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The p-variation of a function £ is the supremum of the sums of the pth
powers of absolute increments of f over nonoverlapping intervals. Let F be
a continuous probability distribution function. Dudley has shown that the
p-variation of the empirical process is bounded in probability as n — oo
if and only if p > 2, and for 1 < p < 2, the p-variation of the empirical
process is at least n1~?/2 and is at most of the order n'~?/2(log log n)?/2 in
probability. In this paper, we prove that the exact order of the 2-variation
of the empirical process is loglogn in probability, and for 1 < p < 2, the
p-variation of the empirical process is of exact order n1~P/2 in expectation
and almost surely.

Let S;:= X; + X, +---+ X . Then the p-variation of the partial sum
process for {X, X,,..., X, } is defined as that of f on (0, n], where f(¢) =
S;for j—1<t<j j=12,...,n Bretagnolle has shown that the
expectation of the p-variation for independent centered random variables
X; with bounded pth moments is of order n for 1 < p < 2. We prove
that for p = 2, the 2-variation of the partial sum process of i.i.d. centered
nonconstant random variables with finite 2 + § moment for some & > 0 is
of exact order n log log n in probability.

1. Introduction. Wiener first defined p-variation in 1924 [19]. He mainly
focused on the case p = 2, the 2-variation. For p-variations with p # 2,
the first major work was done by Young [20], partly with Love [12]. More
recent applications in probability theory include Bretagnolle [2], which proves
an important result for sums of independent mean zero random variables;
Lépingle [11], which treats the p-variation for semimartingales; and Pisier
and Xu [14], which treats martingales and Banach space interpolation. The p-
variation for empirical processes seems to have been first addressed explicitly
in a sequence of papers by Dudley [4, 6, 7].

The definitions of the empirical distribution function, the empirical process
and the p-variation of a function f are given as follows.

DEFINITION 1.1. Let X4, X,, ..., X, bei.i.d. (independent, identically dis-
tributed) random variables with d.f. (distribution function) F. Let F,(x) :=
n~iyr, 1(co,x)(X;) and @, := \/n(F, — F). Then F,, is called the empirical
d.f. of F and «, is the empirical process.

To introduce p-variation, we define the more general -variation first.
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DEFINITION 1.2. Let ¢ be a Young—Orlicz modulus. That is, ¢ is a strictly
increasing, convex function from [0, co) onto itself. Let f be a function from
an interval J C R into R. The ¢-variation of f is defined by

vy(f) = Sup{Zw(lf(xi) —fxii)D:xo€d, xg <2y < <x, €,
i=1

m:1,2,...}.

If y(x) = xP, where p > 1, then the p-variation of f is v,(f) = v,(f).

For a sequence of random variables X,, X,,..., X, and S; := >, X, the
p-variation for partial sums is defined by

k
0, (X)) = max{z S, =8, |P0=jo<ji<-<ir=n
=1

k:1,2,...,n}.

REMARKS. For p = 1, the p-variation is the usual total variation. For
p = 2, the 2-variation we are studying here is actually different from the
widely studied quadratic variation of a stochastic process, which is defined by
a limit in probability as the mesh of partitions goes to 0, or an almost sure
limit under further restrictions.

For p>1land —co <a <b < +oo,let W, := W [a, b] be the class of all real-
valued functions f on [a, b] with finite p-variation v,(f) = v,(f,[a, b]) < co.
For any f € W, define | f|, := vp(f)l/l’. Then | £l is @ seminorm which

is 0 only for constants. If we let ||f[, = [Ifllp) + £l Where [f|. =
sup, |f(x)|, then |- ||, is @ norm on W ,. It can be shown that W , is complete
for || - || ,; and so W, is a Banach space.

In [4], [6] and [7], Dudley suggests using the p-variation norm to replace
the supremum norm when considering the differentiability of some statistical
functionals. The reasons are severalfold: first, Fréchet derivatives often exist
for p-variation norms while they do not for the supremum norm. Second,
uniformly over all possible norms on spaces containing empirical distribution
functions, the p-variation norm gives remainder bounds in the differentiation
which are of the smallest possible order in a range of cases. Third, the p-
variation norm retains the good property of the supremum norm of being
invariant under all strictly increasing, continuous transformations of R onto
itself. Fourth, the central limit theorem for the ordinary empirical process in
the p-variation norms holds for p > 2. These as well as other results given in
[4], [6] and [7] show the importance and usefulness of the p-variation spaces
and norms.

