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CHARACTERIZATION OF G-REGULARITY FOR
SUPER-BROWNIAN MOTION AND CONSEQUENCES
FOR PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

BY JEAN-FRANGOIS DELMAS! AND JEAN-STEPHANE DHERSIN
MSRI and Université René Descartes

We give a characterization of G-regularity for super-Brownian motion
and the Brownian snake. More precisely, we define a capacity on E =
(0, 00) x R?, which is not invariant by translation. We then prove that the
measure of hitting a Borel set A C E for the graph of the Brownian snake
excursion starting at (0, 0) is comparable, up to multiplicative constants,
to its capacity. This implies that super-Brownian motion started at time 0
at the Dirac mass §; hits immediately A [i.e., (0, 0) is G-regular for A] if
and only if its capacity is infinite. As a direct consequence, if @ C E is a
domain such that (0, 0) € @, we give a necessary and sufficient condition
for the existence on @ of a positive solution of d,u + %Au = 2u?, which
blows up at (0,0). We also give an estimate of the hitting probabilities
for the support of super-Brownian motion at fixed time. We prove that if
d > 2, the support of super-Brownian motion is intersection-equivalent to
the range of Brownian motion.

1. Introduction. The purpose of this paper is to give a characteriza-
tion of the so-called G-regularity for super-Brownian motion introduced by
Dynkin [8]. Thus we say that a point (r, x) € R x R? is G-regular for a Borel
set A C RxR?, if a.s. the graph of a super-Brownian motion started at time r
with the Dirac mass at x immediately intersects A¢, the complementary of A.
In case A = @ is an open set, this is equivalent to the existence of nonnegative
solutions of the equation (du/dt) + %Au = 2u? on the open set @, which blow
up at (r, x) € 4Q (cf. [8]).

Let E = (0,00) x R%. We prove that (0,0) is G-regular for a Borel set
A C R x R? if and only if the capacity of A¢N E is infinite, for the following
capacity: for any Borel set A’ C E,

cap(A’) = [inf I(»)] !

where

I(v) = //E dsdy p(s, y)<//E v(dt, dX)WY,

and p denotes the heat kernel,

p(t x) _ (27Tt)7d/2 exp(—|x|2/2t), 1f (t’ x) e E’
’ 0, if (¢, x) € (o0, 0] x R%.
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[| - | denotes the Euclidean norm on R?.] The infimum is taken over all prob-
ability measures v on E such that v(A’) = 1. Notice that this capacity is not
invariant by translation in time or space. This capacity arises naturally when
one considers the Brownian snake, a useful tool to study super-Brownian mo-
tion. Indeed, using potential theory of symmetric Markov process, I(v) can
be viewed as the energy, with respect to the Brownian snake, of a certain
probability measure (see Section 4 for more details).

We extend a result due to Dhersin and Le Gall [6] where the authors study
G-regularity of (0, 0) for sets @ = {(s, y) € E;|y| < +/sh(s)}, where A is a
positive decreasing function defined on (0, co). Our result can also be viewed
as a parabolic extension of the Wiener’s test in [5] in an elliptic setting.

The proof of our results relies on the Brownian snake introduced by Le Gall.
We only give the definition and some properties for completeness in this paper
and refer to [10], [12] for detailed presentations. We will use time inhomoge-
neous notations.

Let (7, x) € R x R? be a fixed point. We denote by 7, . the set of all stopped
paths in R? started at x at time r. An element w of Y,.. is a continuous
mapping w: [r, {] — R? such that w(r) = x, and ¢ = {(w) € [, 00) is called
its lifetime. We denote by w the end point w({). With the metric d(w, w') =
|§(w) - §(wr)| + supszr|w(sA Lw)) — W' (8 A{w))|; the space 7, . is a Polish space.
The Brownian snake started at x at time r is a continuous strong Markov
process W = (W, s > 0) with values in 7, ,, whose law is characterized by
the following two properties.

1. The lifetime process { = ({; = {(w,)» s > 0) is a reflecting Brownian motion
in [r, 00).

2. Conditionally given ({,, s > 0), the process (W,, s > 0) is a time-inhomo-
geneous continuous Markov process, such that for s’ > s,
Wy (t) = Wy(2) for r <t <m(s,s') =inf 5 o] {y-
(Wy(m(s,s')+t)—Wy(m(s,s)),0 <t < {,—m(s,s))is a Brownian motion
in R? independent of W,.

From now on we shall consider the canonical realization of the process W
defined on the space O = C(R", %, ,), and denote by &, the law of W started at
w € ¥, .. The trivial path x, such that {, ) =r, X,(r) = x is clearly a regular
point for the process (W, &,,). We denote by N, , the excursion measure outside
{x,}, normalized by the following: for every ¢ > 0,

1
N, x[sup§5 > 8+r] = —.
ls>0 2¢

Notice that N, , is an infinite measure. The distribution of W under N, , can
be characterized as above, except that now the lifetime process ¢ is distributed
according to the It6 measure of excursions of linear reflecting Brownian motion
in [r, 00). Let o = inf{s > 0; {, = r} denote the duration of the excursion of ¢
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under N, .. The graph * of W is defined under N, , by

G = {(t, W.(t);r<t<i{,0<s< O'} = {(gs, Ws);O <8< 0'}.

