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CONSTRUCTION OF p-CONTENT TOLERANCE REGIONS
AT CONFIDENCE LEVEL y FOR LARGE SAMPLES FROM
THE k-VARIATE NORMAL DISTRIBUTION'

By IRWIN GUTTMAN?
University of Wisconsin
1. Introduction. In this paper, we examine the following problem. Suppose
n independent observations X, ‘-, X,, are taken on a vector-random variable
Y, where the k-dimensional vector-random variable Y = N(u, ¥), that is, Y is a
normal k-variate random variable with mean vector g and variance-covariance
matrix ¥, assumed to be positive definite.
Suppose further that we wish to construct a tolerance region S(X,, -, X,) <
R, which is of f-content at confidence level y, that is, .

(L.1) Pr{P,a[SXy, ", X)]Z B} 2 where
(12) C=P,4[S]=Pr(YeS|Y = N(n, )

denotes the coverage of the region S. A region S that is used in many practical
applications (see Shewhart (1939), Paulson (1943), and Owen (1963)) is of the form

(1.3) SX,, 0, X,) = {Y|(Y—X)’V‘1(Y—X) < KW} where
X=X X)) = n“(ZLlXu,“ 'sZ?:lXik), =n"! Z?=1Xi
V=(n-1)"" 2?:1 X—-X)(X;-X),

and X;; = the jth component of X;, j=1,"",k, i=1,--,n, with K® =a

positive constant chosen to give the region defined by (1.3) the property (1.1).

As a matter of fact, it is well known (see for example Fraser and Guttman
(1956) ) that for n > k, that setting

(1.4) K® = [(n—Dkj(n— 01141 TFipios -5

where F,, ., is the point exceeded with probability « when using the F-distribution
with m and n degrees of freedom, gives the tolerance region (1.3) the property of
d-expectation; that is

(1.5) E[P,4[S]]=6.

If K® is so chosen we may interpret (1.3), (1.4) and (1.5) in the usual fashion,
viz., S serves as an estimator of the ‘“‘central” §-set 4,% of the normal population
being sampled, where

(1.6) AP ={Y|(Y =2 (Y~ p) £ Xia-s)
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and where 72, is the point exceeded with probability o when using the Chi-Square
distribution with k degrees of freedom; we note then (see (1.2)) that

(1.7) P,4[4.%] = 6.

As is usual in problems of estimation, we may now wish to make statements of
the form (1.1), or of the form

(1.8) Pr{f, = Pu,z[S] = B2} Z v0;

this implies that we must find the distribution (and its properties) of P, y[S], the
probability content or coverage of the random region S.

For the case k = 1, the distributional problem may be by-passed by the use of
an approximation due to Wald and Wolfowitz (1946). Their approximation
for the value of K> needed to make the interval S (defined by (1.3) with k = 1)
B-content at confidence level y works well even for »n as low as 2. Unfortunately,
the Wald and Wolfowitz approximation does not carry over for the cases of k = 2.
In this paper, then, we develop an approximation for K®, specifically for large n
and k = 2. When the approximation method is applied for the case k = 1, satis-
factory agreement results with the Wald-Wolfowitz approximation.

2. A useful theorem. Using the notation of the previous section of this paper,
we now state the following theorem.

THEOREM. Based upon samples from the k-variate normal distribution, the tolerance

region S, given by (1.3), has coverage C whose mean and variance are, to terms of

order n™ 1,

(2.1a) pe = PK®)—[KW ¥ (exp { —3KOD2H* T (Gk)n] ™! and
(2.1b) oc? = [KWTexp { — K®D[k2*T2(1kyn] ™! respectively where
(2.2) Y(K®) = Pr(n* £ KY).

ProoF. We shall be concerned with the coverage C of the tolerance region
S={Y|U*=(Y-X)V 1 (Y-X) < K®}, that is, with the random variable C
which is given by

(2.3) C=Juagkeo @m) ¥ [T Pexp {—3(Y -2~ ' (Y-w)} dYy---dY,

where we assume ¥ to be positive definite. This of course implies that ™ is also
positive definite, and it is easily shown that we may write C as

(2.4) C = [ysr<koo Qn) " ¥exp {—3Y*¥Y*}dY,* - dY, *
with U*? = (Y*=X*)Y V*~1(Y*—-X*), and where

Y* = N(O, )
(2.5) X* = N(O,n" 1)

V*=W[nh-1)",n—1]
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(that is, V'* is distributed as the Wishart variable with variance-covariance matrix

(n—1)"'1,, and degrees of freedom n—1 (we have tacitly assumed that n > k+1)).
We denote the (i, j)th element of V'* by ¥} if i # j, and V;*? if i = j. Further,

we let

(2.6) W, = Yi*_;\?i*’ y*ol= (cij)a Cij = Aji/,V,

where 4,, = co-factor of Vi = 4,,.
We may thus write

2.7) ’ U¥2 =WV* W= Yk _ c;; W W,

and it is easy to see that we may write (2.7) in turn as

2.8 U*2 =Yk, ek IwW+ Y 0wy ’)] +cfT Vw2 where
(2.83) Cl(_?)— Cijs i’j = 1’“"k

(r) 1 (r—1) (r-1
c(r )— Cr—r +1, zck r+)lj/ck r+1k r+1os

whenr=1,"--,k—landij=1,---,k—r.
Using the above we may now write (2.3) or (2.4) as

(2.9) C= oy i - o] dY* - dY* - dYy *
where ¢(z) = (271)‘* exp { —3z%}, with
l".— Z] 1c(k r)(Y* "' *)/C,(.k r)_|_(c(k r))"‘L

KO [T e R, 4 T el - 7]

(2.10)
- - X, %)%
forr=3,--+,k, and
Q211) I =X, =7V * - X, M) s P

(e ) THKY — T V(- X, P

oy = X, P () RO,
where we associate the plus sign in the above formulas with i = 2, and the minus
sign for i = 1. We note here that /,, does not involve X%, -+, X, *.
Now C is a function of

(2.12) (X*',Vj*'a Vi?’) = (X_x *» T, Xk*’ V1*, Tt Vk*a VI*Z’ V1*3, s Vk*—l,k)
where we recall that V;* = + (V). We now proceed by expanding C in a
Taylor Series about the point
(2.13) X*,vV*Vi)=(,---,0,1,++,1,0,---,0).
We will denote this point by (*). It is easy to see that C evaluated at (*) is given by
(2.14) C((*)) = [ysyr<xao @m) Hexp {(—4Y* - Y*}dY, * - -dY, *

= Pr(x’ £ K®) = ¥y(K¥).
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Now we show in the Appendix that

acC ac

(2.15) = = =U; —_— = 0, o # ﬁ;
0Xa* *) aVa’; *)
oC 1@ (ke 4kro3k— 1101 -1
7,5, = Cxp K ODIK I T G

(The relations (2.15) above are established with the aid of a theorem due to
Coxeter (1948)—see the Appendix.) From (2.14) and (2.15), we have that,

approximately,
(2.16) € =WyK®)+[KW]¥(exp {—1K “D[k2* 7' T(ER)]
T =D+ + (T - D]
Now using results of Romanovsky (1925), we can show that
2.17) E(V;*)=1-4n""+0(n"?)
Var(V;*) = 4n+0(n™?).

From (2.16), then, we have to terms of order n™ %,

E(C) = W(K®)+[K® ] (exp { - 1KPNH[k2* ' TGR] ™!
(2.18) {E(V*= 1)+ +EWV,* -1},
= YuK®)—[KD]H(exp { —1KOP[2* " 'T(Gkn] ™.
If we now square (2.16), take expectations, and subtract from this the square of
E(C) where E(C) is given by the first line of (2.18), we find
(2.19) Var(C) = E(C*)—(E(C))?
= (K®) e ¥ [k 22T (4k)] ' [Var (V") +- -+ Var (V)]

and using (2.17) we have, to terms of order n™*,

(2.20) Var(C) = (K@) e ¥ [k2*~*T*(3k)n]~*
and the theorem is proved.

