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We consider the supremum W, of self-normalized empirical processes
indexed by unbounded classes of functions ¥ . Such variables are of
interest in various statistical applications, for example, the likelihood ratio
tests of contamination. Using the Herbst method, we prove an exponential
concentration inequality for W, under a second moment assumption on
the envelope function of . This inequality is applied to obtain moderate
deviations for W,. We also provide large deviations results for some
unbounded parametric classes ¥ .

1. Introduction and main results. Let (X, X,,),en be a sequence of inde-
pendent and identically distributed random variables with values in some measur-
able space (X, X0). Let # be a permissible class of real measurable functions on
(X, X). We consider centered and normalized functions, that is, all functions f in
F satisfy

(1.1) E[f(X)]=0 and E[f%(X)]=1.
Define

P,
(1.2) Wo(f) = )

JP(fD

where P, denotes the empirical measure

n
P,==Y 8x,
k=1

n

with the convention 0/0 = 0 if P,(f?) = 0. For each fixed function f in ¥,
W, (f) is a self-normalized sum. A striking result about self-normalized sums was
obtained by Shao [23] and Dembo and Shao [6]: a large deviations principle holds
for W, (f) without any integrability assumption on f and a moderate deviations
principle holds for W, (f) as soon as f(X) is centered and has a finite second
moment. One can note that the precise result requires slightly weaker assumptions.
These remarkable properties have to be compared with classical large deviations
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results on empirical sums P,(f), where, roughly speaking, one requires the
moment generating function of f(X) to be finite in a neighborhood of zero. In this
paper, we are interested in the self-normalized empirical process (W, (f)) res.
More specifically, we investigate various exponential bounds for the deviation of

(1.3) W, = sup W, (f),
feF

namely concentration inequalities and asymptotic exponential bounds given by
large and moderate deviations principles. Such theoretical results are of practical
interest for statistical applications as nonstandard likelihood ratio testing problems
[4, 5, 13, 14]. For example, self-normalized score tests may be proposed to obtain
a consistent test with exponentially decreasing level in the contamination testing
problem [10].

Concentration inequalities have been investigated in depth in the last few
years thanks to the important contribution of M. Talagrand [24, 25]. We refer
the reader to McDiarmid [18] for an introduction to concentration inequalities
with applications. These concentration inequalities apply to the supremum of
empirical processes on classes of bounded functions. A different approach to
derive concentration inequalities for empirical processes was proposed by Ledoux
[15] and later developed by Massart [17] and Rio [21, 22]. All these results
assume that the functions are uniformly bounded or at least uniformly bounded
on the right-hand side. On the other hand, known results for the deviation of
the supremum of empirical processes on classes of unbounded functions lead to
upper bounds with nonexponential tails, except for classes of functions having
an envelope function for which the moment generating function is finite in a
right neighborhood of zero. As a matter of fact, in all other cases, the upper
bounds mainly depend on the tail of the envelope function. We refer the reader to
Pollard [19], Van der Vaart and Wellner [26] and Giné [11] for theoretical results
on empirical processes.

In order to obtain exponential bounds in the case of unbounded functions,
different ratios of empirical processes are studied by Pollard [20], Haussler [12]
and Bartlett and Lugosi [3]. However, the ratios are not self-normalized, the upper
bounds depend on the envelope function and they are not necessarily exponentially
decreasing.

Our first result, established in Section 2, is a concentration inequality for ‘W,,.

THEOREM 1.1. Assume that F is a countable class of centered and normal-
ized functions with finite bracketing numbers in L*>(P), such that

(1.4) E:supE[sup max(ﬁPn(f),O)] < 400.

n>0 LfeF
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Then, for any 8 > 0 and a > ~/2, one can find some positive 0 and no depending
on F, a and § such that, for n > ngy and for any x in [0, 0./n],

2

Assumption (1.4) is satisfied by most of the P-Donsker classes, such as classes
with finite bracketing integral (see [27], page 270) or classes of functions intro-
duced in [1]. Sections 3 and 4 are devoted to moderate and large deviations results
for ‘W,. As for concentration inequalities, the earlier moderate and large devia-
tions results on empirical processes (P, (f)) feF require strong assumptions on
the class . In particular, Wu [28] established a functional large deviations princi-
ple for P,(f) under the assumption that an envelope function exists with moment
generating function finite in a right neighborhood of zero. Moreover, Ledoux [16]
proved moderate deviations results in Banach spaces under subexponential mo-
ment conditions on the norms of the random vectors. However, for self normalized
empirical processes, this appears to be far too restrictive comparing to the results
of Shao [23] and Dembo and Shao [6] and the purpose of Section 3 is to show that
we can obtain moderate deviations results for ‘W,, under quite similar assumptions
as in Theorem 1.1.

In order to establish the moderate deviations principle, we need an additional
condition on the brackets. We shall say that ¥ has a finite covering with brackets
in L%(P) satisfying concordance of signs if, for any § > 0, one can find a finite
family C of pairs of measurable functions in L>(P) such that, for any f in F,
there exists (g, #) in C with

(1.6) Igl=IfI=lnl, gf =0, gh=0 and E[(h—g)*(X)] <3.

THEOREM 1.2. Use the same assumptions as in Theorem 1.1. Moreover,
assume that F has a finite covering with brackets in L*>(P) satisfying concordance
of signs. Then, for any sequence (x,) tending to infinity such that x,, = o(\/n), we
have

1 Xn 1
1.7 lim —logP{W,>—)=—=.
(47 ntoo X2 ° ( ”‘ﬁ) 2

Recently, Shao [23] has established a large deviations principle for W, (f)
for each fixed function f in ¥ such that f(X) has continuous distribution. In
particular, he has shown that for any x > 0,

lim 1 logP(W,(f) = x) = —1¢(x)
n—-oon

where the rate function /7 is explicitly given. In contrast with moderate deviations
results, the denominator P, ( f 2) plays a fundamental role. This introduces further
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difficulties for proving a large deviations principle for ‘W,,. In Section 4, we shall
restrict ourselves to parametric classes associated with exponential models. More
precisely, we consider ¥ = { f,, with y € [m,07]U [0F, M]} where m is negative,
M is positive,

exp(yr(x) —1(y)) — 1, if y #0,
(1.8) f,00 =110, ify =0,
—t(x), ify=0".

