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PATHWISE STOCHASTIC TAYLOR EXPANSIONS AND

1. Introduction.

STOCHASTIC VISCOSITY SOLUTIONS
FOR FULLY NONLINEAR STOCHASTIC PDESs

BY RAINER BUCKDAHN AND JIN NIA1
Université de Bretagne Occidentale and Purdue University

In this paper we study a new type of “Taylor expansion” for Ito-type
random fields, up to the second order. We show that an Itd-type random field
with reasonably regular “integrands” can be expanded, up to the second order,
to the linear combination of increments of temporal and spatial variables,
as well as the driven Brownian motion, around even a random (, x)-point.
Also, the remainder can be estimated in a “pathwise” manner. We then show
that such a Taylor expansion is valid for the solutions to a fairly large class
of stochastic differential equations with parameters, or even fully-nonlinear
stochastic partial differential equations, whenever they exist. Using such
analysis we then propose a new definition of stochastic viscosity solution for
fully nonlinear stochastic PDE:s, in the spirit of its deterministic counterpart.
We prove that this new definition is actually equivalent to the one proposed
in our previous works [2] and [3], at least for a class of quasilinear SPDEs.

following Ito-form:

(1.1

where B is a standard Brownian motion. We would like to ask the following

t t
u(t,x)zu(O,x)—i—/ ul(s,x)ds-i-/ us(s, x)dB;,
0 0
(t,x) [0, T] x R",

questions:

(D Suppose that u; and u; are both smooth in the variables (¢, x). Is it possible
to obtain a Taylor expansion of u at any given point (7, £)? For example, can

we write

u(t,x) =u(r, &)+ Z

i,j>0
1<i+j<N

where a;; (- - -)’s are some i-linear forms over R"?
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In this paper we are interested in random fields of the

aij(x —&, ..., x —E)t — 1) + Ry(t, %),
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(II) What will happen if (z, &) is random (e.g., T is a stopping time)?
(II) How to evaluate the remainder Ry (¢, x)? For instance, can we estimate them
w-wisely?

By a simple observation on (1.1) we see that the Taylor expansion proposed in
question (I) is not quite realistic, because of the presence of the stochastic integral,
and the fact that a Brownian motion is nowhere differentiable. A more reasonable
form of the Taylor expansion could then, for example, be the following:

u(t,x)=u(r, &)+ Z aijp(x —&, ..., x =) (t — 1)/ (B, — B;)’

i,j>0
(1.2) I<i4+3j+k<N

+ Ry (1, x),

where a;ji’s are i-linear forms. It seems that to date the Taylor expansion of this
kind has not been addressed, to our best knowledge, in any literature. In fact,
some of the answers to these questions [especially question (II)] turn out to be
surprisingly technical, as we shall see in this paper.

We should note that the stochastic Taylor expansion was discussed in, for
example, the book of Kloeden and Platen [6]. But our expansion differs from theirs
in several ways. First, the Taylor expansion there mainly deals with functions of
an It6 process, while ours deals with It6-type random fields directly; second, the
error term of the Taylor expansion in [6] are evaluated in the mean-square sense,
while we require that they be handled in an w-wise (or pathwise) manner.

At this point we should point out that our study of such Taylor expansion
has been strongly motivated by our previous works on the “stochastic viscosity
solutions” for nonlinear stochastic PDEs ([2] and [3]). In these two papers we
introduced a notion of stochastic viscosity solution, in the spirit of the “maximum
principle”-type definition of a viscosity solution in deterministic PDE theory
(see [4] or [5]), as well as the stochastic characteristic method proposed by Lions
and Souganidis [7, 8] for stochastic PDEs. We proved in [2] and [3], among other
things, the existence and uniqueness of such stochastic viscosity solutions for
a class of quasilinear SPDEs, by relating it to the so-called Backward Doubly
SDEs (BDSDE), initiated by Pardoux and Peng [10]. However, the notion of
stochastic viscosity solution introduced in [2] and [3] depends rather heavily on
a Doss—Sussmann-type transformation of the equation, which inevitably causes
the limitation in its generality. This paper is in a sense an attempt to make the
notion of stochastic viscosity solution more tractable.

Our idea is the following: since in deterministic case there are two equivalent
definitions of a viscosity solution, we shall first explore the possibility of extending
the other definition, that is, the one uses “jets” (or subdifferentials), to the
stochastic case. This is exactly where the proposed stochastic Taylor expansion
comes into play, because it is a building block of the so-called stochastic
“jets/subdifferentials,” as we have seen in the deterministic theory.
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The main results of this paper can be briefly described as follows. Suppose
that {u(z, x), (¢, x) € [0, T] x R"} is an Itd-type random field of the form (1.1).
Then, under reasonable regularity assumptions on the integrands u; and u,, the
following stochastic “Taylor expansion” holds: for any stopping time t and any
Fr-measurable, square-integrable random variable &, and for any sequence of
random variables {(ty, &)} where Tty ’s are stopping times such that either Ty > 1,
Tl T, or <71, b T, and &’s are all F;-measurable, square integrable
random variables, it holds almost surely that

u(t, &) =u(r,§) +a(te — 1) + b —§) + %(sz — B,)?

(1.3) (P& —E)+(q. & —&E)(By — B) + 2 (X (& —£),& — &)
+o(|w — ]) + o(|& — 1%,

where (a, b, c, p,q, X) are all F,-measurable random variables, and the remain-
der o(&) are such that o(&y) /& — 0 as k — o0, in probability. Furthermore, the
six-tuple (a, b, c, p, q, X) can be determined explicitly in terms of u1, u, and their
derivatives.

By choosing u1 and u; in different forms, we shall then extend the Taylor
expansion to random fields that are the solutions of stochastic differential
equations, including fully nonlinear stochastic PDEs. In the case when the
coefficients are less regular, we then introduce the notion of the stochastic
super(sub)jets (or stochastic subdifferentials), from which an alternative definition
of stochastic viscosity solution will be produced. We should note here that the new
definition of the stochastic viscosity solution given in this paper does not depend
on any type of transformation of the equation, hence it should be applicable to
general fully nonlinear SPDEs. We shall prove, however, in the special quasilinear
situation our new definition indeed coincides with the one defined in [2] and [3].
This not only justfies, in a sense, both of our definitions, but we hope it paves the
way for further extensions of the results regarding viscosity solutions, from the
deterministic theory to a stochastic one.

As a final remark, we should point out that at this point we have not been able
to use our new definition of stochastic viscosity solution to extend our uniqueness
result in [3] to more general nonlinear SPDEs. The main obstacles still seem to be
the comparison between the martingale integrands of SPDEs, and finding suitable
stochastic version of the “sup convolutions” that possesses special measurabilities
(e.g., adaptedness) on the temporal variables. We hope to be able to address these
issues in our future publications.

This paper is organized as follows. In Section 2 we give all the notations, as
well as the simplest cases of stochastic Taylor expansions. In Section 3 we extend
the expansion to the solutions of stochastic differential equations, and in Section 4
we prove a technical lemma appeared in Section 3. We turn our attention to the
solutions of fully nonlinear stochastic PDEs in Section 5. We will first study the
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stochastic jets and their properties, and then introduce the stochastic viscosity
solution. In Section 6 we consider a special class of quasilinear SPDEs, and
prove that the new definition is also “closed” under the so-called Doss—Sussmann
transformation, as was seen in [2] and [3]. Finally, in Section 7 we prove that the
stochastic viscosity solutions defined in this paper is indeed equivalent to the one
proposed in [2] and [3], in the special case considered in Section 6.

2. Preliminaries. Let (2, , P) be a complete probability space on which
is defined a 1-dimensional standard Brownian motion B = {B; :t € [0, T'|}, where
T > 0 is some fixed time horizon. We denote by F 2 (%) >0 the natural filtration
generated by B, augmented by all the P-null sets in .

Throughout this paper we let £ be a generic Euclidean space, with inner
product (-, -) and norm | - |, and we shall denote:

e For any sub-o-field § € F7r and p > 0, L?(4;E) to be all E-valued,
g-measurable random variables such that E|£|” < co. When there is no danger
of confusion, we often write & € § whenever & € L%(§; E) for simplicity.

e Forany g >0, L1(F, [0, T]; E) to be all E-valued, F-progressively measurable
processes i, such that EfOT |19 dt < oo. In particular, LOF,[0,T]; E) de-
notes all E-valued, F-progressively measurable processes; and L*°(F, [0, T']; E)
denotes those processes in LO(F, [0, T']; E) that are uniformly bounded.

o CK4[0,T] x E;E)) to be the space of all E;-valued functions defined on
[0, T] x E which are k-times continuously differentiable in ¢ € [0, T] and
£-times continuously differentiable in x € E; Clg’z([O, T] x E;Eq) to be the
subspace of Ck£([0, T1 x E; E;) in which all functions have uniformly bounded
partial derivatives; and cjgf([o, T] x E; Ey) to be the subspace of C”([O, T]
x E; Ej) in which all the partial derivatives are of at most polynomial growth.

e For any sub-o-field § € ¥, ckvf(g, [0,T] x E;Ep) (resp. c,’;’e(g, [0, T]
x E; Ep), C;‘;Z(g, [0,T] x E; E1)) to be the space of all Ck’e([O, T x E; Ey)

(resp. Clg’z([O, TIxE;E)), C;‘;Z([O, T] x E; E;))-valued random variables that
are ¢ ® B([0, T] x E)-measurable.

o CRUR,[0,T] x E; Ey) [resp. C“(F, [0, T] x E; Ey), CX4(F, [0, T] x E; Ep)]
to be the space of all random fields ¢ € Ckt(F7,10,T] x E: E) (resp.
Cy (7,10, T1 x E; Ey), CK4(Fr, [0, T1 x E; Ey)), such that for fixed x € E,
the mapping (¢, w) — ¢(¢, x, w) is F-progressively measurable.

e My 7 to be all the F-stopping times 7 such that 0 <7 < T, P-a.s., and Mo oo
to be all F-stopping times that are almost surely finite.

When the context is clear, we shall use the simplified notations such as:
ChHE([0, T1E) = CH4([0, T1 < E; R); C([0, T1x E; Ep) = C%0([0, T1x E; Ey);
and C(F,[0,T] x E) = C%9(F, [0, T] x E), ..., etc.
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Furthermore, for (¢, x,y) € [0, T] x R" x R, we denote D = D, = (8%1, e

3?@1), D? =D,y = (3§ixj izt % = Dy, and % = D;. The meaning of D,,,
Dy, etc., should be clear.
In order to describe the pathwise stochastic Taylor expansion, we need the

following definition.

DEFINITION 2.1. Let 7 € Mo, and § € ;. We say that a sequence
of random variables {(tx, &)} is a (t, §)-approximating sequence if (ty, &) €
Mo,00 X L>(F¢; R™), Vk, such that:

(i) & — &, in probability;
(i) either 74 1 7, a.s. and 7y < 7 onthe set {r > 0}; or iy | 7, a.s.,and 73 > 7
on the set {t < T}.

If {1} is a sequence of random variables that converges to 0 in probability, then
we shall denote ny = 0(&x), k=1, 2, ..., to be any sequence of random variables
such that [0(5x) / Sk 11z 0) — O, as k — 00, in probability.

We remark here that when 74 1 7, then it is necessary that tp € Mo 1, Vk.
However, we do not require that 7y € Mo r in the case when 7 | t. This is to
avoid unnecessary technical subtlety in our future discussion.

