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GAUSSIAN LIMIT FOR DETERMINANTAL
RANDOM POINT FIELDS

BY ALEXANDER SOSHNIKOV
University of California, Davis

We prove that, under fairly general conditions, a properly rescaled
determinantal random point field converges to a generalized Gaussian random
process.

1. Introduction and formulation of results. Let E be a locally compact
Hausdorff space satisfying the second axiom of countability, B—o -algebra of
Borel subsets and u a o-finite measure on (E, B), such that w(K) < oo for
any compact K C E. We denote by X the space of locally finite configurations
of particles in E: X = {£§ = (x;)72__ :x; € E Vi, and for any compact K C E
#x (&) :=#(x;:x; € K) < +00}. A o-algebra ¥ of measurable subsets of X is
generated by the cylinder sets CB {&€ € X:#p(&§) =n}, where B is a Borel set
with a compact closure and n € Zl ={0, 1, 2,...}. Let P be a probability measure
on (X, ). A triple (X, F, P) is called a random point field (process) (see [4,
17-19]). In this paper we will be interested in a special class of random point
fields called determinantal random point fields. It should be noted that most, if not
all the important examples of determinantal point fields arise when E = ]_[f.‘:1 E;
(here we use the notation | | for the disjoint union), E; = R? or Z4 and W is either
the Lebegue or the counting measure. We will, however, develop our results in the
general setting (our arguments will not require significant changes).

Letdx;, i =1,...,n, be disjoint infinitesimally small subsets around the x;’s
Suppose that a probability to find a particle in each dx; (with no restrictions outside
of [[7_, dx;) is proportional to []7_; u(dx;), that is,

(D P#dxp)=1,i=1,...,n)=pp(x1,...,x)u(dx1) - u(dxp).

The function p,(x1, ..., x,) is then called the n-point correlation function. The
equivalent definition is given by the equalities

m

_ (#)!
1_[ - /nl Pn(xr, e xp) dp(x) - d p(xg)
i=1 By ' X xBp"

(#p, —n;)!
where Bj,..., B, are disjoint Borel sets with compact closures, m > 1,
n>1,i=1,....m,ni+---+n,; =n.
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172 A. SOSHNIKOV

A random point field is called determinantal if
2) Pu(x1, . Xn) = det(K (xi, X)) <; i<

where K (x, y) is a kernel of an integral operator K: L*(E,du) — L*(E,du) and
K (x, y) satisfies some natural regularity conditions discussed below. Such a kernel
K (x, y) is called a correlation kernel.

It follows from (2) and the nonnegativity of the n-point correlation functions
that K must have nonnegative minors, and in particular if K is Hermitian it must
be a nonnegative operator. In this paper we shall always restrict ourselves to the
Hermitian case.

Determinantal (also known as fermion) random point fields were introduced by
Macchi in the early seventies (see [21, 22, 4]). A recent survey of the subject with
applications to random matrix theory, statistical mechanics, quantum mechanics,
probability theory and representation theory is given in [26]. Diaconis and Evans
in [6] introduced a generalization of determinantial random point processes, called
immanantal point processes.

Let K be a Hermitian, locally trace class, integral operator on L*(E,du).
Suppose that we can choose a kernel K (x, y) in such a way that for any Borel
set B with compact closure

3) Tr(KXB)zj;;K(x,x)dx,

where X p denotes the multiplication operator by the indicator of B (=projector
on the subspace of the functions supported on B).
Since it is always true that

Tr(KXp, ---KXp,)

3"
= K (x1,x2) K (x2, x3) - - - K (xp, x1) dpe(xy) - - - dpu(x)
By x--xBy
for n > 1 and Borel sets By, ..., B, with compact closure, (3) implies that (3")
holds for all .