The function ¢ is continuous real measurable with moment generating function
I(y) =logE[exp(y?(X))]. We assume that [2m, 2M] is included in the domain of
[ so that the functions of ¥ are square integrable. Define the rate function { by

inf /7(x), if x >0,
(1.9) I(x) =1 feF )
+00, otherwise.

THEOREM 1.3. Let ¥ be the parametric class of centered and square
integrable functions given by (1.8). Moreover, assume that t (X) has a continuous
distribution function and E[t(X)] = 0. Then, ('W,) satisfies a large deviations
principle with continuous rate function 4. In particular, for any x > 0,

(1.10) lim l logP(W, > x) = —J4(x).
n—0o p

2. Concentration inequalities. The purpose of this section is to establish
a concentration inequality for ‘W,,. The main tool for proving this inequality is the
entropy method proposed by Ledoux [15], which provides differential inequalities
for various functionals of random measures. Due to the structure of self-
normalized empirical processes, we avoid symmetrization. We start by recalling
a differential inequality for Laplace transforms of functionals of independent
random variables which was stated in Massart [17] in a slightly different version.
The present form can be found in Rio [21].

THEOREM 2.1. Let ¥, be the o-algebra generated by (X1, X3, ..., X,) and
denote by ?nk the o-algebra generated by (X1, X2, ..., Xg—1, Xk41, ..., Xpn). Set
Y(x) =exp(—x)+x —1, o(x)=1—(4+x)exp(—x).

Let Z = Z(X1y,...,X,) be a given bounded functional and denote by F, its
Laplace transform. Then, for any sequence (Zy)ie[1,n) of bounded functionals
respectively ?nk—measurable and for any nonnegative A, we have

AF, (M) — F,(0)log F, (W) < Y E[y (MZ — Zp)4)e* + ¢(MZ — Zp)—)e ).
k=1
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For all f in ¥, let S,(f) = nP,(f). We shall apply the above differential
inequality to the process

Z(N)(n) = sup max(S,(f),0)
FEF N + Sy(f2)

with n in [1, N]. We set ZMV) = Z(V)(N).

THEOREM 2.2. Assume that ¥ is a countable class of centered and
normalized functions, totally bounded in L?(P). Let

Ey= sup E[Z™M(n)]
nel[l,N]

and assume that { =supy_ o En < 00. Set
Q2.1 n(t) =t sup P(f2(X) > 1).
feF
Then, for any § > 0, one can find some positive ¢ and Ng only depending on n
and ¢ such that, for N > Ny and for any X in [0, e/ N1,
(2.2) Elexp(rZ™)] < exp(AEn + (1 +8)2%).

Consequently, for any x in [0,2(1 4+ 8)e~/N],

2

(2.3) IP(Z(N) >x+Ey) < exp(—4(lx+ 8)>‘

PROOF. First of all, relation (2.3) immediately follows from the standard
Cramér—Chernoff calculation. Next, in order to avoid heaviness in the notation,
we rewrite Z™N)(n) as Z. Our goal is to bound up the Laplace transform F,, of Z
via Theorem 2.1. We shall obtain this upper bound by induction on n. Define

max(Sk(f),0) o !
Zy = SUp ——— with S, (f) = S X)Lk
fe¥ [N+ Sk(f2) ;

In order to use Theorem 2.1, it is necessary to bound up the random variable
Z — Zr. We may assume without loss of generality that ¥ is finite, that is,
F =A{f1,..., fiu} with m > 1. One the one hand, for the positive part of Z — Zp,
let T be the infimum of integers i such that

_ max(S,(fi),0)

VN + S (f2)

Z
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Clearly, we may assume Z > 0, which ensures that S, (f7) > 0. If Sﬁ(ft) <0,

then f7(Xg) > 0 and
Sn(fr) < ft-‘r(Xk)

Z—7Zi < = .

IN 4820 T YN 8.2

Otherwise,
k
7> Sy (f7) -0
N+ SE(F2)
and therefore
k
s Sn(fo) Si(f)  _ frr(Xe)

k= - < .
IN 8.2 N+ SEGZ) T NS

Noting that v (x) < x2/2 for any positive x, we find that for all A > 0,

A fR(X
YOz~ 22 < T
2N +25,(f2)
which immediately implies that
n )LZ
(2.4) Y E[Y(MZ = Zp)4)et?] < 5 Fa2).
k=1

On the other hand, for the negative part of Z — Zy, let 1 be the infimum of integers

i such that
_ max(85(f;),0)

IN+ KR

Zy

As before, we may assume Z; > 0, which ensures that S,li(ftk) > 0.1If S, (fz,) <0,

then f7, (Xx) <0 and

Si(fe)  _ faue(XD)

Ziy— 7 < < .
N+ SEFZD TN SEE)

Otherwise,
S Salfn)

N S(F2)

>0



1582 B. BERCU, E. GASSIAT AND E. RIO

and therefore
Sy(fa)  Sa(f)
INHSEGRD N+ SR

k¢ £2
< So—(Xk) vz 1o N + Sn(ffzﬁ) '
IN+ Sa(f2 ) N+ 8:(fo4)

Consequently, it follows that

Ziy— 2 <

Fro—(Xp) Zi 2 (Xp)

IN+SE(f2,) 2N+ Su(fae)

Note that either the first term or the second term in this upper bound are null. Since
Po(x) < x2/2 for any positive x, setting Yy = fr2k+(Xk), we deduce that

MY Zg )
2N + Y /)

2.5) Zy—7Z<

)\2
<

¢(M(Z —Zp)-) < N

fo_ (X + ¢><
Let EX denote the conditional expectation with respect to ¥ and PX be the
corresponding conditional probability. Integrating with respect to X the above
inequality and noting that ¢ (x) = x exp(—x), we find that

e 0 _
EA[6(1(Z — Z0)-)] < 5 BALF2_ (X1 + /O P (Ve = e di
with Vi = A(2N + Y)Y Zx. On the one hand, E[fz(Xk)] = 1 and the stopping
time Ty 1S ?nk -measurable so that IE’,‘I[ ftzk_(X )] < 1. On the other hand, set

A(r) = sup P(f2(X) > 1)

_n
feF r’

where the function 7 is given by (2.1). Since Z is 35”" -measurable, we obtain that

/OOIP”‘(V > 1)t ‘fdt</AZktA< 2Nt ) ldr < kaI(XZ)
e e -
o k= ~Jo AZp —t =N k
with
Z
1(z) =/ n(2Niz~ Y exp(—1)dt.
0

Therefrom, taking expectations, we deduce that
L 22 A
26) Y E[P(MZ = Zi)-)e* ] < T Fat (1) + SEIZe exp(Zi) ] (hZi)].
k=1

We now control the integral 7 (z) by the straightforward Toeplitz-like lemma be-
low.
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LEMMA 2.3. Assume that ¥ is totally bounded in L?(P). Then,

max(1, Z))
2N

for some function & with values in [0, 1] satisfying lim,_,oe(t) = 0.