For p > 2, the central limit theorem for empirical processes in p-variation
holds [4] and there exist versions «; and B} of the empirical process «, and
Brownian bridge B, respectively, on some probability space, such that E|a, —



1372 J. QIAN

Bl < C(p)nt/P=2 where C(p) is a constant depending only on p and
the bound is optimal up to the constant C(p) [9]. For p < 2, the central limit
theorem for empirical processes cannot hold since the p-variation norm of
the empirical process is not bounded in probability. Dudley ([7], Theorem 2.2)
shows the following:

THEOREM A (Dudley). Let F be any d.f. and F, be an empirical d.f. for
F.Then for 1 < p < 2, v,(n"3(F, — F)) = 0,(n*"P(LLn)??) as n — oo.
Conversely, if F is continuous, then almost surely for all n, vp(nl/z(Fn—F)) >
nl-p/2

A Young-Orlicz modulus ¢ as in Definition 1.2 is said to satisfy the A,
condition if, for some constant L < oo, ¢(2x) < Li(x) for all x > 0. Taylor
[18] proved the following:

THEOREM B (Taylor). For the Brownian motion process x, on [0, M], where
0 < M < oo, almost surely v, (x,) < oo, where L x := max(1, log x), ¢r1(x) :=
x?/LL(1/x) for 0 < x < e~ and ,(x) is defined for x > e~¢ in any way
such that ,(x) is a Young-Orlicz modulus satisfying A,. Moreover, if ,(x) =
o(#(x)) as x decreases to 0, then v, (x) = +oc almost surely.

In this paper, we will establish the exact order of v,(«,) in probability for
p = 2, and both in expectation and almost surely for 1 < p < 2. In particular,
we show that for p = 2, the upper bound in Theorem A is sharp up to a
constant, while for 1 < p < 2, the lower bound is sharp up to a constant. We
also show that for 1 < p < 2, the almost sure bound is of the same order
as the bound in expectation, thus also is of the same order as the bound in
probability.

For the p-variation of partial sums, Bretagnolle ([2], Theorem 2) proved:

THEOREM C (Bretagnolle). Let X,, X,,..., X, be independent random
variables with EX; =0fori =1,2,...,n. Then for p € (0, 2), there exists a
constant c,,, depending only on p, such that Ev,({X;}_;) < ¢, > E[X;|?.

The paper is organized as follows: In Section 2, we study the 2-variation
of partial sum processes. In Section 3, we use the connection between the
p-variation of the partial sum process and that of the empirical process to
obtain results for the empirical process. In Section 4, we study the almost
sure asymptotic behavior of the p-variation of ¥, — F' for a continuous d.f. F’
and its empirical d.f. F,, with 1 < p < 2.

2. The 2-variation of partial sum processes. In this section, we show
that the 2-variation of the partial sum process of i.i.d. centered random vari-
ables Y; with finite 2 + 6 moment for some 6 > 0 is of order nLL n in prob-
ability.
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To get a lower bound for the 2-variation of the partial sum process of Y,
we begin with the simple case in which X; are i.i.d. N(0, 1) random variables.
It is easily seen that the following holds for some ¢ > 0 in place of 1/12. For
a proof of the given statement, see Qian ([15], Lemma 2.1).

LEMMA 2.1. Let ®(x) be the standard normal distribution function. Then
O(—x) =1—P(x) > (1/12) exp (—3x2/4) for x > 1.

Now, let {X,};.; be i.i.d. N(0,1), S, := Y% X; for k> 1 and S, :=0. Let
K = 25. Given n, let

) l:=l(n) = {4';%’;{J and m = m(n) = UE}%’H

where | x| is the largest integer < x. Let L x := max(1, log x) and let
En = En(w)

= {t e{0,1,...,n— |Vl we 6||St+Kj(w) — S,(w)| = VK LLn/2]}.
j=l

LEMMA 2.2. For n large enough (n > nq, where n, is an absolute constant)
and forany t € {1,2,...,n — |/n]}, P(w: t € E,(w)) > 1 — p,, where p, :=
exp(—(log n)**/(52log K)).

Proor. For the given n and ¢, let
Ej = Bj(t) = {0 1Si.x:(0) = Spoxia(@) = VEI LAY,

for j=1+1,14+2,...,m. Then by Lemma 2.1,

; 1 3 K 1 4

‘] — f— — — [E—
P(E;) > T exp( LLn) z 35 exp( 5LLn)

4Ki_Ki1
2)

1
= 5 (log n)™® forn > |e¢| +1=16.

