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AN INEQUALITY AND ALMOST SURE CONVERGENCE

By EustraTios G. Kounias! aAND TENG-SHAN WENG

The University of Connecticut

1. Introduction and main result. In this paper we prove an inequality similar
to Kolmogorov’s but without the assumption of independence. Our main result is

given in the following:

Taeorem 1. Let X1, Xo, ---, be a sequence of random variables such that
E\Xy|"=v; < o forsome0 <r <landalli=1,2, --- . Ifer, ¢, -+~ , 45 a
non-increasing sequence of positive constants, then for any positive integers, m, n
with m < n and arbitrary e > 0.

(1) P(ma‘xmgkgn clel + X2 + cc + Xk, é 6)
< (e T BIXL + Xlmia /BIX /).

Proor. LetS: = X;+ --- + X;and 4; (¢ = m,m + 1, - - -, n) be the event
(CmlSm| < € <+, ccalSia] < €, ¢ifSi| = €), then A;n 4; = & for ¢ = jand
A4 = Ui, 4;where 4 = (maXn<i<nciSi = e).

Now consider the random variable

Z = c|Sul" + 205 Sl (" — chia)
+ 2 L (e ISk — ea|Sal” — 2EE S (el — cin))

where I} is the indicator random variable of the event A, then Z = 0 everywhere
and Z = ¢ in A. Hence, if F(2, -+, x,) is the joint distribution of
X1, -++, X)) = X, we have

P(maxm<izaCilSi| = ¢ = P(XedA) = [4dF < ([4ZdF)/e = (EZ)/e.
It is easy to see that
@) Z = ca’l8u|" + 2imire (8K — |Sea/)A = Lty — +++ — I,)
and since the events A; are disjoint, I,, + --- + I, < 1. Thus applying the
c-inequality |Sk|” = |Si—1|” + |Xx|” which holds for 0 < r < 1, obtain

Z = e 204 X"+ X o | X"
Therefore,

EZ < ¢, ka=1 Ve D et GOk

which proves the theorem. Q.E.D.
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It should be noted that if we make the additional assumptions

(i) EXy| Xy, -+, Xpa) =0,allk =m, -+, n,

(i) EX! =¢l < walli=1,2,-,n,
then we obtain stronger results by writing in (2)
S = 8) A — Ly — -+ —Ip) = (X" + 2XSa) (1 — Lix — +++ — L)

S X+ 2XSia (@ — L — -+ — In).
Hence,
EZ < ¢’ D a0l + D icmpciod

which gives the well known H4jek-Rényi; inequality.
TrEOREM 2. If E| X" < « for somer = land alls = 1,2, ---, n, and the
constants ¢1, -+ , €y, M, N, € are as tn Theorem 1, then

(8) P(maxmci<nCilX: + -+ + Xi| =€)
S (en 2t BVX 4+ Dt cBXT) /€
Proor. As in the previous theorem the ré,ndom variable
Z = culSul + Zhemir (IS — 1Sa) (1 = Ly — -+ — In)

< om 2o [ Xl + D el X

is non-negative everywhere and Z = e in A. Then
P(maxmcicncilSi| 2 ) = [4dF < [4 (Z/e) dF < (BZ")/¢
S (Blen 2 |Xe] + ZicmnalXal))/e.

By application of Minkowski’s inequality we obtain the desired result. Q.E.D.

2. Applications. The above theorems are intimately related to almost sure
convergence as it becomes clear in the following:
CoROLLARY 1. If b, T o and either

o (BIX, /b)) < o for 0<r =1, or D me (BV|X,/b2) < @ forl<r,
then
(Z”:;l Xn)/bn —as. 0 as n— o,

Proor. Take ¢; = (1/b;) | 0 and apply the previous theorems, then for
0 < r £ 1 since

lim oo 2 iy (BIX[")/0i = 0

as the tail of a convergent sequence, and limpm.. (O_re E|Xs|")/bn’ = 0 by
Kronecker’s lemma ([2], page 238), we have

limmew P (M8%m<n [ X1 + -+ + Xu|/bn =€) = 0.
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The proof for 1 < r is similar. Q.E.D.

Exampre. If P(X; = 1) = 1/i% and P(X; = 0) = 1 — 1/¢% with ¢ >0,
then E|X,| = 1/i% and (S./%) —a.. 0. Note that X; might be either dependent
or independent.

CoROLLARY 2. If E|X,| = vforalli =1, --- then

X+ X4 -+ X))/ 0 as n— o,

where ¢ > 0.

Proor. This is a consequence of Corollary 2, for b, = 7 and r = 1. QE.D.

It is interesting to note that if we want the above result to hold for ¢ = 0,
we should make strong additional assumptions; i.e., X; should be independent
and identically distributed with EX; = 0.

In the particular case ¢, = ¢z = - -+ = ¢, = 1, from (2) and (3), we obtain,

4) P(maxpgiza | Xi + -+ + Xif Z e) = (i EV|X)/d
wheres = 1if0 < r < 1 and s = rif r = 1, which leads to:

CoRoLLARY 3. If D i EY|X|" < «, then S, = > i X converges almost
surely.

Proor. From (4),

P (maxiz1 |Snii — Sul Z €) S (Cimmn B|X) /.
Hence,
limy e P (Maxiz1 [Suire — Sm| =€) = 0,

but the mutual almost sure convergence of S, implies the almost sure convergence

of S, (2], page 113). Q.E.D.
Exampie. Let P(X; = 0) = 1 — 1/ and P(X: = 1) = 1/ ¢ > 0,
then E|X,| = 1/5 and hence, > %1 X, converges almost surely.

3. Related work. Hijek and Rényi [1] proved (1) for » = 2 and independent
random variables; Loéve [2] proved Corollaries 1, 2, 3 for 0 < r = 2 and in-
dependent random variables.
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