I(z)=(1— eXp(—z))8<

PROOF. As the family of functions {f2, f € F} is relatively compact in
LY(P), we classically have the uniform integrability of { f 2(X), f e F}(see [9],
page 294), which implies the convergence of 1 to 0. Next, if z < 1, then

z 2N
I(2) < N o n(u)du,
which implies Lemma 2.3. Otherwise, let a = (z/2N)!/2. Since () < 1, we get
I(z)<a+ /Z 2Ntz De dr < (1 — e‘ﬂ(ﬂl + sup r;(x))
a

- x>1/a

which completes the proof of Lemma 2.3. [

Now, from (2.6) and Lemma 2.3 together with the elementary fact that for all
x>0, x(exp(x) — 1) <2¢(—x), we find that

2

) » 1,02
D E[p((Z = Zo-)e ] < S Pt O + E[¢(—AZU€<M)]
k=1

2N

By the Cauchy—Schwarz inequality, Z; < +/N. Consequently, if
e*(x) = supfe(?) : t €]0, x]},
we can deduce that for N > 1/(2«) and for any A < a+/N,

n )\‘2
Q7 Y E[p(MZ - Z1)-)e* ] < 5 Fae1 ) + 6" @E[$ (=2 Z0)).
k=1

In addition, one can observe that
E[¢p(—AZi)]=AF,_{(A) — Fy—1 (1) + 1.

Piecing together the contributions of the positive part (2.4) and of the negative
part (2.7), we obtain by Theorem 2.1 that for N > 1/(2«) and for any A < a~/N,

)\’2
(28)  AF, = FylogFy < -(Fyt + Fp) + 6@ GFy_y = Faoi + 1),
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We are now in position to state our induction hypothesis. The induction hypothesis
J(n) at range n is that for any A in |0, av/NJ,

Fy(h) <exp(AEn + (1 +8)A2),

AF! (M) — Fy(M) +1 < CA%exp(AEN + (14 8)A2).
At range 0, we assume that Fo(A) = 1. Hence the induction hypothesis holds true

at range 0. Let n be some integer in [1, N]. Suppose that the induction hypothesis
holds at range n — 1. Set

H() =exp(LEy + (1 +8)2%).

Then, we find via (2.8) that
2 )\’2

(2.9) AF, (L) — Fy(X)log F,y (1) < % n(A) + EH()») + e*(@)CAZH ().

Consequently, F}, is a subsolution of the Differential Equation (DE) corresponding
to the equality in (2.9) with F,(0) =1 and F,(0) = E[Z] < Ey. Moreover, we
have

2 2
AH' (M) — H(\)log H(L) = %H(k) + %(1 +28)H()).

Hence, if @ and C are such that § = ¢*(«@)C, H is the solution of (DE) such
that H(0) = 1 and H'(0) = E. Therefrom, by the comparison lemma (see [2],
page 26), we obtain that for all » in [1, N] and for any A in ]O, av/N1,

F,(0) <HQ).

It remains to choose o in such a way that the second part of the induction
hypothesis holds true. From (2.8) and the above inequality, we derive that

AF, (L) — Fy(W) + 1 < Fy(W) log Fy (W) — Fy(W) + 1+ 221+ 8O H ).

Now, recall that F,(X) > 1 and observe that the function xlogx — x + 1 is
nondecreasing on [1, +o0[. Since F,, < H, we infer that

AFI () — Fu(W) + 1< HM)log HA) — HA) 4 1+ 22(1 +8)H(A).
Set G(A) =log H(A) =AEN + (1 + 8)A2. Then, we obtain that
(2.10) AF! (M) — F(W) + 1< (W(G() +22(1 +8))H(1).
However, ¥ is a convex function so that
Q211 Y (GW) < 5(WQAEN) +¥(2(1+8)27)) < (Ey + 1+ 8)A%.

Finally, if we choose « in such a way that £*(a) < 1/3 and if we take C =
3(¢ 2 +2), we deduce from (2.10) together with (2.11) that

AFL() — Fy() + 1< (E3 +2(0+8))AH() < CA*H (A



SELF-NORMALIZED EMPIRICAL PROCESSES 1585

which immediately implies #(n). Hence, by induction, #(N) also holds,
completing the proof of Theorem 2.2. [

Now, we deduce the concentration inequality for ‘W, from Theorem 2.2.

THEOREM 2.4. Assume that F is a countable class of centered and
normalized functions, totally bounded in L2(P). Moreover, assume that for any
¢ in 0, 1[, one can find a finite family G of real measurable functions satisfying
the two constraints: for all f in F, there exists g in G such that

(2.12) f2>¢* and E[f*(X)—g*(X)]<C.

Then, for any § > 0 and o > /2, one can find some positive & and nq depending
on F, E given by (1.4) and a such that, for n > ng and for any X in [0, £./n],

(2.13) Elexp(Av/nWy)] < 2exp(arE + (1 + 8)a’r?).

PROOF. It follows from (1.2) together with (1.3) that

VnW, < sup Sn(/) ( " 1)1/2.

+
1<% o+ 8,(f2) NS

Fora > /2, set ay = (@?>—=1)"'and

Ty = { inf S,(f%) > aan}.
eF

f
On I'y, we clearly have \/n'W, <aZ with Z=Z ™) (n). Hence
(2.14) E[exp(lv/n'W,)] < 2max(F,(ak), exp(Ay/n) P(TS)),

where F,, denotes the Laplace transform of Z. On the one hand, we obtain from
Theorem 2.2 that for A < e/n/a,

(2.15) Fy(a)) <exp(arE + (14 8)a?r?).

