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1. Introduction. One of the classic problems of the theory of nonparametric
inference is testing whether two samples come from the same or different popula-
tions. If the observations are univariate and we suppose only that the parent
populations are governed by a continuous distribution function, genuinely
distribution free and asymptotically consistent tests have been proposed by
Smirnov, Von Mises, and Lehmann among others. For a review of the enormous
literature that has grown up about these and related tests we refer to [1] and
[3]. The multivariate case seems to have been studied far less fully. The obvious
generalization of the univariate methods leads to procedures which are not
distribution free (see [17]). Lehmann [12] has proposed a genuinely distribution
free test consistent against all alternatives in this instance also, but his method
involves post experimental randomization as an intrinsic factor and is therefore
not fully satisfactory. Rosenblatt in [14] has given an ingenious solution to the
goodness of fit problem in the multivariate case but his device does not seem to
carry over to the two sample problem. Recently, David and Fix [2] and Sen and
Chatterjee [16] have remarked that the classical permutation principle of Fisher,
as used for instance by Wald and Wolfowitz in [19], when applied to rank tests
in multivariate problems leads to procedures which are distribution free and
which can, in principle at least, be tabled.

Our approach consists of combining this remark with the generalization of
the classical Smirnov test to obtain a procedure which we show is distribution
free and consistent against all alternatives. To achieve this aim we require a
theorem on the “‘conditional’”’ convergence of the empirical distribution function
‘which is analogous to known results on permutation distributions (cf. [19], [8]).
This theorem is then applied to yield known results of Kiefer and Wolfowitz
[11] and Dudley [6].

The paper is organized as follows: Section 2 contains a formal statement of
the model and our proposed procedure. In Section 3 we introduce the stochastic
process eonsiderations we need, state the main theorems on convergence of
stochastic processes ((3.1) and (3.2)) and derive the consistency of our proce-
dure from these as well as the previously mentioned results of Dudley and Kiefer
and Wolfowitz. Section 4 deals with some auxiliary results on sampling from a
finite population necessary for the proof of Theorem 3.1. Two of these results are
due to Hajek ([8] and [9]), and one to Wald, Wolfowitz, Noether and Hoeffding
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2 P. J. BICKEL

(see e.g. [7]). The others, Lemmas 4.3, 4.6, and 4.7, are new and may be of
independent interest. The proof of Theorem 3.1 is completed in Sections 5, 6,
and 7.

2. The model and the procedure. Let X;, X, -+ ; Y1, Y, - -+, be two se-
quences of p-vectors (observations) defined on a measurable space (2, @). For
simplicity we take @ to be [R*]® x [R”]” where [R"]” is the space of ordered
sequences of ordered p tuples of real numbers. Let @ be the usual product Borel
field on Q, and let X;, Y; be the usual projection maps.

We suppose one of a family of probability measures Pj to hold on (2, @),
where 6 ranges over ® = {(F, G): F, G probability distribution functions on
R*} and if, 8 = (F, @), Py is the product probability measure on (2, @) which
makes the X; independent and identically distributed according to F and the
Y: similarly independent and identically distributed according to G. Let @y =
{6e@:0 = (F, F) for some F}. The problem we are interested in is testing the
hypothesis, H: 8 ¢ @9 vs. K: 0 £ Oy, consistently at level a.

Formally we seek a sequence of (critical) functions ¢m,, : [R"]™ % [R*]" — [0, 1]
which are Borel measurable such that for any given 0 < a« = 1

(2.1) Ey(omn(Xy, o+, Xm, Y1,-++, Yu)) S @
for all 8 £ ®, and
(2.2) limm,n—wo Eo(‘Pm,n(xl y "y Xm ’ Yl 3y "y Yn)) =1

for 6 £ ©,, where E, indicates that expectation is taken under the assumption
that 6 holds.

We begin with some definitions. Let F,.(t, ») denote the empirical cumula-
tive distribution of Xij(w), - -+ , Xn(w) for w £ @, and t & R®. Thus

(23) Fu(t,0) = m™ 207 Lin(Xi(w))

where A(t) = {se¢ R”:s = t} and I,(s) is the indicator function of a set 4 in
R®. As is customary s =< t refers to coordinatewise inequality between s =

(s1,° - ,8)andt = (4, - ,tp).
Similarly, define

(24) Ga(t,0) = 17" 37 Tagy(Yi(w))
and '
(2.5) Hu(t, ©) = MFn(t, @) + (1 — Ay)Galt, ©),

where N = m + n, \y = mN~.

In the sequel we shall frequently refer to conditional probabilities and condi-
tional expectations given Hy , written Po[- | Hy] and Eo(- | Hy). We use this
convenient notation to refer to the (regular) conditional probabilities of events
in @ and conditional expectations of functions measurable @ when the condition-
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ing sigma field

® = {BS@Z (Xiy * 5 Xmy Xmga, 5 Y1, Yy Yoty ---)eB
And (P(xl):"' ) P(Xm)’ Xm41,y *°° 5 P(yl)’ ’P(yn)a y,.+1,"~)€B}
for any P which is a map of the set {X;, *** ,Xm, Y1, * -+ , Yx} onto itself. This

is clearly the information contained in Hy , viz. the “values” of the first m and n
observations from our two samples without any identification of their ‘“sample”
origin. Clearly we can choose the regular conditional probability P®(w, -) so
that it depends on w only through Hy(-, w).

It is evident that Hy is a sufficient statistic for 6 ¢ @y if only (Xy, -+, Xm,
Y:, ---,Y,.) has been observed, in the sense that if A is a Borel set in
[(B)™ % (B

PO[(XI: e 7xm’Y13 e ,Yn)SA [HN]
can be chosen independent of 8 for 6 € @, . In fact if 6 ¢ Oy given Hy there are a
finite number of equally likely values that (X;,:-:,Xm, Y1, -+, Y,) can
assume.

In what follows we shall always assume that Pe[- | Hy] is computed under
0 ¢ ©, and we shall accordingly drop the subscript 6 in all subsequent conditional
laws, probabilities, and expectations.

Finally for any two distribution functions F and G on R” we define the Kolmo-
gorov (L« ) distance between F and G as usual by,

(2.6) d(F, @) = sup |F(t) — G(t)|.
We can now define ¢u,» by,
ema(Xi(w), -+, Xm(w), Ya(w), - -+, Ya(w)) = 1
if d(Fm(+; @), Gm(+, @) > ex(Hn(, @))
(2.7) = yv(Hw(-, w))
if d(Fu(+, @), Gu(+, 0)) = c(Hu(-, @))
= 0 otherwise,

where ¢ and v are uniquely determined by the condition that they be the smallest
such numbers satisfying,

(2'8) E{‘p(Xl,""Xm,Y17"')Y”)|HN('7w)} = a.