Let E}, = E(¢) := U711 Ei(t). Note that for different j’s, E{;(t) depend

on disjoint sums of i.i.d. random variables, so E,{(t) are independent, and for
n > 16,

pe=p( U B)=1-p( 0 @) =1~ I1 P&

j=l+1 j=l+1 j=l+1
m
>1- [] (- (1/22)(logn) *®)
J=l+1

> 1 —exp(—(1/12)(m — I)(log n)~*/®)
> 1 —exp(—(1/12)(log n/(4log K) — 1)(log n)~*/®)
> 1 —exp(—(logn)**/(52log K)) =: 1 — p,,
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where the last inequality holds for n > n, for an absolute constant n, = 5194 <
5 x 1072

So with probability greater than 1 — p,, there exists some j =1+ 1,1+
2,...,m,suchthat |S, g,(w)— S, gi1(w)| > v KJ/LLn. Then either |S,, g, —
S, = VKiLLn/2 or |S;, g1 — S;| > ¥VK/LLn/2 > VKJ/-TLLn/2. This
implies that for w € E/ (¢), we have ¢t € E,(w); therefore, P(w: ¢t € E, (w)) >
P(E,(t)) >1— p, holds forn > n,. O

Lemma 2.2 holds for individual ¢. It can be extended by a Fubini argu-
ment, as in Taylor's [18] proof of Theorem B, to a large portion of points in
{0,1,...,n— [/n]} simultaneously. Let U,, be the discrete uniform distribu-

tionon {0,1,...,n — [/n]}.
LEMMA 2.3. Forany n > nq, P{o: U, (E,(»))>1-/p,} >1— /D,

PROOF. By Lemma 2.2, for each ¢, [, 15 (,)(t)dP(0) =P(w: t € E,(w)) >
1 — p,. Then, interchanging an integral and a finite sum gives

[ Us(En@)dP(@) = [ | 15,)(1)dP@)dU, (&) > 1 - p,.

If the lemma fails, a contradiction follows easily, so Lemma 2.3 is proved. O

The proof of Theorem 2.1 below will, again as in Taylor’s [18] proof of The-
orem B, use the following lemma of Vitali type:

LEMMA 2.4 (e.g., Lemma 7.2.2 in [5]). Let A(A) denote the Lebesgue mea-
sure of a set A in R. Let % be a collection of open intervals in R with bounded
union W. Then for any ¢ < A(W), there is a finite, disjoint subcollection
{Vi,Vy, ...,V ,} C%, such that 37 A\(V;) > t/3.

THEOREM 2.1. Let {X;};.; bei.i.d. N(0, 1) random variables and v,(n) :=
v,({X;},). Then for any c € (0,1/12), P(v,(n) > cnlLLn) - 1asn — oc.

ProoOF. By Lemma 2.3, we know that for n > n, with probability greater
than 1— /p,,, for more than M := M(n) := [(1—-/p,)(n— [v/n]+1)] integers
in{0,1,...,n— |J/n]}, say, ¢, t,,..., ty, we can find corresponding integers
Jj), j(2),..., j(M), such that {t;,t; + K/O}M™ < {1,2,...,n} (for, K/® <
K™ < |Jn])and |S,; ;g —S;| = VKD LLn/2fori=1,2,..., M.

Consider the open intervals with integer endpoints ¢, and ¢, + K/ for
i =1,2,..., M, that s, the open intervals {(¢;, t;+K7)}¥, . Note that K/() >
K > 1 {t;,t; + K'OM < {0,1,...,n} and for n large enough, M = |(1 —
VP)(n —|/n]+1)] > ¢yn for any fixed ¢; € (0, 1). Therefore, the union of
these open intervals is an open set in (0, n] with Lebesgue measure b, where
b:=b(n)>M > cyin.