On the other hand, let §, be a finite family with minimal cardinality among the
families satisfying (2.12). First, from (2.12),

(2.16) min E[g*(X)] > 1 —¢.
8€9¢
In addition,
I C { inf S,(g?) < naa}.
8€G¢
Then, applying Proposition A.1 to §., we deduce that
P(TS) < (G| exp(—nfy)
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with 6, > 0 provided that a, < 1 — ¢, thatis, ¢ < (@® = 1)~ Ya? — 2). Therefore,
we find from (2.14) together with (2.15) that for all A < &/n/«,

(2.17) E[exp(Av/nWy)] < 2exp(arE + (1 + 8)a’r?)

as soon as |§. | exp(Ay/n — ny) < 1 which can be rewritten as ny — c; > Ay/n
with ¢; = log|§|, completing the proof of Theorem 2.4. One can note that
Theorem 1.1 immediately follows from Theorem 2.4. [J

3. Moderate deviations. Theorem 1.2 provides the moderate deviations
principle for ‘W, . It is derived from concentration inequalities for the fluctuations
process as in Ledoux [16].

PROOF OF THEOREM 1.2. First of all, let € = {(g;, h;) with i € I} be a
family of brackets satisfying concordance of signs, as defined in Section 1. Next,
let (B;)icr be a partition of & such that, for any f in B;,

G gl <IfI<Ihl with E[(h; —g)*(X)] <8 and g f >0, gih; > 0.

For any ¢ in ]0, 1[, we have the decomposition

Xn i
(3.2) ]P’(”Wn > ﬁ) < A,(8,8) + ;Bn(é, e),

where

An(8,6) = P(sup max(Gnlgi — FgiD.0) g _ s)xn),

il VSn(g?)

BZ((S, &)= ]P’( sup (ﬁmaX(Wn(f), 0) —

feB;

max (S, (g — Elgi ], 0)) “ ox )

VSn(gd)

On the one hand, we apply Theorem 3.1 of Shao [23] to obtain moderate deviations
for A, (8, €). On the other hand, we bound up the remainder terms B} (8, ¢) via the
following concentration inequality, which is proven in Appendix B. Let

Vi(s) = sup max (S, (f — g + E[g], 0

THEOREM 3.1. Under the assumptions of Theorem 1.2, for any é > 0 and
a > +/2, one can find some positive & and ng depending on ¥, E given by (1.4)
and a such that, for n > ng and for any A in [0, & /n],

(3.3) Elexp(AV, (8))] < 2exp(ar(l + E) + 16]log8| ' a?2?).
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Now, by use of Theorem 3.1, we prove that there exists 6 > O such that Bfl (8,¢8)1s
bounded by exp(—xﬁ). For any f in B;, since S, (f%) > S, (giz), we have

max(S, (g — Elgi]),0) - max(S, (g —Elgi]),0)

VSn(g?) VS ()

Hence, by (1.2),

max(S,(gi — E[g],0)
VSn(gd)

- max(S,(f — & + E[gi]),0)

- VS ()

Consequently, applying (3.3) with o = 2, § = exp(—512/¢?) and A = |log§]

Jnmax(W,(f),0) —
(3.4)

EXn

128
together with Markov’s inequality, we have for n large enough
(3.5) Bl (8,¢) <P(Vi(8) > ex,) < exp(—x2).
In addition, for any i in I, |E[g;]| < /8. Hence,
Sn(gi — Elgil) Sn(gi — Elgil) J Sa((gi — Elgi])?)
sup === = sup :
i€l \JSugd) iel \/Su((gi —Elgi)?) Sn(gi)
n|E[g;
< sup ViWa (g — Bl 1+ V)
iel Su(8?)
né
< sup/nW,(gi —ElgiD(1+ 5= |-
iel Sn(g;)
Therefore,
(1 = &)y ) ( Su(g?) _ 8 )
3.6) A,(8,e) <P W,(g;i —E[g;]) > ——F— P( inf L2 < — ).
(3.6) An(8,¢) < <§l§> (& [g])_(1+8)ﬁ +P{inf— 2

By Theorem 3.1 of Shao [23], we have

37 lim 1 IP’( W, (gi — Elgi]) > “‘”"") 1(1_8>2
) im — logP(supW,(gi —E[gi]) > ———= | = —= )
n——+00 xr% g ie? § g (1 —}—8)\/5 2\1+¢

Furthermore, one can notice that for any i in 7/, E[giz] >1— 2./8. Then, since
1 —24/8 > 8/&%, we deduce from Proposition A.1 that we can find # > 0 such that

1 S.(g>) 8
(3.8) lim sup — logIP’<inf n(8i) _ —2) < —0.
iel n &£

n——+oo N a
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Then, we deduce from (3.5) to (3.8) that
2
Xn 1 ( 1-— 8)
li logP(W,> —=|<—=|——
s aioe (> ) <=5 (13
which, by the arbitrariness of &, immediately implies

li Ly IP’("W > ) <1

imsu 0 — ——.

n—>+o£) X2 & "= \/ﬁ -2

Finally, by Theorem 3.1 of Shao [23], we have for any fixed function f in ¥,
1

1 1
lmsup = log (W, = 1) = limsup — logP(Wa() = 1) = 3.

n——+00 X \/ﬁ n—+o00 Xy

which completes the proof of Theorem 1.2. [

4. Large deviations. Recently, Shao [23] has established a large deviations
principle for W,,(f) for each fixed function f in ¥ such that f(X) has continuous
distribution function. In particular, he has shown that for any x > 0,

lim 1 logP(W,(f) = x) = —1¢(x)
n—-oon

where

I(x) = —logsup 1anE[exp{ (af (X) — x(f*(X) +a2)/2)}].

a=01=

In this section, we consider the parametric class & given by (1.8). Due to the
structure of the class, it is sufficient to prove a large deviations principle for
nonnegative values of the parameter . As a matter of fact, one can change
t(x) into —z(x) to obtain Theorem 1.3. Consequently, we consider the class
F ={f, withy €[0, M]}.

PROOF OF THEOREM 1.3. By rescaling the class, we may without loss of
generality assume that M = 1. Let § be a positive real in ]0, 1] and set N = n?.
For any integer j in [1, N], define I; = [(1 + 8)/~1=N (1 4+ 8)/=N] and set
Ip=10,(1+8)~N].For jin[l, N],leta; = inf/; and define

(4.1) 8 () = Sign(fu, () inf | ()l
J

In addition, define the function 4 by £(0) =0 and h(y) =I(y)/y and let

4.2) go(x) = (t(x) — h(al))+ — al_l(exp(alt(x)) -1)_.