This sequence clearly satisfies (2.1) and it follows from Theorems 3.1 and 3.2
of the next section that it also satisfies (2.2).

We remark that, at least in principle, the distribution of the test statistic
under the null hypothesis can be tabled.

Suppose for simplicity that F(-) is continuous. We may assume that under
6, = (F, F) with probability one all the coordinates of the X’s and ¥’s are dis-
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tinct. Let
Xi(w) = (Xu(w), -+, Xip(w))

and define Y; similarly. Let R;;(w) be the rank of X;;(w) among the set of num-
bers [{X;(w)}, 1 £k = mlu [{Vij(w):1 <k < nl.

Similarly define Sij(w) as the rank of Y;;. Let R; = (R, ---, Rip) and
define S; similarly. Define

Fl(t,0) = m™ Dt Ly (Ri(w)).

Then if Hy*(t, @), G.*(t, w) are defined in analogy to Hy and G, , clearly, under
6, , with probability one,

(2.9) L(d(Fm, Gu) | Hy) = S(d(Fu", Gu") | Hy"))

where £(Z) denotes the law of a random variable Z. Now H" takes on exactly
(N1)?™ distinct values and for each value of Hy", F.." takes on at most ()
possible distinet values.

3. Limiting behavior of F, given Hy and statement of principal theorems.
We begin this section by introducing a more general framework for our results.

Let Py, - -+, Pyx be N points in R”, where we allow repetitions among the
points. .

In accord with our usage in the last section let Hy be the distribution function
of the measure which assigns mass N to each point Piy .

Consider the experiment of choosing at random m of the points Piy , « -« , Py .
Again in accord with previous usage let F,, be the distribution function of the
measure which assigns mass m ™ to each of the m selected points, and let G, be
the distribution function of the measure which assigns mass n™" to each of the
n remaining points where we suppose m + n = N. As we noted in the previous
section if Py, ---, Pyy denote the wvalues of the “pooled” sample of
Xy, -+, Xnm, Yy, -, Y, where the X’s and Y’s originate from a common dis-
tribution F, then the conditional distribution of the empirical distribution funec-
tion of the X’s is precisely that of F',, constructed above. However, for the first
two theorems of this section we shall make no assumptions on how the points
Piy, - - -, Pyx are obtained. For convenience we introduce a suitable probability
space (&, & P) with members &, and write F(t, @) to indicate the dependence
of F, on teR” as a distribution function, and on the particular subset

of Piy, - -+ , Pyx selected by the random experiment through &. In this formula-
tion Hy is a function of t only and is not stochastically determined. Of course,
(3.1) Go(t, &) = n " {NHy(t) — mFa(t, @)}.

The triple (2, &, P) whose formal description we leave to the reader is so chosen
that Fn(-, -) is a separable stochastic process on R” whose finite dimensional
joint laws are determined in accord with the experiment we have just described.
We take {m} and {N — m} to be unbounded sequences of natural numbers whose
dependence on N we suppress. In all future theorems when we say N — « we
mean thatm and n = N — m both tend to « as well. Without loss of generality
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we suppose that all the processes F (-, - ) are defined on the same probability
space (2, G P).
Define the stochastic process Xx(t, &) on (2, @) and R? by

(3.2) Xn(t, @) = [mn/NP[Fu(t, @) — Ga(t, &)]
(mn  PNHF u(t, 3) — Hu(t, &)].

Let H be the distribution function of a probability measure on R” (which we
shall also refer to as H). We follow Dudley [5] and define @ to be the set of real
valued functions «( - ) on R” which:

(i) Are continuous except possibly on hyperplanes of the form { (¢, - -- #):
t; = constant} which have positive H-measure.

(ii) On hyperplanes as above are continuous from below with limits from
above, where “below” and ‘“‘above” refer to strict inequality in all coordinates.

(iii) Have limits at points of the boundary of the compactification R” of R”
where B = [— o, +].

Endow @z with the supremum norm making it a separable Banach space and
let =g be the topological Borel field of @z . Then ([5]) there exists a probability
measure g on (Qg , Zx) such that the map X (t, «) defined for a ¢ Qz and t ¢ R”
and given by,

(3.3) X(t, @) = a(t),

is Gaussian with mean 0 and the stochastic process X (t, - ) has covariance struc-
ture given by,

(3.4) Cov (X(t, -), X(¥, -)) = H(t A ¥') — HWH(Y),

where t A t’ is the vector (min (¢, &), - -+, min (¢,, ¢, )). Finally let 9n(R")
be the set of all bounded real valued functions on R” endowed with the supremum
norm, || -||. We require that (2, @) have the property that {@: Fru(-, @) = v} ¢ @
for every v & M(R”). We shall say that a real valued functional # on 9 (R”) is
regular for H (a distribution function) if 4 is continuous in the supremum norm
at all points of a Borel subset S of Qg such that ux(S) = 1. Note that for any
functional 4 the function A(Xx(-, ®)) is measurable in & in view of our assump-
tions on (&2, @). We can now state our main result.

THEOREM 3.1 Suppose that ||Hy — H|| — O for some distribution function H.
Then, for every h regular for H, '

(3.5) AfL(h(Xn(-, +))), La((X (-, -)))} =0

as N — o, where £(h(Xy(-, -))) is the law of W(Xy(-, -)) under P,
La(h(X (-, -))) s the law of (X (-, +)) under H and A is the Lévy-Prohorov
distance between laws (distribution functions) on the real line.

In the terminology of (Dudley [6]) the measures induced by the processes X
on M(R?) converge weak™ to uz . We postpone the proof of this theorem to the
next four sections. '

Suppose now that X;, <+, X, Yy, .-+, Y, are random vectors defined as
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in the previous section and (with a slight abuse of notation) F,,, G, , and Hy
are the empirical cumulative distribution functions of the X’s, the ¥Y’s and the
pooled sample respectively. Define the stochastic process Xy in terms of F
and G, by equation (3.2). Note that these are all (including Hy) functions on
R* X Q.