Applying Lemma 2.4, for ¢;n < b, yields a finite and disjoint subcollection of
the above open intervals, say, {(¢;, ¢, + K/)}!_,, such that Y7, K/® > ¢,n/3.
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For the open disjoint intervals {(¢;, ¢; + K/)}!_,, the closures are nonover-
lapping except for possible intersections at endpoints. If we renumber the end-
points, we canget0 < ¢; < &, + K/® <t, <t,+ K/® < ... <t, <t,+ K/ <
n. Thus, vy(n) > Z?zl(sti+Kj(i) —Sti)2 > (1YL, K/DLLn > (¢;/12)nLLn.
Let ¢ :=c;/12. Then P(vy(n) > cnlln)>1-/p, - lasn — oo. O

Theorem 2.1 gives a lower bound for the 2-variation of partial sums of i.i.d.
N(0, 1) random variables X;. Now we prove a more general result for i.i.d.
random variables Y; with finite 2 + 6 moment for some & > 0.

THEOREM 2.2. Let {Y; }l>1 be i.i.d. with EY, =0, EY7 =1 and E|Y,|>" <
oo for some & € (0,1]. Let vd(n) := v,({Y,;}",). Then for any ¢ € (0, 1/12),
P(vY(n) > cnlLLn) — 1 asn — oo.

PROOF. LetT,:=Y",Y,fork=1,2,...,n, Ty:=0and L := E|]Y,|*" <
0o. Then by an extension of the Berry—Esséen theorem (e.g., [13], page 115),
there exists an absolute constant A > 0, such that

Vi, |P(T./vn<t)—P(S,/vn<t)| <A L/n"=L/n"2

where S, := X;+X,+---+X, and the X;'sarei.i.d. N(0, 1) asin Theorem 2.1.
Let P{, =P(T,xi—Tiigin < —vKJiLLn)and P% :=P(S;,gi — Sy kit <
—+vKJLLn) for j = = l+_1,l+2, ..., m, recalling K := 25 and for [, m defined
asin (1). Then, |Py — Py| < L'/(K/ — K/71)*/2 for j =1+41,1+2,..., m. Note
that K/ — K/=t > K/=' > K!' > n¥4/K for j=1+41,1+2,..., m. Therefore,
|PJ PAJX| <L . K6/2/n8/8
Recall the definition of E‘J (as in the proof of Lemma 2.2) and (2) which says
that P(E}) > (logn)=#/5/12 for j =1+1,1+2, ..., m. So Py = P(E})/2 >
(logn)~ 4/5/24 > L' - K°?/n®® for n large enough. “Then for large n, we have
P} > P§/2 > (logn)=4/5/48. Let Ej := {w: |Tsyxs — Tyoxi| = VK LLn},
j=1+41, ..., m. Then, P(E}) > P} > (logn)~*/5/48. One can continue the

proof just as in Theorem 2.1 since the rest of the proof only requires the
random variables be i.i.d. and not standard normal. O

Next we will establish an upper bound for the 2-variation of partial sums.

THEOREM 2.3. Let {X;};.; be i.i.d. with mean 0 and variance 1. Then
vy(n) = v,({X;}.;) = O,(nLln) as n — oo.

ProoF. Let {x,},.o be a Brownian motion defined on the same probability
space as {X; };-q such that they are independent. By taking a product space,
we can assume such an {x,},.o exists.

By Skorohod imbedding of sums (e.g., [1], Theorem 13.6), there is a sequence
of i.i.d. nonnegative random variables, 7, 7,, ..., defined on the same space,
such that the process {xp(;};—; and the process {S;//n}/_; have the same
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distribution, where T(i) := 7 + 7, +---+ 7, and S; = X; + X, +--- +
X, fori =1,2,...,n. Furthermore, E7; = E(X,//n)? = 1/n. Therefore, for
T1)<T@2)<---<T(n), ETG) =iEmy =i/n, i =1,2,...,n. In particular
ET(n) = 1. Then for any given ¢ € (0, 1), if M > 1/¢, by Markov’s inequality,
forall n, P(E,) <1/M < ¢, where E, :={w: T'(n) > M}. Let ,(0) := 0 and

x?/log log(1/x), if0<x<e®

py(x) == {(xz +(ef+e)x—1)/2, ifx>e.

Then ¢, (x) is a Young—Orlicz modulus satisfying the A, condition.

Now we will get an upper bound for S := sup,. Zle(xT(ji) —xp(;,_,))? on the
set O\ E,,, where the supremum is taken over all finite partitions 7: 0 = j, <
Ji<---<jp=n.lLet

U= {i e {12, kY Jas) — 2| < UV
and

I := [l € {1, 2, ey k}. |xT(]L) — xT(ji71)| > 1/\/%}
Then

S = sup Y (xr(;) — %1, )

iel

(X)) = Xr(jp)°

+sup Y di(lxpi,) — X D) -
T el G0 UV g (g — %2, )

= S| +S||.