3. Approximation of K®. Now that we have the mean and variance of the
coverage C of the region S to terms of order n~ !, we may use this information to
approximate the distribution of C by I, ,,, the Incomplete Beta with parameters
(p, q). Such a distribution, as is well known, has mean and variance given by,

respectively,

G.n #' =pl(p+q) and p, = pa/(p+9)*(p+q+1).
Equating u," and u, to pc and ac? of (2.1), respectively, gives
(3.2) p=[ul(l—pd)— e Ucz]/acz

q = [uc1 _#c)2 - —#0)002]/’002
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that is, we approximate for large », the distribution of C by I(p, q), with (p, q)
given by (3.2), and where (uc, oc2) are defined by (2.1). Of course, this now means
that (p, q) are functions of K, and so we may approximate for (large) given ,
the value of K™ needed to make the tolerance region S, given by (1.3), f-content
at level y, where

(TG oy s
(3.3) y= Lr(p)nq)t (1—1)7= 1 dt

Tables 3.1(a, b, and c) give values of K®, k = 2, 3 and 4, for selected n = 100, that
satisfy (3.3), with y and S set equal to .75, .90, .95 and .99. Starting guesses were
made by setting K® = K, = x7,, _; and iterating until the desired y is achieved.
The incomplete beta function calculations necessary for evaluating (3.3) were done
using a subroutine of Milton (1967) called BETA INC. The basic method of
evaluation is by a continued fraction expansion (see for example, Abramowitz
and Stegun (1964), Section 26.5.8, page 944).

As a check on these computations, a table of constants K*’ was computed for
the same set of #n, § and y as above and by the same method. The square root was
then extracted and the resulting set of constants were compared to the answers
provided by the Wald-Wolfowitz approximation as tabulated by Bowker (1947).
The largest percentage error occurs for the n = 100, y = f = .99 entry and equals
4.19%. The percentage error for increasing n then drops off quite quickly—for
example, if » = 1,000 and f =y = .99, the percentage error is only 0.72%.

4. The f-content of j-expectation tolerance regions. As mentioned in Section 1,
it we set K® equal to the value given by (1.4), the tolerance region S defined by
(1.3) is of S-expectation, that is, its coverage C is such that E[C]= 6. It is of
interest to find the confidence y that we have in such a region having coverage at
least equal to B. To help us answer this question, we may proceed as in the previous
section and approximate the distribution of the coverage C of such a region by the
Incomplete beta distribution, with parameters p = p(uc, 62 and q = q(uc, ac*)
given by (3.2), where uc and a.? are defined by (2.1), with K® of course, specified
by (1.4). But since E(C) = 6 when K® is indeed given by (1.4), the value of uc
given by (2.1 a) is in error. It turns out however, that for k =2, 3 and 4, with
6 = .75 and n = 100, that the percentage error is less than 0.70 %, and for § = .90,
less that 0.609; (the largest errors occur for k = 4). Because of this, we modify
the above approximation and approximate the distribution of C by the Incomplete
beta with p and ¢ given by

4.1) p=pd;0c*) and q=q(d;0c)

where p and q are defined in (3.2), and o2 is given by (2.1 b); we can now compute
v, where, once again,

(4.2) y=Pr(Czp)
with E(C) =4, by using this modified approximation. Tables 4.1 (a, b, and c)
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gives the values of (4.2) so obtained for § =6 = .75, .90, .95 and .99, for selected
values of n = 100, and k = 2, 3 and 4, respectively.

5. Some efficiency considerations. Suppose we are sampling on a k-dimensional
random variable and that we wish to construct a tolerance region with ability to
pick up the center 1006 % of the population being sampled, and also, that it is a
d-expectation region. If the functional form of the distribution of the population
is assumed continuous but otherwise unknown, then we may construct a dis-
tribution-free tolerance region (see for example, Tukey (1947), and/or Fraser
(1951)) composed of p=n—m+1 “inner blocks”, which means discarding
g = m outer blocks.

For example, if k = 1, and (X, - -+, X,,) is the sample of » independent observa-
tions from a population with continuous cumulative distribution function F(x),
with (X4, - -, X(») the order statistics, then we could use as the tolerance region
the interval

(5.1 S(Xp'”aXn)=(X(r)«X(n—r+1))

where 2r = m, and m satisfies condition (5.2) below, so that S is of d-expectation.

Now as is well known, the coverage Cpp of such a distribution-free tolerance
region, has as its distribution, the Incomplete Beta with parameters (p, q) =
(n—m+1, m). Hence, if we wish such a region to be of d-expectation we now
impose the restriction

{5.2) n—m+1l=m+1), 'or m=(m+1)(1+9)

since the mean of the distribution is p/(p+¢q) = (n—m+1)/(n+1) = 6. Now the
variance of the distribution is pg/(p+¢q)*(p+q+1), that is

(5.3) Var(Cpp) = (n—m+ Dm/(n+1)*(n+2) = §(1 —d)/(n+2).

Now if the distribution function has known functional form, and if this known
functional form is that of the k-variate normal, then we would construct a tolerance
region of the form (1.3), with K® given by (1.4). We have from the theorem of
Section 2 that the coverage, say Cy, of this tolerance region has variance given by

(5.4 Var (Cy) = [K®]%exp { — K®}[k2*'T*(4k)n] 1

to terms of order n~!. Hence, the relative efficiency (large sample) of the 5-expecta-
tion distribution-tree regions with respect to the d-expectation region (1.3), with
K® given by (1.4), is the ratio of (5.4) to (5.3). We note then that the limiting
relative efficiency is

(5.5 Lim. Rel. Eff. = lim,_, , Var(Cy)/Var(Cpp)
= L1 - a1 (exp { = xit - sD[6(1 — O)k2* 1T 2(3h)] 1.

Table 5.1 gives values of the limiting relative efficiency (5.5) for 6 = .75, .90, .95,
and .99 for k =1, 2, 3 and 4. The result (5.5) for k = 1 was obtained by Wilks
(1941).