We shall say that a real valued functional % is regular for the two sample problem
and H if h is regular for H and furthermore A(Xy( -, w)) is a measurable function
of w on Q@ for all N. Note that w is permitted to vary in Hy also with this defini-
tion. We have (using the notation of the previous section),

TrEOREM 3.2. Suppose that 6 = (F, F'). Let h be a functional regular for the two
sample problem and F. Then,

(3.6) Ale(M(Xn(+, +) [Hy)), Lo(h(X(+, 1))} =0  as. Py.

Proor. In view of our characterization of the conditional distribution of
F, given Hy if 6 = (F, F) Theorem 3.2 is an immediate consequence of Theorem
3.1 and,

(3.7) | PepllHy — F|| - 0] = 1.

Assertion (3.7) is nothing else than the Glivenko-Cantelli theorem for vector
variables. Theorem 3.2 is proved.

Put more prosaically our theorem states that for almost all sample sequences
the conditional distributions of A(Xx( -, - )) given Hy (which do not depend on )
converge to the same limiting distribution, that of A(X (-, - )), when ur holds on
(Qr, Zr). The final dependence on 6 of course appears because of the dependence
of Hy on 6. It seems worth noting that the restriction of regularity for the two
sample problem on /& may be dropped if the o-field @ is completed with respect to
Py since we have remarked that given Hy , F., and G, can take on only finitely
many values and consequently the conditional distribution of A given Hy is well
defined. We can now establish,

TaEOREM 3.3. The sequence of tests {om,a} satisfies (2.1) and (2.2).

Proor. As we noted previously, (2.1) clearly holds. Let A(q) = ||g||. & is con-
tinuous on all of M (R ) and easily satisfies (i).

Now,

(3.8) MXu(+, 0)) = fmaN "} ||F — Gal.

Then for every distribution function H on R?, a > 0 there exists a unique finite
smallest ¢(H, a), 0 = v(H, @) < 1, such that,

(3.9) palh(X(-, -)) > C(H, a)} + v(H, a)ua{(X(-, +)) = ¢(H, a)} = .
From (3.9) and (3.6) we see thatif § = (F, F),
(3.10) {mn(m 4+ n) Vey(Hy) — ¢(F,a)  as. Py

where cy(Hy) is given by (2.7), (2.8).
Now, suppose § = (F, G), F = G. Without loss of generality let us assume that
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mN ™ — )\, where 0 < \ = 1. Define,

(3.11) H = AF + (1 — \)G.
By the Glivenko-Cantelli theorem in this case,
(3.12) Py[||Fn — F|| = 0] = P[[|Gn — Q|| = 0] = 1
and hence,
(3.13) P|Hy — H|| - 0] = 1.

An application of Theorem 3.1 identical to that used to obtain Theorem 3.2 and
(3.10) now enables us to conclude that,

(3.14) {mn(m + n)™}} ey(Hy) — ¢(H, a) a.s. Py .
On the other hand by (3.12),

(3.15) |Fm— Gl > |F — G >0 as. Py.
Of course, (3.14) and (3.15) imply that,

(316) omn(Xy, -, Y1, )1  as P

if F ¢ @. Theorem 3.3 follows.

There are many possible choices of ¢, satisfying (2.1) and (2.2), some per-
haps based on statistics having a limiting distribution independent of F if § =
(F, F). Certainly plausible statistics whose distribution is more invariant than
that of d(Fm , G») can readily be defined (see for instance Weiss [20] and Vincze
[18]). We hope to investigate this question in a later paper. We remark that
Theorems 3.2 and 3.3 are of some interest even in the case p = 1 since the test
¢@m,» which for ' continuous is the usual Smirnov test is also distribution free
when the underlying distribution is discrete, viz. when there are ties. Unfortu-
nately, and this is, of course, the principal difficulty in higher dimensions, the
limiting value of the cut-off point of the test depends on F if F is not continuous.

From Theorem 3.3 we immediately deduce,

TaEOREM 3.4. If h satisfies the hypotheses of Theorem 3.2 and 0 = (F, F) then

(3.17) Af{Lo(M(Xn(+, +))), Lr(M(X(+, )))} — 0.
Proor. Let,

(3.18) Yy(s, Hy) = E(exp is h(Xn(-, -)) | Hx).

Then,

(3.19) Po[¥y(s, Hy) — Er{exp is (X (-, -))} Vs] = 1.

Theorem 3.4 follows upon applying the dominated convergence theorem to the
variables ¥y (s, Hy). From Theorem 3.4 we can derive Dudley’s Theorem 2 [6].
Let,

(3.20) Xn(t, 0) = M (Fu(t, 0) — F(t, 0)).
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We shall say & is regular for the one sample problem and F if h is regular for F and
h(Xm(-, w)) is measurable in w.

THEOREM 2. If h is regular for the one sample problem and F and 0 = (F, F)
then,

(321) Lofh(Xm(+, I} — LuplW(X(, )} a5 m — o.

Proor. By Proposition 1 of [6] we need only consider 4 continuous on 9N (R").
For such an A, if § = (F, F),

(3.22) Lo{h(Xw (-, )} = Lol h(Xm(-5 ©))}  asnm— oo,

(m fixed) by the Glivenko-Cantelli theorem. Therefore any limit law stochastic
or substochastic of the sequence Lo{A(Xn(-, -))} as m — o is a limit law of the
sequence Lo{A(X (-, -))} as m, n both — «. Theorem 2 follows. Of course,
Theorem 3.3 could have been derived from Theorem 2.

From Theorem 2 one can, of course, derive Theorem 2 of [11] by applying the
former to the functionals A(q) = |lq|| and h(q) = ||max (g, 0)||. The limiting
law of our test statistics {mn(m 4+ n)"}? |Fmn — G| under 6 = (F, F) given Hy
is then identified as being the same as the distribution given in [11], and Theorem
1 of [11] and 1-m of [10] may be employed to give some information about
¢(F, a). It seems plausible that one can obtain bounds similar to those of [10]
and [11] for the conditional distribution of {mn(m + n)™}d (Fm, G») in terms
of Hy but we have not attempted to do so. Finally, we note that Theorems 2 and
3.2 imply that the expressions for the limit law of mi||F,, — F|| if p = 1 given
by (Schmid [15]) apply in our case also.

4. Some results on sampling without replacement. The lemmas of this section
play a fundamental role in the proof of Theorem 3.1 given in the next three
sections. In order to place Lemmas 4.6 and 4.7 in the scheme of things it may be
worthwhile to read Sections 6 and 7 first.

