MOMENTS ABOUT THE ARITHMETIC MEAN OF A BINOMIAL
FREQUENCY DISTRIBUTION

W. J. KirkuAM, Oregon State College

Although the most useful moments of a binomial distribution have been
derived as a function of the parameters of the generating binomial for any
binomial frequency series, a generalization of notation and procedure is well
worth our consideration. The problem attempted in this paper is the calcula-
tion of the moments about the mean for the general frequency series of Table I.

TABLE 1
The generalized binomial frequency series
z (item) f (frequency)
0 N-2Cop'q"
1 N . ”C’ lplqn—l
2 N-.Capq™2
n N-.Cupg®

In calculating the moments of a set of data about any value, it is often found
convenient to use an arbitrary origin, define the moments about this value, and
represent the desired moments in terms of those calculated. In the general
binomial series, the origin of the z’s is found to be the best arbitrary origin.
These intermediate moments are

v = EJ\{ M , arithmetic mean;
DIPL
Ve = ’ ‘
TN (1)
X
" N

where »; is the 7t moment.
The moments (u’s) about the mean are easily defined as functions of the »'s
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from fundamental definitions of the u’s. Denoting the 7** moment by u;, we
have

2 fa =M
m==F— =0
pe = z f(xN— M »n— i, ()
s = Zf(xN_ My = vs — vy + 23,

In general,
Bn = Vn — nC¥na1 + aCo¥nvi + -+ + (=1)"1(,Coy — 1)o7, ®3)
Or, if we let {v}* = v., we may express the n** moment by a simple notation.
pn = {p}* = (p}* — ACi{p} o+ WColp}rdt 4+ o0 = (B} —w)m. (4)
Solving the equation for {v},
{r} = {u} +n.
Raising both sides to the nt* power and substituting for the ‘‘brace’’ notation,
Vn = bn + nCitn-v1 + nCoptn-avi + -+ + 4.
Whence
Bn = ¥a — aCtttnt — nCoin_w] — --+ — 97, (%)

a semi-recursion formula.

The original formula for u, contained n moments or variables; and since there
are only (n — 2) of the u’s which are of lower order than u,, it is necessary to
retain v, and » in (5). Since u1 = 0, one term in the expansion of u, is zero.
For instance, when n = 5, we have

Ms = Vs — Suavy — 10u; — 10up? — v} .

To calculate ug, it is necessary to calculate the »’s from » to »;. For the
binomial series, these »’s are

n = lnpg™! + 2——(")1(7,‘2— D P} + 3m)n 1—21 ) :,E" =2 P -
-1 — D —
= np [q“" + ("—1—) P+ ("——%——(,"2) R p"“]
=np(g + p)**! = np,

2(n — 1) —1(n —2
v = np [l'q"‘1 +—(—an—1»’q"‘2 +3(—n——;—(!n—)p2q”“’ + -+ np""],
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vs = np [12-q"-1 +22 (-"—if,—l—) plg"? 4 32 (n =D -2 1;(," L) A SRR n’p"—‘],

.....................................................................

.....................................................................

Ve = np I:lk—lqn—l + 241 (n 1_' 1Y) plgnt

—1)(n -2
+ 31 (- 1in—2) ;(,n ) P
In the sirhpliﬁed form of v, the [ ]is the (k — 1)*» moment about —1 of the

binomial series generated by the binomial (¢ + p)*!. Denoting this [] by
vr—1(n — 1), the »’s can be expressed by the formula

2qn—3 + e + nk—lpn—l] .

vi = npre—y(n — 1), (6)

where »’ is a function of (n — 1) and (¥ — 1) while v, was a function of » and k.

Let us see how a »’ in v can be defined in terms of the »’s of lower order
than k. In finding this relationship, a consideration of the two series of Table II
will be helpful.

TABLE II
z’ f z J
1 Nn—lC opoqn—l 0 Nn—lC opoqn—-l
2 Nn-101plq”_2 1 Nn_101P1q"_2
n N2iCop™® | n — 1 | NyaCoxp™ g

The [ ] in vx for Table I is equal to the (k — 1)* moment of z’ about 2’ = 0.
Or
vi_1, Table II, 2/, = vz, Table I, = v,_,(n — 1).

Also v for z, Table II, is v for the series generated by (¢ — p)*.

