormal basis of G relative to the
empirical inner product. Recall that & = QY and & = Qu. Thus, o — i =
TR = By dpndy = XY = p, dndy and || — il = £XY — p, )5 Ob-
serve that E[{Y — u, q’>j>n|X1, ..., X,] =0and

E[(Yl - P«(Xi))(Yj - M(Xj))|X1a--->X2] = 5ijf’2(Xi),

where §;; is the Kronecker delta. Moreover, by the assumptions on the model,
there is a positive constant M such that o%(x) < M for x € 2. Thus,

1
2

E[(Y - u, o)Xy, ..., X, | = -

" M M
Z ‘75]'2(Xi)0'2(Xi) < 7”‘{[’]”% =
i=1

n .

Hence, E[|li — [L||,21|X1, ..., X,] < M(N,/n) and therefore, | x — ,[LII?, =
Op(N, /n). By Lemma 4, we have that || & — &ll*> = Op(N, /n).

The following lemma is an important tool in handling the estimation bias.
It is proved in Section 7 in a more general form.

LEMMA 5. Let M be a positive constant. Let {h,} be a sequence of functions
on & such that ||h,|l. < M for n > 1. Then,

<hn’g>n_<hn’g>‘ Nn 1z
o (32]
gl

sup
geqG

n

EsTiMATION BIAS. Note that & — @ = @ u — Pu. Moreover,

<Q:U“ - P/*‘L’ g>n
(9) IQu — Pull, = sup
ge@ ||g||n
(w—Pu,g)m —p—Pu,g
= sup
ge@ ||g||n

Here, the second equality uses the fact that { uw — Pu, g> = 0. Let g* € G be
such that [|g* — u*|l. = p,. We have that, for g € G,
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Thus,
. (w—g"8m—n—g8%g> (g* — Pu, g
”,LL - M”n < sup + sup | —————
geqG ”g”n geqG ||g||n
(g* — Pu, 8>
+sup |——————
geqG ||g”n
=1+ IT + III.

To get an upper bound for I, note that u is bounded and that
supllg*ll < Il w*ll-- + supllg® — w*ll. < o;

n n
hence, I = O,(N, /n)'/? by Lemma 5. Using Lemma 4 to relate the empirical
norm and the theoretical norm, we get that
I <lg*— Pu*ll, <2llg* — Pu*ll = 2IP(g* — u")ll < 2p,

and that

llgll
I < |lg* — Pu*||sup g
geqG ||g“n

= 2Py

except on an event whose probability tends to zero as n — «. Consequently,
| o — 7ll2 = Op(N, /n + p2); thus, | & — &ll> = Op(N, /n + p2) by Lemma 4.

REMARKS. (1) If sup,(l| Pull./Il mll.) < o, then the argument can be simpli-
fied considerably. In fact, it follows directly from (9) and Lemmas 4 and 5 that
1Qu — Pull, = Op((N,/n)'/?). The condition sup, (|| Pull./Il ull.) < « holds for
some approximating spaces G. For example, it is satisfied when G is a tensor
product spline space; see de Boor (1976). But it is not clear whether this
condition holds for general approximating spaces, especially when G is an
approximation space for an unsaturated functional ANOVA model.

(i1)) When the model is correctly specified, that is, when u* = u, the
argument can be simplified. In fact, except on an event whose probability
tends to zero as n — o,

1Qu — Pul, <lQ@u — g*ll, + 1Pn — g*ll»
<lQu* —g*l, + 2l Pu* — g*ll
<llw* =g*l. +2llp* —g*ll < 3p,.

However, this argument does not go through when the model is misspecified,
since Qu = @ u* is not generally true.

APPROXIMATION ERROR. Let g* € G be such that || u* — g*[l. = p, and
thus, ||u* — gll < p, and || u* — gll,, < p,. Since P is the theoretical orthogo-
nal projection onto G,

(100 lIE—g*l® =1Pp —g*I” = P(p* —g*) " <llw* —g*I.
Hence, by the triangle inequality,
1% — wl? < 205 — g*I* + 2w — g*I? < 4l w* — g*I* = O( p2).
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To prove the result for the empirical norm, using Lemma 4 and (10), we
obtain that, except on an event whose probability tends to zero as n — o,

2
*II.

Iz —g*llr <20 —g*I” <2l n* — g

Hence, by the triangle inequality,
15— w2 < 205 — g*1% + 2l w* — g*1% = 0,(p2).
5. Proof of Theorem 3.

