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ON THE TAIL o-ALGEBRA OF THE FINITE
INHOMOGENEOUS MARKOV CHAINS
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Let (Q, #, P) be a probability space, {X,:n=1,2,---} an inhomogeneous
Markov chain assuming a finite number of states I = {4, - * -, a,}, %, the o-algebra
generated by the random variable X, and &," the g-algebra generated by the
random variables X,,, X,, 41, - *, X,. The g-algebra (>, #,~ will be denoted by 7
and called the tail o-algebra of the sequence of random variables {X,:n=1,2,---}.
The aim of this paper is to prove the following:

THEOREM. The tail o-algebra of any finite inhomogeneous Markov chain is atomic.

PRrOOF. Let us notice firstly that if M," ---, M" stands for the partition cor-
responding to the random variable X,, thatis M;" = {w: X,(w) = a;} fori=1,-,s,
then we have:

1) P{A|#,}—P{A} £ 1 —min, ;; ., P{M"}
for any event A4, in virtue of the fact that (1) is equivalent to
@ P{AN(Uica MM} —P{A}P{U;ic A M/} < (1—min P{M"})P{U;c A M/}

A being an arbitrary subset of the set {1,---,s} (see [1]). Furthermore, let
y = liminf,, , (min, ., P {M"}). If y > 0, by (1) we get

(3) maer.f.n 1(P{A | f”}—P{A}) é 6

with é < 1. If y = 0, we shall prove that we can find a sequence of positive integers
{n:k = 1} such that

“) limsupy,, max,. ¢, (P{4|F,}—P{A}) <

almost surely.

Indeed, in this case we can extract from the initial sequence of random variables,
a subsequence {X, :k=1,2,---} such that for some states a;, with iel’, a =
liminf,, ,min, ;;<, P {M;"} >0 and lim,,,P{Uicr-M;"} =0, T being the
complementary set of I" with respect to the set {1, ---, s}. If k is sufficiently large,
then min, P {M"*} > a—e for a certain ¢ chosen so that «a—e > 0. Therefore,
for any M, and M,, ,, which are arbitrary unions of M;" or M;"™*! respectively,
with ieI’, we have

P{M,
with 6 = 1—a+e.

k+1

M”k}_P{M”k+l}P{M”k} = 5P{Mnk}

k+1
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But if we take an event R, ., formed by an arbltrary union of the events M ;™
with /eI, then we have
) P{MnkRnk+1}_P{Mnk}P{Rnk+1} < P{MnkR”k+l} = d”P{M”k}

where o, = P{R,,, }/P{M,} —0asn— oo, by virtue of the above considerations.
Therefore P {4|#, }—P {4} <6 holds for all ® except for the set Uierr M™.
Hence (4) is proved.

Besides if we consider an arbitrary N-dimensional Borelian set B, and write
= {( M2 nk+N+1)eB} we get

(5) P{Al)‘m‘ = ai} = Zi=l P{AIXnkH = aj}P{Xnkn = ai | Xnk = ai}

and

(6) P{A} =35-1 P{4|X,,,, = a}P{X,, = a;}.
Subtracting (6) from (5), we obtain
™ P{A|X,, = a}—P{4} < 5.

However P{4|X,}=P{A|%,™} and by a usual approximation argument,
we get

P{A|F ™} —P{A} <6

for any 4e# ., except, perhaps, for the set |J;.r-M™ (see [1], [2]). From this,
we deduce immediately that for any Te ", we have

8) P{T|#,~}—P{T} <6

almost surely whatever may be w. Integrating (8) on the set 7, we obtain
P{T}—P*{T} < 6P{T}

wherefrom we get that either P {T'} = 0 or P {T} = 1—6 and the proof is concluded.

REMARK. We can find an upper bound for the number of the atoms comprised in the
tailg-algebra. Thisnumberissmallerthan [sup[llmmf,’,_.w(mm,e( 1,9 P{M"DI]?
where by lim inf’ we understand that lim inf is taken over all subsequenoes of
the type constructed in the proof of the Theorem, eliminating the events corres-
ponding to those states whose probabilities are going to 0. In the case when
sup [liminf, o (min; ., P {M"})] >4, {X,:n=1,2,---} has a trivial tail and
therefore follows the 0—1 law.
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