The desired relationship between the »’s for the two series of Table II can
be found by making use of the equations expressing the equality of the u’s for
z and z’. Dropping the variable which shows the number of items, the same
for the two series of Table II, in the notation, we have

’ 2 ’ 2 ’ ! 7\2
Bg = Hhg = Vp — V] =V — Vs, va =¥ — 2n(n — »1) + (1 — »)*,
’
’ 3 ’ 7 ’3
Mg = pg = vz — 3van + 20y = vy — 3vgyy + 207,
’ ! ’
vy = vz — v + 203 + Bvgv; — 20,0,

Substituting the value of »; in the right member of »3,

vy = v — 3na(n — v1) + 3n(n — v1)* — (1 — )%
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In general,
ve = vk — iy — v1) + iCowacalyy — v 4+ - + (=D —v)% (7)

The formula just derived may be used to define the moments about any
origin in terms of those about the original zero of the z’s. For our immediate
use, the formula simplifies since »; = » + vo = » + 1. Then

vi = vk + 1Cwr1 + Covi—a+ Covi-s + - - ®)

By simple analysis we found the value of »; to be np. By the method of
continuation, we are able to extend the list of +’s to any number. »’ from (8)
is used in (6) with n replaced by (» — 1) in the #’s.

vo = 1.
vy = np.
vy = npri(n — 1) = npln(n — 1) + vo(n — 1)]
= np[(n — V)p + 1] = n(n — 1)p* + np.
vs = npra(n — 1) = nplva(n — 1) + 2n(n — 1) + vo(n — 1)]
= n(n — 1)(n — 2)p* 4 3n(n — 1)p* + np.
ve = nprg(n — 1) = nplvs(n — 1) + 3vz(n — 1) + 3n(n — 1) + vo(n — 1)]
= np{l(n — )(n — 2)(n — 3)p* + 3(n — 1)(n — 2)p* + (n — 1)p]
+38[(n — D(n — 2)p* + (n — 1)p] + 3[(n — 1)p] + 1}.
=n(n — 1)(n — 2)(n — 3)p*+ 6(n)(n — 1)(n — 2)p* 4 7(n)(n — 1)p* + np.

......................................................................

If the order of the terms in the expansion is reversed, », is an ascending power
series in p. The pure numerical coefficients in some of these »’s are

n = (1)
Ve = (1, 1)
vy = (1) 3, 1)

v =(1,7,6,1)

v = (1, 15, 25, 10, 1)

v = (1, 31, 90, 65, 15, 1)

w = (1, 63, 301, 350, 140, 21, 1)

v = (1,127, 966, 1701, 1050, 266, 28, 1).
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In general,

n n i—1
Vgl = <1, ; nCi, ; (nCi Zl: i—10i> )

n 1—1 i—1
£(0 5 (05 e ).
3 2 1

Using the foregoing »’s, and the semi-recursion formula, we are able to deter-
mine the u’s.

9

M2 = vy — v}
= [np + (n)(n — 1)p’] — (np)?
= np(l — p)
= npg.
M3 = vz — 3vius — ¥3
= [np + 3n(n — 1)p* + ()(n — 1)(n — 2)p*] — 3(up)lnp(l — p)] — [npl-.
= np + (=3n)p* + (2n)p* = np(1 — 3p + 2p?)
= np(l — p)(1 — 2p)
= npq(g — p).
pe=[np + 7(m)(n — 1)p* + 6(n)(n — 1)(n — 2)p* + (n)(n — 1)(n — 2)
(n — 3)p*] — 4(np)(np)(1 — 3p + 2p*) — 6(np)2(np)(1 — p) — (np)*
=np + (=7n + 3n%)p* + (12n — 6n?)p® + (—6n 4+ 3n?)p*
= np(l — 7p + 12p* — 6p%) + 3n2p*(1 — 2p + p?)
= npq — 6np’e® 4 3np’e.
#s = np(l — 15p + 50p* — 60p® + 24p*) + 10n2p*(1 — 4p + 5p* — 2p?)
(¢ — p)(npg — 12np’¢* + 10n*p*g?).
ps = np(l — 31p + 180p> — 390p® 4+ 360p* — 120p5) + 5n2p*(5 — 36p
+ 83p* — 78p® + 26p*) + 15n’p3(i — 3p + 3p* — p?)
= npg — 30np’¢*(q — p)* + 25n%p’¢* — 130n*p’P® + 15mipies.
pr = np(l — 63p 4 602p* — 2100p* 4 3360p* — 2520p° + 720p°)
+ n?p*(56 — 686p + 2590p* — 4270p° 4 3234p* — 924p%) + n3p3(105
— 525p 4 945p? — 735p® + 210p?)
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(g — p)(npg — 60np*e® + 360np*s® + 56n’p’e* — 462np’c® + 105n3pe).
np(1 — 127p + 1932p* — 10206p* + 25200p* — 31920p° + 20160p
— 5040p7) + n2p2(119 -- 2394p + 13895p* — 35700p* + 46004p*
— 29232p% + 7308p°) + n?p3(490 — 3850p + 10990p? — 14770p?
+ 9520p* — 2380p%) 4 n*p*(105 — 420p + 630p — 420p® 4 105p%)
npg(l — 42pg(3 — 40pg(1 — 3pg))) + Tn*p’¢*(17 — 4pq(77 — 261pg))
4 707303 (7 — 34pq) + 105n4pigt.