To understand what the pathwise stochastic Taylor expansion is, let us first
consider the following simple situation. Let u € C(F; [0, T] x R") be a random
field. We say that u is of Ito-type if it can be written in the following form:

t t
u(t,x):u(O,x)+/ ul(s,x)ds+/ us(s, x)dBg,
0 0
(t,x) €[0,T] x R,

2.1

where u,uy € C(F; [0, T] x R") such that
T T
P{/ |u1(s,x)|ds+/ lua (s, x)|>ds < oo, VxeR”}:l.
0 0

Let us first assume that up» =0, and u; € CO’Z(F; [0, T] x R™). In this case,
for any (7,§) € Mo, 7 X L?(F7; RM), and {(w, &)} be any (7, £)-approximating
sequence, it is readily seen that an application of usual Taylor expansion on u
in x would lead to that

u(t, E) =u(r, &) +a(e— 1)+ (p. & — &)+ (X (E—§), & — &)
+o(lw — 7)) + o(|& — £1%),
where a = u(7,&), p = Du(z,§), X = D?u(z, £); and the remainder o(---) is

in the sense of Definition 2.1. Since such an expansion holds w-wisely, we call it
a pathwise stochastic Taylor expansion of the random field u(-, -).

(2.2)
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Such a stochastic Taylor expansion becomes slightly more difficult when
uy # 0, because of the presence of the stochastic integral, which cannot be
analyzed in a pathwise (or “local”’) manner. We give a heuristic argument to
illustrate this point.

Let (7,§)e Mo, T X L*(F,;R") be given, and let {(tx, &)} be any (z, £)-approx-
imating sequence. For simplicity let us assume that t; 1 t. (In fact, the other case
is similar, with less difficulty.) Let us denote

(2.3) Ay = u(ty, &) — u(t, &), Az =u(z, &) —u(z, §),
then u(tx, &) — u(z, &) = A1 + A,. Assume that u € C%2(F; [0, T] x R"). Then
as before we can derive a pathwise expansion for Aj:

(24) Ay ={(Du(t,&),& —&)+3 (D*u(r,&)E — £), & — &) +o(|& — £[7),

where o(---) is in the sense of Definition 2.1. Thus we turn our attention to Aj.
From (2.1) we see that A can be written as

T T
2.5) A :—/ ul(s,sk)ds—/ ua(s, x)dBy|,_, £ Aj+ AT,
T T

k k

where A% and A% are the two integrals in (2.5). Again, by the same argument as
before we can have a pathwise expansion for A%:

2.6) Ap=—ui(t,&)(t — ) +o(u — 1)) =ui(t, &) (% — 1) + otk — 7).

However, the pathwise expansion of A% is not so trivial. The main difficulty here
is that all & ’s are only assumed to be F;-measurable, and T > 7. Thus one cannot
simply replace x by & in the stochastic integral and argue as before.

In this simple case, however, we can get around with this difficulty as follows.
Assume that uy € CV2(F; [0, T] x R™). Then, for each (s, x) € [0, T] x R" we
have

N
ua(s, x) = uz (e, x) + / drua(r, x)dr.
T
Denoting U = 0d;u», we have
T T N
2.7 / uz(s, x)d By = —u(tx, x)(By, — By) —i—/ / U(r,x)drdBs.
Tk Tk YTk
Using integration by parts (or Fubini’s theorem), we have

T R T
/ / U@r,x)drdBs = / (B; — B)U(r, x)dr.
T JTk T

k

Since the right-hand side above is no longer a stochastic integral, we obtain

e8) [ [ vexdrds, = [ B - BV dr=o(n ),
T JTk Tk
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thanks to the continuity of the Brownian path and that of U(., -). Furthermore,
since uy € CL2(F; [0, T] x R") we have

un (T, &) = ua(T, &) + dun(t, &) (tk — 7) + ( Dua(t, £), & — &)
+ 4 (D*ur(t, &) (Ex — §). & — &) +o(lte — TI) + 0(|& — £7),
we derive from (2.7) and (2.8) that

/ uz(s, x)dBy|,_g, = —u2(t,§)(By, — Br) — (Dua(t,§), & — & )(By, — Br)

k
+ o(|tk — 1) + o(|& — &1%).

Plugging this into (2.5) and combining it with (2.6), (2.3) and (2.4) we have
proved the following pathwise Taylor expansion for an It6-type random field. As
a matter of fact, such a result is new, to our best knowledge, even in such a simplest
setting.

THEOREM 2.2. Letu € CO’Z(F, [0, T] x R™) be a random field of Ito-type.
Suppose that u(0, -) € C(R"), u; € C%2(F; [0, T] x R"), and u, € C2(F; [0, T]
x R"). Then, for any (t,§) € Mo 1 X L*(F,; R"), and any (t, &)-approximating
sequence, {(tx, &)}, the following pathwise Taylor expansion holds:

u(te, &) = u(r, §) +a(te — v) + b(By, — By)
(2.9) +{p. & —&)+(q.5 — §)(By, — By)
+3(XE—8),& —&)+o(lu — ) +o(l& — €1,

where

(2.10)

a=uy(t,§), p = Du(t,§); X = D?u(t, §),
b=uy(t,§), q = Dus(z,§).

3. Pathwise Taylor expansion for solutions of SDEs with parameters. In
this section we study the pathwise Taylor expansion formula for solutions of
stochastic differential equations with parameters. To be more precise, we shall
consider the following SDE:

t t
u(t,x)zqo(x)-i—/o f(s,x,u(t,x))ds—i—/o g(s, x,u(s,x))dBs,
(t,x)€[0,T] x R",

3.1

where x € R” is a parameter. Throughout this section we assume that

(3.2) f,eeCIP2(0, TIxR" xR),  @() € CZRM).
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Then, by the standard theory of SDE we know that in such a case the solution
u(t, x) will be twice (stochastically) differentiable in the spatial variable x as well
(the limit is understood as being taken in the sense of in probability). Since our
main purpose of the paper is to establish the form of pathwise Taylor expansion of
the solution, we will concentrate on such “smooth” solutions, and do not seek the
mimimum conditions on the coefficients. To facilitate our discussion, let us give
the following definition.

DEFINITION 3.1. Arandom field u = {u(t, x, w) : (¢, x, w) € [0, T] x R" x 2}
is called a “regular” solution to SDE (3.1) if:
(i) ue CO2(F; [0, T] x R™);

(i) u is an It6-type random field with the form

t t
u(t,x) =opx) +/ ui(s,x)ds +/ us(s, x)dBg, (t,x)e€[0,T] x R",
0 0
where

(3.3) ui(t,x) = f(t,x,u(t,x)), us(t, x) = g(t, x, u(t, x)),
for all (¢, x) €0, T] x R", P-a.s.

Our main result of this section is the following theorem.

THEOREM 3.2.  Assume (3.2), and further that g € Cj>>([0, T] x R" x R).
Let u be a regular solution of SDE (3.1). Then, for any (t,§) € Moy, 7 % L*(F; RY)
and any (1, &)-approximating sequence {(tx, &)}, the following pathwise Taylor
expansion holds:

w(te, &) = u(1, &) +a(ty — 1) + b(By, — By) + %(Bfk — B+ (p. & —£)

1
(3.4) +(q, 8 — &) (Br, — Br) + 5 (X (6 —6). & — &)
+o(lte — 1) + o(|& — &),
where
a=f(t,6u(t,§) — 3(g0ug)(t. &, u(r, &),
(3.5) b=g(t,5,u(t,&),  c=(gd8(r,& u(t,§);

p=Du(r,&),  q=0g(t.& u(r,&)+d.g(t,&, u(z,£))Du(t,§),
X = D?u(t, &).

In particular, if T and ty’s are all deterministic, the extra assumption on g can be
dropped.
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REMARK 3.3. (i) In the case when t =0ort =T, only tx J Tt or ipx 1 7
should be considered, respectively.

(ii) It is easy to see that, if f and g are independent of u, then (3.4) and (3.5)
coincide with (2.9) and (2.10). Therefore Theorem 3.2 contains Theorem 2.2 as
a special case. Furthermore, we see that it is the dependence of g on u that produces
the “unusual” term involving (B, — B:)?%.

Before we prove the theorem, let us first introduce the so-called Wick-square
of the Brownian motion, which is originated in the Wiener homogeneous chaos
expansion. For any (7,&) € Mo 1 X L*(F,;R") and any (z, &)-approximating
sequence {(tx, &)}, we define the “Wick-square” of By, — B; to be

(3.6) (By, — Br)¥* 2 (B, — By)?> — |t — 1.

The following explicit form, which can be fairly easily verified, will be useful in
our future discussion:

T S T
N 2//dBrst=2/ (By — B:)dBs, ifw<t,
BT (By— B =] o

% S T
2/ / dB, dB, =2/ (By — By)dB,, ift>1.
T T T

We now give two lemmas that are interesting in their own rights. The first one
is more or less conceivable, but the second one is more involved. In fact, since
the proof of the second lemma is quite technical and lengthy, we shall postpone
it to the next section in order not to disturb our discussion. Those readers who
are not particularly interested in such level of technical details can even skip that
section.

LEMMA 3.4. Let (t,§) € Mo X L2(F:; RY), and {(tx, &)} be any (t,§)
approximating sequence. Then:

(i) (By — By =o(u — ).
(ii) (Brk - Bt)oz(Btk — By)=o(tx — 7).

PROOF. Since assertion (ii) follows immediately from (i) and the defini-
tion (3.6), we only prove (i). Further, we shall assume without loss of generality
that 7 1 7, since the other case is similar.

First let us consider the following random variable:

é |Bt|

n SUp ————.
0<t<1 +/tloglog(1/1)
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By the law of the iterated logarithm and the continuity of the Brownian paths, one
has n < +o00, P-a.s. Thus, for any 0 < § < 1, it holds that

{|Bt|3} |B:| 3< 1)
Sup { —— (= SUp  —V———-— tlog’( log —
0<t<sl 1 0<t<s | v/1loglog(1/1) t

1
< 773 sup { tlog3 <log ?>} — 0, P-as.,as § = 0.

0<t<$

Therefore, sup,, <;§3{|Bt|3 /t} — 0, as § — 0, in probability. Consequently, for
any ¢, ¢ > 0, we can choose § > 0 so that P{sup0<t§3{|B,|3/t} >e¢g} < %/ Let

K (g, ¢’) > 0be such that P{t — 7; > 8} < ¢ Vk> K (e, ¢'). Then

P{ (Br_Btk)3 >8} SP”(B'[_BU()?’
T— Tk T— Tk

>8,|t—tk|§8}+P{|t—1:k|>8}

|Bt|3 8/ / /
<Pisup —>¢et+—=<¢g, k> K(e, g").
0<t<$§ 2
(B:—By)?

To wit, =]

— 0, as k — o0, in probability, proving the lemma. [J

LEMMA 3.5. Assume (3.2), and denote G(t,x) £ (gd,8)(t, x,u(t,x)). Let
(t,&) e Mo, T X L2(F;: R™) be given and {(tx, &)} be any (t, £)-approximating
sequence. Assume further that g € Cg’2’3([0, T] x R"). Then the following
estimates hold:

T S
| [ Ge.xas as| _, =16 &0 - B +olln — o,
7 J1g
> 1%,
G-8 s 1 )
[ [ Gondb b, = 16608 ~ B +on — 7,
T T
T < 1%.