Let Viv, ---, Vux be a sample taken in order from a finite population
Cwv, -, Cyy without replacement, viz. P[(Vw, -+, Vwxy) = (Coyw, *,
ciyn)] = [N for every permutation (4, -+ ,4x) of (1,--+,N). Suppose

-1 civ = 0. Then, we have,

LemMma 4.1. (H&jek [8]). Let Viw, - -+, Vun, {cin} be as above. Let {din}, 1 =
© = N, be another sequence of constants such that D iadiy = 0.

Suppose N* D", iy — 0%, D 11 diy — K. Then,

(4.1) (XX, dnVin) — 1(0, °K)

tf,

(4.2) (a) N7* max |civ| — O, (b) max |div]| — 0,
and

(4.3) N7 27 owigi>n 0xis — 0

for every . > 0, where éyi; = Cix djn .
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Another useful result also due to (Héjek [9]) is, )
Lemma 4.2. (Hajek). Let {Viy}, {civ} be as above. Suppose S; = D iy Vi .
Then,

(4.4) Plmaxi<;x|Sil 2 d < B|SJ{e(1 — nN )™

foreveryr =2 0,1 =n =< N,e>0.

This lemma is of little value if n is close to N. To deal with that situation
we need inequalities of the type given in Lemma 4.3.

LeMma 4.3. Under the assumption of Lemma 4.2 suppose kl = n < k(I + 1)
wherek = 2, N = n,l = 1. Then there exists c(k, r) such that,

(4.5) Plmax;gjzalSi] 2 o < c(k, )¢ E|S"
Proor. Suppose n = kl 4+ d. Then,
(4 6) P[ma‘X1<JSnIS]| = < P[maX15,gkz[S I 6/2]

-|" P[manz<,'§n|Skl + (IS; - Skl)l = 6/2].
But,

(4.7) Plmaxucicn|Su + (8i — Su)| = ¢/2]
< P[|Su| = ¢/4] + Plmaxig;<a|S)|

1%

¢/4].
Hence, if 0 = d < k = kl we have,
(4.8) Plmaxigj<na |S;] 2 €] = 3P[maxig;cii |85 = /4],

and we need establish the lemma only for n» = kl. We proceed by induction.
Itk = 2

(4.9) Plmaxi<j<u |S;| = €] £ Plmaxi<j<i |Si| = ¢/2] + P[|Si| = €/4]
+ P[m&X1§j§z IS]I = 6/4:] = 3P[ma.x1§,~§z ISJI = 6/4:] = 3.876_T.EISzIr

by Lemma 4.2. The induction step is given by (4.6) and (4.7) with d = L.

We will also need,

LemMma 4.4. (Wald-Wolfowitz-Noether-Hoeffding.) Suppose the civ satisfy
the hypotheses of Lemma 4.1 as well as (4.2) (a), S» is as in Lemma 4.2, and
n/N—>X\0< A< L1 Thenas N — o,

(4.10) E(N7*8.%) — No™un

where ugy, s the 2kth central moment of the standard normal distribution.

A proof of Lemma 4.4 may be found in [7] pp 237-239.

Before giving the main results of this section we state and prove an auxiliary
lemma. Our techniques in this and the succeeding lemma are similar to those
used by Hajek in [9] and by Kiefer and Wolfowitz in [11].
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Lemma 4.5. Let {Vin}, 1 < i < N, be as above. Then,
P i Viw
(411) < g(Vw, 3 V) | Vv, o+ s Vewl S g(Vaw, -+, Viw)
+ w8 (N — ) m(l — m(N — #) )N — 1) T,

- for any g(Vaw, -+, V,N) such that g(Viy, -+, Vox) + mS.(N — 7)™ < 0.
Proor. Given Viy, :--, V,» the Viy with &k > r are distributed as a sample
without replacement from the population of size N — r whose members ¢y ,
‘4 =1,---,N — r, are the ciy which have not appeared among the V.y with
12 < r. Then

(4.12) E(Vesow | Viv, 1 S i< 7) = —8(N — )™
Chebyshev’s inequality applied to the left-hand side of (4.11) gives,
PIY 5 Vie < g(Vavs Vo) | Viwy -, V]
(4.13) S gV, o, V) + mS(N — )77
(1—(m—=1)/(N—r—1))mVar{Von| Vi, -+, Vo).
Finally,
(4.14) Var{Voan |V, -, Vel
(N — )220 Ceaw + SN = 1)) = 20 (Vay + SN — 07
= (N =) Xy — 2 Vie — 8H (N — )7}
S (N—-r)"2Ndy. 0

The final results of this section are further extensions of Lemmas 4.2 and 4.3
which are central to our argument. Let S be a fixed subset with » members
(n = N) of the set of all ordered p-tuples (71, -, ¢p) where the 7; may range
independently over 1, - -+, N. Now, relabel Vi, -+, Vay as Vi,...,i,y where
(%1, * -+, %p) ranges over S. We shall call such sets S, configurations. Define,

(4.15) Siryemsipy = Dotiyeenripela@Ins Vi oen,ip
where j = (j1, *--,Jp) 18 a vector with natural number entries and A4(j) is
defined in Section 2.
Define,
(4.16) aly, €) = [1 — n(N — n)™" — 4le
and
(4.17) b(v,e) =1 —n(N —n)"[a(y, )] 2i= cin .

Choose v so that y < 1 — n(N — n) " and b(v, v°¢) > 0for0 < s < p — 2.
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We have,
Lemma 4.6 Under the above assumptions, if p = 2,n < N, and r > 0,

(4.18) P[ma,x{IS(il,..._ip)l: 1=4=N,7=1,---,p} = 4

= (IS 07 (v, 7" e)} BIS. Ty e ™

Proor. We prove the lemma for p = 2. The general case follows by an induc-
tion which we leave to the reader.

Let & be the smallest ¢ such that S¢,;) = € for some 1 < j < N if such an 7
exists. Otherwise let &4 = o. Let { be the largest j, 1 < j < N , such
that S¢,,5 = ¢ if i < «. Otherwise let &, = co. Then,

Plmax{8u:,5:1 S i< N,1<j <N} =

(4.19) = 2t Plty = K]

S 2 Plti=k, Sy < ve + PlSw,p) Z ve, 8 < o]

< 2 PlSw,y < ve, i = k] + Plmaxicjcn Siv.jy = vel.
But,

(420) P[Sw,ip < ve, = K]
= Jtun) PlSvip < ve| Vi, 1 S i<k, 1 <5< N, (4,7) ¢ 8] dP

where P[- | -] denotes as usual a conditional probability. For convenience denote
the conditioning event in (4.20) by A.
Let n(%, j) be the number of summands in S, ; and define,

(4.21) p(3,7) = (n(N,5) — n(3,5))IN — n(5, N)™.