Equation (3) can always be achieved for £ = R (see, e. g., [26], Lemmas 1, 2).
From now on we will assume that both (2) and (3) are satisfied.
The main goal of our paper is to study the behavior of linear statistics

SpE) =) fx),  E=(x),

for sufficiently “nice” test functions in a scaling limit. The moments of Sy can be
calculated from (2). For instance,

@) ESf=/f<x)K<x,x)du(x>,

(5) VarS; = / FROOK (x, %) dp(x) — f FFOIK G, )P dp(x) din(y).
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Taking E = R! and K (x, y) =sinz(x — y)/m(x — y), a so-called sine kernel,
we obtain a random point field well known in the theory of random matrices. It
can be viewed as a limit n — oo of the distribution of the appropriately scaled
eigenvalues of n x n random Hermitian matrices with Gaussian entries (see, e.g.,
[5], Chapter 5). It was proven by Spohn in [29] (see also [27]), that if K is
the sine kernel and a test function f is sufficiently smooth and fast decaying
at infinity, then Y72 f(3) — L [°% f(x)dx converges in distribution to the
normal law N (0, [%_|f (k)| - k| dk), where f is the Fourier transform of f,

f ky= [ f (x)e~2kx dx_ In other words we can say that the random signed
measure

Y8 <x - —) — Ldx

i=—00 L

converges as L — oo to the generalized self-similar Gaussian random process
with the spectral density |k| (see, e.g., [9], [10], Section 3, [25] and, for the
introduction to the theory of generalized random processes, [11]). The fact that the
variance of the linear statistics Y72 f(3") does not grow to infinity for Schwarz
functions is the manifestation of the strong repulsiveness of the distribution of the
eigenvalues of random matrices. Similar results for other ensembles of random
matrices have been obtained in [8, 13, 14, 1, 2,27, 31, 7]. The kernels appearing in
these ensembles are, in some respect, very much like the sine kernel. In particular,
the variance of the number of particles in an interval grows as a logarithm of the
mathematical expectation of the number of particles. The following result was
established by Costin and Lebowitz for the sine kernel [3]: let f be an indicator of
an interval, f = X7, I = (a, b), then

E Y f(xi/L)=E(#(x;:aL <x; <bL))=L(b—a),

i=—00

Var( > f(xi/L)) = %logL +0(1)

i=—00
and

#(x;:aL <x; <bL)—L(b—a)

J(1/m2)log L

converges in distribution as L — oo to the normal law N (0, 1). The proof of
the Costin—Lebowitz theorem holds, quite remarkably, for arbitrary determinantal
random point fields with Hermitian kernel.
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THEOREM [28]. Let (X, ¥, Pr), L >0, be a family of determinantal random
point fields with Hermitian locally trace class kernels K1 and {I1}1>0 be a family
of Borel subsets of E with compact closure. Then if Vary (#(x; :x; € IL)) — 00,
the normalized random variable (#(x; :x; € I1) — Ep#1,)//Varp #1, convé?goés in
distribution to N (0, 1).

Here and below we denote by Ej, Vary the mathematical expectation and the
variance with respect to Pr. One can also establish a similar result for the step
functions (finite linear combinations of indicators).

THEOREM. Let (X, ¥, Pr) be a family of determinantal random point fields

with Hermitian locally trace class kernels K and {Iél), ey IIEk)}Lzo be a family
of Borel subsets of E, disjoint for any fixed L, with compact closure. Then if for
some Ay, ...,a; € R, the variance of the linear statistics > ;o _ . fr(x;) with

fox) = le‘.:l aj - Xlg) (x), grows to infinity in such a way that VarL(#1<j)) =
L L
O (Vary (32 _ o fL(xi))) forany 1 < j <k, the central limit theorem holds:

i=

k (L) k
2j=19; " Ho = Er(Xioia; '#Izj))

\/VarL(Z]J‘-Zl aj - #Iij))

25 N(O, 1).

REMARK 1. We use standard notation f = O(g) and f = o(g) when f/g
stays bounded or f/g — 0.

REMARK 2. The last theorem has been explicitly stated in [28] only in the
special case of the Airy and Bessel kernels and the kernels arising in the classical
compact groups (see Theorems 1, 2, 4, 6); however, the key Lemmas 7 and 8
proven there allow rather straightforward generalization to the case of an arbitrary
Hermitian kernel. A result close to our Theorem 6 from [28] was also established
by K. Wieand [31].

We recall that a Hermitian kernel K (x, y) defines a determinantal random point
field if and only if the integral operator K is nonnegative and bounded from above
by the identity

©6) 0<K<I

([26], Theorem 3). For the trAanslation—invariant kernels K(x — y) and E = R4 or
74 this is equivalentto 0 < K (¢) < 1, where

(7 K(x)= / 2D R (1) dt.