TABLE 3.1a

Approximate values of K® needed to make the tolerance region (1.3), with k = 2,

B-content at confidence level y, when sampling from the bivariate normal

B
y=.75 y=.90
n 5 .90 .95 99 75 .90 .95 .99
100 29724 49146 63737 9.7329  3.1612 52181  6.7582  10.2901
120 29540 4.8880 6.3426  9.6958  3.1248  5.1636  6.6929  10.2063
140 29398 4.8673 63181  9.6659  3.0968  5.1213  6.6417 10.1396
160 29285 4.8505 6.2982 9.6410 3.0744 5.0873  6.6003  10.0849
180 29191 4.8366 6.2815 9.6199  3.0560  5.0591  6.5658  10.0389
200 29113 4.8248 6.2673  9.6017  3.0406  5.0353  6.5366  9.9996
220 29045 4.8146 6.2550  9.5858  3.0274 5.0149 6.5114  9.9654
240  2.8987 4.8058 6.2442  9.5717  3.0159 4.9971 6.4894  9.9354
260 2.8935 4.7979  6.2347  9.5592  3.0058 4.9814  6.4700  9.9087
280  2.8890 4.7909  6.2261  9.5478 29969  4.9674  6.4527 9.8848
300 2.8849 4.7847  6.2185 9.5376 29889  4.9549  6.4371 9.8632
320 2.8812 47790  6.2115  9.5282 29817 49436 6.4230  9.8436
340 2.8778 47738 62051  9.5197 29751 49332  6.4101 9.8256
360 2.8748  4.7691  6.1993  9.5118 29692  4.9238  6.3983 9.8091
380 2.8719  4.7647  6.1939  9.5044 29637 4.9152  6.3875 9.7939
400 2.8693 47607 6.1889  9.4977 - 29586 49072  6.3775  9.7798
420 2.8669 47569  6.1843  9.4913 29539 4.8997 6.3682  9.7667
440  2.8647 4.7534  6.1800 9.4854 29496 4.8929  6.3595  9.7544
460  2.8626  4.7502  6.1759  9.4798  2.9455 4.8864 6.3514  9.7430
480  2.8607 4.7471  6.1722  9.4746  2.9417 4.8804  6.3438  9.7322
500 2.8588 4.7443  6.1686  9.4697 2.9382 4.8747 6.3367  9.7221
520 2.8571 4.7416  6.1652  9.4650 29348 4.8694  6.3300  9.7125
540  2.8555 47390 6.1621  9.4606  2.9317 4.8644  6.3237 9.7035
560  2.8539 4.7366  6.1591  9.4564 29287 4.8596 6.3177  9.6949
580  2.8525 4.7343  6.1562  9.4524 29259  4.8551 6.3120  9.6868
600  2.8511 4.7322  6.1535 9.4486 29232 4.8508 6.3066  9.6790
620  2.8498 47301 6.1509 9.4450  2.9207 4.8468  6.3015 9.6717
640  2.8485 4.7281  6.1485 9.4416 29183  4.8429  6.2966  9.6646
660 2.8474 47263  6.1461 9.4383 29160 4.8392  6.2919  9.6579
680  2.8462 4.7245  6.1439  9.4351 99138  4.8357  6.2875 9.6515
700  2.8451 47228  6.1417  9.4321 29117 4.8323  6.2832  9.6453
720  2.8441 47211  6.1396  9.4292 29097 4.8291  6.2791 9.6394
740  2.8431 47195  6.1377 9.4264 29077 4.8260 6.2752  9.6338
760  2.8421 47180  6.1358  9.4237 29059  4.8230 6.2714  9.6283
780  2.8412 4.7166  6.1339  9.4211 29041 4.8202 62678  9.6231
800  2.8403 4.7152  6.1322 9.4186  2.9024 48174 42643  9.6181
820  2.8395 4.7138  6.1305 9.4162 2.9008 4.8148  6.2610  9.6132
840  2.8387 47125  6.1288  9.4139  2.8992  4.8123  6.2577  9.6085
860 2.8379 47113  6.1273  9.4116 2.8976  4.8098  6.2546  9.6040
880  2.8371 4.7100  6.1257 9.4094 2.8962 4.8074 6.2516  9.5996
900 2.8364 47089  6.1243  9.4073  2.8947 4.8051 62487  9.5953
920 2.8357 47077 6.1228  9.4053  2.8934 4.8029 62459  9.5912
940  2.8350 47066  6.1215 9.4033  2.8920  4.8008  6.2431 9.5873
960  2.8343  4.7056  6.1201  9.4014  2.8908  4.7987  6.2405 9.5834
980  2.8337 47045 6.1188 9.3996 2.8895  4.7967  6.2379  9.5797
1000 2.8330 4.7035 6.1176  9.3977 2.8883  4.7947  6.2354  9.5761
© 27726 4.6052 59915  9.2103  2.7726  4.6052  5.9915 9.2103




B-content at confidence level y, when sampling from the bivariate normal

TABLE 3.1a (Continued)
Approximate values of K® needed to make the tolerance region (1.3), with k = 2,

B
y=.95 y=.99
n 5 .90 95 .99 5 .90 .95 .99
100 3.2807 54072 6.9948 10.6230  3.5182  5.7757  7.4486 11.2396
120 32323  5.3349 6.9081 10.5118  3.4453  5.6683  7.3211 11.0795
140 3.1953  5.2789  6.8404 10.4235 3.3896  5.5852  7.2216 10.9521
160 3.1657 52339 7.7856 10.3511  3.3454 55184  7.1411 10.8477 -
180 3.1415  5.1967 6.7401 10.2903  3.3092 54634 7.0743 10.7601
200 3.1211  5.1653 6.7016 10.2384  3.2789 54170  7.0177 10.6852
220 3.1038  5.1384  6.6684 10.1934  3.2531  5.3772 6.9691 10.6201
240 3.0887 5.1150 6.6394 10.1538  3.2308 53427  6.9266 10.5630
260 3.0755 5.0943 6.6138 10.1187 3.2112 53123  6.8892 10.5123
280 3.0638 5.0759 6.5910 10.0872  3.1939  5.2853  6.8558 10.4669
300 3.0533 5.0595 6.5705 10.0588  3.1784  5.2611 6.8259 10.4259
320 3.0438 5.0446  6.5520 10.0330 3.1645  5.2393 6.7988 10.3887
340 3.0352 5.0311  6.5351 10.0095 3.1518 5.2194 6.7742 10.3547
360 3.0274  5.0187 6.5197 9.9879  3.1403  5.2013  6.7516 10.3235
380 3.0202 5.0074 6.5054 9.9679 . 3.1298  5.1847  6.7309 10.2947
400 3.0136 49969  6.4923  9.9494  3.1201 5.1694  6.7117 10.2681
420 3.0075 4.9872  6.4801 9.9322  3.1111  5.1552  6.6940 10.2433
440 3.0018 49782 6.4688 9.9162 3.1028 5.1420  6.6775 10.2201
460 29965 49697 6.4582 99011  3.0950 5.1297 6.6621 10.1985
480 29916 49619  6.4483  9.8871 3.0878 5.1182  6.6476 10.1782
500 2.9870 4.9545 6.4390 9.8738 3.0810 5.1074 6.6341 10.1591
520 2.9826 49475 6.4302 9.8613  3.0746  5.0972  6.6213 10.1411
540 29785 49409 6.4219 9.8495 3.0686 5.0876  6.6093 10.1240
560 29746 49347 6.4141 9.8383  3.0630 5.0786  6.5979 10.1079
580 29709 4.9289  6.4067 9.8276  3.0576 5.0700  6.5871 10.0926
600 29674 49233 6.3996 9.8175  3.0525 5.0619 6.5769 10.0780
620 29641 49180 6.3929 9.8079  3.0477 5.0542  6.5672 10.0642
640 29610 49129 6.3865 9.7987 3.0431 5.0469  6.5579 10.0510
660 29580 49081 6.3804 9.7900 3.0387  5.0399  6.5491 10.0384
680 29551 49035 6.3746 9.7816  3.0346  5.0332  6.5407 10.0263
700 29524 48991 63690 9.7735 3.0306 5.0268  6.5326 10.0147
720 29498  4.8949 63637 9.7658  3.0268  5.0207 - 6.5249 10.0037
740 29473  4.8909 63586  9.7585  3.0231 5.0148  6.5175  9.9930
760 29449 48870 6.3537 9.7514 3.0196 5.0092 6.5103  9.9828
780 29425  4.8833 63490 9.7445 3.0163 5.0038  6.5035  9.9730
8C0 29403  4.8797 63444  9.7379  3.0131 49986  6.4969  9.9635
820 29382 4.8763  6.3401 9.7316  3.0100 4.9936 6.4906  9.9544
840 29361 4.8730 6.3358  9.7255 3.0070 4.9888  6.4845  9.9456
860 29341  4.8698 6.3318 9.7196  3.0041 49842 6.4786  9.9371
880 29322 48667 63278 9.7139  3.0013 49797 6.4730  9.9289
900 29304 4.8637 6.3241 9.7083  2.9986 4.9754  6.4675  9.9210
920 29286 4.8608 6.3204 7.9030 2.9960 49712  6.4622  9.9133
940 29269 4.8580 6.3168 9.6978 29935 49672 6.4570  9.9059
960 29252  4.8553 6.3134  9.6928 29911 49633  6.4521  9.8987
980 29236 4.8527 6.3101 9.6880 2.9888  4.9595  6.4472  9.8917
1000 29220 4.8501 6.3068 9.6832 29865 4.9558  6.4426  9.8849
o) 2.7726  4.6052 59915 9.2103  2.7726  4.6052  5.9915  9.2103