We write &*(W) for &* when there is a risk of confusion.
Let us now explain the connection between the Brownian snake and super-
Brownian motion. First, we introduce some notations. We denote by (M, .#)

the space of all finite measures on R?, endowed with the topology of weak
convergence. We denote by #(S) (resp., %#,,.(S)) the set of all real measur-
able [resp., bounded nonnegative measurable] functions defined on a Polish
space S. We also denote by #(S) the Borel o-field on S. For every measure
ve M, and f € By, (R?), we shall write (v, f) = [ f(y)v(dy). We also denote
by supp v the closed support of the measure v.

We consider under N, , the continuous version (I, ¢ > r, s > 0) of the local
time of { at level ¢ and time s and define the measure-valued process Y on R?
by setting for every ¢ > r, for every ¢ € %, +(Rd),

(Y, )= /O dll (W,).

Let 7, = Ucre ;. - Let p be a finite measure on R? and Y, ; 8y be a
Poisson measure on C(R", #,) with intensity [ u(dx)N, ,[-]. Then the process
X defined by X, = p and X, = ¥,.; Y, (W) if t > r, is a super-Brownian
motion started at time r at u (see [10], [12]). We shall denote by P, , (resp.,
P, ,) the law of the super-Brownian motion started at time r at u (resp., at
the Dirac mass 6,). We deduce from the normalization of N, , that, for every
t>r,N, ,[Y,#0]=1/2(¢—r) < oc. This implies that, for ¢ > r, there is only
a finite number of indices i € I such that &*(W?)N[¢, c0) x R? is nonempty.
We consider the graph of X,

4(X) = U(U{t} x suprt> =UJ £ (W),

e>r \t>¢g iel

where A denotes the closure of A. A set A C (R x R?) is called G-polar if
P, . [£(X)NA # D] = 0 for every (r,x) € R x R?. From Poisson measure
theory, we have

P, [f(X)NA#DB|=1—exp(-N, [£ NA#D]).

Hence A is G-polar if and only if N, ,[4*NA # ] =0 for all (r, x) € R x RY.
We consider the capacity defined by the following: for A € Z(R x ]Rd),

cap'(A) = |:inf //Rde dsdy

29-1
<//<s 00) xR v(dt, dx)p(t —s, x — y)exp (—(t - S)/2)> ] ,
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where the infimum is taken over all probability measures v on R x R? such that
v(A) = 1. Dynkin proved (see Theorem 3.2 in [7]) that A € #(R x R?) is G-
polar if and only if cap’(A) = 0. (We have cap'(A) =0 & N, [ NA# D] =0
for all (r, x) € R x R%.) It is easy to check that if A C E is a compact set, then

cap'(A)=0 <« cap(A)=0.

This can be extended to all Borel subsets of E since the two capacities are
inner capacities (see [13]). In fact, it seems more relevant to consider the ca-
pacity cap to characterize G-regularity, as we shall see. We have the following
quantitative theorem.

THEOREM 1. There exists a constant C such that for any A € #(E),
47 cap(A) < Ny o[#* N A # D] < Cycap(A).

If Q is a domain of R x R?, it is well known that the function (r, x) >
N, .[#* N Q° # Q] is the maximal nonnegative solution u, of Ju/dt + 1Au =
2u? in Q. Hence, we deduce from Theorem 1 that if (0, 0) € @, then u,,(0, 0)
and cap(Q° N E) are comparable up to multiplicative constants which are
independent of Q.

The proof of Theorem 1 is split in two parts. In Section 2, we introduce
a capacity associated with a weighted Sobolev space, which is equivalent to
the capacity cap. In Section 3, using the connections between super-Brownian
motion and partial differential equations, we prove the upper bound with this
new capacity and hence for the capacity cap. The lower bound is obtained
in Section 4 by using additive functionals of the Brownian snake introduced
in [5].

Now, for A € #(R x R?), we consider under P, . the random time

Ta =inf{t > r, ({¢} x supp X,) N A # J}.

Arguments similar to those of [5] yield that 7, is a stopping time for the
natural filtration of X completed the usual way. Thus we have P, (74 =r) =
1 or 0. Following Dynkin [8], Section II-6, we say a point (r, x) € R x R? is G-
regular for A¢if P, ,-a.s. 74 =r. Let AP denote the set of all points that are
G-regular for A¢. From the known path properties of super-Brownian motion
it is obvious that int(A) c A%" ¢ A, where int(A) denotes the interior of A.
We set T4 = inf{s > 0, ({,, W,) € A}. Following [5], it is easy to deduce from
Theorem 1 the next result.

PROPOSITION 2. Let A € (R x ]Rd). The following properties are equiva-
lent:

(i) (r, x) is G-regular for A€,
(i) N, [£*NA # D] = oo;
(iii) & -a.s. Ty = 0;
(iv) cap(A, . NE) = oo, where A, , ={(s,y);(s+r,y+x)e A}.
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We can give a straightforward analytic consequence of Proposition 2 and
the link between super-Brownian motion and nonlinear differential equations.

COROLLARY 3. Let Q be a domain in E such that (0,0) € dQ. The following
three conditions are equivalent:

(i) (0,0) is G-regular for Q;
(i) cap(Q°N E) = oc;
(iii) there exists a nonnegative solution of du/dt + %Au = 2u? in Q such that

lim u(s, y) =oo.
(s, ¥)=(0,0), (s, y)e@Q (5. 7)

The equivalence of assertions (i) and (iii) is due to Dynkin [8], Theorem
11.6.1. The equivalence of (i) and (ii) is given by Proposition 2.

Finally, using Theorem 1, we give in Section 5 an estimate of the hitting
probability of the support of X, and we prove that in dimension d > 2, the
support of super-Brownian motion and the range of d-dimensional Brownian
motion are intersection-equivalent.