The sine kernel K (x — y) =sinm(x — y)/m(x — y) corresponds to

Ie(t)=x[—1/2,1/2](t),
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the indicator of [—1/2, 1/2]. It might be worth noting and actually is not very
difficult to see, that the logarithmic rate of the growth of Var(#(x; :|x;| < L)) for
the sine kernel is the slowest among all translation-invariant kernels corresponding
to projectors, K = X, for which inf(B) and sup(B) are the density points of B.
For the generic translation-invariant kernel K (x — y) (I% is not an indicator)
Var(#(x; : |x;| < L)) is proportional to Vol(x;:|x;| < L) ~ E#(x;:|xj| < L))
([26], Section 3).

Our main result proves CLT for a class of linear statistics when the variance
grows faster than some arbitrary small, but fixed, power of the mathematical
expectation.

THEOREM 1. Let (X, ¥, Pr), L >0, be a family of determinantal random
point fields with Hermitian correlation kernels K. Suppose that fr,L > 0,
are bounded measurable functions with precompact support li.e., sup(fL) has a
compact closure for any L > 0], such that

(8) Vary, Sy, — o0 as L — oo
and
©) sup|fr(x)| =o(Varr)?,  ErSp, = O((Var, S5,)°%),
, , .. S —ELSy
for any ¢ > 0 and some 5 > 0. Then the normalized linear statistics 7«/@

converges in distribution to the standard normal law N (0, 1).

As an important special case of Theorem 1 one can consider f7,(x) := f(Trx),
where {T.}, L € ]Rﬂr, is a one-parameter family of measurable transformations
T,: E — E such that T, 'D has compact closure for any compact D. If for a
sufficiently rich class of test functions f (e.g., continuous functions with compact
support) (8), (9) are satisfied, and the rate of the growth of Vary (S, ) is the same,

Var,(Sy,) = B(f)- VL - (1+0(1)),

where B(f) is some functional on a space of test functions, Theorem 1 implies
that the random signed measure

VL_1/2< > 5(x—TLXi)—TL(KL(x’x)d“(x))>

1=—00
converges as L — oo to the generalized Gaussian process with the correlation
functional B(f, f) = B(f) [we denote by T7 (K (x,x)du(x)) the image of the
measure Ky (x, x)du(x) under Ty ].
Let us consider a Euclidean one-particle space E = R¢, a one-parameter family
of dilations

Ty: Rd—>]Rd, Trx=x/L,
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and a correlation kernel

(10) Kp(x,y)=Ar(x —y) + Rp(x,y),

where

(11D |RL(x, Y)I < Q(xabs + Yabs),

Xabs = (Ix1], ., [xa]), Q € L2RL)NL®(RY). It follows from (6), (10) and (11)

that 0 < Ay < Id, which implies 0 < A7 (k) < 1,0 < fga Ar (k) — (AL (k))?dk =
Ar(0) — [pa |AL(x)|?dx =: of, and oy =0 if and only if AL is an indicator.

THEOREM 2. Let the kernel K satisfy (10), (11) and there exist constants
const, o > 0 and k; — oo as L — oo such that

oL —> 0 as L — oo, |Ar(0)| < const

and
/ 1A, ()2 dx — 0.
[x|>L/kr

Then for any real-valued function f € LY(RY N L2(R?) the normalized linear

statistics
Ld/z(,( Z f( )‘AL(O)'L/Rdf(x)dx)

converges in distribution to the Gaussian random variable N (0, [pa(f (x))% dx).

REMARK 3. Theorem 2 says that under the stated conditions the random
signed measure

1 o0
m(_z 8<x—xz> AL (0) - de>

converges to the white noise as L — oo (for the definition of the white noise; see,
e.g., [12]). Similar results hold in the discrete case.

Let us now restrict our attention to the translation-invariant kernels K (x, y) =
A(x — y). We will use the notation

m() = /A(k) — A Ak — ) dk.

Observe that o2 = m(0) and

(12) Var( ) f(x») = [1f®)PmGy di.

i=—00
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In particular
(13) Var(#,_, 114) = Vol([—L, L1?) - (m(0) + o(1)).

It follows from (12) that the rate of the growth of the variance of Sy, depends
on the asymptotics of m(X) near the origin. In the next theorem we consider the
degenerate case o> = 0 in one dimension.