Itisclear that S, <> ,,,1/n <k/n <1.
For an upper bound for S,,, let

b1 = (xr(iy = 210 )/ ¥a(lxrGy) = Xrgpl)s P el

Then

1 .
IOg |Og if ﬁ < |xT(m — xT(jL_1)| <e

X7y = %1 )

b; = 2(xp(j) = *1(j, )
(xr(jpy = X1 )+ (e +e®)xpgy — xpgj,_pl =17

if lxp ) = %r¢, )l > €™
Let
1 _
1 = {1/ < lwrgy — xag, )l <€)
and

2 _
&7 = ¢l lxr) — 200, > €}



p-VARIATION OF CERTAIN PROCESSES 1377

where 1{---} := 1,.,. Then for any i € II, ¢§1) < loglog+/n < loglogn.
Also, since B := (e + e °)|xpij,y — xp, Hl —1 > 0 if ¢52) > 0, then d)gz) =
2A/(A+B) < 2 for A := (xp(;,,) — x7(;,))* > 0 and B > 0. Therefore,
for any ¢ € Il, ¢; < max(2,loglogn) = loglogn for n large enough. Then
Sy < loglogn sup, > ;e ¥a(lxrgj,) — X1, )

INQ\E,, T(n) < M, sosup, Y ey ¥1(|x7) — 2r¢j,_|) < vy, (x,, [0, M]) <
oo almost surely by Theorem B. Recall that P(2\ E,)) > 1 — ¢ for all n,
where & > 0 is arbitrary. Letting ¢ — 0, we get S = S, + S;; = O,(LLn), as
n — oo. Since Y5 1(S; — S, )? =) n X1 (xpjy — %1(j,_))? it follows that
vy(n)=0,(nLln)asn— oco. O

Combining Theorems 2.2 and 2.3 gives the exact order of the 2-variation of
partial sums in probability up to some constant.

THEOREM 2.4. Let{X,;},.; bei.i.d. withEX, =0, EX? =1and E|X,|**° <
oo for some 6 > 0. Then the 2-variation of partial sums of {X;}" ; is of exact
order nLL n in probability. That is, it is O ,(nLLn) and not o,(n LL n).

3. The p-variation of the empirical process. Recall the definition of
the p-variation of a function f in Section 1. We will treat the cases p = 2 and
p € [1, 2) separately.

Let F be any nondecreasing function from an interval J into an interval
L. Then for any real-valued function g on L, let (go F)(x) := g(F(x)). Itis
easy to see that for 0 < p < 00, v,(go F) <v,(g). If F isonto L, or onto its
interior and g is continuous at the endpoints, then v,(go F) =v,(g).

Let F be any d.f. and let F',, be an empirical d.f. for it. Let U be the uniform
[0,1] d.f. and let U,, be its empirical d.f. Then it is easy to see and known that
we canwrite F, = U, oF and, of course, F = UoF.Thus F,,—F = (U,—-U)oF.

The lower bound for the 2-variation of partial sums will imply the following
result for the 2-variation of the empirical process, which is sharp up to the
constant c, since by Theorem A, v,(a,) = O,(LLn) as n — oo.

THEOREM 3.1. Let F' be any continuous d.f. on R, let F,, be its empirical
d.f. and let @, := /n(F, — F). Then P(vy(a,) > ¢cgLLn) - 1 as n — oo,
where ¢ is any constant in (0, 1/12).

PrROOF. We can assume as just noted that F is the UJ[0, 1] d.f. U, since
U, is continuous at 0 and 1. Let X,, X,,..., X, be i.i.d. observations with
distribution F. Since F' is continuous, a.s. they are distinct, say, 0 =: X o, <
X1y < < Xy < X(ns1) = 1. Denote the uniform spacings as s; := X ;) —
Xy i=212,...,n+1 Letr, = (F, - F)(X;) — (F, — F)(X(;_y)) for
i=1,2,....,n+1 Thenr; =1/n—s;fori =1,2,...,nand 7,4 =
Recalling Definition 1.2, it is clear that

A3) va(a,) = no,({F 7).

