GRAPHS FOR BIVARIATE NORMAL PROBABILITIES

By MARVIN ZELEN AND NorMAN C. SEVERO!
National Bureau of Standards

1. Introduction and summary. Recently there has been much activity dealing
with the tabulation of the bivariate normal probability integral. D. B. Owen [3],
[4] has summarized many of the properties of the bivariate normal distribution
function and tabulated an auxiliary function which enables one to calculate the
bivariate normal probability integral. In addition, the National Bureau of Stand-
ards [1] has compiled extensive tables of the bivariate normal integral drawn
from the works of K. Pearson, Evelyn Fix and J. Neyman, and H. H. Germond.
In this same volume, D. B. Owen has contributed an extensive section on ap-
plications.

It is the purpose of this paper to present three charts, which will enable one to
easily compute the bivariate normal integral to a maximum error of 10~2. This
should be sufficient for most practical applications. Owen and Wiesen [5] have
also presented charts with a similar objective; however, as pointed out below,
we believe the charts presented here lend themselves more easily to visual in-
terpolation. Actually the motivation for these charts came from the Owen and
Wiesen work.

2. Notation and formulas. We present here notation and useful formulas re-
lating to the bivariate normal integral. Let X and Y be random variables follow-
ing a bivariate normal distribution with zero means, unit variances, and correla-
tion coefficient p. Then

(1) PriX =z h, Y=k} =L(hk;p) = f dxf g(x, y; p) dy,
h k
where
g(z, y; p) = 2rv/1 — gl " exp — (2" — 2pxy + ¢*)/(1 — p)]

is the bivariate normal probability density function.
Useful relations for L(h, k; p) are set out below:

(2) L(h, k; p) = L(k, h; p),
h k

(3) L(=h,~k;p) = [ _dv [ g(,u;0) dy,
h )

(4) L(—h, k; —p) = f_mdxfk 9(z, y; p) dy,
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(5) L(h, —k; —p) = f do [ 9o, y50) dy,

h k
(6)  2[L(h, k;p) + L(h, k; —p) + P(h) — QU] = f_h dx f_k 9(z, y; p) dy,

(8) i(—h, —k; p) — L(h, k; p) = P(k) — Q(h),
where

P(z) = (20) f M d = 1 — Qa).

Special values of L(h, k; p) are

(9) L(h, k;0) = Q(h)Q(k),

(10) L(h k; —1) = 0 ifh+k =0,
(11) L(h, k; —1) = P(h) — Q(k) ifh+k <0,
(12) L(h, k;1) = Q(h) ifk < h,
(13) L(h, k; 1) = Q(k) ifk = h,
(14) L(0,0; p) = ¥ + ((arcsin p)/2r).

3. Discussion of Charts. Owen [4] has shown that

N ) (ph—k)sgnh) ( ) (pk—h)sgnk)
(15) L(h7 k’ P) - L <h7 07 (h2 . 2phk + kz)i + L k; 07 (h2 _ 2phk + k2)}

{0 if k>0 or hk=0 and h+k=0

otherwise

(S

This makes it possible to evaluate L(h, k; p) as a function of L(h, 0; p) which
only depends on two parameters. Figures 1, 2, and 3 are plots of h versus p with
constant contour lines such that L(h, 0; p) = 0.01(.01).10(.02).50.

Owen and Wiesen [5] have given charts plotting L(k, 0; p) versus h with con-
stant contours for p. The advantages of the charts presented here are that (i)
the contour lines more fully cover the available graph space making interpolation
easier and more accurate, and (ii) the Owen and Wiesen charts require visual
interpolation on the p contour lines which could easily lead to errors larger than
=+.01 in reading L. On the other hand, figures 1, 2, and 3 require only visual
interpolation on L between successive contour lines differing by .01 or .02. Hence
interpolation errors are at most of the order #.01 throughout.
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F1a. 1. L(h,0;p) for0 < h =< 1and —1 < p < 0. Values for & < 0 can be obtained using
L(h, 0; —p) = 3 — L(—h, 0; p)

4. Applications of the charts.
ExampLE 1. To find L(0.5, 0.4; 0.8). Using (15), we have
(K — 20hk + K*)* = 0.3
L(0.5,0.4;08) = L(0.5,0;0) + L(0.4,0; —.6) = 0.15 4+ 0.08 = 0.23.

The correct answer to 3D from [1] is L(0.5, 0.4; 0.8) = 0.233.

ExamrLE 2. Let X and Y follow a bivariate normal distribution with means
and variances m, = 3, m, = 2, o2 = 16, o5 = 4 and correlation p = —0.125. To
find the value of Pr{X = 2, Y = 4}. Since

PriX z kY 2k = Ll(h — ma)/oc, (k — my) /oy ; pl,
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F16. 2. L(h,0;p)for0 = h =< 1and0 = p = 1. Values for h < 0 can be obtained using
L(h, 0; —p) = § — L(—h, 0; p)

N
\\

We have PriX = 2, Y = 4} = L(—0.25, 1.0; —0.125). Therefore using (15),
L(—0.25, 1.00; —0.125) = L(—0.25, 0; 0.969) + L(1.0, 0; 0.125) — %. The
charts only give values for 4 > 0; however using (7) with £ = 0 we have
L(——h'y 07 P) = % - L(h: Oy —P)-
Hence L(0.25, 0; .969) = 1 — L(0.25,0; —.969) and thus
L(—0.25,1.0; —.125) = —L(0.25, 0; —.969) + L(1.0, 0; 0.125)
= —0.01 4 0.09 = 0.08.

The correct answer to 3D from [1] is L(—0.25, 1.0; —.125) — 0.080.
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F16. 3. L(h, 0; p) for h = 1 and —1 =< p = 1. Values for h < 0 can be obtained using

L(h, 0; —p) = § — L(—h, 0; p)
ExampLE 3. To find the value of

h az
V(h,ah) = (21r)_1£ dx foe_*(ﬁ”ﬁ) dy
when a = 2 and h = 0.5.
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The function V(h, ah) is sometimes known as Nicholson’s function [2] and is
useful in finding integrals taken over polygons with respect to the circular nor-
mal distribution. The relation between V (h, ah) and L(k, 0; p) can be shown to be

V(k, ah) = ¢ + L(k, 0;p) — L(0, 0; p) — 3Q(k)
where p = —[a/(1 + az)%. Hence for this example
V(0.5,1.0) = 0.25 + L(0.5,0; —.894) — L(0,0; —.894) — 32Q(0.5)
= 0.25 4+ 0.01 — 0.07 — %(.29) = 0.05
The correct answer to 3D from [1] is V(0.5, 1.0) = 0.047.
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