A RECURRENCE FOR PERMUTATIONS WITHOUT RISING OR
FALLING SUCCESSIONS

By JouN RIORDAN

Bell Telephone Laboratories, Incorporated, New Jersey

1. Introduction. For = elements, the rising successions in question are
12,23, -+ - ,n — 1n;the falling successions are 21,32, - - - , nn — 1. The enumera-
tion of the permutations of the title has been considered by Irving IKaplansky
[1] in the form of what he calls the “n-kings problem”: in how many ways may n
kings be placed on an n by n chessboard so that no two attack each other? In
a later paper [2], he has treated the more general problem of enumerating permu-
tations of n elements by the number of successions of either kind (more briefly,
by the number of instances in which 7isnexttos + 1,7 =1,2, --- ,n — 1).
If S, is the typical number of such an enumeration, S,(¢) = > Stk is called
the enumerator (of permutations by number of successions); S,(¢) is a poly-
nomial in ¢ of degree n — 1.

It will be shown that

(1) S,(t) = (n4+1—1)8Sa(@) — (1 —)(n — 2 4 3t)Su—2(?)
— (1= 0%n =5+ 08s(t) + (1 —)°(n — 3)Sua(t), n >3

with So(¢) = Si(t) = 1, So(t) = 2¢, Ss(¢t) = 4¢ + 2¢°. Recurrence (1) has the
particular virtue of reducing to the following pure recurrence for the numbers of
the title, S, = S,(0):

(2) Sn = (n + 1)S’n—-l - (n - 2)Sn—2
—_ (n —_ 5>S_3+ (n _ 3)Sn_4, n > 3.

2. Preliminary résumé. The results of [1] and [2] needed for present purposes
are as follows:

(3) Su(t) = Dimo Auw(n — k)1t — 1),

where

(4) A = Apap + Apciimr + Anop, n>1
or 4

(5) An(z) = 2 Ama® = (1 4+ 2)Ana(z) + wdas(x)

where, by convention, A¢(x) = Ai(xz) = 1. It following at once from (3) and
(4) that (primes denote derivatives)

(6) 8.(1) = (n — 1 + 1)8uu(2)
+ (1= )8 — (n = 1)(1 — )8ua(t) — (1 — 1)2Sns(t), n>1
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with Sp(¢) = Si(¢t) = 1, as above. Equation (6) implies
(7) Snr = Sn—l,k—l + (n -1 k)Sn—l.k -+ (IC -+ 1)Sn—l,k+1
+(n—k)Spe k1 — (n—1— 2k)S,or — (b 4+ 1)Su—s, ks1 -

In pa,rticular (Sn = Sno), Sn —_ (n — 1)Sn-—1 + (n —_ I)Sn_z = Op—-1,1 — Sn_g,l
which is not a pure recurrence. It is convenient to introduce ‘‘associated” poly-
nomials of 4,(z), namely a,(z) = 2" A,(—a "), in terms of which S,(¢) may be
written compactly as

(3a) S.(t) = (1 — e JE(1 — )70,  E*0! = kL

3. Generating function and recurrence of associated polynomials. By defi-
nitiocn and by equation (5), ap = 1, a;(z) = z, and
(8) a.(z) = (z — 1)ap1 — @2, n> 1.

Hence the generating function a(z,y) = a(z) + ar(x)y + -+ + a.(z)y" + ---
is given by

(9) I +y—ay+ ayalz, y) = 1+y.
It follows that, indicating partial derivatives by suffixes,
(10) 1 +y —ay +ay)a(z,y) — y(1 — ylalz,y) =0,

A+y—ay+ e, y) + (1 — 2+ 2yaz, y) = 1
Combining the latter with (9) leads to
(1) A+ A+ y— ay +a)al, y) = (1 — 2y — y)alz, y),
and (11) and the first of (10) lead to
(12) a1 — 2y — Paa(z, y) =yl — Pay(z, ).

Now rewrite the first of (10) as (1 + y)a.(z, y) = y(1 — yalzr y) +
xy(1 — y)a.(z, y) then, multiplying throughout by (1 — 2y — %), it is found
that

(13) (14 »1 — 2y — yas(z, y)
= y(1 =y = 2y — yalz,y) + ¥ (1L — (L — y)ay(z, y),

a relation with coefficients free of x.
Equating coefficients of 4" leads to the final recurrence (again, primes denote
derivatives)

(14) na,_(x) — (n 4+ Dapo(z) — (n — d)a,_3(x) + (n — 3)a,_s(x)
= @) () — an_1(z) — 3an_s(z) — an_s(x).

4. Recurrence for S,(t). The left-hand side of (14) may be translated into
an expression in S,(t¢) by use of (3a); for the right-hand side there is a similar



710 JOHN RIORDAN

expression, namely
(15) (1 — )" ",/ [E(1 — )7']0! 20 Am(n — k)1t — DF
= 8.(t) — (1 — t)"ax(0)

and it is easy to see from (8) and its boundary condition that a,(0) = 8.0 .
Hence, omitting functional arguments,

MSpy — (1 — t)(n 4+ 1)Spe — (1 — )*(n — 4)8,_s
(16) 4+ (1 —=0°m —3)8us =8 — (1 — )Sus — 3(1 — 1)*Sn_s
. - (1= t)3Sn--3 — (1 — £)"(8p0 — n1,0 — 30r—20 — Bu_3,0).

After simplification, (16) is (1).
Professor Carlitz (private communication) has noticed that (1) implies

(17) S(t, w) = 200 Sa(t)u" :
= D i=o k[l — (1 — Hul/[1 4+ (1 — t)ul}”.

Equation (17) in its turn implies a new expression for 4 ,; namely

Ap = IJC:O (IZL:JZC) ( n+j7_'k_1)-
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