Furthermore, if T and ty’s are all deterministic, then the extra assumption on g
can dropped.

For the proof see the next section.

PROOF OF THEOREM 3.2. In light of the argument for Theorem 2.2, we
assume first that 73 1 t; and denote A = u(tx, &) —u(t, &) and Ay = u(t, &) —
u(t, &) sothat u(wy, &) —u(zr, &) = A1 + A,. Again, the standard Taylor formula
yields that

(39) Ay=(Du(r,&),& —&)+5(Du(r,E)(& —£), & — &) +o(& —&).
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Further, writing A as

T T
(3.10) A= —/ ui(s, &) ds —/ g(s, x, u(s,x))st|x:§k £ A% + A2,
T T

k k

where u; (¢, x) £ f(t, x,u(t,x)), we also have
B Aj=—ui(t,&)(r — w) +o(li — T|) = u1 (v, &) (1 — T) + o(|7e — 7).

Our main task is to estimate A%. To this end we note that for fixed x, g(-, x, ) €
CY2([0, T] x R), and u(-, x) is an Itd process, thus we can apply Itd’s formula to
get

g(s, x,u(s, x)) = g(w, x, u(tg, x))

+/S{8;g(r, x,u(r,x)) + 8,8 (r, x, u(r, x))ui(r, x)
Tk
+ %auug-gz(r,x,u(r, x))}dr
+/S(g8ug)(r,x, u(r,x))dB,
Tk

S )
ég(fk»x»”(fk»x))‘f’/ U1(r,X)dr+/ Us(r, x)dB,,
T T

where U; and U, are the integrands of the two integrals, respectively, on the
right-hand side above. Thus

T
/ g(s.x, (s, ) dBy = —g(ti, . u(t, X)) By, — Br)
Tk

T S
(3.12) +/ / Ui(r,x)drdBs

Tk JTk

T N

—|—/ / Uy(r,x)dB, dB;.
Tk JTk

Using Fubini’s theorem we have

(3.13) / / Ui(r, x) d’”st|x:§k :/ (By — B)U(r, &) dr =o(|tx — T)).
T J Tk Tk

Furthermore, setting G = U, in Lemma 3.5 we see that

T S
| [ var v B aBi) = $Usm. 60 By — B® + ollm — <)
T JTi

= 1(89u8) (k. &k, u(tk, &) (B, — B)?
+o(|tx — 7).

(3.14)
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Combining (3.12)—(3.14) we obtain that

T
A% = —/ g(S,X, u(S,x))st‘ngk
T

k
= g(tk, &, u(tk, &) (By, — Br)
— 5(29u8) (T, &, u (i, §)) (B, — B +o(x — 7).
This, together with (3.10) and (3.11), gives
Ay =u(t, §)(tk — ) + g(Tk, ks u(Tk, §)) (By, — Br)
— 5(29u8) (W, &, u(th, §))(By, — Bo)¥? + o7 — 7).

Now combining (3.15) with (3.9) we see that in order to obtain (3.4) it remains
to replace the variables (ty, &, u(7k, & )) inside the functions g and go, g in (3.15)
by (7, &, u(z,£)). To this end, let us denote A = u (7, &) —u(zr,€)) (= A1+ Ar)
to simplify notations. Applying the usual Taylor expansion w-wisely we get

8(tk, &k, u(tk, &) (By, — Br)

={g(r.&, u(r, &)+ dg(v, &, u(r,8))(tx — 7)
+(Dg(r. &, u(r,8)), & — &)
+HD%g(v, 6, u(t, &) — £), & — &) + dug(r. &, u(r, £))A
+(0uDg(t, &, u(r,§)), & — &)A + 532,8(1. &, u(r, £)) A
+o(ltk — 7)) +o(l& — &) + o(AN }(By, — Br)

={g(v. £, u(r,£))HDg(t. &, u(r, 8)), & — &) + 8,8 (1. &, u(r, £))A
+102,8(v. £, u(t, £)) A2} (By, — Br) +o(|t — 7)) + (|6 — £17).

Next, using (3.15) and (3.9) and noting that both |& — SIZ(Brk — B;) and
|Ex —&|(By, — B;)? are of the order o(|tx — 7|) + o(|& — &%), thanks to the Young
inequality, we have

3,8(t. &, u(r,£))(By, — B)A
=0,8(7, &, u(z,£))(By, — Br)(A1 + A2)
=03,8(7. &, u(z,8))(By, — Byr)
x{(Du(t, &), & — &) +5 (D*u(v, &) (& — £), & — £ )
+uy(t, &) (i — T) + g (T, &k, u(tk, &) (By, — Br)
— 5(29u8) (% k. u (k. €0)) ((By, — B0)®?)
+o(l — 7I) + o(& — £I*}
=0,8(t, &, u(z,£))(By, — Byr)
x{(Du(t, &), & — &) +g(tk, &, u(tx, &) (By, — Br)}
+o(lte — 7)) + o(|& — &%)

(3.15)

(3.16)

(3.17)
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and

102,8(t. &, u(t, £))A%(By, — Br)
= 102,8(t. £, u(,8))(By, — Bo)(A1 + Ap)?
=102,8(t. &, u(t,8))(By, — B)(AD? +o(Ite — T|) + o€ — &%)
=o(li — 7I) + o(|& — £17).

Similarly to the above argument one obtains

(k. &k, u(tr, ) 9ug (v, &, u(z, §))(By, — By)?
= (g3u8)(t, &, u(t,8))(By, — Bo)? + o(ltx — T|) + 0(|& — £1%).

Combining the above we obtain

8(tk, &k, u(ti, §)) (By, — Br)

=g(r. &, u(t.£))(By, — Br)
+(Dg(. &, u(r,8)) + 9.,g(t. & u(r,§))Du(r, £), & — £)(By, — Br)
+(8048)(7. &, u(,£))(By, — B)* + ot — ) + o1& — £7).

Using the similar arguments and noting that [by (3.9), (3.15) and Lemma 3.4
again]

(3.18)

(3.19)

(3.20)

[ (T, &) — u(t, £)1(By, — B:)®? = (A1 + A2)(By, — B,)®?
=o(|tx — t|) + o(|& — £1%),
we have

5(20,8) (th, &, u(tk, €))(Br, — Br)®?
= $(89u8) (7. £, u(t,£))(By, — B)? +o(|r — T)) + 0(|& — &[7).
Plugging (3.20) and (3.21) back into (3.15) [whence (3.10)] we obtain

Ay =ui(t, &)t — 1)+ 8(t. &, u(t, §))(By, — By)
+(0rg(t. &, u(r, &)+ 0,8(r. &, u(r,§))Du(z, §), & — £)(By, — By)
+ (048 (T, &, u(t, §))(By, — By)?
— 1(89ug) (1. &, u(t, £))(By, — B1)®?
(3.22) +o(lt — 7I) + o(|& — £1%)
= [u1(z, &) — 5(80,8) (7. &, u(z, £))](k — 7)
+g(7. &, u(r,8))(By, — Br)
+(0rg(t. &, u(r. &)+ 0,8(r. &, u(r,§))Du(z, §), & — £)(By, — By)
+3(83.8) (1. &, u(r, §))(By, — B)* +o(lte — 71) + 01 — £17).

(3.21)
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Combining (3.22) with (3.9) we finally derive that

u(te. &) = u(r. &)+ a(te — 1) + b(By, — By) + §<Bfk B2+ (p.E—£)
+(q, 6 —E)(By, — Bo) + 3 (X (5 —£), & — &)
+o(|t — t]) + o(|& — 1%,

where (a, b, ¢, p, g, X) are given exactly by (3.4).

In the case when t; | 7, the proof is essentially the same but slightly simpler
because all the &’s are F,B-measurable, so that one can simply replace x by &’s
in the corresponding stochastic integrals of the types (3.12) and (3.13) without any
difficulties. We only point out some main differences and leave the details to the
readers. First, we define A| and A in the same way, then (3.9) still holds. Next,
similar to (3.11) and (3.12) and noting that &’s are all £7-measurable we have

(3.23) Ay =ui(t, &) (5 — 1) +/ "¢ (5. & u(s, ) dBy + 0|t — 7).

Now note that 73 > 7, we follow the same arguments as (3.12)—(3.15) and apply
Lemma 3.5 accordingly to show that in this case (3.15) should be modified to

Ar=ui(t,8)(tx — 1) + g(t, &, u(t, &))(By, — Br)
+ 3 (8048 (T, &k, u(t, &) (By, — B + o(j — 7).

Using (3.19) and (3.21) we then have

(3.24)

Ay =ui(t, &) (% — 1)+ g(7, &, u(r, §))(By, — Br)
+(0xg (T, &, u(r, £)) + 0ug(, €, u(t, £)) Du(z, £), & — )(By, — By)
+5(20,8) (T, &, u(r, §))(Br, — B)®* + ol — 7)) + 0(|& — §1%)
(325 =[ui(r.8) — 5(80u8)(r. & u(r. £))](zx — 7)
+g(t. £, u(t.£))(By, — By)
+(0cg(t. &, u(r.£)) + 0,8(7. . u(t, £)) Du(z, £), & — & ) (By, — By)
+3(80u8)(1. &, u(z, £))(By, — Br)* + o(|t — T|) + o1& — £17).

This, together with (3.9), shows that (3.4) and (3.5) still hold. The proof is now
complete. [
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4. Proof of Lemma 3.5. We now provide the proof of Lemma 3.5. First
we should note that under assumption (3.2) it is not hard to show that for any
p > 1, there exist K, > 1 (indeed, K, = p in this case) and Cj, > 0, such that the
solution u of satisfies

4.1 E{ sup (Ju(t,x)|” + |Du(t, x)|”)} <Cp(1+ x| Kp), x €R",
0<t<T
To simplify presentation we first prove the latter half of the lemma, that is, we
first assume that all t;’s and t are deterministic, such that 73z < t and 7 1 7.
Denote

8G(t,s,x)=G(t,x) — G(s,x) v(t,s,x) €0, T]2 x R",
and @4 (x) = [; [; [8G(r, T, x)]d B, d Bs. Then it is clear that

T S
/ / G(r,x)dB,dBy,_,, = 1G (th, &) (Br — B)¥% + @y (&0).
o7 JTk

[Warning: here ®(&;) should be understood as @y (x)|,—¢,, as one cannot simply
replace x by & in the integrand of the double stochastic integral because & is
only F;-measurable!] We are to show that ®;(£x)/|tx — | — 0 in probability, as
k — oo.

To this end, let ¢ > 0 be an arbitrary constant, and m > 1 be an integer. Then,
using Chebyshev’s inequality one has

1 1
@2 Pl lal <ml <kl s joiwp),
T— 1 e5(T — 1) x| <m

Now we apply the well-known Sobolev’s imbedding theorem (cf., e.g., Adams [1],
Theorem 4.4) to get

| 1/(n+1)
@3 swp 1= Conl [ (9101 + D0, dx]

|x|<m

Here and in the sequal, n is always the dimension of x, and C,, ,, denotes a generic
constant depending only on n and m, and may vary from line to line. Therefore,
applying Holder’s and Jensen’s inequalities repeatedly, one shows fairly easily
from (4.2) and (4.3), with p £ “FU. that

1
P{—|<I>k<sk>| -6 I&] sm}
T— 1k
< 7E{ sup |<I>k<x>|2}
2(t = 1%  jx|<m
< Cnm
T e2(t —w)?

Cn,m
T e2(r —1p)?

