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Groeneboom introduced a jump process that can be used (among other
things) to study the asymptotic properties of the Grenander estimator of a
monotone density. In this paper we derive the asymptotic normality of a
suitably rescaled version of the L, error of the Grenander estimator, using
properties of this jump process.

1. Introduction. Let f be a decreasing density with support [0, 1].
Denote by F, the empirical distribution function of a sample X, ..., X, from
f. Let F be the concave majorant of F, on [0, 1], by which we mean the
smallest concave function such that

F(t)>=F,(t), te<[0,1] and F,(0)=0, F,(1)=1.

The Grenander estimator f is defined as the left derivative of F

In Groeneboom (1985) the asymptotic behavior of f was 1nvest1gated
Instead of studying the process { f (), t € (0,1)} itself, the more tractable
(inverse) process {U,(a): a € [ f(1), f(O)]} was studied, where U,(a) is defined
as the last time that the process F,(¢) — at attains its maximum,

(1.1) U,(a) = sup{t € [0,1]: F,(t) — at is maximal}.

A new proof, based on the inverse process U,, was given of a result in
Prakasa Rao (1969) on pointwise weak convergence of f In Groeneboom
(1985) also analytical properties of the weak limit of the locally rescaled
process U,(a) were discussed and it was indicated how the process U,
together with a Hungarian embedding technique could be used to prove
asymptotic normality of the L, error

(1.2) I, = fll, = £(t)|dt.

The analytical properties of the limit process a — V(a) were made rigorous
in Groeneboom (1989) and at the same time it was mentioned that a rigorous
treatment of the asymptotic normality of the L, error would appear else-
where. This paper fulfills that promise.
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We feel that this result is important, since the problem of estimating a
monotone density is closely related to several other (inverse) problems, for
example, estimation of the distribution function of interval censored data
[see, e.g., Groeneboom and Wellner (1992)] and estimation of a monotone
hazard function, and since the result was referred to by several authors; see,
for instance, Devroye and Gyorfi [(1985), pages 213 and 214], Devroye [(1987),
page 145], Csorgé and Horvath (1988), Birgé (1989) and Wang (1992). Re-
cently, the result has been taken up again in the context of nonparametric
regression; see Durot (1996). In fact, the methods used by Durot (1996),
whose work was done independently, are closer in spirit to the methods
suggested in Groeneboom (1985) than our present paper, which relies on
ideas developed in Groeneboom (1989). In both settings, the proof relies
heavily on the fact that Brownian motion has independent increments. One of
the main differences between the model considered in Durot (1996), and the
present paper is that in the regression setting one can make a direct
embedding into Brownian motion, whereas in our case we can only make
such an embedding into the Brownian bridge, and we need rather delicate
arguments to make the transition to Brownian motion (Corollary 3.3 in the
present paper).

The main result can be stated as follows. Define

(1.3) V(c) = sup{t: W(t) — (¢t — c)” is maximal},

where {W(¢): —» < t < »} denotes standard two-sided Brownian motion on R
originating from zero [i.e., W(0) = 0].

THEOREM 1.1 (Main theorem). Let f be a twice differentiable decreasing
density on [0, 1], satisfying:

AD O<fD <f@) <f(s)<fl0) <o, for 0 <s <t <1
(A2) 0 <inf, o )| '] < sup, o )| (D] < o5
(A3) sup,c 1) <|f" (DI <.

Then with p = 2EIVO) 315" (O dt,

ot ['1f0) = F0) e = )

converges in distribution to a normal random variable with mean zero and
variance o % = 85 cov(|V(0)],|V(c) — c)) de.

Actually, this is precisely the theorem, as stated in Groeneboom (1985)
(with the same conditions). In that paper, however, a sketch of proof of two
pages was given, whereas, unfortunately, we need a lot more pages to write
down all the details (an experience shared with Cécile Durot in her work on
the regression problem.) The difficulty in proving a result of this type stems
from the fact that the Grenander estimator is a nonlinear functional of the
empirical distribution function. For this reason methods of proof are needed
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that are very different from those used in, for example, Csorg6é and Horvath
(1988), where the linearity of the kernel estimators is used in an essential
way.

In Section 2 we show

(14 17, -l = ffﬁ?)lUn(a) —g(a)|da + o,(n"1/?),

where g denotes the inverse of f (see Corollary 2.1). In this section we also
obtain an exponential upper bound for the tail probabilities of V*(a) =
n'/3(U(a) — g(a)).

In Section 3 the process a — VF(a) is approximated (using Hungarian
embedding) by a process a — V2(a), defined for the Brownian bridge. The
process V2 is in turn approximated by a similar process a — V,"(a), defined
for Brownian motion. A key tool for the results in this section is Lemma 3.4,
showing that the probability of a jump of V2 and V. in an interval of length
hn~1/3 is of order A, if A is not too small. We suspect that the restriction “not
too small” is actually not needed, but this restriction arises naturally in the
present approach. The methods in this section are motivated by results that
hold in the “canonical setting” of the process V, studied in Groeneboom
(1989).

Another key observation that makes things work in Section 3 is that,
although we cannot construct a Brownian motion and a Brownian bridge
which are close in the supremum distance on [0, 1], we have that, if

W(F(¢)) = B(F(t)) + &F (1),

where B is the Brownian bridge on [0, 1], and ¢ is a standard normal random

variable, independent of B, the associated processes of locations of maxima

VB and VW, defined for B+ F and W ¢ F, respectively, are very close indeed.
The results in Section 3 imply that it is sufficient to prove that

nv/8 (MO V¥(a)| - B[V, (a)|) da
()

tends in distribution to a normal distribution with expectation 0 and variance
o2, where o? is given in Theorem 1.1. In Section 3 the process V" is also
shown to be strongly mixing. This leads to a central limit theorem which is
proved in Section 4 by using Bernstein’s method of big blocks and small
blocks. Throughout, it will be assumed that conditions (A1) to (A3) hold.

2. Localization. In this section we show that the distributions of the
random variables

(2.1) Vi(a) =n'*(Uy(a) - g(a))

have exponentially fast decreasing tails. This will enable us to compare the
process U, locally with a similar process, defined for the Brownian bridge.
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For s < ¢, we use the following abbreviations:
Fn(s’ t) = Fn(t) - Fn(s)’
F(s,t) =F(t) —F(s).

LEMMA 2.1. Let a € [f(D), f(0)] and let t, = g(a). Then

Fy(to,1) f(tg)an~1/? }

E
P{Vn (a) >x} <P Fty,0) > F(to,to +xn_1/3)

sup
telty+xn=1/3,1]

for each x such that t, < t, + xn"'/? < 1, and

F,(t,t to)xn 1/3
P{VE(a) < —x} <P inf n(f: o) 1) — ,
tel0,to—xn"1/3] F(t,to) F(to —xn~ 1/ ,to)

for each x such that 0 < t, —xn"'/? <¢,.

PrROOF. For each x, such that ¢, < ¢, + xn~'/? < 1, we have

(22) P{VE(a) >x} < P{F,(t,,t) —a(t —t,) = 0,
' forsomete(t0+xn_1/3,1]},

and for each x such that 0 < ¢, —xn~/3 < ¢,

P{VE(a) < —x} < P{F,(t,t)) —a(ty—t) <0,
(2:9) for some ¢ €0, ¢, — xn*1/3)}.
The probability on the right-hand side of (2.2) can be written as
F.(,1) - f(£)(t —ty)
F(to,t) — F(to,t)

(24) P , for some ¢ € (¢, + xn"1/3,1] }.

Since the function

f(2o)(t — o)

y(t) = Ftg 1)

is increasing for ¢ € (¢,, 1) (using the monotonicity of f), it follows that (2.4)
is bounded above by

p

sup
te (to+xn=1/3,1]

F,(ty,1) f(to)an=1/?
> .
F(ty,t) — F(ty,ty +xn"'/?)