For any positive x and o with & < x, we have the decomposition

4.3) P(W,>x) <A,(6,0) + B,(6,x — ),
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where
Ay (8, a) =P(W, —max(W,(go), ..., Wal(gn),0) > a),
B, (5, B) = ]P)(maX(Wn(gO)a cee Wn(gN)) > :B)

Theorem 1.3 follows from both the continuity of { together with the exponential
negligibility of A, and some large deviations bound for B, which are stated below
and proved in Appendix C. [

LEMMA 4.1. Under the assumptions of Theorem 1.3, for any positive o,

1
lim lim sup — log A, (8, @) = —o0.
6—0 n—soo N

LEMMA 4.2. Under the assumptions of Theorem 1.3, for any positive f3,

1
lim sup lim sup — log B, (8, B) < —J4(B).

§—0 n—oo N

APPENDIX A

In this Appendix we establish an exponential inequality for empirical processes
indexed by square functions similar to the well-known Bennett inequality.
However, since our result deals with the left-hand side deviation, we only require
a second moment assumption.

PROPOSITION A.1. Let § be a finite family in L*>(P) such that

v = inf E[gz] > 0.
8<§

Moreover, for any g in , let ¢4 be the function defined by ¢4 (x) = IF’(gZ(X) > Xx).
Then, for all negative A, we have

(A.1) 1ogE[exp(,\ ing Sn (g2))] <log|g|+nAr(H() +v)
ge
where
s o AX
H\) = ;2;/(; Pg(x)(e Ddx.

Consequently, for any a > 0 with a < v, one can find 0 > 0 such that

2
(A2) ]P’(inf Su(87) _ a) < |G| exp(—n8).
n

8€§
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PROOF. We proceed as in the proof of Bennett’s inequality. For any g in §,

logE[exp(A ing Sn(gz))] <log|4| 4 n suplog E[exp(rg?(X))].
8¢ gc4

Since logx < x — 1, we obtain
log E[exp(rg?(X))] < E[exp(rg (X)) — 1],
so that
(A.3) logE[exp(Agz(X))] <Aiv+ E[exp(kgz(X)) —2g%(X) — 1].
Integrating by parts, we have

E[exp(hg(X)) — 4g2(X) — 1] = 2 /O Be (1) (€ — 1)dx,

which immediately implies (A.1). Then, by (A.1) and Markov’s inequality, we
have for all A < 0 and for any a < v

]P’(inf S,(g%) < na) <|4|exp(ni(H ) + v —a)).
8<§

Moreover, by the Lebesgue dominated convergence theorem, H (A) converges to 0
as A tends to 0. Hence, (A.1) implies (A.2). [

APPENDIX B

The goal of this Appendix is to obtain concentration inequalities for the
processes

AN () = syp XS = 8i +ElsiD. 0)

feBi VN +Su(fD)

with n in [1, N]. This will be achieved via Theorem 2.1, exactly as in Section 2.
We set AY) = AM(N),

THEOREM B.l1. Assume that ¥ is a countable class of centered and
normalized functions, totally bounded in L*>(P). In addition, assume that F
satisfies the bracketing condition (3.1). Let

E} = sup E[ANM (n)]
nel[l,N]

and assume that supy - E}S\, < 00. Then, one can find some positive € and Ny only
depending on n given by (2.1) and E;S\, such that, for N > No and for any A in

[0, e4/N1,
(B.1) Elexp(AA™M)] < exp(AE + 16]1og 8| ~'1?).
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PROOF. The proof follows essentially the same line as the one of Theorem 2.2.
For the sake of brevity, rewrite AY)(n) as A and denote by F, the Laplace
transform of A. Define

max(SX(f — gi) + nE[g;1, 0)
Ay = sup .

feB; JN + SE(F2)

We may assume without loss of generality that ¥ is finite, that is, ¥ =
{f1,..., fm} with m > 1. One the one hand, for the positive part of A — Ag, let t
denote the infimum of integers j such that

A max(S,(fj — gi) +nEl[gil,0)

N+ Su(f70)

Clearly, we may assume A > 0, which ensures that S, (f; — g;) + nE[g;] > 0. If
Sk(fr — 8) +nElgi] <0, then (f; — g))(Xz) > 0 and

Su(fe — 81) +nElgi] _ (fr — 81)+(Xi)

IN 82 N SR

_ Sp(fr — 8i) +nElgil _ S;(fr — 8i) +nElgi]
> = >

N+ Sk(F2) JN + S (f2)

A A< (fr — gi)+(Xk)‘

N+ SR

A— A<

Otherwise,

Ay 0,

and consequently

Noting that for any positive x,

2
X
Y(x) < Eﬂxfl +xlx>1,

we deduce that for all A > 0,
(B.2) V(A — A 4) < (W) + Tk (b)
with

A (fr — 83 (Xk)
2N
M fr — &)+ (Xk)

> Lia—Aps>1-
vV Sn(fr+)

I(2) = Traa-ap,<ts

Jk() =
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Furthermore, from condition (3.1), if g; # 0 then g;, f; and h; are simultane-
ously positive or negative so that (f; — gi)+ < (h; — gi)+. Otherwise, g; =0 so
that (f; — gi)+ < |h;|. In addition, if f; > g;, one can easily see that necessarily
gi > 0. Therefrom

22 (hi — gi)*(Xx)

I(A) < N Tria<1+4aA-

Consequently,
f E[Ix (M)e*?] < % Z El(hi — gi)*(Xp)e*™] < %E[expmm
k=1 k=1
since E[(h; — gi)z(X)] <34, Aris ?nk—measurable and
E[exp(AAr)] = E[exp(AAp)].
Next, the Laplace transform of A, differs from F,_;. However,
(B.3) Ap < AN (n—1) + N2 E[g]].
Then, as |E[g;]| < /8, it follows from (B.3) that
Elexp(iA,)] < exp(k—ﬁ)Fn_lu).
N
Hence, for any A in ]0, VN ], we obtain that
se*)?
2

Y EL (e <

k=1

Fu1 ().

Next, for the second term Ji (1), we have
)‘f ‘E+(Xk) 1

5 hhi—g)(X)>V/N*
Sn(ftz—‘r)

Applying the Cauchy—Schwarz inequality, we find

Jk() <

D IG) S AMLG)  with My () = Su (L, o /7):
k=1

which leads to

n
Y EL (W] < AE[M, (1) exp(LA)].
k=1
Piecing together these two contributions, we obtain from (B.2) that

Se2)?

B4) D E[Y(MA - Ap4)ert] < Fu_1(A) 4+ AE[M, (1) exp(AA)].
k=1
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By the duality variational formula for the entropy (see, e.g., [22], inequality (6)
with y = 1/2), we have

(B.5) 2E[AM,(A)exp(AA)] < AF, — F,log F, + F,logE[exp(2A M, (1))].
Now, for any 8 > 0,
2AM, () < B7127 + BM; ().