THEOREM 3. Let K (x, y) = A(x — y) be a translation-invariant kernel in R
and m(A) = |A|%p(X), where @) is a slowly varying function at the origin and
0 <« < 1. Then for any Schwarz function f one has ESy, = LA(0) [ f(x)dx,
Var Sy, = L'"%o(L™") [ | f(k)1*k|* dk(1 4 o(1)), and

Sp —ESy,
(LTeg(L=T)172

converges in distribution to N (0, [ If(k)lzlkla dk).

REMARK 5. We recall that ¢()) > 0 is slowly varying at the origin if

lim; ¢ %ﬁ) =1 for any a # 0 (see [24]).
REMARK 6. The result of Theorem 3 can be interpreted as the convergence in

distribution of the random signed measure

(Ll_"‘go(L_l))_l/2<ZS<x - xz) — A(O)L dx)

to the self-similar (also called automodel in the Russian literature) generalized
Gaussian random process with the spectral density |k|%, 0 < @ < 1. Self-similarity
means that the distribution of the process is invariant under the action of the
renorm-group £(x) — &(ax)a¥, y = (1 + «)/2. The self-similar generalized
Gaussian random process corresponding to o = 0 is exactly the white noise (see
Remark 3 above). It was proven by Dobrushin that the only self-similar random
processes in R! are the ones with the spectral density |k|*, 0 <a < 1. A self-
similar generalized random process with the spectral density |k| appeared in
the Spohn’s results [29] discussed above after the formulas (4), (5) (see also
[13, 1, 27]). For additional information on self-similar random processes we refer
the reader to [9, 10, 25].

EXAMPLE. Let A be the indicator of [ls1ln,n+ n=h], B > 1.Thenm(A) =
const-|A|'=1/B(1 4+ o(1)). On the other hand, if the length [, of the nth interval
[n,n + 1,] decays sufficiently fast, say 0 <[, < l,ll+8, e > 0, than m(A) is not
regularly varying at the origin.

Finally we consider the case when A is the indicator of a union of 1 < £ < 0o
disjoint intervals. It is straightforward to see that then m (A1) = £|X1| near the origin.
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THEOREM 4. Let A be the indicator of 1,1 = ]_[le[ai, bi], ai <b <ax <
by < -+ < ag < by. Then for any Schwarz function f, >0 f (%) —A0)-L
[25 f(x)dx converges in distribution to N (0, ¢ - [°% |f(k)|2|k| dk).

The proofs of Theorems 1-3 will be given in the next three sections. The proof
of Theorem 4 is the same, modulo trivial alterations, as the one given for the sine
kernel in [27].

2. Proof of Theorem 1. We are going to prove Theorem 1 by the method
of moments. Let us denote by C,(Sy) the nth cumulant of §y. We remind
the reader that for a random variable n with all finite moments, the cumulants
C,(n), n=1,2,..., are defined through the Taylor coefficients of the logarithm
of the characteristic function:

log E(exp(itn)) = Y Ca(m)(it)"/n!.

n=1

We show that the nth cumulant of the normalized linear statistics (S, — ESy,)/
(Var § fL)l/ 2 converges to zero as L — oo for sufficiently large n (n > max (24, 2)).
The Lemma 3 from the Appendix then asserts that all cumulants of (Sy, — E Sy, )/
(Var § fL)l/ 2 converge to the cumulants of the standard normal distribution, which
implies the weak convergence.

We recall the lemma established in [27] [see formula (2.7)].

LEMMA 1.
. —1
=" n!
o=y % Herw
m=1 (n1,....,0im) N+ Fnp=n, m nyl-ny,!
ni>1, i=1,...m
(14)

x [ £ K ) £ K G2 S o)

X K (X, x1)dp(x) - dp(xp).

Using Lemma 1 we will be able to estimate the cumulants of Sy, . We claim the
following result to be true.

LEMMA 2. Under the assumptions of Theorem 1,
(15) Cn(Sp,) = O((Var, Sp,)°*),  n=1,

where ¢ is arbitrarily small.
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PROOF. It follows from (14) that C,,(S, ) is a linear combination of

/ f (xl)KL(XLX2)f£2(x2)KL(x2, x3) -
1" ) KL (X, x1) dpe(x1) -+ - d e (xi)

=Tr(f KL f> KL+ f1"KL),
wheren; > 1, i=1,...,m, m>1.