Similarly, the probability on the right-hand side of (2.3) can be bounded from
above by

inf

Fn(tato) f(tO)xn71/3
P i < .
te [0,t0—xn-1%) F(t, ) F(t, —xn™' 1))
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To bound the probabilities given in Lemma 2.1, we will apply Doob’s
inequality to suitably chosen martingales. These martingales are given in the

next lemma.

LEMMA 2.2. Let 0 < ¢, < 1. Consider, for n fixed, the processes

Fn(tO’t)
t—> M, (t) = —F(t g t €(ty,1]
0>
and
Fn(t’tO)
t > M,,(t) = m t €[0,t,).
» Y0

Let &, = o{F,(¢): t €[s,1]} and Z, = o{F,(¢): t € [0, s]). Then, conditionally
on F,(t,), the process M, is a reverse time martingale with respect to the
filtration {7 s € (t,, 1]} and M,, is a forward time martingale with respect
to the filtration {Z,: s € [0, t,)}.

Proor. Note that conditionally on F,(¢,) and F,(¢,, s), for t, <¢ <s <1,
the random variable nF,(t,,¢) has a binomial distribution with parameter
nF,(t,, s) and probability of success p = F(¢,,¢)/F(t,, s). This shows that for
t<s,

F(ty,t)

F(ty,s)’

where E,(-) = E[:| F,(¢,)]. This implies that for ¢, <t <s < 1, we have that
Eo[M,,(¢) | 7] = My,(s).

Similarly, conditionally on F,(¢,) and F,(s, t,), for 0 < s < t < t,, the random

variable nF, (¢, ¢,) has a binomial distribution with parameters nF, (s, t,) and
p =F(t,t,)/F(s,ty). This leads to

EO[M2n(t) |gs] =M2n(s)' d

Ey[F,(y,t) | %] = F,(%y,5)

We have the following bounds for the martingales in Lemma 2.2.

LemmA 2.3. Let h(y)=1—-—y +ylogy,y > 0. Then, fort,[0,1),y>1
and 8 > 0 such that ty, + 6 < 1,

P{ sup M, (t) zy} < exp{—nF(¢y,t, + 6)h(y)}
telty+5,1]
and for t, € (0,11,0 <y < 1 and 8 > 0 such that t, — 8 > 0,
P{ inf M, (t)) sy} < exp{—nF(t, — 8, to)h(y)).
tel

0,t,— 98]

ProoF. We start with the proof of the first inequality. According to
Lemma 2.2 we have that for each r > 0, conditionally on F,(¢,), the process
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exp{rM,,(¢)} is a reverse time submartingale. Hence, by Doob’s inequality,

s

< E[e " E(exp(rMy,(t, + 8)) | F,(t0))]
= e "Eexp(rMy,(t, + 8)).

Using the fact that nF,(¢,,t, + 8) has a binomial distribution with parame-
ters n and p = F(¢y,t, + 8), we see that the last expression is equal to

P{ sup Mln(t)Zy}=E
tel

to+6,1]

P{ Sup Mln(t) Zy
teltg+95,1]

)

=K

P{ sup exp(rM,(t)) =e™
telty+5,1]

e (1 +p(e/™ — 1)) <e " exp(np(e’/"? — 1)) = e "Ph),

by putting r = np log y in the last equality. This proves the first exponential
bound.

For the proof of the second inequality we note that, for y € (0, 1],

< E[eryE(exp(—ern(to - 8))|Fn(t0))]
= e E exp(—rM,,(t, — 8)),

where again Doob’s inequality is used. Taking p = F(¢, — §,¢,) and r =
—np log y, we get

e E exp(—rM,,(t, — 6)) < exp(—nph(y)). O

P{ inf MZn(t)sy}=E

tel0,¢5— 901

P{ sup - MZn(t) =~y
te[0,ty— 6]

REMARK. The function y — hA(y), used in Lemma 2.3, but also in the
sequel, is a well-known function in large deviation theory. It is nonnegative
and convex on (0,). Its minimum 0 is attained at y = 1. Actually A(y) =
f{ logudu, y > 0.

We are now ready to prove the following theorem.

THEOREM 2.1. Let V.E(a) be defined by (2.1). Then there exists a constant
C > 0, only depending on f, such that for all n =1, a €[ f(1), f(0)] and
x>0,

P{|VnE(a)| > x} < 2e 0¥,
PrOOF. We will write 8, = xn~1/3. First consider the probability
(2.5) P{VE(a) > x}.

If g(a) + 6, = 1, this probability is zero, in which case there is nothing to
prove, so we can restrict ourselves to values of x > 0, such that g(a) + 5, < 1.
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Let
_ f(tO)Sn
In F(ty,ty+38,)’

where ¢, = g(a). Note that y, > 1, since f is strictly decreasing. We also
have, using assumption (A1),

_ [(4)8, - f(%o) - 1(0) <o
T Ftorte +8,) ~ flte+8,) ~ f(1)

Hence 1<y, <c¢;, for a constant c¢; > 0, independent of x such that
ty + 8, < 1. By Lemma 2.1, the probability in (2.5) is bounded above by

P{ sup Mln(t)zyn}-

teltyg+95,,1]

According to Lemma 2.3 this probability is bounded by

(2.6) exp{—nF(ty,ty + 8,)h(y,)}
Using a Taylor expansion with a Lagrangian remainder term of the convex
function u — A(u) at u = 1, we get

(2.7) h(y,) = 3R (E)(y, — 17 = Sert (v, — 1)%
where 1 < ¢, < ¢;. However,
8, infu€(0’1)|f'(u)|

2(0) ’

ly, — 11 =

and hence, by (2.7),
h( yn) = Ca 5n2 ’

for a constant c, > 0, independent of x such that ¢, + 6, < 1. Since
F(ty,ty + 6,) = f(1§,, it now follows that (2.6) is bounded above by
exp(—Cx?).

Now consider the probability
(2.8) P{VE(a) < —x}.
If g(a) — xn~1/3 < 0, this probability is zero, so we can restrict ourselves to
consider an x > 0 such that g(a) — xn"1/3 > 0. Define

N f(tO)Sn
In” F(to - Bn’tO) .

The fact that f is strictly decreasing, this time implies that y, < 1. Using
Lemma 2.1, it is seen that (2.8) is bounded above by

P{ inf M, (¢) < yn},
te[0,¢9—0,]
which, by Lemma 2.3, leads to the upper bound
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We have, using 2"(x) > 1, x € (0, 1],

h(y,) = 0" (E)(y, — 1) = 3(y, — 1),

where in this case 0 < ¢, < 1. Following the same line of argument as above,
we get the upper bound exp{—Cx3}. O

Lemma 2.3 also enables us to show that the difference between the L, risk
in (1.2) and the integral

f(0)
["U.(a) - g(a)|da,
J{6h)
defined in terms of the inverse process, is op(n’l/ 2).

COROLLARY 2.1. Let ﬂ be the Grenander estimator and let U, be defined
in (1.1). Then

29)  [1A@ - f@)lde - ["|U,(a) - g(a)|da = O,(n"?/).
0 FQ)
Proor. The difference on the left-hand side of (2.9) can be written as

/Ol[f;(t) —£(0)] dt + fol[f(l) ~f)] &,

where x* = max(0, x), x € R. We will show that the first term is O,(n">/?).
The second term can be treated similarly.
We have that

[1h6) ~ O] at

= [P (fut) = 1)) di = F,(U,(£(0)) = FO)T,(£(0))

According to Theorem 2.1, for the second difference on the right-hand side we
have

(2.10) [F(U,(£(0))) — F(O)U(f(0))] < 3suplf'IU,(£(0))* = O,(n"2/%).
Let Z, = F,(U,(f(0)) — F(U,(f(0))) and 8, = n~'/?log n. Then write

Zy = ZoLw,roy> 80 T Znlw,cron < 8,0
Then, according to Theorem 2.1,

EIZ, Ly oy 5, < 2P{U,(£(0)) > 8,} < 4exp(—C(log n)*).
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Hence by the Markov inequality we can conclude that

(2.11) Z, 1w, cron> 5y = 0p(n7?).