TABLE 3.1b

Approximate values of K® needed to make the tolerance region (1.3), with k = 3,

B-content at confidence level y, when sampling from the trivariate normal

B
y=.75 y=.90
n 5 .90 95 .99 5 .90 .95 .99
100 43518  6.5985  8.2290 11.8881  4.5746  6.9271  8.6300 12.4404
120 43293  6.5683  8.1946 11.8477 4.5312 6.8673  8.5605 12.3543
140 43119  6.5448 8.1676 11.8155 4.4978  6.8209  8.5061 12.2859
160 42981  6.5259  8.1457 11.7888 44712  6.7835  8.4621 12.2299
180 42866  6.5101 8.1274 11.7664  4.4492  6.7525  8.4255 12.1830
200 42770  6.4968  8.1119 11.7471  4.4307 6.7263  8.3944 12.1429
220  4.2688  6.4854  8.0985 11.7303  4.4149  6.7038  8.3677 12.1080
240 42617 64754 8.0868 11.7155 4.4012 6.6842  8.3443 12.0775
260 4.2554 6.4666  8.0764 11.7023 4.3892  6.6669  8.3236 12.0503
280 42498  6.4587 8.0671 11.6904 4.3784  6.6516  8.3052 12.0260
300 42448  6.4517 8.0587 11.6797 4.3689  6.6378  8.2886 12.0041
320 42403  6.4453  8.0512 11.6699  4.3602  6.6253  8.2736 11.9841
340 4.2362  6.4395  8.0443 11.6610 4.3524  6.6139  8.2600 11.9659
360 42324  6.4342  8.0379 11.6527 4.3452  6.6036  8.2475 11.9492
380 42290 6.4293  8.0321 11.6451 4.3386  6.5940  8.2359 11.9338
400 42258  6.4247  8.0267 11.6381  4.3325  6.5852  8.2253 11.9195
420 42229  6.4205 8.0217 11.6315 4.3269  6.5770  8.2154 11.9062
440 42202 64166 8.0170 11.6253  4.3217  6.5694  8.2062 11.8938
460 42176  6.4130  8.0127 11.6196 4.3168  6.5623  8.1976 11.8821
480 42153  6.4096  8.0086 11.6142  4.3123  6.5557  8.1896 11.8712
500 42130  6.4064  8.0047 11.6091 43080 6.5494  8.1820 11.8610
520 42109  6.4033  8.0011 11.6042 4.3040 6.5435 8.1748 11.8513
540 42090  6.4005 7.9977 11.5997 43002 6.5380  8.1681 11.8421
560 42071 63978  7.9944 11.5954 4.2966  6.5328  8.1617 11.8335
580 42053 63952 79913 11.5912 42932  6.5278  8.1557 11.8252
600 42036 63928  7.9834 11.5873 42900  6.5231  8.1500 11.8174
620 42020 6.3905 79856 11.5836 4.2870  6.5186  8.1445 11.8100
640 42005  6.3883  7.9830 11.5801 4.2841  6.5143  8.1393  11.8029
660 41991  6.3862 79804 11.5766 4.2813  6.5103  8.1344 11.7961
680 4.1977  6.3842 79780 11.5734 42787 6.5064  8.1296 11.7896
700 4.1964  6.3823  7.9757 11.5703 4.2761  6.5026  8.1251 11.7834
720 4.1951 63804  7.9735 11.5673  4.2737  6.4991  8.1207 11.7774
740 4.1939 63787 7.9713 11.5644 4.2714  6.4957  8.1166 11.7717
760 4.1927 63770  7.9693 11,5616  4.2692  6.4924  8.1126 11.7662
780 4.1916  6.3754  7.9673 11.5590 4.2670 6.4892  8.1087 11.7609
800 41905  6.3738  7.9654 11.5564 4.2650 6.4862  8.1050 11.7558
820 4.1895  6.3723  7.9636 11.5539  4.2630  6.4833  8.1015 11.7509
840 4.1885 63708  7.9618 11.5515 4.2611  6.4805  8.0980 11.7461
860 41875  6.3694 79601 11.5492 42593 6.4778  8.0947 11.7415
880 4.1866 63681 79585 11.5470 4.2575 6.4751 8.0915 11.7371
900 4.1857 63668  7.9569 11.5448  4.2558  6.4726  8.0884 11.7328
920 4.1848  6.3655  7.9554 11.5428 4.2541 6.4702  8.0854 11.7287
940 4.1840 63643  7.9539 11.5407 4.2525 6.4678  8.0825 11.7247
960 4.1832  6.3631 79524 11.5388  4.2510 6.4655  8.0797 11.7208
980 4.1824 63619 79510 11.5369 4.2495 6.4633  8.0770 11.7170
1000  4.1817  6.3608  7.9497 11.5350 4.2480  6.4611 8.0743 11.7134
0 4.1084 62514  7.8147 11.3449 4.1084 6.2514  7.8147 11.3449




TABLE 3.1b (Continued)

Approximate values of K® needed to make the tolerance region (1.3), with k=3,

P-content at confidence level y, when sampling from the trivariate normal

B
y=.95 y=.99
n 75 .90 95 .99 75 .90 .95 .99
100 4.7138 7.1297 8.8744 12.7686  4.9866  7.5198 9.3390 13.3740
120 4.6570  7.0513 8.7834 12.6557 4.9027 7.4055 9.2073 13.2138
140 4.6133 6.9905 8.7122  12.5663 48384  7.3168 9.1043 13.0863
160 4.5784 6.9416 8.6546 12.4931 47872  7.2454  9.0209 12.9822
180 4.5498 6.9011 8.6067 124317 4.7451 7.1864 8.9517 12.8946
200 4,5257 6.8669 8.5662 12.3793 47098 7.1366 8.8930 12.8198
220 4.5051 6.8375 8.5312  12.3338 4.6796 7.0939 8.8424  12.7549
240 4.4872 6.8119 8.5007 12.2939 4.6535 7.0567 8.7982 12.6979
260 4.4715 6.7894 8.4737 12.2585 4.6306 7.0239 8.7593 12.6473
280 4.4576 6.7694 8.4497 12.2268 46103 6.9948 8.7245 12.6020
300 4.4451 6.7514 8.4281 12.1982 4.5921 6.9687 8.6933 12.5611
320 4.4338 6.7351 8.4086 12.1722 4.5757 6.9451 8.6651 12.5240
340 4.4236 6.7203 8.3908 12.1485 4.5609 6.9237 8.6394 12.4901
360 4.4143 6.7068 8.3745 12,1267 . 4.5473  6.9041 8.6158 12.4589
380 4.4058 6.6944 8.3595 12.1066 4.5349 6.8861 8.5942 12.4302
400 4.3979 6.6829 8.3456 12.0880 4.5235 6.8695 8.5742  12.4036
420 4.3906 6.6723 8.3327 12.0707 45129 6.8541 8.5556 12.3788
440 4.3838 6.6624 8.3208 12.0545 4.5030 6.8398 8.5384 12.3557
460 4.3775 6.6532 8.3096 12.0394  4.4939 6.8265 8.5223  12.3341
480 43716  6.6445 82991 12.0252 4.4853 6.8140 8.5072 12.3138
500 4.3660  6.6364 8.2893 12,0119 44773 6.8022 8.4930 12.2948
520 4.3608 6.6288 8.2800 11.9993 4.4697 6.7912 8.4796 12.2768
540 4.3559 6.6216 8.2713 11.9874  4.4626 6.7808 8.4670 12.2598
560 4.3513 6.6148 8.2630 11.9762  4.4559 6.7710  8.4551 12.2437
580 4.3469 6.6083 8.2551 11.9655 4.4496 6.7617 8.4438 12.2284
600 4.3427 6.6022 8.2477 11.9553 4.4436 6.7529 8.4331 12.2138
620 4.3388 6.5964 8.2406 11.9456  4.4378 6.7445 8.4229 12.2000
640 4.3350  6.5908 8.2339 119364 4.4324  6.7365 8.4132 12.1868
660 4.3314 6.5855 82274 119276  4.4272  6.7289 8.4039 12.1742
680 4.3280  6.5805 8.2213 11.9191 4.4223 6.7216 8.3951 12.1622
700 4.3247 6.5757 8.2154 119111 4.4176 6.7146 8.3866 12.1506
720 4.3216 6.5711 8.2097 11.9033 44130  6.7080 8.3785 12.1396
740 4.3186  6.5666 8.2043 11.8959  4.4087 6.7016  8.3707 12.1289
760 4.3157 6.5624  8.1991 11.8887  4.4045 6.6955 8.3633 12.1187
780 4.3129 6.5583 8.1941 11.8819 4.4006 6.6896 8.3561 12.1089
800 4.3103 6.5544 8.1893 11.8573 4.3967 6.6839 8.3492  12.0995
820 4.3077 6.5506 8.1847 11.8689 4.3930  6.6785 8.3425 12.0904
840 4.3052 6.5469 8.1803 11.8627  4.3895 6.6732 8.3361 12.0816
860 4.3029 6.5434 8.1759 11.8568  4.3861 6.6682 8.3299 12.0731
880 4.3006 6.5400 8.1718 11.8511 4.3827 6.6633 8.3240 12.0649
900 4.2983 6.5367 8.1678 11.8455 4.3796 6.6586 8.3182 12.0570
920 4.2962 6.5336 8.1639 11.8401 4.3765 6.6540  8.3126 12.0493
940 4.2941 6.5305 8.1601 11.8349  4.3735 6.6496  8.3072 12.0419
960 4.2921 6.5275 8.1565 11.8299  4.3706 6.6453 8.3020 12.0347
980 4.2902 6.5246 8.1530 11.8250 4.3678 6.6412 8.2970 12.0277
1000 4.2883 6.5218 8.1495 11.8203 4.3651 6.6371 8.2920 12.0209
(o] 4.1084 6.2514  7.8147 11.3449 4.1084  6.2514  7.8147 11.3449