2. Equivalence of capacities for a weighted Sobolev space. In this
section, we introduce a new capacity, associated with a weighted Sobolev space,
which is equivalent to the capacity cap. This capacity will be very useful in
the next section to prove the upper bound for Theorem 1.

If S is an open subset of R", we denote by C7°(S) the set of all functions
of class C* defined on S with compact support. If f is a measurable function
defined on S then | f||,, = sup,.s|f(s)|- We consider the Hilbert space L?(p) =

{f € B(E); ||f||(p) < oo}, where |[f[},) = [[dtdx p(t, x)f (2, x).

Notice the kernel defined on E x E by k(t, x;s, y) = p(t —s, x — y) p(¢, x) 7
is nonnegative and lower semicontinuous. Thus we can introduce the operator
A defined on the set of nonnegative functions f € #Z(E) by

A(F)=p e (p] = [[ dsdy k(<5 9)p(s. 9)f (s, 7).

where * denotes the usual convolution product on E. Furthermore, the func-
tion A(f) is even lower semicontinuous (see [9], Lemma 2.2.1).
We define the capacity Cap on E in the following way: if A C E, then

Cap(A) = inf{|£[? ;£ =0, f € Lp), A(f) = 1 on A},

with the convention inf@ = oo. Notice this capacity is not invariant by
translation in time or space. This capacity is an outer capacity (see [13],
Theorem 1). Moreover, it coincides with the capacity cap on the analytic sets
(see [13], Theorem 14). Now, we want to connect this capacity to an analytic
capacity (see [3] for similar results but with different norms). Therefore we
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consider the weighted Sobolev space W, which is the completion of C§°(E)
with respect to the norm || - || p, defined by

d d
el = ool + loiog pyael,y + XN Fhell,). @< CFE).
=1 =1

with the usual notations Jd,g(¢, x) = (dg/dt)(¢, x), 9;8(¢t, x) = (dg/dx;)(t, x)
for x = (x1,...,%4) € R? and ¢% = 9,9;. Notice the nonzero constants do not
belong to Wj. We can introduce the outer capacity cap, associated to W,
defined as follows. For any compact set K C E, we set

capp(K) = inf{|¢|5;¢ € CR(E), ¢ = 0,¢ > 1 on K|

= inf{”go”i); ¢ € CP(E), ¢ > 0,9 > 1 on a neighborhood of K}.
Then we set for any open set G C E,
(1) capp(G) = sup{capp(K); K C G, K compact},
and, for any analytic set A C E,
capp(A) = inf{capp(G); A C G, G open}.

Notice the definition is consistent (see [2], for example).

PROPOSITION 4. There exists a constant C such that for any set A C E,
Cap(A) < capp(A) = C Cap(A).

PROOF. Since the two capacities are outer capacities, it is enough to con-
sider open sets. Now, using (1) and [13], Theorem 8, we see it is enough to
consider compact sets.

Let us introduce the operator H = J,— %A. We consider a nonempty compact
set K C E. Let ¢ € C3°(E) be such that ¢ > 0 and ¢ > 1 on K. Notice that
(in the distribution sense) Hp = §( (), where §( ¢y is the Dirac mass at

(0,0) € R x R%. Then we have p[H(pe¢)] = (Hp)*(pe) = pe. The function
f=p Y H(pe)| = |H(¢)— (Vlog p, Vo)| is nonnegative and

A(f)=p (p*[H(pe)) = p(p * H(pe)) = ¢.
Thus we have A(f) > 1 on K. We also have

HfH(p) < [ 9:¢ — 380 — (V1og p, Vgo)H(p) < [el,-
Hence we have Cap(K) < ||¢|%. The first inequality follows by taking a se-
quence (¢,) such that ||¢,||% converges to cap,(K).

To prove the other inequality, let us consider a nonnegative function f; €
L?(p), such that A(f;) > 1 on K. Notice this implies [£1ll(py > 0. Let 6 > 0.
It is easy to construct a function & € L2(p) such that ¢ > 0 on E and lellp) <
8[| 1ll(p)- We set fy = f1+e. Since the function A(f,) is lower semicontinuous,
the set {(¢, x) € E; A(f3) > 1} is open and it also contains K. It is then obvious
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that for 8’ > 0 small enough, if we set f5(¢, x) = (¢, x)1{5,<t<8,,1’ x|<5,,1} for
(t,x) € E, we get A(f3) > 1 on an open set containing K. Let us introduce a
nonnegative function 2 € C{(E) such that [ [, A(t, x)dtdx = 1. For 6 > 0,
we write h,(t, x) = 0-9"1h(¢/6, x/6). Now using the uniform continuity of p
on [8'/2, 00) X RY, it is easy to see that if f = hoxf3, then A(f) > 1 on an open
set containing K for 6 small enough. The function f is nonnegative, belongs
to Cy°(E), and the function A(f) is of class C*°. We can choose 6 and 6 small
enough so that [|f]|,) < 2[/f1ll(p)-

Let a € C§([0,00)) such that 0 <« <1, a =1o0n [0,1/2] and « = 0 on
[1,00). Let £ € Cgo(Rd) such that 0 < ¢ <1 and £ =1 in a neighborhood of 0.
We define «,(¢) = a(t/n) and &,(x) = &(x/n). The function ¢, = o, &, A(f)
belongs to Cg°(E), is nonnegative, and ¢, > 1 on a neighborhood of K for n
large enough.