—Sn41-
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For the uniform spacings s;, there is a well known representation theorem as
follows:

LEMMA 3.1 (e.g., [16], page 335). Let {yi}?jll be independent standard ex-
ponentially distributed random variables and I',,; := >/} ;. Then {s,;}*]
is distributed as {y;/I',,;}*}, and T',,; is independent of {y,;/T", 1 }""1.

Lemma 3.1 allows 7; = 1/n — s; to be replaced by r; := 1/n — v,;/T', ., for
I = 1,2, N (D Fn+l = —Sp41 by 41 = _'yn+l/rn+l and

4) Uz({’“i}gll) =(d) 02({’71}:511)

Now, lety; = (1 —v;)/T ;1 forl <i <n+1;z;,=1/n-1/T',,forl <i <n+1;
w;, =0forl<i<n;and w,,; = —1/n. For any u := {u;}}} € R™, let
lull == ulz) = (va({u;}'71))*2. Recall that the so defined || - || is a seminorm.
Asr=y+z+w,we have ||r| —|yll| < |z] + [[w]. Itis clear that |w| = 1/n,
Izl =1(n +1)/n = (n +1)/T, 4], thus

®) 7l = [yl = Op(n~Y2)

holds by the central limit theorem and the law of large numbers. On the other
hand, T, 1| Il = (v2({1 = %:}{21))*?, and by Theorem 2.2, P(v,({1 -y, }/27) =
c(n +1LL(n+1)) > 1lasn — oo. Note that I',_,/(n +1) — 1 as., so
P(lyll = e¢y/LL(rn +1)/(n+ 1)) — 1 as n — co. Combining this with (3), (4)
and (5) completes the proof for the uniform case, and so the general case of
Theorem 3.1. O

For 1 < p < 2 and any continuous distribution function F, by just consider-
ing the jumps of height n=/2 of ,, at n distinct points, clearly v, (a,) > n'~?/2,
Next we will establish an upper bound on Ev ,(«,) of the same order as this
lower bound, which implies that the exact order of v,(«,) for p € [1,2) is
nt=P/2_ The proof will be based on Theorem C Bretagnolle of [2].

THEOREM 3.2. Let F be any d.f. on R, let F,, be an empirical d.f. for F and
a, :=n'?(F, — F). Then for 1 < p < 2, Ev,(a,) < C,n'"P/?, where C, is a
constant depending only on p.

PrROOF. Again, we can assume F' is the uniform [0,1] d.f. U. Let X,,
X,, ..., X, be the n observations on which F,, is based. Almost surely they
are distinct. Let the order statistics be 0 =: Xo) < X3y < -+ < X,y <
X(n+1) =1.

Let @, (¢—) = limg,a,(s) for 0 < ¢ < 1. Let uy; = X; and uy;_; =
Xy—fori =1,....n, uy = 0, up,y; = 1. It is easy to see that «, are
piecewise monotone functions. By properties of such functions, it can be shown
that v,(a,) = v,({a,(u;) — a,(u; 1)} ") [15]. Let s; == X(;) — X(jqy, @ =
1,2,...,n+ 1, be the uniform spacings. Then a,,(u,;_1) — o, (uy;,_») = —/ns;
fori=1,2,...,n+1and a,(uy;) — a,(uy_1)=1/y/nfori=1,2,... n.
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Let y; and I',; be the same as inNLemma 3.1 and let y,,_; := —s; =
—yi/Tpfori=212,...,n+1and y,, :=1/nfori =1,2,...,n. Leta :=
{a;}2"* for any a;. It follows that

(6) Up(an) = np/zvp(y)'
Let G(n) :={I',,1 = n/2}. By independence of {sj}’;-j and I',,; (Lemma 3.1),

Ev,(¥) = E(v,(3)IG(n)) = E(v,(¥)16(n)/P(G(n)).

For all n, P(G(n)) = 1/4 by Chebyshev's inequality, so Ev,(y) <
AE(v,(¥)lgm)) Let ypiq = —y;/Tpafori =1,2,...,n+1, yy; :=1/I,, for
i=1,2,...,nand let x,,_; :=0fori =1,2,...,n+1, x;, :=1/n—-1/T', 4
for i = 1,2,...,n. For any a,b > 0 we have by Jensen’s inequality
(a+b)P <2P71(aP? +bP). As j = y +x, we have v,(¥) < 271 (v,(y) + v, (x)).
So

(7) Ev,(¥) <4 2P 'E[(v,(y) + v, (2) g |-

For n < 2p/(2 — p), the conclusion holds since v,(«,) is uniformly bounded
for such n, so assume n > 2p/(2 — p). It is clear that v,(x) = [1 — n/T', 4|7,
and by Hdlder’'s inequality,

E|L = n/Tyl? < [E(Tpy — n)P P2 [E(UT, )P @] P2
= 1112.