TABLE 3.1c
Approximate values of K® needed to make the region (1.3), with k = 4,
B-content at confidence level y, when sampling from the quadrinormal

B

y=.75 y=.90

n 75 .90 .95 99 5 .90 .95 99

100 5.6639  8.1577  9.9296 13.8403 59131  8.5070 10.3460 14.3949
120 5.6380  8.1245  9.8924 13.7972  5.8641  8.4426 10.2726 14.3062
140 5.6180 8.0987 9.8632 13.7630  5.8264  8.3927 10.2153 14.2359
160 5.6021  8.0778  9.8396 13.7348  5.7962  8.3524 10.1689 14.1784
180 5.5889  8.0606 9.8200 13.7111  5.7714  8.3191 10.1303 14.1303
200 5.5779  8.0460  9.8033 13.6908  5.7506  8.2909 10.0976 14.0892
220 5.5685  8.0335 9.7889 13.6732  5.7327  8.2667 10.0695 14.0535
240 5.5603  8.0226  9.7763 13.6577  5.7172 82456 10.0448 14.0222
260 5.5531 8.0130 9.7652 13.6439  5.7035  8.2270 10.0231 13.9945
280 5.5467  8.0044  9.7553 13.6315 5.6914 82105 10.0037 13.9696
300 5.5409  7.9967 9.7464 13.6203  5.6806  8.1956  9.9862 13.9472
320 5.5358  7.9897 9.7383 13.6102  5.6708  8.1822  9.9705 13.9269
340 5.5311  7.9834  9.7309 13.6009 5.6619  8.1699  9.9561 13.9083
360 5.5268  7.9776  9.7241 13.5923  5.6538  8.1588  9.9429 13.8912
380 5.5229 79722 97179 13.5844. 5.6463  8.1485  9.9308 13.8754
400 5.5192 79673  9.7122 13.5771  5.6395 8.1390  9.9196 13.8608
420 5.5159  7.9627  9.7068 13.5703  5.6331  8.1302  9.9092 13.8473
440 5.5128  7.9585 9.7018 13.5639  5.6272  8.1220  9.8995 13.8346
460 55098  7.9545 9.6972 13.5579  5.6217 8.1144  9.8904 13.8228
480 5.5071  7.9508  9.6928 13.5523  5.6165 8.1072  9.8820 13.8116
500 5.5046  7.9473  9.6887 13.5470  5.6117  8.1005  9.8740 13.8012
520 5.5022 79440 9.6849 13.5420 5.6071  8.0942  9.8665 13.7913
540 54999  7.9409 9.6812 13.5373  5.6028 8.0882  9.8594 13.7820
560 5.4978  7.9380 9.6777 13.5329  5.5988  8.0825  9.8527 13.7732
580 54957 7.9352 9.6745 13.5286  5.5950  8.0772  9.8464 13.7648
600 54938 79325 9.6714 13.5246 55913  8.0721  9.8403 13.7568
620 54920 7.9300 9.6684 13.5207 5.5879  8.0673  9.8346 13.7492
640 54903 79276 9.6656 13.5171  5.5846  8.0627  9.8291 1.37420
660 54886  7.9254 9.6629 13.5136  5.5814  8.0583  9.8239 13.7351
680 54870  7.9232 9.6603 13.5102 5.5784  8.0541  9.8189 13.7284
700 54855 79211 9.6578 13.5070  5.5756  8.0501  9.8141 13.7221
720 54841 79191  9.6555 13.5039 55728  8.0463  9.8096 13.7160
740 54827 79172  9.6532 13.5009  5.5702  8.0426  9.8052 13.7102
760 54814 79153  9.6510 13.4981 5.5677 8.0391  9.8010 13.7046
780 54801 79136 9.6490 13.4953  5.5653  8.0357  9.7969 13.6992
800 54780 79119 9.6469 13.4927 5.5629  8.0324  9.7930 13.6940
820 54777 79102  9.6450 13.4902  5.5607  8.0293  9.7893 13.6890
840 54765  7.9087 9.6431 13.4877  5.5585  8.0262  9.7857 13.6842
860 54754 79071  9.6413 13.4853 55564  8.0233  9.7822 13.6795
880 5.4744 79057 9.6396 13.4830  5.5544  8.0205  9.7788 13.6750
900 54734  7.9042  9.6379 13.4808  5.5525 8.0178  9.7755 13.6707
920 54724 79029 9.6363 13.4787 5.5506  8.0151 9.7724 13.6664
940 54714 79015 9.6347 13.4766 55488  8.0126  9.7693 13.6624
960 54705  7.9002 9.6332 13.4746  5.5470  8.0101  9.7664 13.6584
980 54696  7.8990 9.6317 13.4726  5.5453  8.0077  9.7635 13.6546
1000 5.4687  7.8978  9.6302 13.4707 5.5437  8.0054  9.7607 13.6509
oo) 5.3853  7.7794  9.4877 13.2767  5.3853  7.7794  9.4877 13.2767




Approximate values of K® needed to make the region (1.3), with k = 4,

TABLE 3.1c (continued)