Let us now give two key lemmas. If M is a bounded operator from L?(p)
into itself, we denote by || M ||(,)= sup{|M(f)l ) [ € L2(p), [£llpy = 1} its
norm. We define the operator Aj: for f € Z(E) nonnegative, Ay(f)(¢, x) =
tIA(F)(t, x), (t, x) € E. For T > 0, let us introduce E; = (0, T') x R,

LEMMA 5.  The operators 1y, A and A, are bounded operators from L%(p)
into itself. Furthermore, we have | 1g,A ll(p) < T/v2 and | A, l(p) < 2.

PROOF. Let f € L?(p). We have

Ao, = [, v t2pte, 2 [ [ dsaypie s, = pts 915 9]
< f/E dtdxt2p(t,x)"! |://E dsdy p(t —s,x — y)p(s, y)

2
(72 ,0) 0P
< / / dtdxt2p(t, x)~!
/ ds'dy p(t—s,x—y)p(s, y)s 1,
x [[ dsdy p(t = s.x — y)p(s. )5 f (s, 91,
2 ’o/—1/2

< f / dtdxt f ds's

x ff dsdy p(t —s,x — y)p(s, y)s"f(s, y)*1,,

E

=2 [[ ditdxtt” [[ dsdy p(t—s.x = y)p(s. )5 F(s. )Lz

o 2
<2 [ dsdy p(s.»)f(s. 90’ [ de < 4|F]7,,

where we used the Cauchy—Schwarz inequality for the second inequality.
Hence the operator A, is a bounded operator from L2(p) into itself. And
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we have || Ay [[(,)< 2. The operator 1z A can be handled in a very similar
way. U

LEMMA 6. The operators defined on Cy(E) by g € C5°(E),
Av(g) = 9. M(8),
forie{l,....d}, Ay i(g)=35A(8),
and for i € {1,...,d}, A3 (g) =J;(log p)d;A(g),

can be uniquely extended into bounded operators from L%(p) into itself. More-
over we have

2) A1 llpy = 14 3d,
(3) forie{l,...,d}, Az il =1,
(4) forie{l,...,d}, [ Ag i ll(py <4

The proof of this lemma is given in the Appendix.
We now bound |¢, | p- Lemma 5 provides an upper bound for [|d;¢, |,

[9:0nl iy = 19enll |18, AN ) + [A11 ]
= (l7 277 1 A )1 £ -

Using Lemma 5 we derive an upper bound for Zle [9;(1og P)3; ¢yl pys

(5)

d d
_Xi”‘?i(log p)ﬁi(pn”(p) = 2(‘}A3,i(f)||(p) + SuRg|xi‘?i§(x)| ”AO(f)”(p))
(6) =3 1= xe

d
< Y (I Aa.i iy + supl0:£@)] 1l Ao ) 17 -
i=1 xeR?

In order to give an upper bound for ¢, [#% ¢,
lemma.

| (p» We need an intermediary

LEMMA 7. There exists a constant c; (depending on &) such that for all
n>1 geCy(E),iec{l,...,d},

112,76, :M@)]| ) = can™ | 8] -

PROOF. Recall that &, has compact support. Then, an integration by parts,
the Cauchy—Schwarz inequality and Lemma 5 give for 1 <i < d,

115 9;€,0:A(8) ||?p) =— //E plg A(8)(d;£,)?05\(8)
~ [ P1e,A(@)(0:€,)°3:M(8)9: 0g p

~2[[ Pl A(8)3ita0 M)k,
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< i&alZ 115, MD) [ A@)]

+ [0:a]l 2112, M@ ) |2:A(&)0: Tog ]|
+2]% 6] [ 1e, M) ) 15, 9:600:0(2)]
<2722 | Ag i Nl + I Asi w1962 211
+22n 7 75 E] | 8 ) 1E, 01600 M) -

Notice that if a, b, ¢ are positive then a? < ¢? + ba implies a < ¢ + b. Thus we
get

|| ]-En‘?ifn‘?iA(g)”(p)

o 1/2
<2742 [2 || Ay lepy + 11 As,: o]

Jocel Ll
2 el

which, thanks to Lemma 6, ends the proof. O

Using this lemma and Lemma 5, we get that
d d
§Ilﬂ?iwnll(p) = 2[2||Az,i(f)ﬂ(p) + 15l 18, A )
) +2[15,3:£,0AP)] ]

d
< 2[2 I Ag,i Nl +272n7 a5 €] +201”_1/2]”f”(p)'
=1

Then we deduce from (5), (6), (7) and Lemma 6 that there exists a constant ¢y
independent of f and n > 1 such that

lenllp = call £,
Thus we have [|¢,||p < 2¢5]|f1]/(p)- The second inequality of the proposition is
then obvious with C =4¢c2. O

We shall need the following lemma.

LEMMA 8.  For any compact set K C E with capp(K) > 0, there exists
¢ € CY(E) such that:

D 0<ep=<1;
(i1) ¢ =1 on a neighborhood of K;
(iii) [¢l; < ycapp(K),

where vy is a constant independent of K and .