We claim that each term is O((Vary Sy, )‘3“) Indeed, if m = 1, then
|Tr ff KLl = | [ fT()KL(x, x)du(x)| < IIfLII" L @)IK L (x, X)dM(X) =
Ll ESp1, = O((Varg Sp, )°+).

If m > 1, represent Tr (f7 KLanzKL - fi™Kp) as a linear combination of
Tr (fi"LKLffLKL f"’” K1), where we use the notations f; = max(f,0),
f— = max(—f,0). Let us fix the choice of * in each of the factors. Using the
cyclicity of the trace and the inequality | Tr (AB)| < (Tr(AA*))!/?(Tr (BB*))!/?
for the Hilbert—Schmidt operators ([RS], section VI.6), we obtain

|Tr(f§jLKLf”2LKL.. fim KL)|

= Tr(f1 KL 2 KL fim KL f)|
(16) < [Tr(( ”'/ZKLf"Z”)( m2K ]
x [T ((f”z/ZKLfi?L i KL )
X( nz/ZKLf nm "KL fn1/2) )]1/2.

The first factor at the r.h.s. of (16) is equal (agam by the cyclicity of the trace)
to [Tr (filLKLffLKL)]I/2 [in particular we note that Tr(g;Kg2K) > 0 for
nonnegative g1, g»].

Since
2
Tr (( :ﬁlL + ffL) K)—Tr(( fL + ffL)K( fL + f:ﬁ,zL)K)
VS, )0
we have
0 <Tr(fY, Kpfi Kr)
2
< L(Te (1, + £12,)°Kv)
() —Tr<ffLKLf;11LKL>—Tr(f;;?LKsz?LKL))

A

YT (£, + £12) 7KL
O(T (lleKL))O((VarLSfL)S)
O((Varg Sy7,)°"*).
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As for the second term in (16) one can rewrite Tr (( fnz/ 2K L ffLK
nm KLf”l/z)(f"Z/zKLf nm KLfnl/z) ) as

2 m m 2
Tr( n2/ KLf LKL" v KLfi LKLfiL"'KLf:ﬁLKLfM/ )

(18)

=Tr(CDD"),
where C = ff/zKLffLKLfff, f””zKij’;j‘LKL---fglLK f117%. Note
that C > 0 and Tr(C) = Tr (f ) KLf + K = = O((Varp, SfL)‘Hg) by arguments

similar to (17). Using | Tr(CDD*)| < Tr(C) - |DD*|| = Tr(C) - |D|I* ([23],
Section VI.6) and | D|| < || K ||"* - || fL IIfjo, where 8 = (3°™ | n1) —na, we conclude
that (18)is O((Vary S fL)‘Hg ). Together with (16) and (17) this concludes the proof
of the lemma. [

Let us now apply Lemma 2 to estimate the cumulants of the normalized linear
statistics. We have

Sy, —ES¢ Sy, —ES
Cl( fL fL):O, C2< fL fL>:1

Vv Varg S, JVarg Sy,

and, forn > 2,

(19) Cn<SfL - ESfL> __GSp) 0( E(Siz1.) )
VVarg Sy, (Varg, Sy, )"/? (Varg Sy, )"/?

It follows from the Lemma 2 and (19) that

c(SnEsn)
JyVar Sy,
goes to zero if n > 24.

Lemma 3 from Appendix then implies that all cumulants of the normalized
linear statistics converge to the cumulants of the standard normal random variable,
and weak convergence of the distributions follows.

Theorem 1 is proven. [l

3. Proof of Theorem 2. Let (E,du) be (RY, dx) and Ty x = x/L. Consider
a real-valued function f € L'(R%) N L*(R¥). The mathematical expectations of
S, 1s equal to
ESy, =/ fx/L)Kp(x,x)dx
R4
= [, 7G/DALO dx + [ /LR x) d

— AL(O)L? / F)dx+ f Fx/L)RL(x, x) dx.
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By (11), the absolute value of the second integral is bounded by the sum of the
integrals

./Rd |f(£x1/L,...,£xq/L)|QQ2x1,...,2xg)dx

1/2

12
< </Ri fz(:I:xl/L,...,:I:xd/L)dx> </Ri Q2(2x)dx> = 0(L?).
Therefore,
20) ES; = AL(0)LY /Rd F@)dx + O(LY?).
The variance of Sy, is given by
varsy, = [ /DKL dx = [ 6/ f0/DIKL G P dxdy

1)
— AL(O)L / £ dx — / FO/L)f (/DAL — y)Pdxdy +r(L),

where

r(L) = / £ /LRy (x.x)dx — 2 / F/L) f(r/L)AL(x — Y)RL(y, x) dx dy

- [ PG/ FOIDIRLG P dxdy
=ri(L) +r2(L) +r3(L).