P-content at confidence level y, when sampling from the quadrinormal

B
y=.95 y=.99

n 75 .90 .95 99 75 .90 .95 99
100 60675 8.7208 10.5983 14.7233 63679  9.1300 11.0753 15.3278
120 60039 8.6372 10.5030 14.6081  6.2753  9.0094 10.9391 15.1658
140 59550 8.5723 10.4286 14.5169 62041 89158 10.8325 15.0371
160 59159 85200 10.3683 14.4423 6.1472  8.8403 10.7461 14.9317
180 58837 8.4767 103183 14.3798 61005 87779 10.6743 14.8433
200 5.8567 8.4402 10.2758 14.3265 6.0612 8.7252 10.6134 14.7677
220 5.8335 8.4088 102392 142802  6.0277  8.6799 10.5609 14.7021
240 58134 83814 102073 14.2397 59985  8.6404 10.5150 14.6445
260 57957 83573 10.1790 14.2036 59730  8.6057 10.4745 14.5934
280 57800  8.3358 10.1539 14.1714 59503  8.5747 10.4384 14.5477
300 57660 83165 10.1313 14.1423  5.9300 8.5470 10.4060 14.5064
320 57533 82991 10.1108 14.1160 59117 85219 10.3766 14.4689
340 57418 82833 10.0922 14.0919  5.8951  8.4991 10.3499 14.4346
360 57313 82688 10.0751 14.0697 5.8800  8.4783 10.3254 14.4032
380 57217 8.2555 10.0594 14.0493  5.8661  8.4591 10.3029 14.3741
400 57128 8.2432 100449 14.0304 58533  8.4415 10.2821 14.3473
420 57046 82318 10.0314 14.0128 5.8414 8.4251 10.2628 14.3223
440 56970 82212 10.0188 13.9964  5.8304  8.4098 10.2448 14.2990
460  5.6898 82113 10.0071 13.9811 5.8201 83956 10.2280 14.2771
480 56832  8.2020 9.9961 139667 5.8105 8.3823 10.2123 14.2567
500  5.6769 8.1933 9.9858 13.9531 5.8015 83698 10.1975 14.2374
520 56710 81852 9.9761 13.9404 57931  8.3581 10.1836 14.2192
540 56655 8.1774 9.9669 13.9283 57851  8.3470 10.1705 14.2020
560  5.6603 8.1701  9.9583 139169 5.7776  8.3365 10.1580 14.1858
580  5.6553 8.1632 9.9500 13.9060 5.7704 8.3266 10.1463 14.1703
600  5.6506 8.1566 9.9422 13.8957 57637 83171 10.1351 14.1557
620 56461  8.1504 9.9348 13.8859  5.7573  8.3082 10.1245 14.1417
640  5.6419  8.1445 9.9277 13.8765 57512 82997 10.1143 14.1284
660 56378 8.1388 9.9210 13.8675 5.7453 82915 10.1047 14.1156
680  5.6340 8.1334 9.9145 13.8590 5.7398  8.2838 10.0954 14.1035
700  5.6303  8.1282  9.9084 13.8508 5.7345 82763 10.0866 14.0918
720 5.6267 8.1232  9.9025 13.8429 57294  8.2692 10.0781 14.0806
740 5.6233  8.1185 9.8968 13.8354 57245 82624 10.0700 14.0699
760 56201 8.1139  9.8913 13.8281 57199  8.2559 10.0622 14.0596
780 56169  8.1095 9.8861 13.8212 57154 82496 10.0548 14.0497
800  5.6139  8.1053 9.8811 13.8145 57111 82435 10.0475 14.0401
820 56111 81013 = 9.8762 13.8080 5.7069 82377 10.0406 14.0309
840  5.6083 8.0973 9.8715 13.8018 57029 82321 10.0339 14.0220
860  5.6056 8.0936 9.8670 13.7957  5.6991  8.2267 10.0275 14.0135
880  5.6030 8.0899 9.8627 13.7899  5.6953  8.2215 10.0212 14.0052
900  5.6005 8.0864 9.8585 13.7843  5.6918 82164 10.0152 13.9972
920 55981  8.0830 9.8544 13.7788  5.6883 8.2116 10.0094 13.9894
940 55957 8.0797 9.8504 13.7736  5.6849  8.2068 10.0038 13.9819
960 55934 8.0765 9.8466 13.7684  5.6817  8.2023  9.9983 13.9747
980  5.5913  8.0731 9.8429 13.7635 5.6785 8.1978  9.9930 13.9676
1000 55891 80704 9.8393 13.7587  5.6755 8.1935 9.9879 13.9608
) 53853 7.7794  9.4877 132767 53853  7.7794  9.4877 13.2767
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TABLE 4.1a
Approximate values of the confidence level y that the B-expectation
tolerance region (1.3), k = 2, has coverage that exceeds B

B
n 5 .90 .95 99
100 5122 .5258 5341 .5471
120 St .5237 5317 .5449
140 .5103 5221 5297 .5429
160 .5097 .5208 .5280 5411
180 .5091 5197 .5266 5394
200 .5087 5187 5254 5379
250 5077 5169 .5230 .5348
300 .5071 5154 5211 5323
400 .5061 5134 5184 .5286
500 .5055 5120 5166 5259
600 .5050 .5110. 5152 .5238
700 .5046 .5102 5141 5222
800 .5043 .5096 5132 .5208
900 .5041 .5090 5125 5197
1,000 .5039 .5086 5118 5187
TABLE 4.1b

Approximate values of the confidence level y that the f-expectation
tolerance region (1.3), k = 3, has coverage that exceeds

B

n 15 .90 95 99

100 5120 .5240 .5306 5389
120 5110 .5223 .5287 .5380
140 .5103 .5209 5272 .5368
160 .5096 5197 .5258 .5356
180 5091 5187 .5246 .5345
200 - .5086 5179 5236 5334
250 5077 5161 5214 5310
300 5071 5148 5198 .5290
400 .5061 5129 5173 .5258
500 .5055 5116 5156 .5235
600 .5050 .5106 .5143 5217
700 .5047 .5099 5133 .5203
800 .5044 .5092 5125 5191
900 .5041 .5087 5118 5181

1,600 .5039 .5083 S112 5172



TOLERANCE REGIONS FOR MULTIVARIATE NORMAL DISTRIBUTION

Apprximate values of the confidence level y that the B-expectation

TABLE 4.1c

tolerance region (1.3), k = 4, has coverage that exceeds B

B
n 5 .90 95 .99
100 5118 .5225 5277 5327
120 .5109 5210 .5263 5327
140 5101 5198 .5251 5322
160 .5095 5188 .5240 5315
180 .5090 5179 .5230 ~5308
200 .5085 5171 5221 .5300
250 5077 5155 .5202 .5282
300 .5070 5143 .5188 5266
400 .5061 5125 5165 .5240
500 .5055 5113 5150 5219
600 .5050 .5103 5138 .5203
700 .5046 .5096 ..5128 .5190
800 .5043 .5090 5120 .5180
900 .5041 .5085 5114 5170
1,000 .5039 .5081 .5108 5162
TABLE 5.1

Values of the limiting relative efficiency (5.5) of the 8-expectation
distribution-free tolerance regions with respect to the 3-expectation

regions (1.3)

8
k 75 .90 .95 .99
1 5981 .6395 5525 .2803
2 .6406 .5891 4723 2142
3 .6449 5552 4304 1851
4 .6425 5319 4040 1681

389



390 IRWIN GUTTMAN

6. Acknowledgments. The author would like to thank Roy Milton, University
of Wisconsin Computing Center, for valuable discussion on the computing aspects
of this paper, and for making available his routine BETA INC (Milton 1967).
The actual computations were done by R. G. Lochner, Ernest Gloyd and Mrs.
Julia Gray to whom the author would also like to express his thanks.

APPENDIX
In this Appendix, we prove the results (2.15), viz.,

(A.1) @) aT'C’E = exp{_%K(k)}[K(k)]%k[z%k— lr(%k)k]—l
a (M
oC
@ 2| =0, asp (i) | =0
Vel 0X,™ |

where V. * = + VX, a,f=1, ", k, and (*) denotes the point
(A.2) (21*,"',Xk*,Vl*,"',Vk*,Vf;,"',Vk*—l,k)=(O,"',O,l,'"»1,0,"',0)-

To do this we need the following lemma
LEMMA A.l. If V* =(V2) is a kxk symmetric positive definite matrix, with
ap
(V*)™ = (Cyp), and if we define
(A'3) c'fz;l) = ci’B— H— cl(cr——r%l-)l,a cl(cr——rh-)l,ﬂ/cl(cr——r!l-)l,k—r+ 1
forr=1,---,k=1,and a, =1, -, k—r with ¢ = ¢, and if (**) denotes the
point

(A.4) (V;‘;,"',th, VIZ*...’Vk—l.k)=(1’...’1’03.“’0)3 then
(A.5) (i) gCH=1 if a=p,

=0 if a'iéﬂ,
forr=0,1,"',k—lando, =1, k—r;

53 00;2) * % . ’ ’
(11)—61/*( )=—1 if a=d; p=p,
ry

(A.6)
=0 otherwise;

r=0,1,--,k—landa,B=1,""",k—r.

PROOF. If 4, is the co-factor of V5 in V'*, then it is easy to see that Ap(**) =1
if @ = B, and O otherwise. But c,5 = Ap,/|V*| = A/|V*|, s0 that

(A7) caﬂ(**) =1 if o=y,
=0 otherwise,

since |V*|(**) is the determinant of the identity matrix of order k. Now we note
that if r = 1, we have

(A‘S) cz;)=caﬂ_ckackﬂ/ckh, 0(,[5= l,"',k_l.
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Because « and f§ in (A.8) do not equal %, the last term of (A.8) vanishes when
c{p is evaluated at (**). Thus

(A9) P =cy(* =1 if a=p,
=0 if o # P,
ifa, f=1,---, k—1. Now suppose (A.5) is true for r =¢—1, i.e.,
(A.10) V=1 il a=4p,
=0 if a#p; a,f=1, k—t+1.
Using the definition of c{}) given by (A.3), we see that
(A.11) ) = g P(*)

that is, if (A.5) is true for r = 0, it is true for r = 1, and if true for r = —1, then
true for r = ¢, that is, (A.5) true for r =0, 1, -+, k—1.