The proof is classic, but we give it for completeness.
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PrOOF. Let h € C*([0,00)) such that 0 < A~ <1, A = 0 on [0,1/4] and
h = 1 on [3/4, c0). Since capp(K) > 0, there exists g € C3°(E) such that
g >0, g > 1 in a neighborhood of K, and 2capp(K) > ||g||%. Let o = hog.
The function ¢ € Ci°(E) satisfies (i) and (ii). Let us check (iii). We have

lovel, = Hh/uoon(?tgu(p)’
H(?l(log p)ﬁiQD”(p) = H oo | (?L(log p)(? gH(p)
|55l = 171 |58, + 1270 @):8)7) -

Only the upper bound for the second right-hand side term of the last inequal-
ity is not obvious. We first search an upper bound for |(d;¢;)?/(1+ e (p)»
where ¢, € Ci°(E) is a nonnegative function. An integration by parts and the
Cauchy—Schwarz inequality give

//E (§a+¢;))2 3// poi¢ 11f1) +// pdi(log p); ‘01(1l¢1)1

(3“(? Qoln(p) + “(9 (log p) 9; iP1 |(p)>|‘(&i¢1)2/(1 + @1)“(1))'

Thus we get
(8) ” (& @1)2/(1 + @1)”([,) = 3<H0’)u§01H(p) + H&i(log p)aiﬁplu(p))'

Since we have |h”(t)| < 2(14+8)7 YA », taking ¢; = g in the above inequality
we deduce that

[0 )i, < 2|2/ + &), |11,

< 6([d%g] )+ l7:log p) i ) |7

The previous inequalities imply there exists a constant ¢ depending only on A
and d such that ||¢||p < c| g|lp. Thus (iii) holds with y = 2¢2. O

3. Upper bound for hitting probabilities. In this section we prove the
second inequality of Theorem 1 for compact sets. Let us introduce K C Er, a
compact set such that cap,(K) > 0. Let ¢ be as in Lemma 8. We set ¢ = 0
outside E. We introduce the function y = 1 — ¢, which takes values in [0, 1].
We consider the function u defined on R x R? by u(¢, x) = N; ([£" N K #
J] (e [0, 00]). With the convention 0.00 = 0, the function u#* is bounded
nonnegative and of class C* on R x R%. Let (B,,¢ > 0) denote under P, a
d-dimensional Brownian motion started from 0. It6’s formula implies that for
all ¢t > 0, Py-a.s.,

w6, B) = uph(0,0) + [ )5, B,) ds

+ [ Srt)s Bds+ [ Vyh)(s, B)dB,
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Consider the stopping time T, = T A inf{¢ > 0; Bt| > a}. We can then apply
the optional stopping theorem at time 7', and get

Eo u*(T,, By,)

Ty A

_ T 4 4
= u(0,0)+ By | " 0i(uir*)(s. B)ds +Eo [ 5 (up*)(s. B)ds

Ta
=u(0,0)+ EO/O [2u2¢/4 + 4uyo, b + 4(Vu, Vip)yd
+ 6u(Vir, Vi) + 2uw3A¢} (s, By)ds.

We have used that d,u + %Au = 2u? to get the last equality. Notice that each
integrand is either nonnegative or bounded. By dominated convergence and
monotone convergence, we get, as a goes to infinity,
2
u(0,0) +2|uy®1g, |,
= EO ud/4(T> BT)
~ [, pl4uvPow + 4V, Vo) + 6ui(Vir, V) + 2ui Ay .
T

Since K C Ep, we deduce that u(¢, x) = 0 for ¢ > T. Thus we have

u(0,0) + 2[uy?|?
9)
= — //];: p[4ulp3dtlﬂ + 4(Vu, V¢)¢3 + 6u¢2(v¢’ Vl//) + 2u¢3A¢:|.

We now bound the right-hand side. Using the Cauchy—Schwarz inequality,
that 0 < ¢ < 1 and that —¢ and ¢ have the same derivatives, we get

—/fE pup’ i < Hu"[/ZH(p)”&lzi(pH(p)

and

d
=[] puwvw. V) < ||u¢2||(p)L_:Zln(aiso)2 o)
d
< 2]uy?®| ,, Y@y /(L + 9],
i=1

d
< 6us2, 3 (1] + [2:008 PYse] ).
1=
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where we have used (8) with ¢; = ¢ for the last inequality. Now an integration
by parts and the Cauchy—Schwarz inequality give

_//E p¢3(vu’ le)
-/, puwz[wmog P, V) +3(Vy, Vi) + wAy ]

= ”ud’ ”(p) [H‘;’ (log p)d; ¢||(p)+3H(a ‘P)2”(p) + ”07 qD”(p)]

d
= 19””‘# ”(p) [H‘? (log p)d; 90“(,,) + H‘? g"H(p)]

where we have used again (8) for the last inequality. Taking those results
together, we deduce from (9) that

2
w(0,0) +2fuy?| ) = es|uv®| , el

where the constant c; depends only on d. Since ||u¢/12||( p) 18 finite (recall ui is
bounded, and zero on [T, co) x R?), this implies that ||uy? l(p) < cslellp and
hence u(0, 0) < c2|¢||%. This last inequality and the definition of ¢ imply that

No.o[#* N K # D] = u(0,0) < c3ycapp(K) < c3yC Cap(K) = c3yC cap(K).

4. Lower bound for hitting probabilities and proof of Theorem 1.
In this section, we prove the first inequality of Theorem 1 for compact sets.
Let us introduce a compact set K C E, v a probability measure on K and
T > 0 such that K ¢ E;. We consider the probability measure u defined on
7.0 by

w(dw) = / /E v(dt, dx)P5 *(dw),

where P(t)’x is the law on % ( of the Brownian bridge starting at time 0 at
point 0 and ending at time ¢ at point x. Notice that the measure u is in fact a
measure on %y, the set of nontr1v1al path in % , (a trivial path is a path of
lifetime zero). The measure P0 can also be viewed as a probability measure
on the canonical space C(R", R?) endowed with the filtration (£,) generated
by the coordinate mappings. Let P, be the law on the canonical space of the
standard Brownian motion. For s € [0, t) we have

Py (dwy, = P b aw)

We consider the energy of u with respect to the process (W,) (see [11] for a
precise description and definition). Thanks to [11], Proposition 1.1, we have

00 2
() = 2/0 ds PO[(/[E w(dt, dx)p(t — s, x — w(s))/p(t, x)) } = 21(»).