By definition of #; we have S, ,» = St and therefore,
(4.22) PlSw,ip < ve| Al = P[(Sww.tpy — Scey,t)

+ Swmp(lr, &) < ve — (1 — p(tr, &))Sey,u | Al
Applying Lemma 4.5 to the right-hand side of (4.22) we obtain,
PlSw,ty < el A]
< Ire = (1 = o(t, &)l 1 — (n(N, &)
(4.23) —n(t,t) —1)(N —n(t,N) — 1)7)(N — n(t,N))™
{225 b (n(N, &) = n(t, &)

if ye— (1 — p(t, &))St.ep <O.
But,

(424) 0= o(5,4) < alN — nJ”*
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and S, = e From these remarks we conclude,
PlSw,u < ve|A]
(425) ={lv — (1 —n@ =) )d"n(N — )™ 2V cy,
fory =1 —n(N —n)?,

Substituting (4.25) in (4.20) we get,
(4.26) P[Sw,ip < ve, b1 = k]
< Pty = kl{ly — (1 = a(N — 2)™")]d "n(¥ = n)™ 21 ch.
Finally, from (4.19) and (4.26)
Plmax{Su, ;1S i< N,1<j< N} = ¢
(4.27) = Plmaxici<n S, = vel + [aly, e)n (N — n) ™" Do, cial
- Plmax{Su,5:1 =¢=<N,1<j=<N} = .

Applying (4.27) to sampling from the population {—cw , -+ , —cyx} adding
the resulting inequalities and transposing we obtain,

(428) Plmax{|Suy:1Si<N,1sj= N} = 4
= by, e)PlmaxicicalSw.n| = vel.

The proof for p = 2 is finished upon applying Lemma 4.2 to the right hand side
of (4.28).[]

It is important to note that the right hand side of (4.18) depends only on the
cixy and 7 and is independent of the configuration chosen.

Finally Lemma 4.7 extends Lemma 4.3. We use the notation of Lemma, 4.6.

Lemma 4.7. Under the assumptions of Lemma 4.6 there exist c(k, r), N(k) such
that, if kl = n < k(l+ 1),k = 3,7 > 0,and l = 1, then

(429) P[max{IS(.-,,...,ip)I: 1= 7:,’ = N,] = 1, .. N p} = €]
< ek, r)(1 = NE)E? i ) TVETE|S)

Proor. With our new notation the argument is in fact simpler than that given
for Lemma 4.3. Suppose n = kl 4+ d, with0 < d < k < I. Divide S into (¥ + 1)
subsets 8P, ..., S*™ guch that S®, ... 8% have I members each while
S**Y has d members. Define,

(4.30) S iy = Dtiyseeeripet AINS® Viig,eonriny
where j = (j1, -+ ,jp)fort =1, --- , k + 1. Then,

(4.31) S(.'l,...,ip) = Zf:i SEZ-'Z,...,.-,,),

and

(4.32) Plmax{|Sgu,,..ip]: 1 £ < N,j=1,---,p} = ¢
< 2 Plmax{[S{)ipl: 1 S 4, S N,j=1,---,p} = e(k + 1)7.
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Since each S8 is a configuration with < ! members, we have for suitable v, by
Lemma 4.6, ’

P[max{[S(il_..._ip)I: 1= 'l:j = N,] = ]., cee ,p} = e]
433) =G+ Q- & -1
(1= (k=1)" =) vy'e/(k + 1) 2 cin)7]
AES Iy TP Ve (k + 1)
(It is clear that the bound on the right hand side of (4.18) continues to be valid
if the number of members of S is < n.) Since £k = 3 we may take vy = % and
hence M(k) = [16(k — 1)(k + 1) and c¢(k, r) = (k + 1)™4 "™ will do.

If I < k a further obvious decomposition of S** will complete the proof.
Both Lemma 4.3 and this lemma will be used for £ = 3 only.

5. Proof of Theorem 3.1: Initial considerations and enumeration of cases. It
follows from the work of Dudley (Theorem 1 and Proposition 1 of [6]) that to
establish Theorem 3.1 we need only show,

(1) Finite dimensional convergence:

(5'1) £(XN(t(l)7 ')’ e ’XN(t(T)7 ')) _—)"GH(X(t(D’ ')’ e ’X(t(r)f ))

as N = o, for all t*, -+, t™ ¢ R®. (As usual, £(Xx(t", ), - -+ ) is the joint
law of the variable Xx(t, -), -+ , Xx(t”, -) when P holds while £x(X (t*, -),
-+« )is the law of the variables X (t*, -), -+, X(t, - ) when g is the measure

on Qg .)
(ii) Tightness: For every ¢ > 0, 8 > 0, there exists a compact subset K of

@z such that,
(5.2) Plo:Xn(-,3)eK]=1—¢
for all N sufficiently large (m, n large), where
K = {fem(R?):||f —g|l <8 forsome geK]}.

(We need not introduce outer probabilities because our processes Xy take on

only a finite number of values.)
Proor oF (i). If A is a Borel subset of R” let us define

(5'3) Fm(A; “"’) = ffA dFm(t’ 5)).

Similarly, we shall talk about G.(4, - ), Hy(4, -) and H(4). Then, (5.1) will
follow if we show that for any s disjoint rectangles 4,, - - , A, of R” such that
0 < H(A;) < 1,1 £ ¢ £ s, we have,

(5'4) £(XN)(A1: ')7 Tt XN(AS’ ')) _—)"G(X(Al)’ Tt X(Al))
asm,n — o,

where X(4.), -+, X(4,) are Gaussian with mean 0 and Cov (X(4:),
X(4;)) = H(Ain A;) — H(A:)H(A;).
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Let
(5.5) Z; = (nm™) (m + n)?
if P;y has been selected among the sample of m,
= —(mn ) (m +n)Y,  otherwise.
Then,

(58) PlXy(4i, ) =g¢i, 1S9 4
= P[ZP;NMe Zi=¢q,l1 =75 s

Let
(5.7) civ = (nm ) 1<ism,
= —(mn M} m+1=i=m-n
Let Vv, -+, Vyn~ be obtained as in Lemma 4.2. Then,
P[> riveas Zi= gi, 1 S0 < g
(5.8) = PN YO Y=gy, e,
b it SO PR
NS, Vi = 0
From (5.8)
(5.9) S( i NXw(4s, +)) = (2 =1diVin)
where div = N (v — i MHa(4r)) i NHN(Z$A45)
<i< NHy(2 %4A4;) for 1=k=s,

=0 otherwise.