Now to prove (ii) of this lemma, we first note that of a seemingly possible
sixteen cases, just 9 cases are possible, viz.,

(l) “=ﬁ’ al=ﬁl’ a=a, ﬁ:"ﬁ’ (IV) O(;éﬁ, o"=ﬁl: o# o, ﬁ=ﬁl
() a=poa=p, ata, £ W) a# B, « #p,a=ad, f=f
(i) a=p, / #p', atdo, f=p vi)a=8, o £, a#d, f£
(i) a# B, o =, ata, B#F
(viii) oo # B, o/ £ B, a#a, B=p
(x) a#p, o’ #f,a#a, f#£F.
We first consider the above for r = 0. Using the method of a proof given by
Goldberger (1964, page 43) for non-symmetric matrices, it is easily proved for
V*, symmetric, and (V*)™' = (c,p), that

0Cyp

A.12
(A-12) vy

=- [caa’ Cp'p + Copr ca’ﬂ] if o # ﬁl’
— Cou Carp if o =p.
Using (A.5) and (A.12), it is quickly verified that

acaﬁ

(A.13
@13 v

*=-1 if a=o; B=p,

= 0 otherwise.

We turn, then, to the case r = 1. We have from (A.3) that
oty ey e dc, dc
A.14 of B kB k|, _Ek_/cz
AAD Sva = avg, T\ vz, T ava, | v,
fora, f=1, -, k—1. Using (A.5), we see that
octy
oV

5
(N=gt=-l i a=di p=,
a’p’

(A.15)

0 otherwise,
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since o and f # k, and proceeding by induction as in (i) of this lemma, we easily
establish

K (r)

a; (H=—-1 if a=a; B=p,
= 0 otherwise

fora,f=1,",k—r,and r=0,1, -+, k—1, and the lemma is proved.

Derivation of (A.1). We proceed then to the derivation of (A.1). From (2.9), we
see that we may write C as

(A.16) C=[pig(¥\"dy,* i where

L1
(A.16a)
g¥ ) = eV izl e T =2 0" dy dve - dYs* dyy*,

with the [, defined as in (2.10) and (2.11).
Using a well-known identity, we have

ac al21

V

oly,

0V*+g(Yl 121)

121 b
(A.17) < f (?I/*g(y*)dh ~g(Y1 =1ly)

and this is to be evaluated at (*), the point defined by (2.13). But from (2.11), we
may write the limits /;, as

(A18) [ = li2(Yl*) =X —Cz1 2)(Y **A )/C(zkz“z)
() THRD— el (0" = X, 2

so that

(A19) I,V * =1)=X,—c "2, — X, %)/l

+ (el ) THK® — o1, — X ¥
Now /;;, defined by (2.11), is such that /;;(*) = + {K™®}%, with the result that
(A.20) La(Yy* = 1) | = £{K®={(£KP)*}2}E =0,

using (i) of Lemma A.l. Hence, the last two terms of (A.17) will vanish when
0C|0V,y is evaluated at (*), since the limits of integration of Y,* in (A.16a) are
both equal to zero. In fact, using definitions (2.10) and (2.11), it can easily be
verified that

(A21) lise1 (Y = 1)

»=0
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so that successive applications of the ‘“differentiation under the integral sign”
identity in (A.17) yield

-1 (k=1
f f {H ¢<Y*)}[¢<12k)a’”‘ ¢(tlk)a’“‘]dml-~-dyl*
1 OV

k-1 \J

(A.22)

+terms that vanish at the point (*).

We need, then, the form of the derivatives 0/,/0V,;, i =1,2. From (2.10) we
have that

by k= - dcy 0C
==Y (yj*_,\j*)[ckkavfk Cklal/aﬂ + ¢k

oV =
a2z 7 ‘
+ 1 UDk Dk ac"",
2DkzckkoVﬁ 2ckk6V
where
D= K® YRl ooy *t*+z L(Y*-X, *)c(k Djek=0]2
(A.23a) ey e Xy
11 1 1
so that
oD k=1 5pk=0) t—1 2
(A.23b) A—Vk—k = — Z ﬁ';, *[Y* X*+ Z (Y%= X, *)ck =0 etk t)jl
0Viag i
_(y _X *)2 (k b
1 1 OV

t—1
=2 Z (e ™)” [ =X+ Y (=X el "J
Jj=1
t—1 _ ac(lg t) ac(k t)
. YR k=Y "t (k—t) 71t .
2 () )[ FIz aVa,,]

i=1

We first evaluate 0C/oV,5, a=1,---,k—1,k. For the case a =k, and using
Lemma A.1, we find

(A.24) D,(*) = K(k)_zl;—l Y,*?
oD, ‘ ol 1 k-1 3

A.24 —| =0, ik _ 4 | kW Y *2

( Y Vil aka 2 21: '

and from (2.10) and (2.11) we also note that
(A.25) L(*) = £[KP =Yy, *2]* s=k,--+,2,and
lu(*) =+ {K(k)}%-
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From (A.22), then, we have, using the above results, that

ac [K(k)]l/Z [K(k)—Yl‘z]llz [K(k)_zlk—ZYt*Z]I/Z k—1
— o *2
5™ o) J {“Wf‘ )
kk (*) _[K(k)]l/z _[K(k)_yl*zll/z _[K(k)_zlk—zyttzll/z 1
1
x2{ [{K“‘) Z Y*Z} ]} K®— Z Y,*2 d){’,j"_lvdez*le*
1 [K()jL/2 [K(k) -y *2]1/2 [K () -y k=2y,*2]1/2
2J‘_[K(k)]l/2J‘_[K(k)_Yl*Z]l/Z f—[K(k)—Z1k'2Yz*2]‘/2
1 k=1 1
X{———expd — Y Y,*? I\(") Y, *?
{(27:)%("-“ p{ 2 Y (G T2 Z

k-1 4
Xz(K(k)_z }]’*2> dYk*—l..'dYZ*le*
1

_ lexp{ —3K®}
T2 ()t

[K(k)]l/z [K(k)_yl‘n]l/z LK""—E:""Y:*Z]‘/Z [K(k)_zlk——lyt‘ﬂ]llz
X cee

_[K(k)]llz _[K(k)_yl*Z]l/Z ‘[K(")—En"'zl’:“]‘/z —[K(")—Zn""Y:*Z]‘/Z
X dYk*dYk*_l . 'dYZ*le*

_ lexp(—3K®)
T2 (2n)t

The second factor of the above is given by Coxeter (1948); he showed that the
volume of such a sphere has value

x {Volume of sphere, radius (K®)*, in k dimensions}.

(A.26) 2 oy
o T Gh)k :
Hence we have that
oc Lexp {—3K®} ( 2n**
( a) aka %y 2 (zn)—k kr-(%k)( )
_ _1 (K("))%" exp {__%K(k)}
T2 kI(3k)2#t
ocC aC Oka oC
Now, ov* 5V kv = 2Vk*5V—J€ ) so that we have
(k)yik _1rm®
(A.26b) oC | _ (K®)¥exp{—4K®}

WVt kD (4k)2¥* 1
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We now wish to evaluate dC/0V,5, 1 <« < k—1, at the point (*).
From (A.23b) and Lemma A.1, we have, for such an «, that

oDy |
— =Y,*
aV‘Z *) ¢ .
Hence, using (A.24), and (A.27) and Lemma A.1, we find from (A.33) that
ol 1 k1 -%
u = +| = K(k)_ Y*Z Y*Z
REE G
for 1 £ a £ k—1. Returning to (A.22), we find, with the help of (A.25), that
oC | lexp{—3K®}
Wil 2 @Co*
[K()]1/2 [K (k) —y, *2]1/2 [K(k)_zlk—zytu]l/z
(A.28a) X j f . f

_[K(k)]llz _[K(k)_yl*z] _[K(k)_zlk-zyttzll/z

(A.27)

(A.28)

k—1 4
X 2),‘1*/<K(k)_ Z )2*2) dYk*—l * "de*dyl*.
1

But by inverting the order of integration and making a dummy change of variable
(A.28a) may then be expressed as

oc Lexp {—4K®} K™
WEw 2 @O ) _aog !