Let (B,) be a sequence of Brownian bridges given by the Hungarian embed-
ding approximating n'/?(F, — F) [cf. Kémlos, Major and Tusnady (1975)].
Then

1Z, 0y rop<sy =n '/ sup |B,(t)| +O,(n "logn).
tel0, F(5,)]

d
Since B,(t) = W(t) + tW(1), where W denotes Brownian motion, the right-
hand side can be bounded by a random variable that has the same distribu-
tion as

n~'%  sup |W(t)| +n '2F(8,)|W(1)| + O,(n 'logn).
tel0, F(5,)]
Note that F(§,)IW(1)| = Op(Bn). Furthermore, since for any £ > 0,

P
P{ sup |W(t)| > s} < 4P{W(1) > ———= 1,
1[0, F(5,)] F(s,)"*
we have that

n~t/?  sup |W(t)|=0,(n"*?),
t[0, F(5,)]

which implies that Z, 1 0y <5, = 0,(n"?/?). Together with (2.10) and (2.11)
this proves that

f()l[fn(t) - }”(0)]+ dt = 0,(n"2/%). 5

3. Brownian motion approximation. In this section we show that
it is sufficient to prove Theorem 1.1 for a similar process, with Brownian
motion replacing the empirical process. Let E, denote the empirical process
Vn(F, — F) and let V*(a) be defined as in (2.1). Then we have, for fixed
a € (f(1), f(0)),

(3.1) VE(a) = argmax{DF(a,t) — n'/%at},
t

where ¢t — DE(a, t) is the drifting empirical process
DE(a,t) = n/5{E,(g(a) + n"'/*t) — E,(g(a)))
+n?3{F(g(a) + n"'%t) — F(g(a))},
and where the argmax is taken over all values of ¢ such that
g(a) +n 3t € [0,1].

Here the argmax function is the supremum of the times at which the
maximum is attained (in order to have a well-defined functional also on sets
of probability zero).
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Let Brownian bridge B, and the uniform empirical process E,° F~! be
constructed on the same probability space via the Hungarian embedding of
Kémlos, Major and Tusnady (1975). Let

(3.2) VE(a) = argmax{D}(a,t) — n'/%at},
t

where
DE(a,t) = n1/6{Bn(F(g(a) + n‘1/3t)) - Bn(F(g(a)))}
+n?3F(g(a) + n '%t) — F(g(a))}.

Then (3.1) suggests that V¥(a) is close to V2(a). We will show that this is
indeed the case. We define versions W, of Brownian motion by

(3.4) W,(¢) = B,(t) + &,¢, te[0,1],

where ¢, is a standard normal random variable, independent of B,. More-
over, let

(3.5) V.¥(a) = argmax{D) (a,t) — n'/*at},
¢

(3.3)

where
DY (a,t) = n/{W,(F(g(a) + n"'/t)) = W,(F(g(a)))}
+n?3{F(g(a) + n '%t) — F(g(a))}.

Note that V2(a) and V,"(a) are defined in the same way as VZ(a), but with
E, replaced by B,oF and W, F, respectively. For J =E, B,W, the
argmax V,’(a) can be seen as the ¢-coordinate of the point that is touched first
when dropping a line with slope n'/%a on the process ¢t — D”(a, t). Further-
more, note that for every fixed a,b € (f(1), f(0)), we have the following

property:
(8.7) V(b)) +n"3(g(b) —g(a)) = argmax{D](a,t) — n'/?bt},
t

(3.6)

where as before the argmax is taken over values of ¢ such that
g(a) +n 3t [0,1].
Hence (3.7) is the ¢-coordinate of the point that is touched first when

dropping a line with slope n'/?b on the process ¢ — D?/(a, t). Moreover, note
that
o ¢ > V() + n3(g(c) - g(a)) jumps at b

' if and only if ¢ = V./(¢) jumps at b.

We have the following results for V.2(a) and V,"(a), analogous to Theorem
2.1.

THEOREM 3.1. Let VE(a) and V., (a) be defined by (3.2) and (8.5), respec-
tively. Then there exist a constant C > 0, only depending on f, such that for
alln > 1, a € (f(Q1), f(0) and x > 0,

P{{V¥(a)| > x} < 2exp(—Cx®) and P{|VE(a)|>x} < 4exp(—Cx?®).
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Proor. Let a € (f(1), f(0)) and let ¢, = g(a). We first consider
P{V.7(a) > x}.

If t, + xn~ /3 > 1, this probability is zero, so we may assume ¢, + xn~'/? < 1.
Let the process ¢t — X (a, t) be defined by
XV(a,t) = n1/6{Wn(F(g(a) + n*1/3t)) - Wn(F(g(a)))},
(3.9) t e [0,n3(1 - g(a))],
and let, for r € R, the process Y, be defined by
exp(rX,) (a,t))
Eexp(rX,fV(a, t)) ’

(3.10) Y,(t) = te[0,n3(1 - ¢y)].

Then Y, is a martingale with respect to the filtration induced by ¢ —» X" (a, t)
and

Eexp(rX)(a,t)) = exp{3r?n'/?F(t,,t, + n~/%t)}.
We now define the stopping time 7, by
7, = inf{t € [2,nY3(1 = ty)]: ZV (a,t) = 0},

where ZV(a,t) = D¥(a,t) — n'/3at, with D)V defined in (3.6). If Z)"(a, ¢) < 0
for all ¢ € [x, n'/?(1 — t,)], we define 7, = . By the optional stopping theo-
rem [cf. Rogers and Williams (1997), page 189] we have

EY, (7, A n'/3(1 = t,)) = EY,(0) = 1.
On the other hand,
EY,(1, A n'3(1 - ty)) = EY, (1)1, ..,
> Eexp{—HZ/ST”F(to, t, + nfl/STn) + n1/3ra7'n
—1r2nl/AF (¢, t, + n_1/37'n)}1(7n<°°}
>F exp{cﬂ‘?’n2 - Czr27n}1{fn<°°}’

where ¢, = 3inf,_ )| f'(®)l and ¢, = 3£(0). If we take r = c,x/(2¢,) and
C = c¢?/(4c,), we conclude that

1=EY, (7, An'?(1—t,)) = E exp{Cx7,(27, — x)}lm<m)
> exp{Cx?} P{7, < «}.
Hence we find
P{V7(a) > x} < P{ sup ZV(a,t) > 0} = P{r, < o} < exp{—Cx?}.
telx, nt/3(1—ty)]
For the opposite inequality we note that

P{VY(a) < —x} < P{ sup  ZV(a,-t) > O}.

telx,nt/3t4]
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This can be bounded in the same way as before, by introducing the stopping
time
7, = inf{t € [x,n"%,]: ZV (a, —t) = 0},

n

and applying the optional stopping argument to the backward time martin-
gale
- exp(rXV(a, —t
Y,(t) = ( "é ) ;
E exp(rX,'(a, —t))

t € [0,n'3¢].