VARIANCE COMPONENT AND ESTIMATION BIAS. We first establish the rates of
convergence of the various components of the variance component & — & and
the estimation bias g —u. Write =Y. t,, 2 =2X,coft, and u=
Zse y,us, where i, ii,, i, € G?. Then we have the ANOVA decompositions
M /"L Zsey( /"Ls Ms) and /'L /"L ZsE<7( /"Ls s)

We need the following result, which says that the components in the
empirical ANOVA decompositions of functions in G are not too confounded,
either in empirical norm or in theoretical norm.

LEMMA 6. Suppose lim, A2N,/n =0 for s €. Let &, be defined as in
Lemma 2 and let 0 < &, < &,. Then, except on an event whose probability
tends to zero as n — =, |gl® = 7L __lgl* and ligli =

1Y _ gl forallg =Y,. .8, where g. €@ fors e

This lemma can be proved by using Lemma 4 and the same argument as in
the proof of Lemma 3.1 of Stone (1994).

The conclusions about the variance component and the estimation bias in
Theorem 3 follow from Theorem 2 and Lemma 6. O

APPROXIMATION ERROR. Recall that u — p* is the approximation error.
Write & =X,c o0, and p* =X ., pu, where u, € G and uf € H? for
s €.%. We want to get rates of convergence of u, — u* to zero for s €.%. To
this end, we need the following lemma, which tells us how well u* can be
approximated by functions in G?. The proof of the lemma is given at the end
of this section.

LEMMA 7. Suppose u’ is bounded and that lim, A2N,/n = 0 for s €.
Then, for each s €.%, there are functions g, € G? such that

N,
(11) It =g l* = 0p| X — + p?
r:s n
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and
N,
(12) It — g lls = 0p| X — + p2].
rcs
r¥+s

By Lemma 7, for each s €., there are functions g, € G? such that
(11) and (12) hold. Write g = £, ..g,. Then |lg — u*|* = Op(Z,. ,N,/n +
Zseypsz)> S0

N,
lg — mll* =|P(g — w)|” <llg — wi* = Op( Y —+ X p)
se¥ n se¥

Therefore, by Lemma 6, except on an event whose probability tends to zero as
n — o«

N,
(13) lg, — Bl < 3~ *©llg — mll* = OP( r—+ X pf)'
sew I se¥

Hence, it follows from (11) and the triangle inequality that, for each s €.%,

N,
T P
se 1 se¥
The result in empirical norm follows from Lemma 4, (13), (12) and the
triangle inequality. O
The proof of Lemma 7 needs the following lemma. For s €.7, let @° and
Q. denote the empirical orthogonal projections onto G? and G,, respectively.

LEMMA 8. Suppose lim, A2N,/n =0 for s €%. For g € G, set g? = Qg
and g, = Q,8. Then, except on an event whose probability tends to zero as
n — OO’

2 — 2 — 2
gl < &3 # 3 1Igllh < e3 * ) llgllh, g€G.
seS ses

ProOOF. Assume that G is empirically identifiable. (By Corollary 4, this
holds except on an event whose probability tends to zero as n — «.) Then, by
Lemma 3, we can write g uniquely as g = X__ .f,, where f, € G? for s €.7.
Observe that

lglla = X {fosgdn= 2 {0 80 < X NNl
ses ses ses

By the Cauchy—Schwarz inequality and Lemma 6, the last right-hand side is
bounded above by

) 1/2 o2 1/2 L # g1 1/2 o2 1/2
(i) (T efiz) " < (e mgl) (T ellz)

ses ses ses
Thus the first inequality follows. The second inequality is obvious. O
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Proor oF LEMMA 7. Let g¥ € G, be such that || u* — g*|.. = p,. Write
g¥ =g, +(g¥ —g,), where g, € G) and g¥ —g, € L, _, ,.,G.. We now ver-
ify that g, has the desired property.

Recall that G° and @, are, respectively, the empirical orthogonal pro-
jections onto G° and G,. Since Q%(g* —g,)=0 and Q,g, =0 for r Cs,
r #s, it follows from Lemma 8 applied to G =G, that |g* —gslli <
s *O%, L, 1@, &7 12 Moreover,

(8¥, 8.
1Q,g%ll, = sup |————
greGr ||gr||n
(8¥ — pk, g (kg —(pf, g
< sup .
g,<G, llg, I, llg, I,

The last inequality uses the triangle inequality and the fact that { u*, g,) = 0
for r C s, r # s. Note that u* is bounded. By Lemmas 4 and 5,

1Q, 8%, < llgF — will, + Op((N,/n)"?) = O(p,) + Op((N,/n)"?).