2p 1/p
{E/|.< (|®x(x)| + | DD (x)]) dx}

1/p
{/l< (E[|<1>k<x>|21’]+E[|D<1>k<x>|21’])dx} .
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Since 7, 7} are deterministic, if we denote

18G (1,5, )| 218G (1,5, x)|> + |DBG)(t, 5, )%,

]
o]

S
8G(r, tx,x)dB,

Tk

then we have

El®p(x)P"] = E{

T R
/ / 8G(r, Tk, x)dB, d By
T JTk

=aellf,

< Co(x —ml’—lftE{

Tk

S
8G(r, tx,x)dB,

173

2p
}ds

T T
| <s—rk>1’—1{ / E|aG<r,rk,x>|2Pdr}ds
T T

T
<Gt =" [ EGE w0 dr
T
where C,, is some constant depending only on n. Similarly, one shows that

T
E[|ID®4(x)[*"] < Cu(t — fk)n/ E|DG)(r, w, x)|*P dr.
T
Therefore (recall that p = %),

1
P{—chk(ék)l > e, &l Em}
T— Tk

Cn,m " T 2p 1/p
<o sla—wr [T EIsGe w ol dxar ]
ex(t — ) e Jlx|<m
4.5) C 1/p
<=, s [ G T P dx
e-(t — ) w<t<t Jlx|<m

1/p
sup {E/ ||8G(t,tk,x)||2pdx} .
|x|<m

n,
g2 T <t<t
Since G = (ga,g)(t, x, u(t, x)), one has

DG (t,x) = D(gd,g)(t, x,u(t,x)) + 3,(83,8) (¢, x, u(t, x)) Du(t, x).

Therefore, thanks to (3.2) and (4.1), a simple application of dominated con-
vergence theorem then shows that the mapping (¢,s) — {E{ fl 186G (¢,

s, X)|I?P dx}}/?, (¢, 5) € [0, T]?, is continuous. Namely,

x|<m

1/p
sup E{/ ||8G(t,tk,x)||2”dx} —0  ask— oo.
|x|<m

T <t<t
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Consequently, we derive from (4.5) that for each fixed m > 0,
1
(4.6) P{—|Cl>k(ék)|>s, |“§k|§m}—>0 as k — oo.
T— T

Finally, noting that limg_, oc §x = & in probability, and that £ € L*(F+; RY), we
have sup;, P{|&| > m} — 0, as m — oo. Thus for ¢, 8 > 0, we can first choose m
large enough so that sup, P{|&| > m} < —, and then for fixed m we can find

N¢ s > 0 such that for all kK > N, s it holds that

1
P{—|<I>k<sk>| o s} {—|<I>k<sk>| > &, & <m} + Pl > m)
T— 1k

S P LG B A )

T— T
thanks to (4.6). Thus, limg_, oo ©x(&k)/|tx — 7| = O in probability. The case when
Tr J T is similar. But since all & ’s are F;-measurable, so there is no technical
difficulty. Thus we proved (ii).

We now turn to the general case where (7,&) € Mo 1 X L*(F,;R") and
{(7x, &)} 1s any (7, &)-approximating sequence. The proof essentially follows the
same line as the previous case, but since now both t; and 7 are stopping times,
the estimates (4.2) and (4.5) are no longer valid. In fact, much more careful
consideration is needed here.

Again, let us consider only the case when t; < 7, and 1 1 7. Recall that now

g€ Cy ([0, T1 x R" x R), one has gd,¢ € Cp>*([0, T] x R" x R). Replacing g
by g9, g and T by s in (3.12) we get (modulo a negative sign)

/ " G(r.x)dB, = G (1, x)(By — By)
T

s r N r
+/ / G1(6,x)d0dB, +/ / G2(0,x)dBydB,,
Tk J Tk Tk Tk

where G| and G, are the same as U; and U; in (3.12), with g being replaced by
g9, 8. Therefore,

T s
| | 6e.xas as| _, =36 6B - By
e JTg
+/ / G1(9,x)d0dBrst\x:§k
w Ju 1

T s opr
+/ / / GZ(Q’X)dBQdBrdBS|x:§ .
w Jrx JT k

Clearly, to prove (3.8) it suffices to show that

T s pr
(4.6) / / / G1(9,x)d9dBrst|x:$ =o(|ltr — 7))
o J S k
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and
T N r

4.7 ///G2(9,x)dB9dBrst]x:§k=0(|tk—r|).
T JTe STk

We shall prove only (4.7), as the proof of (4.6) is much simpler. To simplify
notation, let us denote U = G, and f*(s,x) = Jy J5, U6, x)dBydB;, for 7 <
s < T.Then (4.7) is equivalent to that

1 T
4.8) ﬁ/ Fr (s, x) st\ngk -0 as k — oo in probability.
Tk — T Iy

(By now it should be clear that the usual estimate for the stochastic integral do not
work because both t; and 7 are random, and & is only ¥;-measurable.)

In order to analyze the left-hand side in (4.8), we define, for each k, an {¥7, 4+}-
martingale F¥(z,x) £ ffk"ﬂ f*(s, x) d By, where {Br,++ — By }i>0 is a “shifted”
Brownian motion. Further, for a random field {¢(¢, x, )}, and any k, m € N, and

p > 1, we define the following quantities:

1/p
lem,pé{f| . E{ sup [|§0(t,x)|+|D<p(t,X)|]p}dx} ,

0<t<T

49) | emp 2 o :
@9) | k(g {/ﬂme{/f lo(r. )]

k

+ |Do(r, x)[*1dr dx . s>0,

}(n+1)/2 }1/(n+1)

where, again, n is the dimension of x. Note that dFk@, x) = fk (tx +1t,x)d B 44,
the following estimate holds:

E{ sup |Fk(t,x)|}

0<t=<4,|x|=m

1/(n+1)
5cn,mE{ sup { [ urtanr +|DF"<z,x>|"+1]dx} }
|x|<m

0<t<$§

(4.10)

1/(n+1)
< cm{f E{ sup [1F G, )1+ + |DF’<<t,x>|"+1]}dx}
[x|<m

0<t<$§

< ComIy™(f5).

In the above, the first inequality is due to the Sobolev imbedding Theorem, the
second inequality is due to Holder, and the last inequality is the consequence of
Burkholder—Davis—Gundy’s inequality. In particular, one has

(4.11) E{ sup |Fk(t,x)|} < ComIF™(fY  Vielo, Tl

lx|<m
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We now establish an estimate for 75 ( £¥). To do this, we apply the Burkholder
and Holder inequalities repeatedly to get

E{f*(s, x) " F )

SalA

N r
SCn(s—rk)(”“)/Z‘l/ E{/ U(v,x)dB,
Ty T

s r (n+1)/2
4.12) scn<s—rk)(”‘”/2/ E”/ |U(v,x)|2dv] ]};k}dr
T

Tk k

2

(n+1)/2
dr]

.
/ U(v,x)dB, \r,k}
Tk

n+1
‘}}k}dr

R
<Cu(s — Tk)(”_l)ﬂ/ r —7)"?
T

ets 12
« E”/ U, x)|2("+1>dv] ’}}k}dr
T

k

_ 1/2
= Cp(s — tk)"+1/2E{ [/ |U (v, x)|>"+D dv] \r,k }
Tk

Replacing f* by Df* and U by DU in (4.12), we can have a similar estimate for
the quantity E{|Df kis, x)mtt | ¥z, }. Some simple computation then shows that

E{1f*s, )"+ [ Df* (s, x) P F, )
=< Cnm(s - Tk)n—H/z

e 12
x E{{/ [U (v, x) 20D 4 |DU(v,x)|2<"+1>]dv} \r,k}.
T

k

(4.13)

Consequently we derive the following estimate for Ié"m( :let p 2041,
0<s<é,
™)
T +s p/2 1/p
_ {/ E{/ (|fk(r,x)|2—|—Ika(r,x)|2)dr} dx}
[x|<m T

k

T +s 1/p
an,m{f E{s”/“f e 0+ 1DF x)|")dr}dx}
|x|<m T,

k

Tk +s
=cn,m{f sf’/“E{/ E{If*¢, 017
[x|<m T

1/p
+ Ika(r,x)|”|5ffk}dr}dx}
(4.14)
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Tk +s
< c,,,m{ / S(,,/z_1>+<,,+1/2)E{ / U (v, )]
|x|<m Tk

1/2 1/p
+|DU(v,x)|]2pdv} dx}

< C’"{EMSm fr:w[w(v,xn

1/2 1/p
+ |DU (v, x)|1*? dv dx} s(3”/2)_1/2}

1/2p
5c,,,m{/ E{ sup [|U(t,x)|+|DU(t,x)|]2”}dx} s3/?
|x|<m

0<t<T
=3 Um2p = U Im2041)-

We are now ready to prove (4.7). First note that by an integration by parts
[considered on the space (2, F, P, {F7,+})] we have

% +5 1 k
f (s, x)dB;.

1 k 1 k 51 k
—F*(t,x)==-F (8,x)+/ —F (s,x)ds—/
t k) ¢ s2 g4t S — Tk

Therefore,
|- | Q" 51 4
sup 1@, 0l < SIF @01+ [ 1P 01ds
415 0<t<$ ) 0 s2
( M ) tk+t 1 k
+2 sup / [ (s, x)dBs|.
0<t<81/ T S =T

Without loss of generality, we assume that & — &, P-a.s. For any ¢, 6, m > 0, and
k € N, a simple computation using Chebyshev’s inequality and (4.15) leads to

1 T
e [ renanie
< P{ltx — t| > &} + P{|&| > m}
(4.16)

1 T
+P{ | endB, o = e T —nss, |sk|sm}
T— Tk I =k

|

1 1
§P{|tk—t|>5}+P{|§k|>m}+gE{ sup —F*(t,x)

0<t<é,|x|<m
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< Plln— vl > 81+ P&l > m) + | sup 176,01

8 [x|<m

1 51
+—E{ sup / —2|Fk(s,x)|ds}
€ 0 s

[x[<m
2 L
+—-E§ sup / f (s, x)dBs
€ |o<t<s,WVu STk
[x[<m

<Plltc —t|> 8} + P{lék| >m} + 1) + I + I3,

where I, i = 1,2, 3, are three {---}’s on the right-hand side of (4.16). Combin-
ing (4.10) and (4.14) we have

C
r;’mIUlm,Z(n-H)\/g;

1 C
@.17) Ilng{sup |Fk<a,x>|}s k) <

[x|<m

and by using (4.11) and (4.14) we obtain

1 51 1 (81 x
12:—E{ sup/ —2|F (s,x)lds}f—/ _2E{ sup |F (s,x)l}ds
& s eJo s

[x|<m |x|<m
C 51 C 5
*4.15) = —nm/ SI" (Y ds < —n’mIUlm,z(nH)/ s~12ds
& 0o S & 0
Cn,mﬁ
= 1Ulm2m+1)-

Finally, we replace f* by f k@, x) = (t — )" f¥(z, x) in the definition of FX,
then by (4.10) and definition (4.9) we have

Tk +s
/ FX(s, x)dBy
T

k

2
I3=—E{ sup

€ |x|<m,0<t<8

} < S gl 7

&

dx

}(n—i-l)/Z }1/(n+1)