For the argmax associated with the Brownian bridge we have with (3.4),
VE(a) = argmax{Z) (a,t) — n'/SF(t,,t, + n '/3t)&,}.
t
Now choose § > 0 in such a way that §£(0) < iinfte(o’l)lf’(t)l, and note that
for x < n'/3,
P&, > 8n'/5x} < exp{—$8%n'/?x?} < exp{—358%x7}.
Hence
P{VnB(a) > x}
< P{ sup (Z)(a,t) + 8xn?F(ty,t, + n~'/°t)) > O}
telx, nt/3(1 -ty
+ exp(—38%x?)
< P{ sup (X (a,t) —cjt?) = O} + exp(—38%x?),
tE[x,nl/3(17t0)]

with ¢] = iinfte(o,l)l f'(¢)|. Repeating the above optional stopping argument
with 7, replaced by the stopping time

(3.11) 7, =inf{t € [x,n"3(1 - ¢,)]: X' (a,t) —cit 2 > 0},

the first probability in the last expression is bounded from above by
exp(—C'x?), where C' = (c})?/(4c,), with ¢, as before. It follows that

P{VE(a) >«x} < 2eC*
for all x > 0 and some C > 0, only depending on f. Similarly,
P{VE(a) < —x} < P{ sup (X (a,—t) —cjt?) = O} + exp(—38%x%).
telx, n'/3,]
The bound on P{V2(a) < —x} is obtained by using the stopping time
7 =inf{t € [2,nY3t,]: XV (a, —t) — cit? > 0}

and applying the optimal stopping argument to the backward time martin-
gale Y, (¢). O
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REMARK 3.1. Theorem 3.1 for V" holds more generally. Let L, (a) be the
location of the maximum of the process ¢ — X (a,t) — A, (a,t), where X is
defined in (3.9) and A, (a,t) > ¢,t2, uniformly for ¢ € [0, n'/3(¢, V (1 — ¢,))].
By the same argument as in the proof of Theorem 3.1, it follows that
P{L,(a)l > x} < 2exp(—Cx?), where C only depends on c;.

The following theorem shows that properly normalized versions of V./(a)
converge in distribution to a centered version of (1.3). For a € (f(1), f(0)), let

J.(a) = {c:a = ¢y(a)en™'? € (f(1), £(0))},
and for J = E, B,W and ¢ € J,(a), we define,

(3.12) V7 .(¢) = () V) (a — dy(a)en™1/3),
where
CIf(g(a) [’
¢1(a) = W >0,
¢s(a) = (40)°|F'(g(a) [ > 0.
For c € R, let
(3.13) £(c) =V(c) —c,

with V(c¢) defined in (1.3).

THEOREM 3.2. ForJ =E,B,W,d > 1, a € (f(1), f(0)) and ¢ € J,(a)?, we
have joint distributional convergence of (V,” (¢c,),...,V,” (c,)) to the random

vector (&£(cy), ..., E(ey)).

ProoF. First consider V," (c) in the case d = 1. Using (3.7) with b = a —
¢o(a)en™ /3, we have that

VI(e) = di(a)V, (a — dy(a)en™1/?)
+ d)l(a)nl/S{g(a - ¢2(a)0”71/3) —g(a)},

is the argmax of the process ¢ — Z,‘f’/ J(c, 1), where

a 1/2
ZV (c,t) = qﬁlil—/)znl/‘i{Wn(F(g(a) + n*1/3¢1(a)*1t)) - Wn(F(g(a)))}
)2
+ (bl((ll—/)an/S{F(g(a) + nfl/sd)l(a)*lt)

—F(g(a)) — nfl/SaqSl(a)*lt} + 2ct.

Note that ¢,(a)n'/3(g(a — ¢y(a)en~1/?) — g(a)) converges to c, as n — ». By
using Brownian scaling, a simple Taylor expansion and the uniform continu-
ity of Brownian motion on compacta, for each 2 = 1,2,... and each ¢ € J,(a)
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we have
sup |ZY (¢, t) —Z(c,t)| »p 0, asn — o,
ltl<k

where

1/2
Z(c,t) = (d)l((za)) W(#ta)) — (2 — 2ct) =, W(¢t) — t% + 2ct.

Now let d > 1 and note that for ¢ = (¢,...,¢t,),

(Vn‘/,va(cl)" n a(cd)) = argmax Z Zn a(cl’ l)
i=1

(V(ey),...,V(ey)) = argmax Z Z(c;,t;).

i=1
Finally, because
d d
sup | Y Z)) . (c;, 1) ZZ(c“t) < X sup |27 (c; 1) = Z(eit)],
ltl<k|i=1 i=11t<k
we conclude that the process ¢ = X, Z) a(cl, ¢;) converges in the uniform

topology on compacta to the process t'—> Y4 | Z(c,,t,). The result for VW
follows from Theorem 2.7 in Kim and Pollard (1990)

Using (3.4) we can prove the same result for V? by repeating the above
steps, since n” /% ¢t - 0 in probability, uniformly in ¢ on compacta of R.
Finally, by using supteRID (a,t) = DP(a, )l = 0,(n"'/?log n), the same

result follows for V O

We will need some independence structure for the process {U"(a), a €

(f(1)), £(0))}, where
UY(a) = argmax{W,(F(t)) + Vn (F(t) — at)}.
tel0,1]

The mixing property of the process U can be argued intuitively in the
following way. Observe that the event {U (a) = x} is equivalent to

W, (F(x)) — W,(F(t)) =Vn(F(t) —F(x)) +avn(x—t), t<x,

W.(F(x)) — W, (F(t)) >Vn(F(t) —F(x)) +avn(x—t), t>«x.
These are conditions on increments of W, o F. Since for large M, the event
[UY(a) — g(a)l < n='/3M has a probability close to 1, we can restrict ¢ and x

to n~'/3M-neighborhoods of g(a). The mixing property then follows from the
fact that Brownian motion has independent increments.

THEOREM 3.3. The process {U) (a)): a € (f(1), f(0))} is strong mixing with
mixing function,

(3.14) a,(d) = 12exp(—C,nd?),
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where the constant C, > 0 only depends on f. More specifically, for arbitrary
a € (fQ1), f(0) and a + d € (f(Q1), f(0)),

sup| P(A N B) — P(A)P(B)| < a,(d),
where the supremum is taken over all sets A € o{UY(c): f(1) < ¢ < a} and

B e a{UY(c): a +d <c <f0).

ProoF. Let a € (f(1), f(0)) be arbitrary and take f(1) < a, <a, < -+ <
a,=a<a+d=c <cy< - <c¢; <f(0) and consider the events

E, ={U"(a)) €A,,...,UY(a,) €A,},
E, = {UY(c,) €By,...,U"(¢,) €B},

for Borel sets A,,..., A, and By,..., B, of R. Note that cylinder sets of the
form E, and E, generate the o-algebras o{U (c): f(1) < ¢ < a} and o{U (¢):
a +d < ¢ < f(0)}, respectively. Now take M, = zdn'/®inf,_, ;|g'(w)| and
consider the events

E; = B, 0 {U)]y(a) = U (a)},
Ey=E,n{UYy(a+d)=UY(a+d)},
where
Uy (¢) = argmax{n'/?|t — g(c)| < M,: W,(F(t)) + Vn (F(t) — ct)}.

By monotonicity of U it follows that the event E; depends only on the
increments of Brownian motion beyond time F(g(a) — n~'/3M,) (note that g
is decreasing) and that the event E) is only dependent on the increments of
Brownian motion before time F(g(a + d) + n~'/M,). By definition of M,,, it
follows that Ej and E) are independent. Since for all a € (f(1), f(0)) we have
that V.V (@) = n'/*(U"(a) — g(a)), according to Theorem 3.1,
|P(E, NE,) — P(E,)P(E,)]
< 3P{UY ) (a) # UY(a)} + 3P{UY) (a + d) # UY (a + d)}
= 3P(n"*|UY (a) ~ g(a)| > M,)
+8P{n'3|UY (a + d) —g(a +d)| >M,)
< 12exp(-CM}),

which proves the theorem. O

Apart from the exponential bound on the mixing function we will need the
following two lemmas. The lemmas are analogous to Theorems 17.2.1 and
17.2.2 in Ibragimov and Linnik (1971) and can be proven similarly, since in
the quoted Theorems 17.2.1 and 17.2.2 the stationarity is not essential.
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LeEmMA 3.1.  If X is measurable with respect to o{UY (c): f(1) < ¢ < a} and
Y is measurable with respect to a{UY(c): a +d < c < f(0)} (d > 0), and if
Xl <C,, Y| <C; a.s., then

|E(XY) — E(X)E(Y)| <4C,Cya,(d).
LemMA 3.2. If X is measurable with respect to o{UY (c): f(1) < ¢ < a} and

Y is measurable with respect to o{U"(c): a +d <c < f(0)} (d > 0), and
suppose that for some 8 > 0,

EIX**°<c,, EIYP’<c,,
then
[E(XY) = E(X)E(Y)]| < Cy(a,(d))"*"7,
where Cg > 0 only depends on C, and Cs.