Moreover M,%()\) has a binomial B(n, p) distribution with p < SAZ/N . Conse-
quently,

log E[exp(2AM, ()] < B~ 'A% +np(ef — 1) <A*(B7' + 58P - 1)).
Choosing B = log(1 +8~1/2) yields

202 42
logE 2AM, (M) | < < .
og E[exp( )] = log(1+468-12) ~ |logé|

Finally, it follows from (B.4) and (B.5) that for any A in ]0, VN1,

8e202F,_; 2)%F, 1
er Tl "\ (AF! — Fylog Fy).

n AA
(B.6) Y E[y(M(A — A0 1)e™] = —— [logs| ' 2

k=1

On the other hand, for the negative part of Ay — A, let 7z be the infimum of
integers j such that

_ max(S%(f; — gi) +nE[g;], 0)

Proceeding exactly as in Section 2 with Y = frzk 4 (Xk), we find that

Ay

A(A—A))<L2( g2 (X + g (22
¢( k)— =5N frk 8i)_(Ak ¢(2N+Yk>’
22 5 AALY
Sﬁ(hi—gi) (Xk)‘f'(ﬁ(m)-

In addition, (B.3) immediately implies that A; < 2+4/N. Similarly to (2.7), we
deduce that for « in ]0, 1[, N>1/(2«) and A in ]O0, av/NJ,

" Ser?
B.7) Y E[p(MA — Ap)_)e] < — Fae10) + 6" (@RE[G(=2A)].
k=1
The function ¢ is nonincreasing on R™. Thus, if A, < A=

P (—AA,) < p(—aAD)y,
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Otherwise, ¢ is convex on R™ and d)/(x) = x exp(—x). Hence, for any x, y in R*

¢(=x —y) =P (=x) + y(x + y) exp(x +y).
Applying this elementary inequality to x = AAN(m — 1) and y = A(A, —
AN(n —1)), we get from (B.3) that

¢ (—rAp) < p(—rAN (n — 1)) + /\ZﬁAn exp(AA,).

VN
Consequently, for any A in 10, av/N1,
(1A < d(—2AN (n — 1)) + 2ev/E52% exp(AAN (n — 1)).
Hence
(B.8) El¢(—rAp)] < E[q&(—AAN(n - )]+ 2e/5A2F,_1 ().
In addition, one can observe that
E[p(—2AN (n — D) = AF)_(X) — Fyu1 (M) + 1.
From the conjunction of (B.6), (B.7) and (B.8), we obtain via Theorem 2.1 that for

N >1/Q«) and 1 in 10, /N1,

422F,
AFE) — Fylog Fy < e(2+ e)Vor>Fpy + T 8”|
og

+ 26" (@)(AF._ — Fy_1 + 1),

provided that £* () < 1/4. Finally, as —x logx < e~ ! for x in ]0, 1[, we find that

2

5
(B.9) AF,— F,logF, < Tlogay (Fn +2Fu-1) + 26*(@)(MF,_| — Fp1 +1).

We are now in position to state our induction hypothesis. Hereafter, assume that
8 < 1/e. The induction hypothesis #(n) at range n is that for any A in 10, av/N],

F,(A) <exp(AEy + 16]1ogs|~112),
AF! (M) — F(\) + 1 < CA2exp(AEy + 16]1og 8|~ 22).

At range 0, we assume that Fo(A) = 1. Hence the induction hypothesis holds true
at range 0. Let n be some integer in [1, N]. Suppose that the induction hypothesis
holds at range n — 1. Set

H(}) =exp(LEN + 16[log 8|~ '2?).

Then, we find via (B.9) that

2

51
(B.10) AF! — F,log F, < W(Fn +2H) +2&*()CA*H.
og
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Consequently, F}, is a subsolution of the Differential Equation (DE) corresponding
to the equality in (B.10) with F,,(0) = 1 and F, (0) = E[Z] < En. Now, we have
AH'(L) — H(\) log H(L) = 16]log 8| 'A2H (1).

Therefrom, by the comparison lemma in Arnold [2], we obtain that for all n
in [1, N] and for any A in 10, a~/N], F,(X) < H()) provided that 2¢*(a)C <
|log §|~!. To bound up AF) — F, + 1, one has to use exactly the same arguments
as in Section 2. Consequently, the end of the proof will be omitted. Finally, by
induction, #¢(NN) holds and the result follows. [

PROOF OF THEOREM 3.1. The proof is similar to the one of Theorem 2.4.
First of all, we clearly have

o ) 1/2
Vri (8) < sup maX(Sn (f 8gi + ]E[gl])’ 0) ( n 1)

feB; I+ Su(f) Su(f?)

Next, for o > /2, set ay = (@?> — 1)~! and

Coi = {flg};l Sn(fz) = aan}-
On Ty, as V,f (8) < @A with A = A™ (n), we derive that
(B.11) E[exp(rV{(8))] < 2max(F,(ad), exp(A(l + v/8)/n) P(TS )

where F,, denotes the Laplace transform of A. We have already seen from
Theorem B.1 that for A < &/n/«,

(B.12) Fu(ar) < exp(arES +16]logs|~Ta?2?).
In addition, Eﬁ <1+ E. Moreover,
TS, C{Su(g]) < nag}.

Next, the bracketing condition (3.1) implies that E[giz] > 1—24/6 for anyi €l.
Then, applying Proposition A.1, we deduce that

P(Tg, ;) < exp(—nby)

with 6, > 0 provided that a, < 1 — 24/8, that is, § < Qa? — 2)"?(a? — 2)2.
Consequently, we find from (B.11) together with (B.12) that for all A < e/n/a,

(B.13) E[exp(AVi(8))] < 2exp(ar(l + E) 4 16]logs| " a®2?)

as soon as exp(A(1 + v/8)/n — nby) < 1, that is, A < (1 4+ +/8)~1/n6,, which
completes the proof of Theorem 3.1. [J
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APPENDIX C

PROOF OF LEMMA 4.1. Let j be some integer in [0, N]. If f,, =0 for some
y in I}, then g; = 0. Otherwise, from the continuity of y — f,,, the sign of f, is
constant for y in /; and f, g; > 0. Let 7 be the infimum of integers j in [0, N]
such that the supremum ‘W, is realized on /;. On the one hand, suppose that T # 0.
Then, it follows from (4.1) that

(C.1) |g= (x)| = inf | f) (x)]
vel
and, similarly to (3.4), for any y in I,
Pn( - )
(€2) Wa(fy) — max(Wi (go), 0) < ~Sr — 82)

JPaFD

On the other hand, suppose T = 0. Let us introduce a new parametrization of
the class on Iy. In the sequel, for y in Iy with y # 0, we denote by f,, the function

fy@) =y Hexp(yt(x) = 1(y)) — 1).