T +5
=Cn,m{/ E{/k [|f~7((s’x)|2+|ka(S,X)|2]dS
|x|<m T

€ k

Now using (4.13) and doing some similar computations as before we obtain

T +5
I; < @51/2 _ ;{/ E{/ ¢ ;(s _ ‘rk)”+1/2ds
€ n+1 U xi<m w (s — gt

45 172
(4.19) xE{(/ . (|U<r,x)|+|DU(r,x)|)2(”+”dr> ‘?}k}}dx

k
C
Y;’m \/EIUIm,Z(n-H)'

}1/(n+1)

=
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Combining (4.16)—(4.19) we deduce that for any ¢, 5, m > 0, and k € N,

P{ 1 /t fk(s’x)st\ngk > 8} < P{t — 1p > 8} + P{|&| > m}
T_Tk Tk

C
r;’m\/glUlm,Z(n-H)'

+

Thus, for each ¢, ¢’ > 0 we can first choose m large enough so that sup;, P{|&|>m}
< &'/3, since {&} converges in probability; and for the fixed m and & we
choose 6 small enough so that the third term on the right-hand side above
is <¢&'/3, since |Ulm2m+1) < 00 by assumption; and finally we can find
aK=K(e¢, 8, m)>0suchthat P{t — tp > 8} <¢&'/3,Vk > K, since 1 1 T
in probability. Consequently we have (r — ;)™ ffk ks, x) dBs|y—g — 0, as
k — 00, in probability. Namely (4.7) holds, and hence the lemma. [

5. Application to stochasic PDEs and stochastic viscosity solutions. Hav-
ing worked so hard to prove the pathwise Taylor expansion for solutions to SDEs,
it is now quite clear that all the technicalities come from the martingale term in
the equation, that is, the term | g(s, x, u(s, x)) d Bs. Indeed, the method of the pre-
vious sections can be used to generalize the result to solutions to a class of fully
nonlinear second-order Stochastic PDEs (SPDEs). To be more precise, let us con-
sider the following SPDE:

5.0) {du:F(t,x,u,Du,Dzu)dt—kg(t,x,u)dBt,

u(0,x) =¢(x),
or in an integral form:

u(t,x) =@(x) + /l F(s,x,u(s,x), Du(s, x), D*u(s, x))ds
(5.2) 0

!
+/ g(s, x,u(s,x))dBs,
0
for all (¢, x) € [0, T] x R". Throughout this section we assume that
(53) FeC*(10.T1xE),  geC®([0.T1xEp), ¢eC*R",

where E2 R" x R x R" x R"*" and Eg £ R" x R.

Again, as before our main purpose is to derive the pathwise Taylor expansion,
thus we shall postulate upon the existence of a certain type of “smooth solution”
or “classical solution” which we now describe.

DEFINITION 5.1. Arandomfieldu = {u(z, x, w): (¢t,x,w) € [0, T] x R" x Q}
is called a classical solution to SPDE (5.1) if:

() u e CO2(F; [0, T] x R");
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(i1) u is a random field of It6-type:

t t
u(t,x) =@(x) +/ uy(s,x)ds —i—/ us(s, x)dBs, (t,x)€[0,T] x R",
0 0
where
wi(t,x) = F(t,x,u(t,x), Dut,x), D*u(t,x))  ua(t,x)=g(t,x,ut,x)),
forall (¢,x) €[0,T] x R", P-a.s.
An analogy of Theorem 3.2 is the following pathwise stochastic Taylor

expansion for solutions to SPDE (5.1). Since the proof of this result is almost
identical to that of Theorem 3.2, we omit it.

THEOREM 5.2. Assume (5.3), and assume further that g € C2’2’3([0, T] x
R" x R). Let u be a classical solution of SPDE (5.1), satisfying the following
estimate: for any p > 1, there exist K, > 1 and Cj, > 0 such that

(5.4) E{ sup (|u(t,x)|p+|Du(t,x)|p)} §Cp(1+|x|K”), x eR".

0<t<T

Then, for any (t, &) € Mo, x L*(F¢: R") and any (t, §)-approximating sequence
{(tk, &)}, it holds that

w(te, &) = u(r, &)+ a(t — 1) + b(By, — By) + %(Bfk — B;)?
(5-3) (P —E)+(q. & —E)(By — Bo) + 1 (X(& — ), & — &)
+o(lt — ) + o(l& — £,
where
a=F(t,&u(t,£), Du(t, &), D?u(t,§)) — (28,8 (v, &, u(r,£)),
b=g(r,&,u(r,8),  c=(g3.8)(t,& u(r,8),

p = Dl/l(‘l,', S)’ CI = axg(T’ 57 M(T, S)) + aug(t’ g’ M(t’ S))DM(T, S)v
X = D%u(t, &).

(5.6)

In particular, if T and ty’s are all deterministic, then the extra assumption on g
can be dropped.

In the rest of this paper we shall turn our attention to a new definition of the
stochastic viscosity solution for a class of quasilinear stochastic PDEs, using the
pathwise stochastic Taylor expansion that we established in this paper. First let us
translate some basic notions from the (deterministic) viscosity solution theory to
their stochastic version. We begin with the following definition.
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DEFINITION 5.3. We say that a random field of Itd-type u € C%2(F; [0, T]
x R™) is of class 412 if it has an expansion in the form of (5.5) for any (7, &) €
Mo, T % L*(F,; R") and any (7, £)-approximating sequence.

Further, we call the quantities (a, b, ¢, p, g, X) appearing in (5.5) a set of quasi-
derivatives of u at (1, &).

Clearly, Theorems 2.2, 3.2 and 5.2 show that, unlike the deterministic case, not
every C*2-1td type random field is of class 4!2; but on the other hand, we see that
the regular solution of SDE (3.1) and classical solution of SPDE (5.1), whenever
exists, do belong to 42, provided that the coefficient g is regular enough. Bearing
these facts in mind, we now try to define a certain type of “subdifferentials” of
a 8'2-random field, in the spirit of the so-called “parabolic superjets/subjets” in
the theory of viscosity solutions.

We should remark here that one of the main features that a sensible “subdif-
ferential” has to possess is that whenever u is “differentiable,” the subdifferential
should coincide with the true “derivatives,” and the true “derivatives” should be
unique. However, at this point we have not been able to prove such results for gen-
eral 4':2-random fields. Instead, we shall restrict ourselves to a slightly smaller
subset of 812, characterized by the function g in the martingale term. To be more
precise, for any g € CY1([0, T] x R**1) we define

812(g) £ {u e 812:3u; (-, -), such that

S du(t,x) =uy(t,x)dt + g(t,x,u(t,x))dB;}.

Further, for u € 51’2(g), we call a set of quasi-derivatives (a, b, c, p,q, X) of u
a set of g-quasi-derivatives if it holds that c = gd, g(z, &, u(z, §)).

It is worth noting that, in light of the results of Lions—Souganidis [7] and [8],
as well as our previous work [2] and [3] on the stochastic viscosity solutions, the
function g determines the stochastic characteristics of an SPDE, therefore it is
not too surprising that it should be treated differently. The following definition
generalizes the notion of “super/subjets” to random field u € 8'%(g) along the
same line.

DEFINITION 5.4. Assume g € C%'([0, T] x R"*1). Let (1,&) € Mo.1 X
L*(F,;R"), and u € C(F; [0, T] x R"). A triplet (a, p, X) is called a stochastic
g-superjet of u at (1, §), if the following hold:

1) (a,b,c,p,q,X)isan R x R x R x R" x R" x 4(n)-valued ¥;-measurable
random vector;

(ii) denoting

b=g(t.6,u(,8),  c=(gdg(r.§ u9),
q = axg(t’ g’ M(t’ S)) + aug(‘r, 57 M(T, f))P,
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then for any (t, £)-approximating sequence {(tx, &)}, it holds that

u(ty, &) <u(r,§)+a(tg —v) + b(By, — By) + g(BTk — B;)®

(5-8) (P & —E)+(q. & —E)(By — Bo) + 1 (X(& — ), & — &)
+o(lt — T|) + o(|& — £I%).

We denote the set of all stochastic g-superjets of u at (z,&) by & ;’Z’Jru(r, ).

Similarly, we say that the six-tuple (a, b, ¢, p, q, X) is a stochastic g-subjet of u
at (t, &) if (i) holds and the inequality in (5.8) is reversed; and we denote the set of
stochastic g-subjets by gévzv_u(r, £).

We now establish the relation between the stochastic g-superjets/subjets and the
g-quasi-derivatives of a given u € 8'2(g). The following lemma is essential.

LEMMA 5.5. Let (1,§) € Mo T X L*(F,; R") be given. Suppose that there
exista,b € LZ(?}; R), p,q € LZ(}}; R™), and X € Lz(}}; 4(n)), such that for
any (1, &)-approximating sequence (tx, &) it holds that

0 < (resp. >)a(tx —t) +b(By, — By)
(5.9) +(p. &k —§)+(q,5k — §)(By, — By)
+% (X(E— &), & — &) +o(lt — T) + o(l& — €17,

thenb =0, P-as.;anda =0, p=0,q =0, and X > (resp. <) 0, P-a.s. on the
set {t > 0}.

PROOF. We prove only the case when inequality “<” holds in (5.9), as the
other direction is virtually identical.

First we choose 7, = v + %, and & = &. Then clearly % € Mo 0, Yk,
and {(tx, &)} is a (7, &)-approximating sequence. Since (5.9) holds true for all
(t, &)-approximating sequences, we have

a 1
(5.10) 0< %—i-b(Btk —BI)—i-%{k,

where ¢y = 0(1) — 0 in probability, as k — co.

For each k > 0 we define n; = \/l;(Brk — B;). It is easily seen that {n;} is
a sequence of N (0, 1)-random variables, independent of ;. Now for each ¢ > 0
and k£ > 0 we define

If & P{—a — kb(By, — B;) > ¢}.
Then from (5.10) and the fact that ¢ — 0 in probability we have

(5.11) I; <P{tr>e}—0 as k — oo.



1156 R. BUCKDAHN AND J. MA

Further, note that both a and b are ¥;-measurable, using elementary conditional
probability argument we obtain that

1 2
1€=/P—a—Jl€ b>ele—m—e Py, k=12, ...,

Now (5.11) implies that for all € > 0 (possibly along a subsequence may assume
itself), one has P{—a — vkyb > ¢} — 0, as k — oo, for a.e. y € R. This leads
easily tothat b=0and a >0, P-a.s.

Next we show that a < 0, P-a.s. To this end we note that F is a Brownian
filtration, thus the stopping time 7 is predictable. Let {rx} be any sequence of
F-stopping times such that 7 1 7 on {r > 0}; and let & = &, Vk. Then again
{(tx, &)} is a (7, §)-approximating sequence. Recall that now b =0, (5.9) should
read

(5.12) 0=<—a(t — o)+ &(t — w),

where ¢ = o(1) in probability, as k — oco. Since 7 < t on {t > 0}, one has
a < ¢ — 0 on {r > 0}. Consequently, we see that a =0, P-a.e. on {t > 0}.

Next, we take t, = 7 + % again, butlet &, = & + %x, where x € R” is arbitrary.
Since on the set {t > 0} we now have a = b =0, (5.9) yields that

0<
- 2k?