In the following, we shall need some properties of the process V, which are
contained in Groeneboom (1989) and Hooghiemstra and Lopuhaa (1998).
They are stated in the following lemma.

LEMMA 3.3. Let V(0) be defined in (1.3) and for b,c € R, let V,(c) be
defined by

(3.15) Vy(c) = arginax{W(t) - b(t— c)z}.

Then:

(1) V(0) has a bounded symmetric density.
(i) For x — =, P{{[V(0)| > x} ~ Ax~! exp(— 2x3 — kx), where A, k > 0.
(iii) For h |0, P{V, jumps in (a — h,a + h)} < BA(1 + o(1)), where the
constant B; > 0 is independent of a.

Proor. (i)-(ii)) The first statement follows immediately from the repre-
sentation for the density of V(0) given in Groeneboom (1989). The second
statement is Lemma 2.1 in Hooghiemstra and Lopuhaé (1998).

(iii) Let A, ={V jumps in [0, h)}. Since the process ¢ — £(c) is stationary
and has jumps at the same points as the process ¢ — V(¢), we have that

P{V jumpsin (a — h,a + h)} = P{V jumpsin (-4, h)}
< 2/ip{Ah|V(0) = %) fyo(x) dx,

where we also use the fact that —V(—c¢) =; V(e). In the proof of Theorem 3.1
in Hooghiemstra and Lopuhaa (1998) it is derived, that

PAIV(0) =%} _ gy(u+x)

m g et
110 h o &i(x)

[see Groeneboom (1989) or Hooghiemstra and Lopuha# (1998) for the exact

up(u) du
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definitions of the functions g; and p] and moreover that the right-hand side
is bounded uniformly in x. This implies that

P{V jumpsin (a — h,a + h)} < Bih +o(h), h]O,

where the constant B; is independent of a. By Brownian scaling we have
that

(3.16) V,(c) 2 b2/3V(cb2/?),
so that
P{V, jumpsin (a — h,a + h)} < b*Bih + o(h), kO,

which proves (iii). O

Leaving the setting of the process V, it seems intuitively clear that the
processes VE and V" have the same qualitative behavior and will in
particular satisfy a property analogous to Lemma 3.3(iii). This will be proved
in the following lemma.

LEMMA 3.4. Let the interval J, be defined by
Jo = [f(l) +n3(log n)*, (0) — n~'/*(log n)z].

Then there exists a constant By > 0, independent of a € J,, such that for
J =B,Wand for all h € (0,1),

P{V jumpsin (a —hn '?,a + hn"/?)} < B,8, , + 0(8, )

as 5, , L0, where 5, , = h vV (n~'/3(log n)?).

PrROOF. We first show the statement for V.. Let #, = g(a). For notational
convenience define for |c| < 1,

VW (a,c) =V (a+n"13%) +n"*g(a +n"?) - g(a)}.

Define the event A, = {|[V,V(a, ¢)| < log n, for all |c| < 1}. From (3.7) it follows
that the process ¢ — V,"(a, ¢) is nonincreasing. Therefore,

P{AS} < P{Vnw(a, —1) > log n} + P{VnW(a,l) < —log n}

Since n'/?|g(a + n™'/?) — g(a)l < sup, .1,/ (w)], it follows from conditions
(A1)—(A3) and Theorem 3.1 that P{A¢} = O(exp(—C(log n)*). Hence we can
restrict ourselves to A,.

In order to transform ¢ — W (F(¢, + n~'/3t)) into a process y — W, (F(t,) +
n~'/3y), define H, by

H,(y) = nl/s{H(F(to) + nil/Sy) - to}’

3.17
(17 y € [=n'/°F(ty),n'/*(1 = F(t,))],
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where H is the inverse of F. Consider the process V" as defined in (3.5),
with ¢ replaced by H,(y). Then by property (3.7) it follows that

V. (a,c)
= sup{Hn(y) e[-n"3ty,nV3(1 - ty)|: W,(a,y) —p,(c, ) is maximal},
where

(3.18) W, (a,y) =n"5{W,(F(g(a)) +n ?y) — W,(F(g(a))))
and
(3.19) p.(c,y) = —n'Py + n'?(a +n"'3c)H,(y).

Conditions (A1)-(A3) imply that there exists a constant K; > 0, only depend-
ing on f, such that on A, we have

|H, (V.Y (a,c))| < K, log n.

Suppose that the process ¢ — V. W(c) jumps in the interval (¢ — hn"1/3,a +
hn~1/3). Then from (38.8) it follows that the process ¢ — V" (a, ¢) has a jump
at some ¢, € (—h, h). This means that if we drop the function y — p,(cq, ¥)
+B, for varying B € R, on the process y — W, (a, y), it first touches W, (a, y)
simultaneously in two points (y,,w;) and (y,,w,). Note that on the event
A,, wehave |y, — y,| < 2K, log n. We first show that for each y,, i = 1,2, we
can construct a parabola that lies above p,(c,, ) for all |y| < K, log n, and
that touches p,(c,, ¥) at (y,, w;).

To this end consider the second derivative of p,(c, y). Conditions (A1)-(A3)
imply that for |c| < 1, there exists a constant K, > 0, only depending on f,
such that

dzpn(c7 y)
p;;(c, y) = T < aH”(F(tO)){]_ + K2n*1/3|1 +y|}.
Choose M > K, and define the parabola
(3.20) m(c,y) =ca 'y + a,y?,

where «, = saH"(F(¢t )1 + Mn~'/3(1 + K, log n)}. Then it follows immedi-
ately that for all |y| < K; log n, [c| < 1 and b € R,
7, (b,y) > p(c, ).

If we choose b, such that b,a™! + 2a,y, = p.(cy, y,), then 7 (b,,y) and
p,(cy, ¥) have the same tangent at y,. If we also take B; = p,(c,, ¥1) —
m,(by, y1), then it follows that the parabola m,(b,, y) + B, lies above p,(c,, y)
and touches p,(c,, y) at y;. This implies that if we drop =,(b,, y) + B, for
varying B € R, on the process y — W, (a, y) it first touches W,(a, y) at y,. A
similar construction holds at y, with a suitable choice for b, (see Figure 1).
Hence if we define

Vi (c)
= sup{y e[—n3F(t,), nY3(1=F(t,))]: W,(a, y) — m,(c, y) is maximal},
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T T

y1 y2

Fic. 1. The function p,(cy, y) (straight line) and parabolas m,(b,,y) and m,(by, y) (dotted)
touching the process y — W,(a, y) at y; and y,.

then from the above construction, it follows that the process ¢ — V,"(¢) has a
jump in the interval [b,, b,] of maximal size |y, — y,| < 2K, log n. Since
po(co, v;) = m(b;, y,), for i = 1,2, it follows from conditions (A1)-(A3) that
there exists a constant K; > 0, only depending on f, such that

b, — col < Kyy;n~*3logn, i=1,2.
Because ¢, € (—h, h), this means that the interval [b,, b,] is contained in
I = (—K4(h vV n~3(log n)z), K,(h v n=?(log n)z))

for some K, > (1 v K;K,). We conclude that, on the event A,, we have that
if ¢ = V,"(c) jumps in the interval (a — hn~'/?,a + hn~'/?), then the pro-
cess ¢ = V7(c) jumps in the interval I . However, the process y — W, (a, y)
is distributed like Brownian motion W, so V,"(¢) is distributed as

sup{y € [-n*F(¢,),n'/3(1 - F(¢,))]: W(y) — ca™ 'y — @, y? is maximal}.

