LIMITING DISTRIBUTIONS OF RESPONSE PROBABILITIES
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1. Introduction and summary. In an earlier paper [3], one of us considered
certain limiting distributions of response probabilities arising from the two ex-
perimenter-controlled events learning model of Bush and Mosteller [1]. There, as
here, the probabilistic model took the form of a Markov process po , p; - - - satis-
fying the following conditions:

(i) po has an arbitrary distribution on (0, 1);
(ii) if p, is given, then p,11 = a1 + aip. with probability = and pu+1 =
az + ap, with probability . ;

(iii)1r1—|—7r2= 1,0§a]~§ 1and0§aj§ 1 —aj,(j= 1,2)

The random variable p, is called ‘‘the response probability on trial n.”

It has been shown by Karlin [2] that a limiting distribution exists as n — .
If p is the random variable of this limiting distribution, it can be shown ([1],
p. 98) that the distribution of p is concentrated on [min (A, A2), max (A1, \2)],
where \; = a;/(1 — a;1) and A = a2/(1 — ).

In the present note, it is shown that for the case a; = a2 = a, 11 = m = 3, the
characteristic function of the distribution of the random variable

(1.1) z= M+ N—=2p)/(N— ), (M #N2),

when suitably standardized, tends to the characteristic function of the standard-
ized normal distribution as o — 1.

2. Asymptotic normality as o« — 1. For the case ax = a2 = a, m = m = 3,
it follows from results of Bush and Mosteller [1] that F(p) = (A 4+ X2)/2, and
Var (p) = (1 — a)(\s — M)°/4(1 + «). Using these in conjunction with equa-
tion (1.1), we obtain E(z) = 0 and Var (z) = (1 — «)/(1 + «). Thus the
random variable z = z[(1 4+ «)/(1 — «)]* is standardized.

MecGregor and Hui [3] have shown that the characteristic function of the dis-
tribution of x is

ea(t) = [[n=ocos[(1 — a)a’t] = cos [(1 — a)tlez(at).

Thus the characteristic function of the distribution of z satisfies

(2.1) e:(1) = cos [(1 = o")tle.(at).
Since ¢.(t) is an even function of ¢, we may write
(22) st(t) = :°=0 I-‘2r( —1 )Ttw/(zr) !)

where py, = E(2"). Combining equations (2.1) and (2.2), we have
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Do uer(— 1)/ (2r) !
= { Do par(—1)"(at)”/(2r) B Dm0 (— D (1 — o)/ (2k) 1)
Dormo (=18 D2k b2 (1 — o)/ (20 — 2k)1(2k) Y.

I

Thus
por = (20)! D hco magewa TP (1 — )/ (2r — 2k)1(2k) 1,
or
por = (200 i @@ (1 — a2)F/(2r — 2K)1(2k) 1(1 — o).

Let pi = limao: per. Then psr = (2r — Dpsrs = [[iS6(2r — 26 — 1) =
(2r)1/r12". Thus pa,/(2r)! = [r12'7" and the characteristic function of the dis-
tribution of z obtained by letting o — 1 is, therefore,

o (—1/2)"/r! = exp (—1)/2,
which is the characteristic function of the standardized normal distribution.
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