It follows from the assumptions of the theorem that the second term at the second
line of (21) is equal to

L / | f () PIALR(k/L) dk = L4|AL (0) / | F R dk(1+0(1)

:Ld/IAL(x)Izdx/fz(x)dx(l+0(1)).

Indeed,

] [1700P(ALR®R/L) - @TZ(O))dk] <

Jiar
[k|>kL [kl <«L

Since

AP0 = | [ A@0ALt = k| < [ A0 dk=4,(0) = const
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we note that the first integral is bounded from above by
const/ |f(k)|2dk—>0 as L — o0.
|k|> (e )1/
To deal with the second integral we estimate from above

ALR(K/L) — [AL]2(0)]

< ’/ |ALI>(r)(expmitk/L) — l)dt‘

Jivin*
lt11=L/kt ltfl<L/xr

sf IALIZ@) di + O(1)J&T)
[t|>L/ky,
—o(1) + 0(1/ kL) = 0o(1).

Therefore,

VarSy, = (AL(0) — [ |AL)[>dx ) L4 | f2(x)dx +o(LY) +r(L)
fL

(22)

—o2Ld f 7200 dx + oL + (L),
We claim that
(23) r(L) =o(L%).

Consider first 1 (L). By (11) it is bounded by the integrals
/Rd F2(kx1 /L, ..., +x4/L)Q2x) dx.
4
All of these integrals are estimated in the same way. For example,
[, Pemeendr=1! [ fPwoeLyds
4
=14 / P QQRLY)X oy )o1/yT) 4%
+ L1 / PP QQLY)X o)<t/ yT) 4%

= Ld“QHoo/fZ(X)x{Q(zLx)>1/JZ} dx

+Ld_1/2/f2(x)dx =o(LY),
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since
¢(x:QQLx) > 1/VL) - 0.

To estimate r3(L) we need to estimate the integrals of the form
(24) /R NfG/DIFG/DIQ (x + y)dxdy = LY /R L 8(z/L) 0% () dz,
+ +

where g(2) = [ |.f ()] |f (z = )| Xpa () Xgd (z — x) dx.
Since g(z) is bounded, continuous, and zero at the origin, we have

(24) = LIg(0) / 022)dz(1 + o(1)) = o(LY),

Finally,

lra(L)| = ‘ /f(X/L)f()’/L)AL(x—y)R(y,X)dxdy‘

12
< [/ \F /D)1 (/D] 1AL Gr —y>|2dxdy]

12
<[ [ 1r @l o RGP dxay |

= O(LY* o(LY?) = o(LY).

Combining the above estimates, we prove (23), which implies
25) VarS;, =021 / F2)dx (1 +o(1)).

If f is bounded, the central limit theorem then follows from Theorem 1
(compactness of the support of f is not needed since f € LY(R?) N L®(RY)
guarantees that all moments of Sy, are finite). The proof in the case of the
unbounded f follows by a rather standard approximation argument. We choose
N > 0 to be sufficiently large and consider a truncated function

3 f), if|fx)| <N,
f(x)z{N, if f(x)> N,
—N, if f(x) <—N.

Observe that
. -\ 2 - 2
p(Sn=ESn S " ESiNT_VarSyp, _Jwen ST@dx
o Ld/2 o Ld/2 o2Ld 2

can be made arbitrarily small by choosing N and L sufficiently large.
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Since

S];L—ES~

fL w 2
e N 0,/ d )
oLd/? e ( \xlfo (x)dx

and

fim F2(x)dx = f £2(x) dx,

N—oo J|x|<N

the result follows. Theorem 2 is proven. [

4. Proof of Theorem 3. We now turn to the proof of Theorem 3. It is enough
to establish that

(26) Var Sy, = Ll—“<p(L—1)/ | f U1 1k dk(1 + o(1)).
The result then will follow from Theorem 1. We have [see (12)]
Var Sy, = / | f(LMPL*m(\) d
=1 [1f @ PmEL " dk

@7)
—L / F R KIE Lok L") dk

_gl-a, -1 22 e PRLTD
=L [1f60P wE

It was proven by Karamata [15], [16] that any slowly varying function at the origin
can be represented in some interval (0, b] as

dk.