On the event A,, this random variable is only different from

c \2
2aa, ’
if V (¢) is outside [ - K, log n, K, log n]. Hence
P{V7 jumpsin I,, A,} <P{V, jumpsin I, A,}

V.(c) = argmax {W(y) —a,|y+

yeR

+ P{ sup |V,(c)| > K, log n, An}.

cel,
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According to Lemma 3.3, the first probability is of the order A V
(n"1/3(log n)?). From the monotonicity of the process ¢ — V, (c), property
(3.16), the stationarity of the process ¢ — &(c) and Lemma 3.3, it follows that
the second probability is of smaller order. This proves the result for V7.
Turning to the Brownian bridge and the process ¢ — V.2(c), for |c| < 1 let

VE(a,c) =VE(a+n1%) +n"*g(a+n""?%) - g(a)}
and
B,(a,y) = n"*{B,(F(g(a)) +n~'%y) — B,(F(g(a)))}.
Then
V.i(a,c)
= sup{Hn(y) e [-n'3t),n3(1—t,)]: B,(a,y) —p.(c,y)is maximal},
where p,(c, ¥) is defined in (3.19). Now define #,(c) by
Y(c) = sup{y € [—n'/3F(t,),n'/3(1 = F(1,))]:
B,(a,y) —p,(c—n
Then V2(a,c) = H,(,(c + n~1/%a¢,)). Using (3.4), we have
(<)
= sup{y e[—n3F(t,), n'/3(1=F(t,))]: W,(a, y) —q,(c,y) is maximal},
where W, is defined in (3.18) and
q.(c,y) =n"Y%,y—n"y +n"?(a +n""% —n"'?af,)H,(y).
Consider the event A’ N A, where

A, ={|VE(a,c)| <logn,forallc € (—h,h)}

F=1/8qg | y)is maximal}.

and
Ay = {1 < n'/®/log n}.

Similar to the event A, we have that P{(A’))} is of the order exp(— C(log n)?).
Furthermore, P{(A")‘} = 2(1 — ®(n'/¢ /log n)), which is of smaller order than
n~1/3(log n)%. Hence we can restrict ourselves to the event A, N A”. Now
suppose that ¢ — V.2(c) jumps in the interval (a — An"'/3 a + hn~1/3). This
means that the process ¢ — #,(c) jumps in the interval (—k + n=*%a& , h +
n~16a¢). In that case a completely similar argument as before, involving a
comparison of the derivatives of g,(c, y) and the parabola =, (c, y) defined in
(3.20), yields that there exists a constant K; > 0, only depending on f, such
that the process ¢ = V,”(¢) jumps in the interval

I, = [-K;(h v n=3(log n)*), K5(h v n=3(log n)%)|.

Hence on the event A, N A7, it follows that the probability that the process
¢ = V7(c) has a jump in the interval I, is bounded by a probability of the
order & V (n"!/3(log n)?). The result for V.2 now follows. O
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COROLLARY 3.1. Let V.E be defined as in (3.1) and let VB be defined as in
(3.2). Then

f(0)

0 |VE(a) — VE(a)|da = 0,(n"'/3(log n)S)

ProOOF. Let the empirical process E, and the Brownian bridge B, be
constructed on the same probability space. Then by the Hungarian embed-
ding, we may assume

sup |E,(t) = B,(F(£))| = 0,(n""/* log n).
tel0,1]

If K, denotes the event {sup, . | E,(t) — B,(F() < n~'/*(log n)*}, then
P(K,} - 1, as n - «. Also let

A, = {|VnE(a)| <logn,|VE(a)| < log n}

and write A", = K, N A,. Then by Theorem 2.1 and 3.1, we have P{K, N A%}
< 6 exp(—C(log n)?). Hence, since |[VF(a) — VE(a)| < 2n'/3, we have for a €

(D), f0)),
E|VE(a) - VE(a)|1g, <E|VE(a) - VE(a)[1, + 12n'/% exp(—C(log n)®).

Now define &, = n~'/3(log n)® and note that
E|VE(a) - VE(a)|1y, < ["P{VE(a) - VE(a)| > x, A} dx
0
+ [PP(|[VE(a) - VE(a)| > x, A)) dx
The first term on the right-hand side is bounded by &,. To bound the second
probability, consider the process ¢t — Z2(a, ¢) defined by
Z%(a,t) = DE(a,t) —n'%at, te[-n3g(a),n?(1-g(a))l,

where D2 is defined in (3.3), and let §, = n~'/3(log n)2. Since n'/®|E (¢) —
B, (F(t))| < 8, on the event A, we can only have [VZ(a) — VE(a)| > «x, if

(3.21) 128(a,VE(a)) — ZE(a,t)| < 25,,

for some t € [—n'/3g(a), n¥/3(1 — g(a))], such that |t — VE(a)| > x.
Consider the line through the points (V2(a), D2(a, VE(a)) and
(t, DE(a, t)). This line has slope

DE(a,t) —Df(a,VnB(a)) ZB(a,t) —Zf(a,VnB(a))
t - VnB(a) - t - VnB(a)
Hence it follows that

nl/3p = + n'3a.

b —al<2n 132,
x
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This means that if we drop a line with slope n!/2b, it either first touches the
process s — D5(a, s) simultaneously in the two (different) points ¢ and
VE(a), or in a third point different from both ¢ and V,?(a). Property (3.7)
implies that the process

¢~ Vi(c) +n'?(g(c) —g(a))
must have a jump in the interval I (x) =[a — 2n"Y/%, /x,a + 2n"1/%, /x],
and according to property (3.8) this means that the process ¢ — V2(c) jumps
in the interval I,(x). Hence, we get from Lemma 3.4,

E|VE(a) — VE(a) |1A'n <e, + leog nP{VnB jumpsin I,(x), A} dx

€n

nf 2
<e, + ,828nf210g (— v 1) dx = O(n~"(log n)3),
x

&n

where the term O(n 1/3(log n)?) is uniform in a € (f(1), f(0)). The result
now follows from the Markov inequality. O

The following corollary will enable us to replace E[|V"(a)lda by the
asymptotic expectation w, given in Theorem 1.1.

COROLLARY 3.2. Let V.V be defined by (3.5), and let u be defined as in
Theorem 1.1. Moreover, let V(0) be defined by (1.3). Then:
(i) For all a such that

(3.22) n'/?{F(g(a)) A (1 -F(g(a)))}>1logn,
we have

(4a)1/3

E|VY(a)| = E|V(0)] =5 + O0(n"*(log n)*),

|f'(g(a))]
where the term O(n~'/3(logn)*) is uniform in all a, satisfying (3.22).
(ii) lim nl/ﬁ{ff(O)EIVnW(a)lda ~ u} = 0.
n—«x f(l)

ProoF. (i) Write ¢, = g(a), so that
V.¥(a) = sup{t € [-n'%t,, n'/3(1 - ¢,)]: Z)(a, t) is maximal},
where Z"(a,t) = D¥(a,t) — n'/?at, with DV as defined in (3.6). Let V" (a)
be the argmax defined by
V7 (a) = sup{t € [—n'/3ty,n'/3(1 — t,)]: Z7 (a, t) is maximal}
where

Z™(a,t) =X (a,t) — nz/3W(F(g(a) +n”13%) - F(g(a)))z,
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with X" as defined in (3.9). It follows immediately that
(3.23) sup |ZV(a,t) — ZT(a,t)| <&
[t|<log n

where 5, = K;n '/3(log n)?, with K, > 0 only depending on f. Let A, be the
event A = {IV”(a)I < log n, IVW(a)I < log n}. Since P{V7(a) > x} <
2 exp(— Cx3), which can be seen by using the exponential martingale Y, from
(3.10) and a stopping time similar to (3.11), it follows, also using Theorem 3.1,
that P(A%) = O(exp(—C(log n)?)). Hence

E|VY(a) = V()| < B[V, (a) = V7 (a)[1,, + O(n"/? exp(~C(log n)’)),
where the term O(n'/2 exp(—C(log n)?)) is uniform in a € (£(1), (0)). Write
e, =n"1/3(og n)*, and

BV (a) = Vi (@)1, = ["P{V)(0) = Vi(@)] > x, 4, ) d

+f2lognP{|VnW(a) _ Vnw(a)| > x,An} dx.