The desired results now follow. O

6. Correctly specified model. In this section, we assume that the
model is correctly specified. Under this assumption, we can use L, approxi-
mation to the target function rather than L, approximation, as in the
previous sections. As a consequence, the results of this section can be applied
to the case that the regression function (or each ANOVA component of the
regression function) belongs to a Besov space (defined below)—a function
class that is broader than the Hélder class.

Throughout this section, assume that u € H. Set 7, = inf, . gllg — ull. The
constant 7, describes the best approximation to u by functions in G, mea-
sured in the theoretical norm. Note that the function w = Pu is the specified
best approximation.

THEOREM 4. Suppose that lim, A2N,/n = 0. Then:

() (variance component) || — gll> = Op(N,/n) and |a — il =
(i) (estimation bias) | — wl® = Op(n? + A,m,/Vn) and |l — a@ls =
Op(ny + A,m,/ Vn);
(iii) (approximation error) |m — ul®> = 0(m2) and |Im — ul = Op(n? +
A,/ Vn).

Consequently, |l — ,u||2 = Op(N,/n + 12+ A,/ Vn) and I — Mlli =
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Proor or THEOREM 4. We need the following lemma.

LEMMA 9. Suppose p is bounded. Let g = g, € G with sup,llg — ull < «.
Then

n

=gl <llp—gl*+ 0p| —=|lln—gl
m—8 n—8 P\ Jn n—8

PrOOF. Now

E[(1n g2~ 1 - #1)] = var(u(X) - £(3))]

1 4
~E[(w(X) ~g(X))"]

IA

IA

-2l - gl
n

Note that [|pu — gll. <l ull. + llgll- and lIgll. <A, llgll <A, (g — wll + I wID.
Thus,

lw =gl < (T +A)ul +A,lIn— gl

Hence,
2
2
B[l =gt =l —gl?)] < —((1+ ANl + A2 — 1”1 — gl
AZ
- o(—" I — gl
n

Consequently,

I — gll.

A

2 2 n

—gl? - - =0, 2
e —gl2=llp-gl? p( e

(Here, we use the fact that P(||u — gl|% > 0) = 0 when || — gll = 0.) The
conclusion follows. O

VARIANCE COMPONENT. Argue as in Theorem 1.

ESTIMATION BIAS. Note that

Il — 7l = 1Qu — Pully < llp — Pull.
By Lemma 9, the above right-hand side is bounded above by

n An
n ﬁ)""'

The result for the theoretical norm follows from Lemma 4.

Il = Pul* + Op = Pull=n? + Op
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APPROXIMATION ERROR. According to the definition of n,, [Py — ull = m,. It
follows from Lemma 9 that ||Pu — ull2 < 72 + Op(A,m,/Vn). O

Consider the functional ANOVA model in Section 3 with u* = w. Suppose
the target regression function u has the ANOVA decomposition u = X . o u,,
where u, € H? for s €.%. Set

Ns = nsn(Gs) = inf Hg - ,LLS“, s €S
g€,

THEOREM 5. Suppose p, is bounded and that lim, A%N,/n = 0 for s €.%.
Then |lp — wl® = %@wﬂNﬂ%Pm+A%/r»aw|m—Mﬁ=
Op(X,c AN, /n+ 02+ A,/ Vn)). Moreover, for each s €.%, Il g — p,s||2 =
Op(T, (N + n2 + A/ Vn) and |1, — w2 = Op(T, (N, /n +
n2 + A,/ Vn)).

Employing Lemma 8 and Theorem 4, the proof of this theorem is similar to
those of Theorems 2 and 3. We omit the details here.

Assume from now to the end of this section that 2’ is the Cartesian product
of compact intervals 27,...,27. For simplicity, it is assumed that each of
these intervals equals [0, 1] and hence that 2= [0, 1]%. Set d = max_ ., #(s).

We define the Besov space as in DeVore and Popov (1988). Let 1 < p <
and let r be a positive integer. Let

0,(f+8)p = supll&, (), >0,
|hl<t
denote the modulus of smoothness of order r of f€ L, (2); here |h| is the
Euclidean length of the vector A, A, is the rth-order difference with step
h e RE and |- I, is the L, norm on the set Arh) ={x: x, x + rh €eZ}. Let

a>0and 1 <q < o, We say that f is in the Besov space B, whenever
f€L,(Z) and

([ oo s) <

for any integer r > «. (When ¢ = «, the usual change from integral to sup is
made.)