=

<p,x>+%<q,x><3u —BT>+i<Xx,x>+o(ki2) on (t > 0},

or equivalently,

1 1
(5:13) 0= (pox){q.x) By — B+ 5 (Xrox)o( 1) on (>0}
Letting k — oo we derive that ( p,x) > 0, on {t > 0}. Since x € R” is arbitrary,
we obtain that p =0, a.s. on {7 > 0}.
Finally, note that with 7z =7 + % and &, =& + %x again (5.13) is reduced, on
the set {t > 0}, to that

1 1
0= (g.x)(By = Bo)+ o (Xxx) +0( ).
Replacing a = % (Xx,x)and b= (g, x) in (5.10) and using the same argument
as we did in the first part of the proof we see that (¢,x) =0, and (Xx,x) >0
must hold P-a.s. on {t > 0}. Since x is arbitrary, we derive that g =0 and X > 0,
P-a.s. on the set {t > 0}. The proof is now complete. [

Our main result of this section is then the direct consequence of Lemma 5.5.
Since the proofs are now very straight forward, we leave them to the interested
readers.
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THEOREM 5.6.  Suppose that g € CO1([0, T] x R"*Y), and u € $12(g). Let
(1,8) € Mo.7 x L>(F¢; R"). Then:

(i) the set of g-quasi-derivatives of u at (t, &) is unique;

(i) if (a,b,c, p,q,X) is a set of g-quasi-derivatives of u at (t,§), and
@, p, X) € g;’2’+u(t,é) [resp. g;vzv_u(t,é)], then it holds, P-a.s. on the set
{O<t<T}, thata=a,p=p,X <X (resp. X > f) and

b=g(t.&, u(r.§), c=(g0u.8(r.& u(x,§)),
q=Dg(t,&, u(r,£) +d,8(t. &, u(x,&)p.

We now give the new definition of the stochatic viscosity solution of the fully
nonlinear SPDE (5.1). We note that in the deterministic case such a definition is
equivalent to the one we defined in our previous works [2] and [3].

DEFINITION 5.7. A random field u € C(F; [0, T] x R") is called a stochastic
viscosity subsolution of (5.1) if u(0,x) < ¢(x), Vx € R", and for any (z,£) €
Mo.r x L*(F¢; R") and any (a, p, X) € gg>Fu(t, §), it holds that

(5.14) a < F(t.6u(t.8), p. X) — 5(80,8)(r. & u(r.)):;

u is said to be a stochastic viscosity supersolution if u(0,x) > ¢(x), Vx € R",
and for any (7,§) € Mo X L*(F.; R") and any (a,p,X) € g’;’z’_u(t,é),
(5.14) holds with the inequality being reversed.

If u is both a stochastic viscosity subsolution and supersolution, we say that
u is a stochastic viscosity solution of (5.1).

To conclude this section, we give a theorem which in a sense justifies
our definition of stochastic viscosity solutions. Let us recall from [4] that the
SPDE (5.1) is called parabolic if the function F is “degenerate elliptic,’ that is, for
any X, Y € 4(n), the set of all symmetric n x n matrices, such that X <Y, then

(5.15) F,x,u,p,X)<F(t,x,u,p,Y) Y(t,x,u, p).
(Note that our F' and that in [4] differ by a sign!)

THEOREM 5.8. Suppose that the assumptions of Theorem 5.2 hold, and that
the function F is degenerate elliptic. Then, a classical solution to SPDE (5.1) must
be a stochastic viscosity solution of (5.1).

PROOF. Assume that u is a classical solution of (5.1). Then Theorem 5.2 tells
usthatu € 4 1’Z(g). Furthermore, by Theorems 5.2 and 5.6(i) we know that for any
(r,8) e Mo.T X L?(F,; RM), the unique set of g-quasi-derivatives of u at (1, §),
denoted by (a, b, ¢, p, q, X), is given by (5.6). Now let (a, p, X) be any element
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of gé’2*+u(‘r, &). By Theorem 5.6(ii) we have @ = a, p = p, and X > X. This,
together with the monotonicity of F (5.15), yields that

a:a = F(‘E7€7 M(T,S), )28 X) - %(gaug)(f, é’ M(T’ é))
< F(r.6,u(t,8), p. X) — $(89.8) (1. &, u(r,8)),

verifying (5.14), namely u is a stochastic viscosity subsolution. That u is
a viscosity supersolution can be proved in a same way. [

6. Stochastic viscosity solutions for quasi-linear stochastic PDEs. In this

section we apply the results of the previous section to a special class of quasi-
linear parabolic SPDEs:

u(t,x) =@(x) +/(;t{£u(s,x) + f(s,x,u, 0 (x)Du)} ds

6.1) ;
dBS?
+/(; g(s, x,u(s,x))
where
6.2) Lu 2 Yr{oo” (x)D*u} + (B(x), Du).

For notational convenience, we shall refer to (6.1) as SPDE(f, g) in the sequel.
We should point out here that if the coefficients o, 8, f, g and ¢ are sufficiently
smooth, Pardoux and Peng [10] proved that the SPDE (6.1) will have a classical
solution in the sense of Definition 5.1, and the solution can be represented by
the solution to a BDSDE. Our purpose here is to study the stochastic viscosity
solutions under less regularity on the coefficients.

To simplify discussion, in what follows we consider only the case where the
function g takes a simpler form: g(z, x,u) = g(¢, x)u. We note that in the case
when when g is nonlinear in u, we can still apply the so-called Doss transformation
as we did in [2] and [3] to carry out our argument, with more complicated
expressions. We prefer not to pursue the full complexity here because of the length
of the paper.

We shall make use of the following assumptions:

(Al) o: R" > R¥ and B: R" - R”" are uniform Lipschitz continuous, with
common Lipschitz constant K > 0.

(A2) f: @ x [0,T] x R" x R x R¥ > R is continuous, such that for
fixed (x,u, p), the process (w,?) f(a),t,x,u,aT(x)p) is F-progressively
measurable; and for some constant K, p > 0,

|f(@,1,x,0,0)| < K(1+ [x|P), (w,1,x) € 2 x[0,T] x R";
|f(w»t,xa)’,2) - f(wvta-x’y/vz/)l =< K(ly _y/| + |Z_Z/|)’
(0,6,x) €Qx[0,TIxR"; y, y eR; z, 7/ e Rk
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(A3) g € C,(R"); and g € C, ([0, T] x R").

Let us consider the following “Doss transformation” for the SPDE (6.1) which
we introduced in our previous works [2] and [3]. For fixed (x, y) € R* x R, let
n(w,t, x, y) be the solution to the SDE:

t t
©3) ntx ) =y+1 [ @eoneryds+ [ gl ont.x. ) db.

Then, n(t,x,y) = yexp{/; g(s, x)dB,} £ yi(t, x), where 7(t, x) = exp{[; g(s.
x)dBg}; and the y-inverse of 7 is

E(t,x,y)= yexp{—/o g(s, x) st}

=y lt,0),  (tx, ) €0, TIxR" xR.
Now let u(¢, x) be a stochastic viscosity solution to (6.1), we define
(6.4) v(t,x) = &(t, x,u(t, x)) =&(t, x)u(t, x),
where g(t, x) & exp{—fé g(s,x)dBs} = 771, x), (t,x) €[0, T] x R™.

REMARK 6.1. We note that the traditional Doss transformation (see, e.g., Ben-
soussan [1]) is of the form: v (¢, x) = exp{—g(¢, x) B; }u(¢, x), (t,x) € [0, T] x R",
which is slightly different from ours. But note that if g € C!+2, then

t t
g(t,x)B,=f g(s,x>st+f d,g(s.x)Byds,  (1,x) €[0,T] x R,
0 0

By slightly changing the computation below, we see that the two transformations
are essentially the same.

To simplify notation from now on, we denote 3 (t,x) as (¢, x), and 77(¢, x) and
n(t, x) (not to confused with & (¢, x, y) and n(¢, x, y)!). Then, &(¢, x) satisfies the
following SDE:

(6.5) Et,x)=1+ l/tgz(s x)&(s,x)ds — /lg(s x)& (s, x)dB;.
9 2 0 9 9 0 9 9
Thus, using integration by parts we have
dv(t,x) = &, x){Lu(t,x) + f(t, x,u(t,x), ol (x)Dul(t, x))}dt
+ &, x)g(t, x)u(t,x)dB; + %u(t,x)é’(t,x)gZ(t,x) dt
—u(t,x)g(t,x)&(,x)dB; — gz(t, x)&(, x)u(t, x)dt
= &(t, x)[Lu(t, x) + f(t,x,u(t,x),0" (x)Du(t,x))}dt

— Ju(t, x)g*(t, x)dt,
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or equivalently,

dqu(t,x) = &(t, x){Lut,x) + f(t,x,u(t,x), o’ (x)Du(t,x))}
(6.6) 1 )
—5u(t, x)g=(t, x).

Since u(t,x) = &, x) 'v(t,x) = n(, x)v(t, x), denoting G(¢, x) =S fég(s,
x)d By, we have

6.7) DG(t,x):/()ng(s,x)st, DZG(t,x):/(;lng(s,x)st

and
Du(t,x) =n(t,x)Dv(t, x) +v(t, x)n(, x)DG (¢, x),
6.8)  D?u(t,x) =n(t, x)D*v(t, x) + 2n(t, x)Dv(t, x) ® DG(z, x)
+v(t, X)n(t, X)[DG(t, )% + v(t, x)n(t, x) D*G (1, x),
where a @ b £ ab” and a®% £ a ® a, for a, b € R". We obtain easily that
69) Lu(t,x) = n(t,x){ili(l‘,x) + (e Dv)(t,x), (6T DG)(t, x))
+ 3v(t, 0)|(cTDG)(t, x)|*> + v(t, x) LG (t, x)}.

Now define a new (random) function: f QX [0, T]xR" xR x R* — R by
flw.t,x,y,2) 2 &, x,w)

X f(a), t,x,n,x,w)y,nt, x,w)[z+ (GTDG)(t,x, a))y])
+{LG(t, x,0) + 26T DG)(t, x, w)|* — 1%t )}y
+((c"DG)(t, x, w), z).

Then combining (6.7)—(6.10) we see that (6.6) can be written as

dv(t, x) = Lu(t,x) + f(t,x,v(t,x),0(t,x)Du(t, x)),

v(0, x) = p(x).

(6.10)

(6.11)

REMARK 6.2. The random function fN in (6.10) is much more “regular” than
that in [2] and [3], as it does not have a quadratic growth in the variable z. This is
due to the special form we take for g(z, x, u).

Now let us see what will happen for the stochastic super(sub)jets under the same
transformation. Note that in the present case we have g(¢, x, u) = g(t, x)u, thus the
identities in Definition 5.4(ii) should now read

b=g(t,&u(r,§), =g, Hu(r,§),
q=Dg(t,§u(r,&) +g(r,&)p.

We first prove the following lemma.

(6.12)
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LEMMA 6.3. Assume (Al)—-(A3). Let (t,&) € Mo X L*(F,;R), and

(@,p,X) € Jp>Tu(,§) lresp. 3> u(z,§)). Define v(t,x) = €(t, x)u(t, x),
then for any (t, £)-approximating sequence {(tx, &)}, and for P-a.e. w € Q, it
holds that

v(Tk, &) =< (resp. =) v(7,8) +ay(tx — 1) + (pv, 6k — &)

(6.14) | 2
+5 (X —8), 6 — &) to(ltk — ) + ol — &),
where
ay :8(‘[’ S)a’
(6.15) pv=E(,§)p—v(r,§)DG(7,§),

Xy =&, 6)X +v(z,&)[DG(1,8)]%* — v(z,£) D>G(1, §)
- &, 8){p®DG(r,6)+ DG(1,8) ® p}.