€n

The first term on the right-hand side is bounded by &,. Because (3.23) applies
on A,, we obtain, using the same argument as used in the proof of Corollary
3.1, that

(3.24) sup  |V,"(a) — V7 (a)| = O(n *(log n)*).
a<s(f(), f(0)

By change of variables ¢t = H,(y), with H, defined in (3.17), we have that
V7 (a) = sup{ Hy() € [~n", n/3(1 — 1,)]:

ty
X0 H0) ~

Since y — X" (a, H,(y)) is distributed like Brownian motion W, we find that
V"(a) is dlstrlbuted as H,(V, b) where with b = 1| f'(¢ N/f(t,)?,
V,, = sup{y € [-n'/3F(t,),n"/?(1 — F(t,))]: W(y) — by? is maximal}.
Now consider V,(0) as defined in (3.15), and write
(3.25) E|H,(V, )| = EIH,(V,(0)| + E(|H,(V, )| ~|H,(V,(0)]).
From conditions (A1)-(A3) and relation (3.16) we find that
E|H,(V,(0))] = a 'E|V,(0)| + O(n~1/?)

=E|V(0)|ﬂ +0(n"1/%).
1£(g(a)) [

Since n'/*{F(t)) A (1 — F(¢,))} > log n, the location V, , can only be different
from V,(0) if |V,(0)| > log n. By using (3.16) and Lemma 3.3 we find that

y? is maximal } .
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P{(IV,(0)| > log n} < K exp(— Z(log n)?), where K > 0 only depends on f.
Hence from (3.25) we conclude that

(4(1)1/3

E|V7(a)| = E|H/(V, ;)| = E|[V(0)| ————= +
V7 (@) = BV, )| = EIVO) I~

O(n~1/3).
Together with (3.24) this proves (1).

(i) This follows immediately from (i), since the values of a for which
(3.22) does not hold only give a contribution of order n !/3log n to the
integral

1(0)

E|V,(a)|da,
f
and since
1(0) /3
0
V(0)| ——— 33 da. o
[ﬂ) If( (a ))I/

The following result shows that we only have to prove the asymptotic
normality result for the process V7.

COROLLARY 38.3. Let VB and V.V be defined as by (3.2) and (3.5), respec-
tively. Then

n/e [PVE@)] =V (@)]) da = o,(1).

PRrOOF. Let, as before, W, and B, be linked by (3.4). Consider D? and DY
as defined in (3.3) and (3.6). Let A, be the event

An = {lgnl < 10g n,
Then on the event A,, for all |¢| < log n, we have |[DY(a,t) — DE(a,t)| <
K,n '/%(log n)?, for some constant K; > 0 only depending on f. By a similar
argument as in the proof of Corollaries 3.1 and 3.2, we get
(3.26) sup  E|VF(a) = V,"(a)| = O(n"'/5(log n)*).
as(f(D), f(0)

a)| <logn, (a)] < log n}.

This shows that in this way we cannot find a sufficiently small bound for the
integral n'/¢f{|VE(a) — [VV(a)} da.
Therefore, for a belonging to the set

J, = {a:both @ and a(1 — £,n"1/%) € (£(1), £(0))},
we introduce
VE(a, &) =VE(a—an V%) +n3g(a —an"'%,) — g(a)}.
By property (3.7) we have that
VE(a,&,) = sup{t € [-n'%t,, n'?(1 — t,)|: Z{(a,t) is maximal},
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where
Zi(a,t) =ZV(a,t) — nY%[F(ty + n /%) — F(ty)} + n V%, f(¢y)t.
Let the event A’, be defined by
A, = {l&] < n'5, [V (@)| <logn,[V,P(a, &,)] < log n}.

Then on A/, for all |t| <logn we have that |ZW(a,t) — Zi(a,t)| <
K,n"1/3(log n)?, for some constant K, > 0 not depending on a. Again by a
similar argument as in the proof of Corollaries 3.1 and 3.2, we get

sup E|V2(a,&,) — V,"(a)| = O(n"?(log n)*),

a€d,

n1/6f

ace

and hence
E|VE(a, &) - V,"(a)|da = o(1).
J

n

From Theorem 3.1 it follows that E|V2(a)l= 0(1) and E|V¥(a)l = O(1)
uniformly in a € (f(1), f(0)). Hence the contribution of the integrals over
[ (D), Ff(O)] \ J, is negligible, and it remains to show that

(3.27) n/S [ {[VE(a,&)] ~IVE(a)|}da = o,(1).
acd,

Note that for the same reason,

1/6 A da = nl/® f(O)VW da + 0. (n /%),

n/e [, [V (@da = a2/ [ OV (a)|da + 0,(n"2/)
and that by change of variables we get

o[ |[VE(a, &) da = ["VVE(a) - ag'(a)é,n /0| da
aed, Ji6H)

+ O,( n~1/%).
Therefore,

[ (Ve )] -V (@)} da

= n/8 (M| VE(a) - ag'(a)&,n /5| —|VE(a)|) da + O,(n"1/3).
f

Let £ > 0. Then

/s ["|VE(a) - ag'(a)n V%, | ~|VE(a) ) da

Q)
= 210 ["A|VE(a) - ag'(a)n "%, | —|VE(a)[Np..,(IVE(a)]) da
(O
+ 08 (M| VE(a) - ag'(a)n %, | —|VE(a) [}, ..(|VE(a)]) da.

f
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We clearly have, using the independence of & and V2, that the expectation
of the first term on the right-hand side of (3.28) is bounded above by

E|§n|/f’(”$’|ag'(a) P{|V2(a)| < &) da.

According to Theorem 3.2 it follows that P{IVnB(a)I < &} = P{1£€00)| < ¢p(a)e}.
Hence from Lemma 3.3 and conditions (A1)—(A3) it follows that there exists a
K, > 0, such that for any ¢ > 0,

lim sup En*/® [ lvE() —ag'(a)n %, | =[V(@) 10,1V (@) da

n— o

(3.29)

<K;e.

For the second term on the right-hand side of (3.28) we have

L1/6 f(O){|VnB(a) —ag'(a)n V%, | =|VE(a)}1., . (IVP(a)]) da
£

~2¢,ag'(a)VE(a) + n V%2 (ag'(a))®

£(0) 5
= 1 \%4
1) eV (@) |VB(a) —ag'(a)n V%, | +|VE(a)] ¢
(3.30) £(0) —2¢,a8'(a)V,F(a)
- 1 VB d
(1) eV (@) |VE(a) —ag'(a)n V%, | +|VE(a)| ¢

+0,(n"1/%)

[ ag’(a)sign(VE(a))1 (IVE(a)|)da + O (n= %),
‘/;”(l)g()g n()(a,) n() p( )

using the fact that, for |[V.2(a)| > &,
2V,2(a) V.2 (a)
[VE(a) —ag'(a)n V%, | +|VE(a)| |VE(a)]

|ag'(a)n "%, |
<

&

=0,(n""").

For a € (f(D), f(0)), let SP(a) = sign(V,(a)1,, .,(IV,’(a)) and similarly, let
S¥(a) = sign(VnW(a))l(S’m)(IVnW(a)I). Then

2
B[V (@570 dal

=2/ abg'(a)g'(b)ESE(a)SE(b) dadb.
f(H<a<b<f(0)
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Furthermore,
| ESP(a)SP(b) — ESY (a)S¥ (b)]
< E[S7(a) — S (a)| + E[SF(b) - S (b)].
Note that for every a € (f(1), f(0)),
E[SP(a) = 8} (a)| < 2P{|[VP(a) = V.V (a)| > 2¢)
+ P{|[VE(a)| < e} + P{|VV(a)| < &}.