For the sake of brevity, write ¢ = ay. If #(x) belongs to [0, h(e)], then go(x) = 0.
Otherwise, either 7(x) > h(e) or 7(x) < 0. In the first case, f, (x) is positive and
by convexity of the exponential function,

Sy ) =y~ (exp(y (t(x) — h(e))) — 1) = 1(x) — h(e).
In the second case, f), (x) <0 and
—f,(x) =y (1 —exp(yt(x))) > e (1 — exp(et (x))).
Therefrom, if go(x) # 0, then go(x) has the sign of f, (x) and
(€3) inf |, (01 = gl
With this new parametrization on Iy, we still have (C.2) for 7 = 0. Consequently,
(C4) W, — max(Wy,(go), ..., Wa(gn), 0) <max(Ag, Ap,..., Ay)
where

Pu(lfy — 8
(C5) A;=sup ———.
"ver [P

We now prove that the upper bound in (C.4) is exponentially negligible. By the
Cauchy—Schwarz inequality,

Aj < sup \/Pn((l —gjfy g, 0),
VElj
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which implies that
. g,
(C.6) Ai <. Py(mj) withm; =1— ———————.
’ B / SUPy ey, | fyl

In order to control P, (m;), it will be convenient to bound up the expectation
of m ;(X). Suppose first that j # 0. Let yo and y; be the elements of /; such that

18/ ()1 = | fyo )] and sup, <y, |fy ()] = | fy, (). Then
N AT |
) =1 If%(X)IS‘/; log |, ()| dy.

dy
Let A§ be the set of reals x such that [g;(x)| < &a; where § = V6. As

d
L loglf, )] = (1) — 1’<y>)(1 4

1
dy fy(x)>’

we obtain that for any x ¢ A,

’% log |f,,(x)|’ <2(Ea) M) =)l
Consequently, since |/;| = édaj,
(C.7) E[lm;(X)]<P(X € Ai) + 2«/5(E[|t(X)|] +1'(1)).

We now study the set Ai. Since |y| > a; for y in I, we have, by (4.1),
lgj ()| =1 —eXP<—aj inf |h(y) —t(X)|>-
)/Glj
Therefore, Ai is included in the set of reals x such that
(C.8) inf |h(y) —1(x)] Saj_lllog(l —a;é)|
)/Glj

Let Q denote the maximal concentration function of the real random variable
t(X), defined by

Q) =supP(y <1(X) <y +x).
yeR

We infer from (C.8) and the concavity of the logarithm function that
P(XeA®) <k withk = Q(2|log(1 —£)|+8I'(1)).
Hence from (C.7), we get that

(C.9) Elm ; (X)] < ik + 2v/8(E[|t(X)[1+1'(1) =¢.
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We now bound the Laplace transform of A ;. By (C.6), the convexity of the
exponential function and the fact that 0 <m ;(X) <1,

E[exp(tA?)] <exp(ng(e —1)).
Using the Chernoff calculation and recalling that N = n?, we infer that
o

1 2 2
(C.10) —logP(max(Aj,...,Ay)>a) <—logn +a? —oezlog(?).
n n

It remains to prove a similar bound for P(Ag > «). From (C.6), we have
1 o?
—logP(Ap > ) < o — o log<7>.
n Efmo(X)]

Furthermore, the function mg takes its values in [0, 1] and converges pointwise
to 0 as n tends to oo, provided that 7 (x) # 0. Hence, by the Lebesgue dominated
convergence theorem,

1
(C.11) ng)ngo E[mo(X)]=0 and limsup—logP(Ap>a)=—00

n—»oo N

for any positive §. Finally, Lemma 4.1 follows from (C.10) and (C.11) together
with the fact that log(a?/¢) tends to oo as & tends to 0. [J

CONTINUITY OF THE RATE FUNCTION J{. In order to perform a continuous
parametrization of the class ¥, we setr), = y~! fy for y > 0. Let

Z(a,y,x) =ary(X)—x(r§(X)+a2)/2, F(t,a,y,x)=E[exp(tZ(a,y,x))]
and

R(a,y,x)= tiggE[exp{t(ary(X) — x(ri(X) + az)/2)}].

Following the approach of Shao [23], Lemma 8.1, we obtain that for any d > 0,
one can find A > 0 such that, for any x in [d, 1],

(C.12) I(x)=—log sup sup R(a,y,x).
y€l0,1]a€l0,A]

The continuity of 4 immediately follows from the lemma below. [

LEMMA C.1. Assume that t (X) has a continuous distribution function. Then,
forany A > 0 and any d > 0, R is continuous on [0, A] x [0, 1] x [d, 1].

PROOF. Clearly, R is upper semicontinuous. Hence we only have to prove
that for any nonnegative y, (R > y) is an open set. Let bg = (ao, y0, Xo) in
[0, A] x [0, 1] x [d, 1] and assume that R(bg) > y. Using the fact that Z(bg) is
an analytic function of #(X), we obtain that P(Z (bg) = 0) = 0. Hence there exists
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s > 0 such that P(Z(bg) > 2s) > 0. Thus, one can find a neighborhood V of bg and
some positive é such that P(Z(b) > s) > 6 for any b in V. Consequently, choosing
T = |logéd|/s, we obtain that F(T,b) > 1 for any b in V. As F(0,b) =1, we
deduce that R(b) = inf{F(t,b):t € [0, T]} for any b in V, which implies that
(R > y)isanopenset. [J

PROOF OF LEMMA 4.2.  We first bound up the random variables W), (g;) for
j#0.Let K =[0,0'(1)]. If £ (x) > I'(1), then

d
@fy (x) = (t(x) =I'(y)) exp(y (t(x) — h(y))) > 0

for any y in ]0,1]. Hence f,(x) > 0. In the same way, if 7(x) < O , then
%fy (x) <0 and f,(x) <0. Hence g;(x) = faj (x) for t(x) not in K. For the
sake of brevity, rewrite f,; as f;. Noting that / P, (f 2) is an L? pseudonorm, we
get

VPIDWa(8)) = Walf) < Wa(g ) (Pa(FD) = Pu(gD) + Pullgj = £iD)

<2JPu((fj — &)%)

so that

Pu((fj — 8))?*Li(x)ek)
Pu(f})

(C.13) Wa(gj) — Walf)) SZ\l

If (x) belongs to K, then

£ (x) = g ()] < /1 11 = @)lexply (1) = h(y))) dy < 8a;l' (el V.