COROLLARY 5. Let p > 2. Suppose ui € B, for s €. Let r>a and
G, =Wav(J,) for 1 <l <L. If 22dJ" = o(n), then I, — > = 0,297 /n
+272¢%) for s €. and || — p*ll® = 0p(2%/n + 272¢70), Consequently,
if also a>d/2, then, for J,=(logn)/Qa+d)+ OQ1), we have that
| g — 1 = OP(n‘Z“/<2“+d)) for s €7 and || o — p|* = Op(n=22/@ard),

PROOF. As in Corollary 3, A, =< 2#®7»/2 and N, < 2#(7» In addition,
, < 27 for s €.% [see Proposition 2.4 of Meyer (1992) and Donoho and
Johnstone (1992)]. The desired results follow from Theorem 5. O
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REMARKS. () If f is a-smooth as defined in Section 2, then f€ By,
where B, is the usual Holder-Zygmund class used in approximation the-
ory. (Here we use « instead of p to denote the smoothness parameter, since
p is used for another purpose to be consistent with the above cited literature.)
Also, B;., CB,. forl <p < oo

(ii) We restrict our attention to p > 2. If p < 2, no linear estimate can
achieve the optimal rate; see Donoho and Johnstone (1992).

(iii) Similar results can be obtained when the approximating spaces are
constructed from splines. To apply Theorem 5, we need only find an appropri-
ate upper bound for each 7, by using Theorem 12.8 of Schumaker (1981).

7. Two useful lemmas. In this section, we state and prove two lemmas
that are analogs of Lemmas 4 and 5 for more generally defined theoretical
and empirical inner products and norms. These more general results are
needed in Huang and Stone (1997).

Consider a 7-valued random variable W, where 77" is an arbitrary set. Let
W, ..., W, be a random sample of size n from the distribution of W. For any
function f on 7, set E(f) = E[ f(W)] and E, (f) = (1/n)X!_, f(W,). Let Z be
another arbitrary set. We consider a real-valued functional V(f, f,; w) de-
fined on w € 7 and functions fi, f; on Z. For fixed functions f; and f; on %,
W(f1, fo; w) is a function on 7. For notational simplicity, write W(f}, ;) =
W(fy, fo;w). We assume that ¥ is symmetric and bilinear in its first two
arguments: given functions f;, f, and f on %, V(fi, f5) = ¥(f,, f1) and
W(af, + bfy, ) = aVW(f, )+ bY(f,, f) for a,b € R.

Throughout this section, let the empirical inner product and norm be
defined by

{frs foin =En[\P(f1? f2)] and ||f1||r21 = {f1 [1on)

and let the theoretical versions of these quantities be defined by

{f1, f2? :E[‘I’(fp fz)] and ”101”2 = {f1, f1).

In particular, this more general definition of the theoretical norm is now used
in the definition of the constant A,. We assume that there are constants M,
and M, such that

1P f1, o)l < Mollfilll £l

and

var[V(fi, f2)] < MJIAIPIEIE.

Taking #'= % =2 and Y(f,,f,) =f1f,, we get the inner products and
norms used in the previous sections. In this case, the assumptions on ¥ are
satisfied with M; = M, = 1. Lemmas 4 and 5 then follow from Lemmas 10
and 11, respectively.

LEMMA 10. Lemma 4 holds for the inner products and norms defined in
this section.
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ProOF. We use a chaining argument that is well known in the empirical
process theory literature; for a detailed discussion, see Pollard [(1990), Sec-
tion 3]. Let Gy = {g € G: |Igll < 1} denote the unit ball in G relative to the
theoretical norm.

Let f1, f5, 81, 82 € Gyp, where ||f;, — f5ll < &, and llg; — g,ll < &, for some
positive numbers ¢, and &,. Then, by the bilinearity and symmetry of ¥, the
triangle inequality and the assumptions on W,

1w (fi,81) = ¥(far 82) . <V (fr = For 8D +IIV(f2, 81 — 82) |-
< M;llfy — fallllgylle + Ml follellgy — g5l
< M ASlfy — falllg,ll + M ATl 2l gy — &l
<M;A%(e + &)
and
Var[\ll(flagl) - \P(fz;gz)]
< 2var[V(f, — fo, 81)] + 2var[V(f;, 81 — &5)]
< 2M,llg 21y — £olI* + 2M, £, )2l gy — g, l17
< 2M, A%(llg Iy = FI7 + 1A% 1ey — g5l7)
<2M,A2(e] + £3).
Applying the Bernstein inequality [see (2.13) of Hoeffding (1963)], we get that
P(I(E, - E)(Y(f1,&1) — V(f2,85))| > ts)
n?t?s?/2
2M,nA%(e7 + &3) + 2M3A2( &, + &y)nts/3 }

< 2exp<—

Therefore,

P((E, — E)(Y(f1,&1) — ¥(fs,82))| > ts)

9 t? n s
< — — — —
(14) RS TV Del | e
5 3t [ n s
+ -—\— :
xp 8M,\ A% [\ &, + &

We will use this inequality in the following chaining argument.