Now, using [5], Proposition 5, we know there exists an additive functional A
of the Brownian snake killed when its lifetime reaches 0 such that:
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1. For every Borel function F > 0 on %,

No,o[/ooo F(Ws)dAs] = [ w(dw)F(w).
2. No,o[Ago] = 28 ().

We deduce from (1) that the additive functional increases only when W, €
suppv C K. Therefore, using the Cauchy—Schwarz inequality, we get

Ny o[#* N K # B] > Ny o[A > 0] > No[ A J2/No[AZ].

We get Ny o[#* N K # D] > [4I(v)]~!. Since the above inequality is true for
any probability v on K, we get that

Noo[#*NK # D] >47"! Cap(K)=4"" cap(K).

ProoF oF THEOREM 1. Notice the application defined on #(E) by T(A) =
Noo[#*NA # O] for A € #(E) is a Choquet capacity (see [4], Théoréme 1).
Since the capacity cap is an inner capacity (see [13], Theorem 12), it is enough
to prove the theorem for compact subsets of E. The result is then given by the
previous section (with Cy = c2yC) and the above result. O

5. Brownian range and support of X;. In this section, we first give an
estimate for the hitting probabilities of the support of X ;. Then we prove that
the range of Brownian motion and the support of super-Brownian motion at
fixed time are intersection-equivalent.

Let us fix d > 2. We denote by cap,_, the usual Newtonian (logarithmic if
d = 2) capacity in R?,

-1

capy o(4) = [inf [, o(dn(@ha oz =)

with & (r)=r7"if y > 0 and h(r) =log (1/r). The infimum is taken over
all probablhty measures p on R? such that p(A) = 1. Let B(0, &) be the open
ball of R? centered at 0 with radius A.

PROPOSITION 9. Let M > 0. There exist two positive constants a and b such
that for any Borel set A C B(0, 1), for any finite measure u on B(0, 1), with
(n, 1) < M, we have

a(p, 1)capy_g(A) < Py, ,[supp X1 N A # B < b(u, 1) capy_s(A).
Proor. Let A C B(0,2) be a Borel set. Let v be a probability measure on

E such that v({l} x A) = 1. Then we have v = 51y x p, where p is a probability
measure on R? such that p(A) = 1. We get

10)= ][, . dsdp6)

x //AXA p(dx)p(dx')p(1—s,x — y)p(1—s, ' — y)p(L, x) " p(1, ).
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Since x, x’ are in B(0, 2) and since s € (0, 1), it is easy to see there exist two
positive constants a; and b; (independent of A and p) such that

al) < [[  p(dx)p(dxyhao|x - =']) < by ().
This implies that for any Borel set A c B(0, 2),
a;capg_o(A) < cap({1} x A) < b; capy_5(A).

Since the capacity cap,_s is invariant by translation, we get that for any Borel
set A c B(0, 1), for any x € B(0, 1),

acapg_o(A) < cap({1} x A,) < by capy 5(A),
where A, = {y;y — x € A}. We deduce from Theorem 1 that
47'a; capy_(A) < No..[#* N ({1} x A) # D] < Cyb; capy_»(A).

Since X; = ¥ ;c; Y1(W?), where Y;_; y: is a Poisson measure on C(R*, %)
with intensity [ u(dx)Ny ,[-], we have

Po,[supp X1 NA# D] =1- exp(—/,u,(dx)NO,x[supp Y, NA# Q])

Notice that N;, ,-a.e., {1} x (suppY;NA)=2"N({1} x A). Since (u,1) < M,
we then easily get the result. O

Intersection-equivalence between random sets has been defined by Peres
[15]. Two random Borel sets F; and F, in R? are intersection-equivalent in
an open set U, if there exist positive constants a and b such that, for any Borel
set AcU,

aP[ANF,] <P[ANF,] <bP[ANF,].

If 7 is a probability measure on B(0, 1), then we denote by P, the law of a
d-dimensional Brownian motion (B,, ¢ > 0) started with the law 7. For d > 3
the range of Brownian motion is defined by #5 = {B,, ¢ > 0} in R?. For d = 2,
we also denote by #p the set #5 = {B,, t € [0, £]}, where £ is an exponential
random variable of parameter 1 independent of (B,, ¢t > 0).

COROLLARY 10. Let M > 0. There exist two positive constants a and b such
that for any Borel set A C B(0, 1), for any absolutely continuous probability
measure 7 on B(0, 1) with density bounded by M, for any finite measure u on
B(0, 1), with (n,1) < M, we have

a(p, 1) P,[#5 N A # D] < Py ,[supp X1 N A # @] < b(u, 1) P,[#5 N A # D]

PrROOF. This is a consequence of Proposition 9 and the fact that there
exist two positive constants ay and b, such that for any Borel set A c B(0, 1),
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for any absolutely continuous probability measure = on B(0, 1) with density
bounded by M,

agcapy_o(A) < P,[#pN A # D] < bycapy_5(A)
(see, e.g., [15], Proposition 3.2, for d > 3 and [14] for d = 2). O

APPENDIX

In this section, we give the proof of Lemma 6, which relies on the properties
of the Hermite polynomials. We first recall the definition and some properties
of those polynomials.