It readily follows that civ, dixv as given satisfy (4.2) and (4.3). Then (5.4)
is a consequence of (5.9) and Lemma 4.2.

Proor or (ii). We prove assertion (ii) in four steps. We shall show that the
assertion holds,

(a) For H which are continuous and such that at least one marginal of H
is the uniform distribution on [0, 1];

(b) For H which are continuous and such that at least one marginal of H
is strictly increasing in [0, 1];

(¢) For H which are continuous;

(d) For arbitrary H.

The next section deals with cases (a) and (b) while the final section has
cases (¢) and (d).
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6. Proof of Theorem 3.1: Cases (iia) and (iib). We note first that in all cases it
. suffices to prove the result for sequences Hy such that all the Py fall in I” =
{t: ||{|]| = 1} where ||| = maxi<i<yp |t:| . To see this let ¢ be any 1 — 1 map of
R onto (0, 1) which is a homeomorphism.

If {P.x}, {Hy}, H are given let {Ply} be the sequence of points in I” obtained
by transforming each coordinate of Py by ¢, and let Hy* be the associated se-
quence of distribution functions. Clearly if ||Hy — H|| — 0, then ||[Hy* — H*|| —
0 where H* is the distribution function of a measure concentrated on I” such
that, if q_l(t) = (q_l(tl), ) q_l(tﬁ)))

(6.1) H*(t) = H(g '(t))

for t in the interior of I”. It is easy to see now that if 4 is any functional regular
for H, then there exists a functional 1* regular for H* such that,

(6.2) L(M(Xn(-, +))) = LR (XN"(+, +)))
and _
(6.3) La(h(X (-, +))) = La (WX (X(+, ).

Our assertion follows and in the sequel we shall limit ourselves to sequences
{P;y} falling in I”. For cases (a), (b) and (¢), we conclude from Proposition 2
of [6] that, in view of (i), to establish (ii) we need only show that,

(6.4) lim sups-o lim supy Plsup {|Xx(s, -) — Xw(t, -)|: [|s — t|
<8, s,tel”} =€l =0 for every e > 0.

Proor oF (a). We need a lemma.
LemMA 5.1 Let A(s,8) = {tel”:t = s, ||t — s|| = 8}. Then (6.4) holds if

(6.5) limsso 8 lim supy supser» Plsup {| X (s, *)
— Xuw(t, )|:te (s, 8)} = ¢ = O.

Proor. Without loss of generality consider the particular sequence 6, =
m~ — 0. Decompose I” into the m” cubes whose vertices are lattice points of

the form m (41, -+ + , Jp), 0 < ji < m. Then,

(6.6) Plsup {|Xn(s, -) — Xu(t, )|:||s — t|]| £ 5,5, teI?] = ¢

< P[UFL[sup |Xn(e;, ) — Xu(s, -)|:sed(e;, 8)} = ¢/2]
275 Plsup {|Xn(ej, -) — Xu(s, -)|:seA(e;,8)} = ¢/2]

wheree; , --- , € are the “smallest” vertices of the m” cubes we are consid-
ering.[]

Let B(s,t) = {v:s < v £ t} if t > s, where < corresponds to strict inequality
for all coordinates. More generally, let T' be the set of all sub collections of the
natural numbers 1, - - - , p. Denote such a collection by {3, -+, %}. If t = s let

IIA
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B(s7t’{i1,"’7ir}) = {VeIp:V= (1)1,"',0,,),

vt > s if kefa,---,4}, o < s otherwise}.
Thus B(s, t) = B(s, t, {1, -+, p}). Then,
(6.7) A(t) — A(S) = Dtiysesinyer B(s, t, {41, -+, 3}).

It follows that to prove (6.5) we need only establish
(6.8) limseg 8 ° lim SUPm,» SUPsers
P[sup {I‘XN(B(S’ t’ (Zl y T ir} )7 : )I. té‘A(S, 6)} 2 e] =0
for every {41, ---, %}, e > 0.
We give the argument for {¢,, ---, %} = {1, ---, p}. The same proof holds
for the general case.

We return to the notation of Section 4 but suppose throughout that c:y is
given by (5.7). We have,

(6.9) Plsup {|Xn(B(s, t), -)|: te A(s, )} = ¢
< Plmax N7 {[8i, i 1S S N, 1 <5< p} = ¢

where = (4, ---, 8) and the subset S of Lemma 4.6 is defined as follows.

Move the NHy(B(s, s + 8)) points in B(s, s + &) whose position is given
by Hx to points on the lattice of points of the form (7;, ---,4,) with1 < ¢; <
NHy(B(s,s +8)),1 = j < p, in such a way as to preserve the strict order
relationships between the coordinates of these NHy(B(s, s + 9)) points. It
is permissible to move ties to distinct points. Let S be the set of all
points (4, -+, %) which are obtained in this fashion from the points {P;x}.
(The inequality in (5.18) is an equality if there are no duplicates among the
points Piy .)

Now, if lim sup nN™" < § it is easy to see that,

(6.10) Lim infyb(y, N*e) = 1 — 6(1 — 8)7'[(1 — 8(1 — 8) ™ — o)™
If H has a uniform marginal then H(B(s, s + 8)) = 6§ and by assumption,
(6.11) sup {Hw(B(s,s + 8)):seI”} — sup {H(B(s,s + 8):sel”} =< .

Applying Lemma 4.5 to the right hand side of (6.9) and using (6.10), (6.11)
we obtain

lim supw supser» Plsup {|X»(B(s, t), - )|: te A(s, 8)} = €
(6.12) < 47" ¢ lim supy N B[S,
JI= 1 =61 = 8)7 [(1 = 8(1 = 8)™ — v) ¥" T
for suitable v, where ny = NHy(B(s, s 4 8)). But by Lemma 4.4 if (6.11) holds,
(6.13) - lim supy N % E(8,,)* < 6*uz .
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From (6.12) and (6.13) we conclude that in case (a),
+(6.14) lim supy supgez» Plsup {|X»(B(s, t), -|:te A(s, 8)} = ¢
< 4 'un(1 + 0(8))

for 6 so small that we can take v = %. Taking k = p + 1 we see that (6.5) is
satisfied. Theorem 3.1 is proved in case (a).
Proor ror Case (b). Without loss of generality suppose ¢(t) = H({, «,
., ) is continuous and strictly increasing on [0, 1]. Let Piy be the point
obtained by transforming the first co-ordinate of P.y by ¢ and leaving the others
unchanged. If we now define Hy', F..’, G,, and Xy suitably it is clear that,

(6.15) [|[Hy — H'|| =0

where H'(t, ©, - -+, ) = tfor0 < ¢ < 1. Therefore, from case (a), the process
X' satisfies the tightness condition (6.4). But,

(6'16) sup {IXN(S) ') - XN(t) )I ”S - t” = 5}
= sup {|Xx'(q7'(s), -) — Xu'(q(t), )|:[ls — t]]| = &)

where

q_l((tl sttty tp)) = (q_l(tl)’ by, tp)'

In view of (6.16) and the continuity of ¢~ we see that the theorem holds in
case (b).