Namely, (ay, pv, X,) € go > T 0(z, §) [resp. o> "v(z, €)1,

Conversely, if (a,p,X) € 2(1)’2’+v(r,€) [resp. 2(1)’2’_U(T,€)], and define
u(t,x) =&, x)" v, x) = n(t, x)v(t, x), then the triplet (ay, py, X,) given by
ay =1(t,§)a,
pu=n(.§)p+u(,§)DGC(7,§),

Xu=n(r,6)X +u(r,§)[DG(1,§)]®* + u(r,§) D*G(7, §)
+n(z,§){p® DG(z,§) + DG(1,§) Q p},

will satisfy (au, pu> Xu) € §g>Tu(z, £) [resp. Jy> u(z, &)1,

(6.16)

PROOF. First note that the random field &(f,x) = exp{—G(t,x)} =
exp{—g(t, x)B;} is a “regular” solution of the SDE (6.5), in the sense of De-
finition 3.1. Thus applying Theorem 3.2 we see that for any (7,&) € Mo 1 X
L?(¥,;R) and any (7, £) approximating sequence {(t, &)}, it holds that

€(tk, &) = €(t,8) +ao(tx — T) + bo(By, — Br)

+ 2By — B+ (po. & — &)
6.17) 2%

+(qo, & — & )(By, — Br) + 3 (Xo(&k — &), & — &)
+o(|t — 1) + o(|& — &1%),

where

ag=38%(v,£)6(1,£) — 1g%(1,£)€(1,£) =0,
bo=—g(t,£)8(1,8),  co=g*(r,6)8(t,§),

(6.18) 3 po=DE(t,8) = —&(1,£)DG(1, ),

qo=—E&(t,8§)Dg(t,§) — g(t, %) po,

Xo=D?8&(1,£) = &(1,§)[DG (7, £)]®? — &(1,£) D*G (1, £).




1162 R. BUCKDAHN AND J. MA

Therefore, (6.17) becomes

&(tk, &) = (1, E){1 — g(v,&)(By, — By) + 38%(1,6)(By, — Br)?
—(DG(1,£),& — &)
+ ([gDG — Dgl(z,8),& — & )(By, — By)
+3(DG(,8), & — €)1
— 3 (D*G(1,6)(Ex—§). & — &)
+o(lie — ) + o(l& — 1)}

(6.19)

Now let (a, p, X) € gé’“u(r, £). By definition we must have

u(te, &) <u(r,§) +a(ty —v) +b(By, — By)
+§<Bfk — B>+ (p, & —&)

+(q, 6k —E)(By, — Bo) + 3 (X (& —£), & — &)
+o(lt — T|) + o(|& — £,

(6.20)

where b = g(t,6)u(r,£); ¢ = g*(t,&)u(r,§), and ¢ = Dg(r,&)u(r,§) +
g(tr,&)p. Since &(¢, x) > 0, by some computation combining (6.19) and (6.20),
one obtains fairly easily that
v(Tk, &) = & (T, S )u (T, &k)
<v(7,§) + &(t,§)a(tk — 1)
+{&(7,5)b —v(z,§)g(r, §)}( By, — Br)
1
+ {E:(r, 6) + 30 O 6) —bEE g (. s>}<Btk B,y
+ < 8(T’ é)p - U(T7 E)DG(T’ é)’ Sk - E >
+(€(1,8)g +v(1,8)[gDG(1,§) — Dg(t,§)]
—b&(1,6)DG(1,&) — &(1,£)8(1,§)p, & — §)(By, — By)
+ 5([E(r. £)X + v(1,£) Dg (1. £)®* — v(1,£) D*G (1, £)
—&8(1,6) p® DG (1,6)1(5k — &), & — &)
+o(l — 7)) +o(l& — &[7).

Now using the definition of b, ¢, g, and doing some cancellations we see that the
above is nothing but (6.14).
The second half of the lemma can be proved in a similar way, we omit it. [J
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Lemma 6.3 has the following easy but important consequence:

COROLLARY 6.4. Assume (A1)—(A3). Let u, v be two random fields such that
v(t,x) =8, x)u(t,x), V¥ (t,x), P-a.s. Then u is a stochastic viscosity solution to
SPDE(f, g) if and only if v is stochastic viscosity solution to SPDE( f~ ,0), where f
is given by (6.10).

PROOF. Let us first assume that u(-,-) is a stochastic viscosity solution.
Define v(t, x) = &(t, x)u(t, x). In order to show that v is a stochastic viscosity
solution to the SPDE(f, 0) we let T € Mo and & € L*(F;R") be given
and let (a, p, X) € g’(l)’z’Jrv(r,é), in the sense of Definition 5.4. Using the
Doss transformation and applying Lemma 6.3 we derive the set (ay, p,, X,) €
g ;’Z’Jru(r, &), defined by (6.16). Since u is a stochastic viscosity solution, it holds
that (recall Definition 5.7)

ay < Str{oaT (@)X} + (BE), pu)
+f(r. &, u(z,8),0 &) pu) — 38°(x, E)u(t, &).

But then applying the inverse transformation, we see that (a, p, X) will satisfy the
inequality (5.14) with g = 0, which is exactly what we need. The other direction
can be proved in a similar way, we leave it to the readers. [J

(6.21)

7. An equivalence theorem. In this section we prove that, for the quasilinear
SPDE (6.1), the definition of stochastic viscosity solution given by Definition 5.7
is indeed equivalent to that of [2] and [3], verifying a featured result in the
(deterministic) theory of viscosity solutions. We note that the definition proposed
in this paper works for a much larger class of nonlinear SPDEs, it is therefore
potentially more useful in applications.

In light of Corollary 6.4 and a similar result in [3], we shall consider only
the case when g = 0. That is, we need only show that any stochastic viscosity
sub(super)solution of SPDE( £, 0) in the sense of Definition 5.7 must also be one
under the definition of [2] and [3], and vice versa. Moreover, by the uniqueness
result in [3] we know that a stochastic viscosity solution there must coincide with
the w-wise viscosity solution to the PDE

du(t,x) = Lu(t,x) + f(w,t,x,ut,x),o’ (x)Du(t,x)),
u(0,x) =p(x),

for P-a.e. w, in the usual sense. The following result will be sufficient for our
purpose. Recall from [2] and [3] that a random field u € C(F; [0, T] x R") is called
“uniformly stochastically bounded” if there exists a positive, increasing process
® e LO(F, [0, T1), such that

lu(t,x)| <©®;  V(t,x), P-as.

(7.1)
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THEOREM 7.1. Assume (A1)—(A3), and let v € C(F;[0,T] x R") be uni-
formly stochastically bounded. Then, v is a stochastic viscosity solution to SPDE
(f,0) if and only if for P-a.e w € 2, v(-,-,w) is a viscosity solution to the
PDE(f(w,...),0) in the usual sense.

Before we prove the theorem let us first recall some facts regarding “backward
doubly stochastic differential equations” (BDSDEs) and the associated nonlinear
Feynman—Kac formula (see Pardoux and Peng [9, 10] and Buckdahn and Ma [2]).
Let W be a k-dimensional Brownian motion defined on a canonical Wiener space
(', F', P'), where @' = C([0, T]; R"); and let F, £ o{W, — W, r € [s,1]},
forO0<s<t<T.Let(Q,F,P) be the completed product space of (2, ¥, P)
and (', F', P') and denote by G = {Gs}sej0.7] the backward filtration in which
Gs L5 va/ 7» augmented by all the P-null sets. We note that if ¢ and 7 are two
random variables defined on (2, #, P) and (R, ¥', P’), respectively, then we
view them as random variables in (Q, F, P) by the following usual identification:

(@) =¢(w), n@) =n), w=,0o)eQ.

For fixed (w, t,x) € Q x [0, T] x R”", let us consider the following system of
SDEs on (', ', P"; {F/ r}sefo.11):

t t
X, =x+/ b(Xr>dr+/ o (X)) L dW,,
(1.2) s s s e[0,1].

s s
YVZMO(XO)+/ f(w, r, Xr, Yy, Zr)dr_/ Zr»l/dWr,
0 0

Here “| d W” denotes the backward It6 integral with respectto W. Clearly, (7.2) is
a special case of the BDSDEs studied in [2] and [3], and is a time-reversed version
the BSDE/BDSDE studied in [9] and [10]. Consequently we know that (7.2)
admits a unique adapted solution, which we denote by (X®:/*, Y@.I.X Z@:L.X),
Also, if we define v(w, t,x) 2 Y*"*, for (w,t,x) € Q x [0, T] x R™. Then, the
random field v € C(F; [0, T] x R"); and the nonlinear Feynman—Kac formula
of [9] tells us that for P-ae. w € 2, v(w,-,-) is a viscosity solution to the
PDE (7.1). Furthermore, given any (7, &) € Mo, X L2(F,; R"), for P-ae.w € Q,
it holds that (see [9] and [10] or [2] and [3] for details)

(7.3) yI@S@ — (s, XT@E@)  fors e [0, T(w)], P-as.

Now let (7,&) € Mo, 7 % L2(F,; R") be fixed. For each w €  we consider
the solution (X®T(@)§@) yo.1(@).5(@) 7z0.1(@).5@)) on [0, 7(w)]. To simplify
notation, we shall denote, for E = X, Y, Z, respectively,

Bl (w, ) = BOT@E@ () 5[0, T(w)].
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By defining Xsr’E =&, st,é = f’g, and ZST’E =0 for s € [t(w), T], P-a.s., one
can easily check that, for each s € [0, T'], the mapping

o= (0,0) > (X1 (0, @), Y5 (0, @), ZH (0, o))

is §,-measurable; and that (X™5, Y ™5, Z76) € L?(G; [0, T] x R**1+K)_ Further-
more, using the relation (7.3) one can check that, for any G-stopping time 7 such
that 0 <n <, P-a.s., it holds that

S
Y=o Xp6 4 [ F o XEE YR 25 ar
(7.4) ; !
—/ ZEE L dW,, s en, Tl
n

Next, for (t,§) € Mo, % L%(F,.;R), let (a, p,A) € g’(l)’z’Jrv(r,é) be given.
Define a random field on (2, ¥, P):
p(s,. ) 2v(t, &) +als —1)+(p.x —§)

(7.5) )
+5 (A —8),x—§), (s,x)€[0,T] x R";

and consider the following random variable on (2, ¥, P):

-9 X0 @)
76) 06D 21 |t(w) —s|+|E@) — X5 @)
0, s = 1(w),

s < t(w),

for (s,®) € [0, T] x Q. Since F is a Brownian filtration, every stopping time
is predictable. To wit, there exists a sequence of stopping times {r,} € Mo T
such that 7y 1 t, P-a.e. on {t > 0}, as £ — 00; and 7y = 0 on {r = 0}. Let
£ () 2 X1, (@,0), €=1,2,..., where X"¢ is defined by (7.2). Clearly, for

Plae. o € Q, {(ty, Sé‘),)}gzl is a (t, &)-approximating sequence on the space
(2, F, P). Thus for P’-a.e. ' € &, by definition of a stochastic superjet we have,

(7.7) (e, ) < o(0, E7) + RY

w/

where Ir—rz:w — 0 in probability (P), as £ — oo. Consequently, note
from (7.7) that [v(ze, &) — @(te, €)1 < |RY|, if we define Q@) 2
O (1¢(w), w), then for each o’ € &/,

RY
v — el + 1§ — &

Pll®(.o)| > ¢} = P|

>s}—>0 as £ — o0o.