A.1. Hermite polynomials. For n = (ng,...,n;) € N¢, we set |n| =
Y, nl =Tl nland ¥, = Xi, Yo For j e {1,...,d}, let 8(j) be
the element of N such that 8(j); = 8;, j» the standard Kronecker symbol. If
z2=1(21,...,24) is an element of R, then we set 2" = [[%, z;". Let (-, -) be the
Euclidean product on RY.

The function ¢(z) = exp(—[‘z!2 — 2(z,x)]/2) is an entire function defined
on R%. We have

1
(10) exp (—[|z|2 — 2x, z)]/2) = Y —2"He,(x),
a0 1!
where the nth term He,(x) is a polynomial of (x4, ..., x;) of degree \n\ called

the nth Hermite polynomial. Those polynomials can easily be expressed with
the usual one-dimensional Hermite polynomials (Hegj), k € N): He,(x) =
e, Hegzli)(xi), where x = (x4, ..., Xg4)-

Now let us recall some basic properties of the polynomials He,,. The follow-
ing recurrence formula can be deduced from (10) by differentiating w.r.t. z;:
for all n € N? such that n; > 0,

(11) He,(x) = x;He,_5;)(x) — (n; — 1)He,_s5;(x)  Vx € RY,

where by convention He, ;) = 0 if n; — k < 0. The differential formula can
be deduced from (10) by differentiating w.r.t. x;: for all n € Nd,

(12) &lHen = niHen_S(i).

We also recall the upper bound for He, (see [1], 22.14.17); there exists a uni-
versal constant 1 < ¢y < 2 such that

(13) |He,(x)| < c@v/n!exp (|x|2/4) for all x € R?, n e N%.

Using the definition of the Hermite polynomials, it is also easy to prove that

d
(14) | de p(t, x)He, (/¥ Hey(x/~/D) = nl ] 81, .
i=1
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It is also well known that the Hermite polynomials are a complete orthogonal
system in L2(R%, exp (—|x|2 /2) dx). Finally, standard arguments on Hilbert

spaces show that if f € L?(p) then
f(t7 x) = Z fn(t’ x) = Z Hen(x/ﬁ)gn(t)a

n>0 n>0

where g,(¢) = (n!)™! [dx p(t, x)He,(x/vt)f(t, x) and g, € L?((0, 00)). Fur-
thermore, we have

2 _ o 92
(15) I£17,) = g)n'/o dt g,(¢)%.

Since C((0, 00)) is dense in L2((0, 00)), it is clear that the set .27 of functions
f(t, x) =Y 20 He,(x//t)g,(t) where g, € CF((0, 00)) is nonzero for a finite
number of indices n, is dense in L?(p).

A.2. Proof of Lemma 6. First step. We prove there exist unique
bounded extensions A;, Ay ; and Ag ; in L%(p) of the operators A;, Ay ; and

A3 ; defined on 7. Then in a second step we check that the extensions A,

f\z’ ; and /13,i and the operators Ay, Ay ; and A3 ;, which are also defined on
Cy(E), agree on Cy(E).

First step. Let us compute A(f) for very particular functions f € 7. Let
g € CF((0, 0)), @ and B be two positive reals such that supp g € [«, 8], and

G(t) = [y ds g(s). For n e N%, and (¢, x) € E, we set
R, (2, %) = Hen(x/\/Z)H”\/Qg(t).

Let us prove that

(16) A(hn, g) = hn, G-

For z € R, we introduce the function #, , defined on E by

Ayt x) =Y %znhn,g(t, x) = g(t)exp (-[}z|2 —2(x, 2)]/2t) :

n>0 """

Then we have

Ay )t 2) =~ [ ds [y plt = 5= 9)p(5, )74, (5.9)

_ 1 fotds/dyp<s(t_8),y—ﬁ—(t_S)Z)

p(t, x) t t ¢

x p(t, z— x)g(s)

— exp (_[}2}2 —2(x, 2)]/2t) /Ot ds g(s) = (¢, x).
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Using (13), the Chapman—Kolmogorov equation, and that supp g € [a, B8],
we get

Ay, o)t %) < Vale§ p(t, )" [[ dsdy p(t = s.x = 3)p(s. )
xexp (|y[74s) s 12 g(o)
< Vn!(v2¢y)? p(t, x)™* /0 " ds p(t+s, x)s*}"|/2| g(s)|
< Vnl(v/2cy) exp <|x|2/4t> /Ot dss 12| g(s)
< Val (V2eo) exp (|x[*/41) | ] (B — a2

The radius of the series " a*(k!a*)~12 is infinite. Thus for any (¢, x) € E the
series Z(n!)*lznA(|hn’ gi)(t, x) are convergent. Fubini’s theorem implies that

1 n 1 n
’g) 17 A(h, (2, x) = A(rg) 17 hn’g>(t, x) = Hg, (L, x).
Hence the two series Y (n!)"'z"A(h, ,)(¢, x) and Y (n!)'2"h, (¢, x) agree.
Since their radius of convergence is positive (in fact infinite), we get that (16)
is true.