)C71
(28) o =ewnoo+ [1 2 ar)

where 7 is a bounded measurable function on (0, »], such that n(x) - casx — 0
(Jc] < 00), and &(x) is a continuous function on (0, b] such that e(x) - Oasx — 0
(for a modern day reference we refer the reader to [24], Theorem 1.2; of course
a similar representation holds for ¢ also on some interval [b’, 0) of the negative
semiaxis). In particular

@(k/L)
—
@(1/L) 1~

uniformly in k on compact subsets of R! \ {0}, and the following estimates hold
uniformly in k for sufficiently large L:

(30)  consti k" < @(kL™Y)/o(L™) < consty k" forl <k<L,
(31)  constzk V2 < kL™ /p(L™") <constyk'/?  forO<k <1,

where const;, i =1, ...,4, n > 0, are some constants.

(29)
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The estimates (28)—(31) imply

L -1 00
. @(kL™") .
/ |f ()P kP ——=dk — / | f U k| dk.
-L p(L™Y)  LmxJoco
From the other side, the integral over |k| > L is o(1) since f is a Schwarz function
and m is bounded.
Theorem 3 is proven. [

REMARK 7. We learned very recently that similar results to our Theorem 2
have been independently obtained (in the discrete case) by Tomoyuki Shirai and
Yoichiro Takahashi in the preprint [30].

APPENDIX

For the convenience of the reader we give here the proof of a rather standard
fact.

LEMMA 3. Let {np} be a family of random variables such that ci(n) = 0,
co(ny) = 1 and c,(ny) converges to zero as L — oo for all n > N, where
N < o00. Then limy_, cy(ny) =0 for all n > 2 and ny converges in distribution
to N(O, 1).

PROOF. Denote d; = max(lcj~(nL)|1/j, 1 <j<N—1). It is clear that
d; > 1. Consider the random variable

nL=nr/dr.

Since ¢, (71) = c,(nL)/d; we have |c,(77.)] <1 for all n and c,(71) — O for
n > N. Consider (N — 1)-dimensional vector (¢ (1), ...,cn—1(fL)). Let (c1, ¢3,
..., cn—1) be a limit point. The Marcinkiewicz theorem (see, e.g., [20]) states that
if all but a finite number of cumulants of a random variable are nonzero then the
random variable must either have a Gaussian distribution or be a constant. In both
cases we have ¢; =0 for j > 2. Therefore dj = (cz(nL))l/2 =1 for sufficiently
large L and c¢,(nL) L:>OOO for n > 2. Convergence of the cumulants of n; to the

cumulants of N (0, 1) is equivalent to the convergence of the moments which in
turn implies convergence in distribution. [

Acknowledgments. The author would like to thank P. Deift and Ya. Sinai
for useful discussions, T. Shirai for making available the preprint [30] prior to its
publication and the referee for useful comments.



186

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]

(9]

(10]
(11]

(12]
[13]

(14]
(15]
[16]
(17]
(18]
[19]

(20]
[21]

(22]

(23]

[24]

A. SOSHNIKOV

REFERENCES

BASOR, E. (1997). Distribution functions for random variables for ensembles of positive
Hermitian matrices. Comm. Math. Phys. 188 327-350.

BASOR, E. and WIDOM, H. (1999). Determinants of Airy operators and applications to random
matrices. J. Statist. Phys. 96 1-20.

COSTIN, O. and LEBOWITZ, J. (1995). Gaussian fluctuations in random matrices. Phys. Rev.
Lett. 75 69-72.

DALEY, D. J. and VERE-JONES, D. (1988). An Introduction to the Theory of Point Processes.
Springer, New York.

DEIFT, P. (1999). Orthogonal Polynomials and Random Matrices: A Riemann—Hilbert
Approach. Amer. Math Soc., Alexandria, VA.