Since E(T',41) = n+1and Var(l',,,) = n+1, I, = (n + 2)P/2. For I,, since
I',,1 has the density x"e *1,.,/n!, we have

1, = [E(r, & e ) o [ [ 5@
0

< Q.

:|(2—p)/2

Using the asympotic approximations of the gamma function and n! by Stir-
ling's formulas, it follows that I, = O(n~?) as n — oo. Thus

(8) E(v,(2)1gm)) < Evy(x) = E[1 —n/T, 4 |P = O(n"P/?).

Next we will obtain an upper bound for E(v,(y)1g(,))- Todoso, letz; :=1T', 1 y;
fori=1,2,...,2n + 1.

CLAIM 31. Let wi = ZZi—l + Zzi = 1 —_ '}/i fOI’ l = 1, 2, cee, . Then
E(v,({w;}i1)) < v, - n, where vy, is some positive constant depending only
on p.

PROOF. {w;}"; ={1—;}", are i.i.d. with Ew; = 0 and Ew? < co. Apply-
ing Theorem C to {w;}?_,, Claim 3.1 follows. O

The next claim is obvious, since each z,; =1 and z,;_; = —v; <0 a.s.
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CLaM 3.2. Letp>1,letT;:=Y7} 2 for j>1,Ty:=0,and let 0= j, <
Ji<--- < Jjp=2n+1 be such that Y |T; — T  |? reaches the maximum

vp({zi}fﬂl). LetA,:=T; - T, fori=1,2,...,k Then as. A; alternate in
sign. Since zy, 23, ..., 2,41 < 0 and z,, z4, ..., 25, > 0, we have that % is an
odd integer, A;, Az, ..., A, <0and Ay, Ay, ..., A,y > 0. Furthermore, each A,
(i=1,2,...,k) is a sum of an odd number of consecutive z;'s beginning and

ending with terms having the same sign as A, itself.

CLAIM 3.3. Let1 < p < 2. Then Ev,({z,};"{") = E(X},IT;, - T
B, n for some constant g, > 0.

ji—l|p) =

Proor oF CLAaM 3.3. For p = 1, we have a.s. j; = i and the claim holds.
For 1 < p <2, by Claim 3.2, v,,({z;}:"{") = XF_, |A;|?, where A; has the form

A = {2211(0_1 + 2o, F o+ Zopiy-1,  fOri=1,3,...,k,
' 22ma(i) + 22my(i)+1 + -+ 22my(i)> fori=2,4,...,k—1,

with 1 </,(i) <l,(i) <n+1and 1 < my(i) < my(i) < n for each i. Thus

I,(i)-1
Z wj+2212(i)—1’ fori=1,3,...,k,
A = J=l()
my(i)

Zomiy+ D wj, fori=2,4,.. . k-1
J=my(i)+1

Using the fact that |a + b|? < 2P7%(|a|? + |b|P), it follows that

Ir(i)—-1
2P1(

> w,

J=l1(7)

p

+ |2212(i)1|p), fori =1,3,..., &,

14;1” =
ma(i) p
2p_1<|22m1(i)|p+ Y w, ), fori=2,4,...,k—1.
J=mq(i)+1
Noting that each A; (i = 1,2,..., k) is a sum of disjoint consecutive z;'s, we
have

Up({zi}fgl) <2773+ 3)),

where 3, is part of a p-variation sum of {w;, w,,...,w,}, and 3, is a sum
of terms |z;|P for k distinct values of j. Thus, since E|z;]? > 1 = E|2,|” and
likewise for other z;, i odd or even,

Ev,({z:}2") < 2P7H(ES, + ES) < 277 Ev,({w;}y) + (20 + DE|2|7]
< 2P y,n+ (2n + 1)E|z;|P] < B,n

for some constant B, < oo, thereby establishing Claim 3.3. O
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Recall that Ev,({x;}2";") = O(n~?/2) = o(n*~P?) and that z; = y,T,.,. From
the definitions,

E(Up(y)lG(n)) = E[Up(z/rn+l)lG(n)] = (Z/n)pEUp(z) = O(Rl_p)'
Now Theorem 3.2 follows from (6), (7) and (8). O

4. The almost sure asymptotic behavior of ||F, = F[. In the pre-
vious sections, we investigated the p-variation for partial sum processes and
empirical processes and obtained bounds in expectation (p < 2) or in prob-
ability (p < 2) for them. In this section, we will look at the almost sure
asymptotic behavior of the p-variation norm ||F), — F|/,;. In other words, we
will find numbers a, such that 0 < limsup,,_, ., |F, — F||;,)/a, < co almost
surely.