7. Proof of Theorem 3.1: Cases (iic) and (iid). If ¢(¢) is as above we say s is
a point of increase of g if ¢ = s= q(t) # q(s). We say s is a point of increase
if its first co-ordinate is a point of increase of g. An examination of the arguments
used for case (b) will show that they serve to establish the theorem even if ¢
is not strictly increasing as long as the P;y are all points of increase. We need
only note that the sup on the right hand side of (6.16) can be taken just over
the set of all s, t whose first coordinates are points of increase of q.

If NV is fixed, let A® be the set of all P;y which are points of increase and 4®
be the set of all the other Piy. Call the number of members of A, N, and
if N9 > 0 let Hy® be the distribution function of the measure assigning mass
[IN®I™ to each point of 4, while if N = 0 let Hy™ = 0. Let M»" be the
(random) number of points of the sample which fall in A, and if M¥® > 0
let Fx® be the distribution function of the measure which assigns mass [My®]™*
to each point of the sample falling in A®°. Otherwise let Fy® = 0. Define Gy
similarly and let,

(71) XN(I)(t’ .) - {MN(I)(N(I) _ MN(I) )—1}} [N(l)]} [FNII)(t, )
—Hy®(t, )] if My® and N® — My® >0

=0 otherwise.
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Then, .
Xn(t, -) = [MN(I)(N(D - ]‘lh'(l))/mn]i (N(I)N’_l)* XN(D(ty -)
(7.2) + (m/n) NN MyOm™) — (NONTY) Hy®(t)
+ (m/n)} N (Mx®m™) Fa®(t, -)
— (NN Hy®(t, -)).

It is easy to see that (NYN') — 1 as N — oo. Furthermore since M w
has a hypergeometric distribution we can readily calculate

(7.3) E{(mn ) N\ (MO m™) — (NONT)}?
= (N)(N — 1) — (N®N®)N? 0.
From (7.2) we conclude that to establish (6.4) in case (¢) we need only show,
(74) lims lim supy Plmax {|X»®(t, -)
— XxU(, s —tl| S 8,5, tel?} = =0
and
(7.5) limy Plmax {(mn™")! N}|(Mx®m™) Fu®(t, -)
— NONHYP(t, )| tel?} = =0  for every e> 0.

Now note that given the sequence of variables M »&, the “distribution” of
the stochastic processes Xy® (-, -) is the same as that of a sequence of processes
Xx(-, -) based on taking a sample of size My from the N @ points { Py} lying
in A®. Since the Hy function corresponding to these points (which is just
Hy®) tends to H in norm and since all of the Py in A® are points of increase
we may conclude from our extension of case (b) that for every ¢ > 0 there
exists a 8 > 0 and natural numbers m’ and #’ such that if m' < » < N®, N®
—r=n',8 £ ¢ then,

(7.6) Plmax {|Xx®(s, -) — X¥V(t, -)|:s, te I%,

s —t]| <8 = | Ms® =1] = €.
Since both My and N® — Mx® —  in probability as N — o we see that
(7.6) implies (7.4). Similarly we see that

(7.7)  Plsup {(mn ")} N|(MxPm™) Fu®(t, -)
— NON7H®(,-) | tel®} = ¢| My® = r] < Plsup {[SR.-.ipp
+n(i, i) a(n N):1 =S N j=1,---,p} 2 4,
(7.8) a(r,N) = N[N [r(nm ')} — (NP — r)(mn™)}

and {Sf?l,...,ip)} is the collection of partial sums based on a configuration of
N® points with selection from a finite population with N ® members whose
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values are given by,
(79) ¢ = (nm*P N —a(r,N) for i=1,---,1,
= (mn W N —a(r,N) for +=r4+1,---, N®,

Then,

(7.10) YT e =

and

(7.11) YO 127 < N Y (rmm ™) + (N® — r)(mn ™)}

Let us now apply Lemma 4.7 to the configuration of A® with & = 3 and
r=2if N® = 3.

(7‘12) P[Sup {lS('.l""-’.p)lz 1 é ij é N(Z)yj = 1, MY p} % E]
< ¢(3,2)(1 — A(3) 12D [ B(S,® Y

where S, is the sum of a sample of I from the population {ci¥}. Of course,

(7.13) E(8®) = 4 212 3.
Now, if (rm™') — 0 and (N® — r)(n") — 0 we see that,
(7.14) 2 [esv) — 0.
Hence, for N® = 3, it follows that if
(7.15) N® a(My®, N) -0,
(7.16) My®Pm™ -0

in probability, (7.5) will follow from (7.7) and (7.11)-(7.14). However, (7.15)
and (7.16) follow by a calculation like (7.3). Of course, if N @ < 3, (7.5) follows
trivially. The proof of case (¢) is complete.

Proor ror cASE (d). For every {41, -+, ¢p} ¢ T there exist at most a de-
numerable set of hyperplanes of the form {t: t;; = a:;} which are assigned positive
measure by H. Let us for simplicity label all of these hyperplanes by Ey , Es , - -
Let E; = R”. For every ¢ = 0, let K; be the union of all E; properly included in
E; . Let N; be the numbers of points P;y which fall in (E; — K;) and if N: > 0
let Hy: be the distribution function of the measure which assigns mass [NV g7
to each point Pjy which falls in (E; — K;). If N; = 0 let Hy; = 0. Similarly,
let My: be the number of points of the sample falling in (E; — K;) and define
Foi to be distribution functions of the measure assigning mass [M vl to each
such point if My: > 0 and to be = 0 otherwise. Finally let,

(7.17) Xwi(t, -) = {Myi(Ni — My:) P NAFmi(t, -) — Hui(t, +))-

We begin by proving case (d) when there are only a finite number say J
of the E; and H(E; — K;) > Ofori=1,---,J.
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Write
(718) Xu(t, -) = 2im {IMyi(N:i — My:)(mn)™F (NN Xui(t, -)
' + (mn ) N (Mym™ — NN Hya(t)).
Note first that,
(7.19) Hyi(t) — Hi(t)

uniformly in t & I” where H; is the distribution function of the measure assigned
by H to E;: — K; divided by H(E; — K;). Further, by a calculation such as
(7.3), since N;\N ' — H(E; — K;) we see that,

(7.20) Mym™ — H(E; — K:)
in probability and in fact,
(7.21) (mn ') N (Mysm™ — NiNT') = 0,(1),

(is bounded in probability ).