Di1AcoNis, P. and EvAaNs, S. N. (2000). Immanants and finite point processes. J. Combin.
Theory Ser. A 91 305-321.

DI1ACONISs, P. and EVANS, S. N. (2001). Linear functionals of eigenvalues of random matrices.
Trans. Amer. Math. Soc. 353 2615-2633.

DIACONIS, P. and SHAHSHAHANI, M. (1994). On the eigenvalues of random matrices. J. Appl.
Probab. 31A (Special vol.) 49-62.

DOBRUSHIN, R. L. (1978). Automodel generalized random fields and their renorm-group. In
Multicomponent Random Systems (R. L. Dobrushin and Ya. G. Sinai, eds.). Dekker, New
York.

DOBRUSHIN, R. L. (1979). Gaussian and their subordinated self-similar random generalized
fields. Ann. Probab. 7 1-28.

GELFAND, I. M. and VILENKIN, N. Ya. (1964). Generalized Functions IV: Some Applications
of Harmonic Anaysis. Academic Press, New York.

HipA, T. (1980). Brownian Motion. Springer, New York.

JOHANSSON, K. (1998). On fluctuation of eigenvalues of random Hermitian matrices. Duke
Math. J. 91 151-204.

JOHANSSON, K. On random matrices from the compact classical groups. Ann. Math. 145 519-
545

KARAMATA, J. (1930). Sur un mode de croissance réguliere des fonctions. Mathematica (Cluj)
4 38-53.

KARAMATA, J. (1933). Sur un mode de croissance réguliere. Théoremes fondamentaux. Bull.
Soc. Math. France 61 55-62.

LENARD, A. (1973). Correlation functions and the uniqueness of the state in classical statistical
mechanics. Comm. Math. Phys. 30 35-44.

LENARD, A. (1975). States of classical statistical mechanical system of infinitely many
particles 1. Arch. Rational Mech. Anal. 59 219-239.

LENARD, A. (1975). States of classical statistical mechanical systems of infinitely many
particles II. Arch. Rational Mech. Anal. 59 240-256.

LUKACS, E. (1970). Characteristic Functions, 2nd. ed. Griffin, London.

MAccHI, O. (1975). The coincidence approach to stochastic point processes. Adv. Appl.
Probab. 7 82-122.

MAccHLI, O. (1977). The fermion process—a model of stochastic point process with repulsive
points. In Transactions of the Seventh Prague Conference on Information Theory,
Statistical Decision Functions, Random Processes and of the Eighth European Meeting
of Statisticians A 391-398. Reidel, Dordrecht.

REED, M. and SIMON, B. (1975-1980). Methods of Modern Mathematical Physics 1-4.
Academic Press, New York.

SENETA, E. (1976). Regularly Varying Functions. Lecture Notes in Math. 508. Springer, New
York.



[25]
[26]

[27]
(28]

[29]

[30]

[31]

DETERMINANTAL RANDOM POINT FIELDS 187

SINAI, Ya. (1976). Automodel probability distributions. Theory Probab. Appl. 21 273-320.

SOSHNIKOV, A. (2000). Determinantal random point fields. Russian Math. Surveys 55 923—
975. Available via xxx.lanl.gov/abs/math/0002099.

SOSHNIKOV, A. (2000). Central limit theorem for local linear statistics in classical compact
groups and related combinatorial identities. Ann. Probab. 28 1353-1370.

SOSHNIKOV, A. (2000). Gaussian fluctuations in Airy, Bessel, sine and other determinantal
random point fields. J. Statist. Phys. 100 491-522.

SPOHN, H. (1987). Interacting Brownian particles: A study of Dyson’s model. In Hydrody-
namic Behavior and Interacting Particle Systems (G. Papanicolau, ed.). Springer, New
York.

SHIRAI T. and TAKAHASHI, Y. (2000). Random point fields associated with certain Fredholm
determinants II: Fermion shifts and their ergodic and Gibbs properties. Preprint.

WIEAND, K. (1998). Eigenvalue distribution of random matrices in the permutation group and
compact Lie groups. Ph. D. dissertation, Dept. Mathematics, Harvard Univ.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA
DAvis, CALIFORNIA 95616
E-MAIL: soshniko@math.ucdavis.edu