By using the Markov inequality together with (3.26), the first probability on
the right-hand side tends to zero, uniformly in a € (f(1), f(0)). According to
Theorem 3.2 both P{|[VE(a)l < ¢} and P{V)"(a) < &} tend to P{£(0)| <
¢(a)e}, which is O(e) according to Lemma 3.3 and conditions (A1)-(A3).
Hence, there exists a K, > 0 such that for any ¢ > 0,

2
lim supE{ §nff(0)ag’(a)Sf( a) da}
f

n-— o

< limsup2 [ | abg'(a)g'(5)SY(a)SY(b) dadb + K, &.
n— o f(DH<a<b<f(0)
Finally, write
ESY(a)SY(b) = cov(S,‘fV(a),S,‘fV(b)) + ESY(a)ES)Y(b).

According to Lemma 3.1 and Theorem 3.3, for every f(1) < a < b < f(0) we
get that

|cov(SY (a),S) (b))| < 48exp(—Cyn(b — a)) — 0.
Also for every a € (f(1), f(0)), according to Theorem 3.2,
ESY(a) = P{V,(a) > e} = P{V,(a) < —¢}
= P{£(0) > dy(a)e) — P{£(0) < —dy(a)e) = O,

because the distribution of £(0) is symmetric (Lemma 3.3). It follows that
there exists a K, > 0 such that for any ¢ > 0,

2
lim supE{fnff(O)ag’(a)Sf(a) da} <K,e.
f

n—ow

Together with (3.29) and (3.28), this proves (3.27) and the result follows. O

4. Asymptotic normality. From Section 3 it follows that for proving
Theorem 1.1, it suffices to prove that

(4.1) n =t [TV ()] - BV (a)]) da

is asymptotically normal. We first derive the asymptotic variance of T".
Theorem 3.2 together with Theorem 3.1, which guarantees the uniform
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integrability of the sequence V" (c) for a and c¢ fixed, imply convergence of
moments of (V,.(0), V. (¢c)) to the corresponding moments of (£(0), £(c)).
This leads to the followmg lemma.

LEMMA 4.1. Forn — o,
ar(nl/G ff(O)|VnW(a) | da) — Sfoocov(l f(O)l, | &(c) |) dc.
£ 0

Proor. We have that

(/ [ @) da
f
nl/3 ff(O)j‘f(O) |VW(a)| |VW(b)|) db da

_3 ffi()))ag,(a)-/;)nl/?,d)z(a)*l(aff(O)) (|Vn (0)| |Vn (c)|) dcda,

by change of integration variables b = a — ¢,(a)cn~1/3. As noted above we
have for a and ¢ fixed

cov([V,Y,(0)],|V,".(e)|) = cov(| £(0)], ] £(c) ).

Theorem 3.1 and the assumptions (A1)-(A2) also imply that, uniformly in n,
a and c,

EVY. () <c, and E[VY (o) <.
Hence by Lemma 3.2 together with (3.14), it follows that
AV )] = Col an(ln s a)e]))
<D, exp(—Dzlcls),

| COV

where D,, D, > 0 do not depend on n, @ and c. It follows by dominated
convergence that

Var(nl/6 jf(0)|VnW(a) | da) - 8jf(0)ag’(a)f7xcov(| £(0)],1&(¢)]) deda.
f@ f 0
Since the process ¢ — £(c) is stationary.

fo_xcov(l £(0)], | £(c)]) de = —/Owcov(l £(0)], ] £(c)]) de.

Furthermore
f(0)
f)

ag'(a) da = —flof(x) dx = 1.

This proves the lemma. O
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THEOREM 4.1. Let TV be defined by (4.1). Then
TnW —d ‘/V(O’ 0-2)’
where

o? = Sfooocov(l £(0)],] €(e)]) de.

Proor. Define
W, (a) =|V,"(a)| - E[V,Y (a)].
Let
L, = (f(0) = f(1))n""/*(log n)’,
M, = (f(0) —f(1))n"*3log n,

n1/3
N, = [(£(0) = f(1) /(L + M,)] = Log n+ (log n)’ l

where [ x] denotes the integer part of x. We divide the interval (f(1), f(0))
into blocks of alternating lengths

Aj=(f(1) + (= )(L, + M,), f(1) + (j - 1)(L, + M,) +L,),
B;=(f(1) + (= (L, + M,) + L,, f(1) +j(L, + M,)),
where 1 < j < N,. Now write

T =S,+S +R,,
where

Nn

S, =n% ¥ [ W(a)da,
J=1"4,
Nn

Sy =n'% ¥ [ Wi(a)da,
j=1"B;

)
= ni/6 1 W)(a) da.
fD+N,(L,+M,)

R,
According to Theorem 3.1 and the Cauchy—Schwarz inequality for all a, b
(D), f0),

(4.2) E|W,(a)W,(b)| <K,

where the constant K > 0 is uniformly in n, ¢ and b. Together with the fact
that

£(0) = f(1) = Ny(L, + M,) <L, + M, = O(n"V*(log n)"),
this shows that ER} — 0, and hence R, = 0,(1).
Next we show that the contribution of the small blocks (of length M,) is

negligible. To this end consider
2

+ nl/3 Zf
B

i1#] i

i

Nn
E(S))*=n/3 Y E(fB W!(a) da BEW,;(a)W,;(b) da db.
Jj=1 i J
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We have
|EW, ()W, (b)] =|eov(|V,"(a)|,| V.Y (B)])| < Dy exp(—D,nlb — al’),

where D, D, > 0 only depend on f, by using Lemma 3.2 and (3.14). For
a €B; and b € B;, i #j, we have that |b — al > n~'/?(log n)’. Since N, ~
n'2 /(log n)?, this implies that

nl/3 Z fB

i1#]

| EW,(a)W,(b) dadb
B;

< n'/*NMD, exp(—D,(log n)g) - 0.

i
Hence
2

N,
E(S))® =n* Y E(f W/ (a)da| +o(1).
j=1 B;

Using (4.2) we obtain

E(S))? = O(nY*N,M?2) > 0
and hence that the contribution of the small blocks is negligible.
Put

X

j=

n s

Yj=n1/6fA.Wn’(a)da and o2 = var

Y;
1

so that S, = ¥+, ¥; and ¢,> = var(S,,). We have

. N N .
iu Y n iu
Eexp{— } Y} — nEexp{—Yj}
On Jj=1 Jj=1 Op
N . A Rl .
n iu iu iu
< Y |Eexp{— )} Y} —Eexp —ZYJ-Eexp{—Yk}
k=2 On j=1 On j=1 On

=< 4(Nn - 1) an(Mn)’
where the last inequality follows from Lemma 3.1. Observe that N, «,(M,) —
0, which means that we can in fact apply the central limit theorem to
independent copies of Y. The asymptotic normality of S}, hence follows if we
show that the contributions of the large blocks, Y;, satisfy the Lindeberg
condition, that is, for each ¢ > 0,

)

2 )y EYJ‘21(\Y]-|>WH) -0, n — «.

g, Jj=1

Note that by the Markov inequality
1
2 3
EY; Ly s o0y < E(1Y,l").

Again using Cauchy—-Schwarz and the uniform boundedness of the moments
of [W/(a)| we obtain

sup E(|Y°) = n'20(1AF°) = O(n"1%(log n)°).
1<j<N,
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Hence
L gy a E(IY)?) = O(o, *n~%(log n)°)
2 j 1> eo < n Sup 1 = (Tn_ n- ogn .
U'n2 ot J Y > 0} ‘90}13 1=j=N, J

Note that
g2 =var(S)) = var(T,) + var(S, + R,) — 2ET.(S. + R,).

Using the obtained limit results for E(S”)* and ER? and the inequality of
Cauchy—Schwarz, we conclude that

var(S! + R,) = E(S!)* + ER? + 2E(S’R,) — 0,

and that according to Lemma 4.1,

ET.(S, +R,) < VE(T,)*var(S, + R,) — 0.
So we find that
a2 =var(S,) =a? + o(1),
which implies that
N,
— L EY Ly . 0y = O(n%(log n)°) > 0.

o iZ1

This proves the theorem. O
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