Since the map (fi, -+ ,fr) 2 aifi + -+ + asfy of M(I*) % -+ x M(I*) —
M (I”) is continuous in ||-|| we see that to prove (5.2) we need only show that,
for every ¢ > 0,8 > 0,1 < 7 < J, there exists a compact K C Qg such that,

(7.22) Plo: Xyi(-, @) eK ] =1 —¢
and
(7.23) Plao: (mn ) NN (Myi@)m™ —N.N) Hyi(-)eK']1 21— ¢

for all m, n sufficiently large. Now, (7.19) and (7.21) suffice to establish (7.23).
For simplicity we shall prove (7.22) when E; = {t: ¢, = 0}. The proof of the
general case is analogous. Define

(724:) XNi(tl y s b1, ‘:’) = Xwi(t y ot te, 07 6’)

It is easy to see that given My; = m; , the stochastic process Xni(t1, <+ + , tp1, *)
is distributed as an Xx(t, -) process based on a configuration of N; points in
R” with distribution function Hy; given by

(7.25) ﬁNi(tI’ te ’tp—l) = HNi(tl, e ’tp—lyo)'
Of course,
(7.26) Hyi(tr, -+, tp1) > Hi(tr, -+ , tp1) = Hi(tr, -+, 11, 0)

and by construction H; is continuous on I”. Since My; — « in probability
as does N; — My:, and since case (¢) has been established for all p we eonclude
that,

(7.27) lim, lim supy,. Plsup {|Xwi(s, -) — Xwi(t, -)|:||s — t|
<45 tel"} 2 =0
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and hence by Dudley’s Proposition 2 [6], for every ¢ > 0, ¢ > 0 there exists a
compact subset K; of QH; such that o
(7.28) Plo: Xyi(-, @) eKl 2z e ..
for all m, n sufficiently large. (Note that K < mi(I v '1)'.). Now, the map T of
M (I”) into M(I”") which is defined by,
(729) Tf(tly”"tp—l)=f(t1""7t11—1,0)

is continuous in ||-|| and hence (7.28) implies (7.22).

To complete the proof of case (d) we must finally deal with the possibility
that some of the H(E; — K:) = 0 and that J = . Let 41, 72, - - - be the seé-
quence of indices such that H(E;; — Ki;) > 0.

Write,

(730) XN(t7 ') = Z}‘=1XNij(t’ ’) [(MNij(Ni,- - MNi,-)
(mn)7T (N N7 + Ryalt, -).

From our previous assertions it is evident that (5.2) will follow in this general
case if we can show that for every ¢ > 0, 8 > 0, there exists an A < « such that

(7.31) Plsup{|Rya(t, -)|:tel} =81 =1—¢
for all m, n sufficiently large.

Let,
(7.32) 9(4) = 2 i H(E:;; — Ky;)

and Ngx(4) equal the number of Py which are not in U%_; (Ei; — Ki;). BEvi-
dently,

(7.33) gn(4) — g(4) as N — = and,
(7.34) g(4) — 0 as A — .

We argue as in the proof of (7.5). Let Mx* be the number of points in the
sample which are not in U%_; (Ei; — Ki;). Then,

(7.35) Plsup{|Rya(t, -)|:teI” 6| My* = 1]
=< Plmax{|Su,,.w i + n(t, -+ ,4p)a(r, N, 4)]:1 £ 7; £ Ngy(4),
j= 1"",p} 2 3]

where S(fl,...,s,,) are partial sums corresponding to a configuration of Ngy(4)
points and sampling from a population of Ngy(A ) numbers {c.y(r)} which are
given by,

(7.36) cin(r) = (nm " )PN* —a(r,N,4) fori=1,---,r
= — (mn)N* —a(r,N,A) fori=r+1,---,Ngn(4)
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and
(7.37) a(r, N, A) = N (Ngy(4)H{r(nm™)}t — [Ngx(4) — r](mn™)}.

If Ngy(4) = 3 we can apply Lemma 4.7 with £ = 3 and r = 2 to the right
hand side of (7.35) and get after some computation,

Plsupf{|Ru(t, -)|:te I"} 2 8| My"]
(7.38) = $e(2,3)[1 — M3)(3 + Ngn(4)la(My*, N, A)|)"K(My*, A)
+(8 + Ngw(4)la(My*, N, 4))"K(Mx*, 4),

where
- (7.40) K(rAd), = 2 Y~ [ea(r)]
Finally, we have,
(741) K(My*, A) S max{My*m™, (Ngy(A) — Myx* )"}
and

(742) E(INgy(A)a(My*, N, A)F) = E((mn™ N} (My*m™ — gn(4))")
= gn(A)(1 — gn(4))N(N — 1) = 2gn(4)
for N sufficiently large. From (7.42) we see that,

(7.43) Pl|[Ngx(A)"a(My*, N, 4)| Z gx*(4)] = 295°(4),
(7.44) PIMy*m™ = gn(4) + m™] = 2gn(4)
and

(745)  Pl(Ngw(4) — My")m™ 2 gn(4) +n7] < 29w(4).
By (7.39), (7.41) and (7.43)-(7.45) we obtain,
Plsup{|Rua(t, +)|:teI?} = §]

(746) = $e(2,3)[1 — A(3)(8 + g+'(4)) " gn(4)

+ max(m™, n )] "V [(gn(4)

+ max(m™, a7H)](5 + ga*(4))7 + bgx'(4),
for Ngv(A) = 3. Letting N — « and then A — « we have by (7.33) and (7.34),
(7.47) lim 4+ lim supyPlsup{|Rya(t, -)|:teI”} 2 8] = 0

and this is equivalent to requiring (7.31) for N sufficiently large. The same con-
clusion evidently holds if Ngy(A) < 3. The theorem is proved.

Acknowledgment. I am grateful to Volker Strassen for a helpful conversation.
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