Therefore,

(7.8) ﬁ{|®g|>8}=/§2,P{|®g(~,a)/)|>8}P/(da)’)—>0 as £ — 00,
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thanks to the bounded convergence theorem. That is, ®, — 0 in probability (P),
and thus, by extracting a subsequence if necessary, we shall assume in the sequel
that ®, — 0, P-a.s., as £ — 00.

We remark here that we may assume without loss of generality that ®, is
bounded. For otherwise we can define a G-stopping time

n(@) 2 sup{s < t(w):0(s, )| > 1},

and consider the sequence of G-stopping times Ty 2 n VvV g, £ =1,2,....

Since O(t(w)—,w) = 0, we must have n < t, thus for each w, 7, = 1, for ¢

large enough, and hence @g(@) = 0% (®),w) — 0, P-as., as £ — oo. Since

replacing 7, by 7; (and ®, by @g) in our future discussion will not cause any

substantial difficulty, we shall assume from now on |G| < 1, P-as., forall £ > 1.
We are now ready to prove Theorem 7.1.

PROOF OF THEOREM 7.1. We first assume that v is a stochastic viscosity
subsolution of SPDE( £, 0) in the sense of Definition 5.7. We show that it is also
a stochastic viscosity solution of SPDE( £, 0) in the sense of [2] and [3]. Indeed, let
(1,€) € Mo.7 x L2(F; R"), and let ¢ € C12(F;: [0, T] x R") be a random field
such that

v(t,x) —(t,x) < (resp. >)v(r,&) —p(t,§)
for all (¢, x) in some neighborhood of (7, §), P-a.e. on {0 < v < T'}. Then clearly,
one has
v(t, x) —v(t,§) < (resp. >)p(t,x) —¢(7,§)
+09(7,8)(t — 1)+ (Do(7,8),x —§)
+3 (D*p(t. ) (x — &), x — &)
+R(t—1,x —§), (t,x) €[0,T] x R",
where, P-a.e. on {0 < t < T}, it holds that
Rt —1,x—§)
It —t|+|x — &
Therefore, one has (0,¢(7, &), De(t, &), Dz(p(‘r, &) € gé*“v(r, &) [resp.

g(l)’z’_v(t, £)], and consequently, since v is a stochastic viscosity subsolution of
SPDE( £, 0), it follows from Definition 5.7 that

dip(t, &) < (resp. =) Lo(t,£) + f(r.& v(r,), 0 () Do(t, £)),

P-as. on {0 < t < T}. Comparing to the definitions in [2] and [3] we then see
that v is indeed a stochastic viscosity sub(resp. super)solution in the that sense.
Finally, using the uniform stochastical boundedness assumption and applying the

—0 as (t,x) — (1, ).
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uniqueness result in [3] we conclude that v(-, -, ®) must coincide with the unique
pathwise viscosity solution of PDE (7.1) in the usual sense, proving the assertion.

The proof of the reverse direction is more involved. We shall only argue for
the stochastic viscosity subsolution case, as the super solution part is similar.
Therefore, in what follows we assume that v € C(F; [0, T] x R") is an w-wise
viscosity subsolution of PDE (7.1) in the usual sense, and try to prove that it is
a stochastic viscosity subsolution of SPDE( £, 0) in the sense of Definition 5.7.
Thatis, forany (7, &) € Mo, 1 X L2(F,; R") and (a, p,A) € gé’2’+v(t, &), it holds
that

(7.9) a<str{oo’ E)A}+ (BE), p)+f (.6, v(r.8), 07 ()p),

P-as.on{0<t<T}

We now introduce an intermediate BSDE that will play an important role in our
proof. For each w € Q, let (Y*, Z*) be the G-adapted solution to the BSDE

N
YE = p(z, X5 +/ £ XTE YL 28 dr
(7.10) ) fe
_/ <Zf7\l/dWr>’ SG[TE"E]
T

4

On the other hand, applying It6’s formula we get (suppressing variables):

R
(s, X5°%) =<p(rz,X§f)+/ (8,0 — Lo}, XT5) dr
(7.11) ) 2
— [ (0" D) XEE), L aw, ),
T,

4

for s € [0, T(w)], P’-a.s. Define

Yi=Yl— @, XI5 Z0=2'— (0" Do)(s, XT%),  selwn. Tl
(7.12)
' vt=0, Zz'=o, s €0, 7]

Then clearly (?5, 4 %) is the (unique) G-adapted solution to the following BSDE:

o~ S o~ —~

Y= / {FnXPE Y 90, XP9), Z + (07 D) (r, XT9))
(7.13) o s
— @ — Lo XPOdr = [(ZE4aW,), selmrl

Te

Setting s = 7, taking conditional expectation E{-|G.} on both sides above, and
noting that o {W, — W, r € [0, 7]} is independent of ?;’T given ¥, we obtain
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that, P-almost surely,

-~ J— t -~
Pi@ =B [ 170X T o X1,
T

4

7+ 0T D) (r, X5)) = (39 — L£0)(r, X5)) dr!gf}@

T(w) ~
(7.14) _ E{ / [f(r XP5, P8+ 9(r, XT5),
T,

(o)

Z! + (0T D) (r, X75)) — (B9 — L) (r, X7 )} (@, -)dr},
s € [te(w), T(w)].
Now let us recall the definition (7.5) and note that

al‘go(t’-x):a’ Dgo(t’x):p+A(x_S)’
D?p(t,x) = A, (r,x) €[0,T] x R".

It is easily seen that for some positive random variable ¢ € LO(F;; R,.) one has

o(r, X254 18, — L)p(r, XT5)| < (1 + | X551,
|Do(r, X™5)| < c(1+ X5,  relo,rl.

Using some standard estimates for BSDEs we obtain that, for p > 2 in (A2), there
exist some generic constant C > 0 and positive random variable, still denoted by
¢ € LO9(F,; R,), which are allowed to vary from line to line, such that

—~ J— S ~
|Yf|2+%E{/ |zf|2dr|9s}
174
= [’ S0 S —=o2
(7.15) §§E{/ (1+|Xff|P)|Y,|dr\gs}+C/ E{|Y,17|Gs}dr
T¢ Te
s— -
< cU+ XTI~ +C [ EITPlgsdr,  selnrl
174
Applying Gronwall’s inequality we then have
—~ J— S -~
|Y£|Z+%E{f |Zf|2dr’9s}§§(1+|X§’§|2p)(s—fe), s elre. 7l
174

In particular, it holds that

(7.16) Y2 <+ X512 (s — 1), selm, Tl £>1.
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Using this in (7.15) we derive further that, for s € [1, 7],

[N ziparlg) <E{ [ carixpienvi=ziarlg.)
T Ty

(7.17) sifsvr—re(1+F{IXZ’§I2”\9s})dr
7]

<A+ |XTEPP) (s — 1) /2

By virtue of (7.14) we then have (denoting X = X ©.§)

Y @) - F{ / {£(r, Xr, 0(r, X,), (6T Do) (r, X,))

4

X (3 — L)p(r. X)) dr|9f}<w>‘

(@) .
(7.18) S;“(w)E/{/W (17 (@, ) +|Zf(w,-)|)dr}

(@)

< (@)(1 + E@)]7)(t (@) — 7e(@)
12 o[ [T 5 2 12
2 (@)(t(@) - Te(@)) {E[/ 12, )] dr]}

()

3/2

<@ (14 [E@)P)(t (@) — @)*,  P-aem.

Consequently, dividing T — 7, on both sides of (7.18), and then letting £ — oo and
applying the dominated convergence theorem we obtain that, P-a.s.,
1. /Y\e = ’»SH ) ) T -
i e = S s @ ot r)

(7.19) 1
+ Etr{o*aT(é)A} +(B&).,p).

Now comparing (7.19) to (7.9) we see that it remains to show that the left-hand
side of (7.19) is nonnegative. To this end, we first note that

(7.20) Vi=v!i—p@, &)=Yt —v(r,6) =Y — YT

Denote now ¥/ = Y — ¥{*%, and Z¢ = Z¢ — ZE%  for s € [14, T]. Then, from (7.4)
and (7.10) we see that

Y= (p—v)(te. X55)

N s
+f {fr. XP5 Y5 25— f, X:’S,Y,f’é,z:"f)}dr—/ (ZE 1 dw,)
T

Te
s

=~ 0. X5+ [ afTE 4+ (B Z0ar — [ (2L Law),
T

Te
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where of € L®(G;[0,T]) and B¢ € L>®(G;[0,T] x R¥) are two bounded
processes, whose bounds depend on the Lipschitz constant K in (A2). Therefore,
one has

N

Rfl?f:Rfe((p—v)(tg,X;js)—/r (R'ZE, LdWhy,  selr.tl.

r<re
[/

Here we denote R“' = exp{/ afdr}, Rt = RT, and WE 2 w, + [T gtdr,
s € [0, T]. Applying Girsanov’s theorem we know that, with L%’ 2 exp{ f; (BE,
idWr)—%fSt Iﬂflzdr}, and dP¢ £ Lg’Tdﬁ, W is a G-Brownian motion un-
der Pt Consequently, with C > 0 denoting the generic constant as before, we
have, for P-a.e. @,

Y @) =E{RETLG (9 — v)(te, X559} (@)
(7.21) = E'{RE™ (@, )Ly (9 — ) (te(), X5¥) (@, )
> —C(E'[(v — )" (re(w), X5 (, ))*]) /2.

Since 7, ¢ and & depend only on w, we get that, for P-a.e. w € {t > 0},

—_ 7’\‘[ .
@) =@ )

<C E/[(w _ (@) Xi @, -)))2“”2
- T(w) — Te(w)

(@@ = (@) + [E@) = X5 (@, )12\
et )

T(w) — 1¢(w)

<C{E’

supse[w(a))’t(w)] |€(O)) - X‘ES (C(), )|8i| }1/4

Ird . !
<C{E'[®;(w,)]E [1 + 1T (w) — e (w)|*
< CE0} . M (1 + @),  Plas.

Now noting that |®,| < 1 by our assumption and ®; — 0, P-a.s., as we showed
before, applying the dominated convergence theorem again we have

L 1 N 1/2
E{t}%rgo(r — 7 (YTE)_> H{DO}}
< CE{(E'|0,/H31 +1gH1/?)
<CE0HBEQ + €)'

—-0 as £ — oo.

This amounts to saying that EMOO r_lw (?f)_ =0, P-ae. on {t > 0}, or
1

equivalently, lim, —Z?f > (0, P-a.e. on {t > 0}. This, together with (7.20)

too T
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and (7.21), leads to

0 < lim

lim Y = lim
too T — T Lt T — Ty

v
Yr

T 1 T
< f(r.&,v(r,8),0" (§)p) —a+ Etr{cm &)A}+(BE). p),

P-a.e. on {t > 0}, proving (7.9), hence the theorem. []

(1]
(2]

(3]
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(6]
(7]

(8]

(9]
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