Let 8, =1/3"% for k > 0, and let {g = 0} = %, €&, C - be a sequence of
subsets of Gy with the property that ming.. ¢, g — g%l < §, for g € Gyp.
Such sets can be obtained inductively by choosing &, as a maximal superset
of £,_, such that each pair of functions in %, is at least §, apart. The
cardinality of &, satisfies #(2,) < (2 + §,)/8,)" < 3**DN»_ (Observe that
there are #(%,) disjoint balls each with radius §,/2, which together can be
covered by a ball with radius 1 + §,/2.)
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Let K be an nonnegative integer such that (2/3)%X < ¢ /(4M, A2). For each
g € Gyp, let gi be an element in %, such that |lg — g&ll < 1/3%. Fix a
positive integer & < K. For each g, € &,, let g¥_, denote an element in &, _,

such that |lg, — gi_,ll < §,_;. Define f; for £ < K in a similar manner. By
the triangle inequality,

sup [(E, — E)(¥(f,8))|
f,8€Gyg

< sup |(E,—E)(¥(f g)—Y(fi gk))l

f,8€Gysg

K
+ Y sup |[(E, —E)NY(fi,g) — P(Ffii, i)l
k=1 [+, 8,€EZ,

Observe that
(E, —E)(Y(f,8) — V(fi, g&))| <2|Y(f,8) — V([ g%)ll.

<4M, A% /3% < t/2%.

Hence,

P( swp |(B,~E)(V(f.8))]> ]

f,8€Gyg

<P

sup |(E, — E)(V(f, g)—‘I’(fK,gK))|>ti) (=0)
f.g€Gyr

1
+ ZP( sup |(E, — E)(Y(f,, &) — Y(fi 1, 87 1))|>t_)

k=1 fi: 8LEZ,

]

<) [#(?k)]2 sup P(|(En—E)
k=1 T, 8rEE),
1
X (V(fy ) ~ V(fi gb)] > t?).
Thus, by (14),

P( sw |(B, - E)(¥(f,0))] >
f,8€Gyp

=]

< X 2exp{(2(k + 1)log3) N, — 83; (lz) (1/2") }

(1/3471)" 4+ (134 1)?

T 9 o2k + Dlog3) N — — [ 1/2"
+ + - —|—= :
= 0P (2( Jlog3) N, 8M,\ A2 |1/3F T+ 1/35 1
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Since lim, A2N,/n = 0, the right-hand side of the above inequality is
bounded above by

2§ t2 (n\(1\[3\* 3t (n 1)(3"’
—_ —_ PR J— + —_— ] — J— J—

2P T 160, | A2 (18)(2) P 160, | A2 (6 2)

for n sufficiently large. By the inequality exp(—x) < e™!/x for x > 0, this is

bounded above by

= | 288M, A% (2\* 32M, A% (2)\*
R )
ho1 ¢ n \3 t n\3
which tends to zero as n — .
Consequently, except on an event whose probability tends to zero as
n — o,

{f,8m —<f, 8>
wp LLEN PO myw(re) <
f, geG A1 gl f,8€Gyn

The second result follows from the first one by taking ¢ = 1/2. O

LEMMA 11. Lemma 5 holds for the inner products and norms defined in
this section.

Proor. Let {(l)j} be an orthonormal basis of G relative to the theoretical

inner product. For each function g € G, we have the expansion g = X;b;¢;
and |lgl|* = L;b7. Thus,

|<hn?g>n - <h’n’g>| =

S by(Chyy by — Ch, ¢j>)‘
J

1/2 L) 2
< {be} {Z(<h,,,¢j>n —(hy, 7)) } .
J J
This leads to
lgll

sup
geqG

Since E<h,, ¢;)n = (h,, ¢,),

J

L) 12
< {Z(<hn’ ¢j>n - <hn’ ¢J>) } ’

9 1
E|(Chys 800 = By 8))’] = varh,, ¢, = — var(¥(h,, 4,).
By the conditions on ¥,
var(¥(h,, ¢;)) < M IR, 121 ;1* < MM, .
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Hence,

N,
B Z (Cryy ) = Chys )| < MM,

J

The conclusion follows from the Markov inequality. O
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