Let C =2I'(1)exp(!’(1)) and set £ = +/8. It follows from (C.13) that
(C14)  P(Wu(gj) = B) <P(Wn(fj) = B —&) +P(Pu(lry;]) < C8).

In order to bound from below the random variables P,(|ry|), we bound up the
concentration function of r,, around 0. Noting that |r, (x)| < y if and only if

h(y)+y " log(l — yy) <t(x) <h(y) +y~'log(1+yy)
and recalling that ¢ (x) =log(1 + x) — log(1 — x) is a convex function, we have
(C.15) P(Iry (X)] <) < 0y 'o(ry) < Qo) = G(y).

Now G is the distribution function of a random variable V with values in
[0, 1]. Denote by L* the Legendre transform of the log-Laplace of V. Since G is
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continuous at point 0, L*(x) goes to infinity as x tends to 0. Furthermore, by
(C.15), for any y in ]0, 1],

(C.16) P(Py(Iry|) < x) <exp(—nL*(x)).

Using the same arguments, we bound up W, (go). First,

| Py((t — 80)?)
(C.17) Wi (go) — W, (1) <2 W

Next, observe that if 7(x) > 0, then |#(x) — go(x)| < h(ap). In addition, if
—1/2
a, <t(x) <0,

a’(x) _ Jar
2~ 2

[P —0®) _ h@) , Jar
P T Raih 2

as soon as t(X;) > —al_l/2 for any i in [1, n]. Now it is easy to check that 7 (X)
satisfies the concentration bound (C.15) so that

1
|t (x) — go(x)| < a—lw(—alt(x)) < |t (x)].

Consequently,

(C.18) P(P. (1)) < Jar) < exp<—"”<2}j/(%)>)'
Hence

P(Wa(g0) > B) <B(Wy (1) = B —2/a)

L (2h(@) ,
—i—exp( nL ( Tar ))—I—nE[t (X)]a1

where we recall that a; = (1 + & 2, Consequently, as the rate function I; is
continuous (see Lemma 8.1 of [23]), it implies that

2)—n

(C.19) limsup — log P(Wy(g0) > ) < —1s ().

n—-oo N

Finally, Lemma 4.2 follows from the conjunction of (C.14), (C.16), (C.19), Lemma
below and the continuity of the rate function. [

APPENDIX D
LEMMA D.1. For any positive x,

1
limsup —log sup P(W,(fy)>x) <—d(x).
n—oo N y€l0,1]
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PROOF. [ft A be some real satisfying A > [(1). Define tEe functions 7(x) =
inf{z(x), A}, fy(x) =exp(yt(x) —I(y)) —land 7, = y_lfy. For the sake of
brevity, we rewrite f), and r, as f and r, respectively. First,

max(Pn(?), 0) + Pn(f _?)

VP (f?) v Pu(f?)
If 1(x) < A, then f — f =0. Otherwise 0 < f — f < f as A > [(1). Hence, by
the Cauchy—Schwarz inequality,

M =V Pn(]lt>A)-
VP (f)

Next, recalling that P, (7¥) < P,(r), we get for any positive real §

Wn(f) <

max(Py(7),0)  max(Py(F),0) - 82

VP, (r2) T+ P,rY) T 2P, (rY)’
Pu(7)

A/ 82+Pn(r2)

Consequently, if W, (r,8) = , we deduce that for any 0 <y < x/2,

2
(D.1) P(Wn(f) Zx) < D,(x —2y) +P<Pn(r2) =< (28_}/> +P(Pn(]lt>A) = y)

with D,,(z) = P(W,(r, §) > z). In order to bound up D, (z), we need the following
lemma.

LEMMA D.2. Forany ¢ and x in 10, 1],

= 24
P(Lry) > x) << exp(—nly, (x)).

/Pn(}’)%)-f—é‘ B x2e

PROOF. We shall follow the same approach as that of Shao [23]. Exactly as
in [23], equation (2.3), page 288, we have

(D.2) P<P”7(r_) > x) =P<sup2an(F) —x(b2 +e+ Pn(rz)) > 0),

VP, (r?2)+¢e b>0

Now 7 < e — 1 so that P,(7) < e? — 1. Hence the supremum in (D.2) is realized
in the interval J = [0, C] with C =x~!(e® — 1). For k positive integer, set

Jk:[\/W,\/E], K:[g—lx—zezA]

and by = sup J. Since the union of J; for k in [1, K] covers J, we get from (D.2)
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Py (7) ) 2
Pl ———— ]P’2bP — x(b? P, 0
( P,(r?) +¢ kX:l eFa () x( e+ Falr )) = )

anE[exp(thkP 7) — tx(bk + Py, (rz)))]

Ma

k:l
K sup 1nfE[exp(2tbP (r) — tx(b* + P, (rH))],

b>01=0

as P,(r) < P,(r), which implies Lemma D.2. [

Starting from (D.1) and Lemma D.2, we now complete the proof of Lemma D.1.
By use of (C.15), we have

Ly ]P’(P(z)<82)< L*( 5 )
—lo r — — — ).
n & 8 “ 2y~ 2y
In addition, if we take A = (1) + 8!, from Markov’s inequality applied to
exp(t (X)), we obtain that P(# (X) > A) <exp(—1/6), whence

1 y y
—logP(Py(1y54) > y) <~ — ylog(—)
n 1) e
Furthermore, from Lemma D.2 with & = §2,
1
logD (x—2y)<= (1(1) + 871 —log(8(x —2y))) — L(x —2y).
Hence for any positive &,

1
limsup —log sup P(W,(f,) > x)
n—oo N y€l0,1]

< —min(L*(L) 2y ylog(z) L(x — 2y)>
- V2y) 8 e)

which, by the arbitrariness of 8, ensures that
1
limsup —log sup P(W,(fy)>x)<—d(x —2y).
n—oo N y€l0,1]

Finally, Lemma D.1 follows from the continuity of 4. [J
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