(A.28b)
[KUO —p,2]1/2 [K () =3 k= 3y,2]1/2
X{J‘ "'J\ dyk_z"'dyz}dyl.
—[K ) —y,271/2 —[K () =¥ k= 3y,2]1/2
Now the inner integral of (A.28b) is the volume of a sphere in £ —3 dimensions,

radius [K® —y,2]%, that is, has value
A HRD _p 2D IRy 2)5E=3)

TGk-3))k-3) F(4(k—1))
Hence
(A.23¢) oC _ i(exp {— K0}t t=3) pIRCN2 KDy -5 4y,
5V;§ * 2 (27'5)*’(_ lr( (k_ 1)/2) —[K()]1/2

and on making the transformation y, = [K®]? sin 6, we arrive at
6C _1(exp{—3K®)[KP]H
ovyr 2 281k (1K)
fora=1,--+, k—1. Hence
ac
ov,*
proving part (i) of A.1.

(A.29)

_ac

[K©] exp {—3K®)

o 2PTkIGk)

2
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To prove part (ii) of A.l, we first consider the cases o =k, f < k. We then
have, from (A.23b) and using Lemma A.1, that

A.30 — 0
(A0 v

*)

so that (A.23) takes the value, at (*), given by

{A.30a)

From (A.22), then, we see that dC/0V,
(A31) {IT5=1 6V} OIKP =2 I {Y* - Y} =0, e
oC |

 has as integrand

—| =0, p=1 k—1.
We consider now the cases o, f =1,+-, k—1, « # B. Again, using Lemma A.1,
we have from (A.23b) that
oD
(A.32) —x =2Y*Y*
OVdﬂ (*)

This in turn implies that

Bl~kl 1
A.32a) - =+ - 2Y,*Y,* |, 12, p<k—1, .
( a) aﬁ;ﬂ(*) —I:z(K(k)_LJ;—l Yt*z)% a 18 ] Saf = a#p

Using the above and consulting (A.22), and making a dummy change of variable,
we may write

oc
v

(kN K ()71/2 K(k)—y 271172
_Zexp{_%h()fj‘[ ] ) [ y1%]

B 1k 1
*) (27[)‘

—[K)]1/2 —[K (k) —y,271/2
[ 1 [ y1?]

[K 0O —F,2y2]1/2 [K O~ ke=2y,271/2
(A.33) x {( j

_[K(k)_):lzytl]lll __[K(k)_):lk—zytzll/z
k=1 -+
c (k) 2 .
x (I\ - X ) dyi-, dh}d}’zdh-
1

But the inner integral of (A.33) is

(A34) mx  Volume of a sphere in k —4 dimensions, radius  [K® —Y 2y 2]}

zn%(k—‘l) ( @ 2 5 3(k—4)
Sy — O ) .
F((k—4))(k—4) 2y )
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Inserting (A.34) in (A.33) yields

éec I exp{—1K®} [IKCM2
WElw  TGE=2)2%"11) _xeopn’

[K () —y,2]1/2 2 +(k—4)
k 2
X {J )’2<K( )_Zyt > dh}dh
_rK(k)_ylz:ll/Z 1

=0, since the inner integral obviously vanishes.
The results (A.30) and (A.35) establish part (ii) of (A.1).
It remains to prove part (iii) of (A.1). From the definitions (2.10) and (2.4), we
see that /;,*+, /;,_, do not involve X, *. Hence we may write (see (2.9))

l,a-1 Fi 24 2K
e[ [ e [ oo faneans)
U,x-1 o e lik 1

X d),a*—l.‘.dyl*‘

(A.35)

(A.36)

Using arguments similar to these that led to (A.22), and with the help of (A.21),
we see that we may write (A.36) as

Dk-1 (k=1 012 .
X * J J‘Ilk 1{1—1 ¢(Y*)}{¢(12")5Xk* ¢(l1k) ¢ lk}

(A.37)
X dYk—l "'le*

+ terms that vanish when evaluated at (*)
fora =1, -+, k. There are four cases to be distinguished, viz(i)a = k;(i)a =k—1;
(i) 22a<k—2,and (iv) a = 1.

We begin with the case « = k. From (2.10) we see that
ly ly
= =1, that — =L
X, ot GX
Hence, when we evaluate 0C/0X,*, as given by (A.37) with « =k, at (*), the
resulting integral has integrand

(A.38)

(A.39) {1 (Y} [(K® =% Y *)¥(1—-1) =0, i.e., we have
ac
(A3.92) = =0.
For the second case, « = k— 1. Consulting (2.10), we have that
(A-4O) lik = Xk*_zz;%ij(Yj*_X-j*)/CkkiCk_k%Dk%

where D, is given by (A.23a). Thus

aly, 1 oD,

A4l =i =Cu-1/CutoaF -
( ) 6X,:"_1 kk—1/ kk—C’?ka}aX;‘g_l
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But from (A.23a), we have that

(A.42)

k—2
~20k 1,k— 1[Yk*—1_Xl:k—1+ Y (Yj*_Xj*)c;cl—)l,j/cl(cl—)l,k—l]'

i=1

From (A.24), (A.41) and (A.42), with Lemma A.1, we obtain

al; g -t
(A.43) __ & l = {i‘(K(k)— Y Yt“) Y 1}+ck,k—-1/ckk
1

so that (A.37) gives us

K LKOI]L2
exp {—3KW) IR

0 /k— 1§(% (27!)%'( —[K()71/2
[K(k)_z‘k—ZYt*zlllz
X {f (K(k) Z )/*2) dy;(*—l}.'.d)’l*
_[K(k)_zlk—ZY:tZ]l/Z
and the inner integral is clearly zero, so that

oc

A.43 PG
(A.43a) X

*
We turn now to the cases 2 < a < k—2. Consulting (A.23a) we have

6Dk Umae1) Cik+1aa 1) a—-1 - o x
(Add) == -2 VA - X5+ (Y —X,5) cka— 1)+z (Y;*=X;%)

aXa Ca+1 ,atl j=1

k 1 k—a—1
Ci+1aj )jl(_ciﬂafa ))

k—a—1) k—a—1)
caf+1,a+1 (c;+l,a+1)

a—1 (k a)
_2c£‘;_a)[n*—xa*+ Z (YJ* ) (k a)](_l)'

j=1
From (A.40), for 2 £ a £ k—2, we see that

A.45 Gy 1 Ok
(A.45) 0X,* ¢y 2k, D2OX*

From (A.24), (A.44), (A.45) and Lemma A.1, we have, if 2 < a < k-2,

ly,
0X,*

1 Cka
(A.46) - {i - 2y;*}+ .
™ 2(K(")—Z'i ! y‘*2)t Ckk
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Using (A.37) and (A.46), it may be seen that 0C/0X *, o« = , k—2 may be
written as
FTol exp{ K0} [TKCY/2 [K (%) =51k~ 3p2]1/2"
aXz* (.) (27'[)* J’ [K(k)]l/z J'_[K(k)_zlk—sytzll/z
[K () — ke =2y, 2]1/2 -1
(A.46a) X {j ( K®— Z ¥V, ) dyk_l}
_[K(k)_zlk-2yt2'|1/2
X dye—ydy,
=0

for2<a<k-2.
Finally, we turn to the case o = 1. From (A.23a), we have that

aD. k=2 [ k=2
=5 = =2y 2)[Y*_X2 +(Y " -X,%)- (2k1 2)] c(—k2—12)_
22

a‘le*
(A47) _
=257 0(Y =X (= D).
Also, from (A.40), we have

A.48 = = —
From (A.24), (A.47), (A.48) and Lemma A.1, we have

(A.49)

1 c
=+ - Y*}+—ﬂ
™) { Z(K""—Z'i 1)/’*2)% ! Crk

so that, on using (A.37) and similar argumeénts as above, we have

oc | exp { —4K®} [LKON/2 [K U~ gy~ 3y,2]1/2
! = O S . coe
6X1* ™ (27‘6)%" —[K U172 —[KU) =% k=3y,2]1/2
[K ) =3 k=2y2]1/2 d
(A.49a) x U Ty)"—'—l—k}i—"l%}dyk_z < dy,.
—[K(k)—zlk—zytz]l/Z(K “‘Zl Ve )

=0.

The results (A.39a), (A.43a), (A.46a) and (A.49a) have proved (iii) of (A.1),
that is, we have established the results (2.15).
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