Let us prove that A, ; has a bounded extension on L?(p). We deduce from
(12) that

1
As, (b g)(t, ) = 507 ARy, )(2, %)

1 —(ni/2 t
= oo = D He ey oV V2 [ ds ),
Let us introduce f € o7, that is, for (¢, x) € E, f(¢, x) = Y,-0 He, (x/v/t)g,(¢),
where g, € C5°((0,00)) and g, = 0 except for a finite number of terms. By
linearity, we have

(17

Ao (F)(t %) = X 27 ny(n; — 1) He pair (/5D 1172 /Ot dss"l2 g, ()

n>0

Thus, using (14), we have

|42, (DI, = 3 (n — 2814 n(n,; — 1)?
0

nz

00 ¢ 2
xfo dtt_2_|”}[f0 dss‘"}ﬂgn(s)]

ni(n; — 1) 4 fo"o dt g,(t)?

'
<> n! 1

n=0 (|n| +1)2
2
< |£l,
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where we used the Hardy inequality; for 2 > —1,

/Ooo dtt2k[ /Ot sk/zh(s)dsT = P 1)2 f dt h(t)?

for the first inequality and (15) for the second one. This means that A, ;,
defined on .7, can be uniquely extended into a bounded operator /~\2,i from

L?(p) into itself. The above inequality implies || A, ; [|,)< 1
Forie{l,...,d}, weset Ay ; = Az ;+2A, ;. Using (12) and (11), we deduce
from (16) that

Ay i(hy, )2, x)
= [~(xi/V8)3; Hey (x/3/) + ny(n; — 1) Hey s (x/¥/2)]

“1-|nls2 [*
x t /Odsg(s)

= —niHen(x/ﬁ)t_l_}”Vz /Ot ds g(s).

(18)

Arguing as above, we get, for [ € o7,

a1y = X mnd [ are | [l dssl g, ]

= LT 1)2[)o dt gn(0)”

n>0

< 4| £,

Thus the operators A, ; and Aj ;, defined on .27, can be uniquely extended in
bounded operators /~\4,i and /~\3,l~ from L?(p) into itself. Furthermore we have
[ Agi l(p=2and || Ag; (p)=I Ay i llpy) +2 | Ag; ()= 4-

The proof concerning A; easily follows from the previous results. From (16),
we get

Al(hn, g)(ta x)
= g(t,3) = 5| ol Hen V2 >+Z aiHeax N V2 [ ds 0o

Then using (17) and (18), we get

d d

AP o) = [I +3 2 [Aai+ A3,i]}(hn,g) = [I + 2 [Agi - Az,i]:|(hn,g).
i=1 i=1

This means that A; = I+Y.% ;[A4;—Ag ;] on o7. Hence A, can be uniquely ex-

tended in a bounded operator 1~\1 from L?(p) into itself and f\l =1 +Z;.i:1[ A L

Ay ;]. We deduce that || A; [|,)< 1+ 3d.
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Second step. We first consider the operators A ; for i € {1,..., d}. To check
that A; ; and /~\3’i agree on C3°(E), it is enough to check that for ¢ € C3°(E),
Ag i(e)(t, x) = /~\3yl~(go)(t, x) dtdx-a.e. Let ¢ € C°(E). For k € N, we define,

ou(t.x)= Y He,(x/VD)(n) ™ [ dy p(t. ) Heo(y/v/De(t, 3).

In‘gk

The sequence (¢, k > 0) converges in L%(p) to ¢. '

If x € R?, yeR,ie{l,...,d}, we denote by z = &', the element of R? such
that z; = y and z; = x; for j # i. Since Az ;(f)(¢, x) = —t~'x;0;,A(f)(¢, x) for
f e o/ UCF(E), we see that an integration by parts gives

as [ " dy Ay () £) = —t AP ) + A " dy AP ).

For short we write P;(f) for the operator P;(f)(¢,x) = [5'dy f(¢,&.). Let
R>0and T > & > 0 be fixed. Let @ = [&, T] x [-R, R]?. The heat kernel p
is bounded below and above on @ by positive constant, say cq and Cg. Using
the Cauchy—Schwarz inequality we have

[1oP:(A7,, < CoR? f/Q dtdx f(t, )? < Cqeg' R2|f[? .

Thus the operator 14 P; is continuous from L?(p) to L?(p). Thanks to Lemma
5 and the above first step, we get that the sequences (1o P;(A¢(¢r)), £ > 0)
and (1¢P;(As ;(¢3)), k = 0) converge in L2%(p), respectively, to 15 Pi(Ao(e))
and lQPi(fX&i(cp)). Notice also that (19A(¢;), & > 0) converges in L?(p)
to 19A(¢). Thus, there is a sequence (o(k), & > 0) of increasing integers,
such that the sequences (IQPi(AO(qu(k))), k> 0), (IQPi(A&i(qu<k))),k >
0) and (A(¢yr)), & > 0) converge dtdx-a.e., respectively, to 1¢P;(A¢(¢)),
IQPi(f\&l-(go)) and A(¢). Now (19) holds for f = ¢,;); this means that for
(1, x) € Q,

P;(Ag (@or))(t, x) = —flxi/\(%(}e))(h x) + Pi(Ao(G%(k)))(t, x).
Taking the limit, we get that dtdx-a.e., in @,
P;(As i(@))(t, x) = —tLx;A(@)(t, x) + P;(Ag(9))(t, x).

Since R, T, ¢ are arbitrary, the above equality holds d¢ dx-a.e. in E. Since (19)
holds also for f = ¢, we deduce that dt dx-a.e.,

[ dy As (o)t £) = [ dy Rg i), £)).
Hence we have dtdx-a.e., A; ;(¢)(¢, x) = /~\3,i(go)(t, x).

The proofs concerning the operators A; and A, ;, for i € {1,...,d}, and
their extensions follow the same ideas. O
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