For p = 1, clearly ||F, — F||;, = 2 for any continuous F. For p = oo, the
p-variation seminorm of F, — F, defined as (sup —inf)(F, — F), is within a
factor of 2 of the sup norm, for which there is the Smirnov—Chung LIL (law
of the iterated logarithm) as follows:

THEOREM D (Smirnov [17] and Chung [3]). For p = oo,
limsupv2n | F, - F|,/vLLn =1

n—oo

almost surely.

THEOREM 4.1. For 2 < p < oo, 1 <limsup,_, ., v2n|F, — F|,/vLLn <
oo almost surely.

PrOOF. From [4], /n||F, — F|, is bounded in probability uniformly in n
for p > 2. It follows that the limsup in the statement is finite a.s. (Theorem
4.1in [8]). The limsup is at least 1 by considering F,(t)— F(t) at ¢t = 1/2 and
the one-dimensional log log law. O

We see that for p =1 and p > 2, actually the almost sure asymptotic order
of magnitude of the p-variation norm || F, — F||, is either known or follows
directly from known results. Next, we will look at the case where p is between
1 and 2.

THEOREM 4.2. For 1 < p < 2 and some constant A, < oo, if F is any
continuous d.f. on R and Y, are any random variables having the distribution
of ||[F, — F|p for each n but an arbitrary joint distribution,

1<inf —2— <limsup —2— <A, a.s.
= w@p-t =MSUP -Gt =4

PROOF. As discussed in Section 3, we can assume that F' is the uniform
[0,1] d.f. U. Let X4, X5, ..., X,, be the n observations on which F,, is based.
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Let G;(?):=1(x,o—tforO<t<landi=1,2,...,n. Then (F, - F)(t) =
n~t ", Gi(t). Itis obvious that |G, ||,y <3 fori=1,2,...,n.So E||Gi||[2p] <
9fori=1,2,...,n. By Theorem 3.2, for 1 < p < 2, Ev,(a,) < C,n' P2 forn
large. Then

n

2. Gi

i=1

E

= \/ﬁE”an”[p] = ‘/HE((vp(an))l/p + ”an”oo)

[p]
= VREQ(v,(@,))"'") = 2Vn (B (a,)
< ZﬁC%/Pn(l/p)’l/z = A nt/P (A, == zcé/p)’

where the second inequality follows from Jensen’s inequality and the third
from Theorem 3.2.

Now, p-variation norms can be evaluated over rational arguments and so
are measurable. So, we can apply Lemma 2.1 of Kuelbs [10] (cf. also Lemma 2.6
in [8]). Let 7, :=9n > > E[G;|F,; and M :=3 > |G|}, i = 1,2,...,n.
Then for any 0 <y <1/(2M) = 1/6 and for any A > 0, we have

2.Gi

P(|F, — Fll,)/n™P™t > A) = P(
=1

> Anl/p)
[p]

< exp<3y27n — y(Anl/p —-E

2. G

i=1

)

< exp(27y%n — y(AnY/P — A;n1/P)).
Take y := n(/P)~1 < 1/6 for n large. Then
P(IF, — Fliy/n/? 7 = A)
< exp(27n(2/P)—1 — (A - Al)n(Z/p)—l)
= exp(—(A — A,)n®P71)  where A, := A, + 27.

By the Borel-Cantelli lemma, since for A > A, 30° ) exp(—(A—A,)n(?/P)71)
converges, we have limsup,_ . [|F, — F||;,;/n*/?~* < A almost surely for any
A > A,, and hence for A = A,,.

On the other hand, by only considering the jumps of F', — F at each X,
we have |F, — F||;, > n1/P)=1 almost surely since F is continuous. The proof
holds for any Y, with the same distribution as | F, — F|, for each n, so
Theorem 4.2 follows. O

REMARK. For p = 2, the almost sure asymptotic order of |F, — F|,, re-
mains an open problem.
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