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1. Summary and introduction. For a broad class of one-sample rank order
statistics, almost sure (a.s.) convergence and exponential bounds for the probability
of large deviations, when the basic random variables are not necessarily identically
distributed, are established here. In this context, extending a result of Brillinger
(1962) to the case of non-iidrv (independent and identically distributed random
variables), a result on the a.s. convergence of sample means for a double sequence
of random variables is derived. These results are of importance for the study of the
properties of sequential tests and estimates based on rank order statistics.

2. Statement of the results. Consider a double sequence of random variables
{X,a1, Xu2, -}, n = 1, where the random variables of the same row are indepen-
dently distributed with continuous distribution functions(df) {F,, F,,, -}, n 2 1.
For a sample (X, ' * -, X,,), consider the usual one-sample rank order statistic

(cf. [5], [6])
Q1) T,=n"'Y1  c(XDER,); Ruy=Y"_,c

where c(u) is 1 or 0 according as u is 2 or < 0, and the rank scores E,(1), - -+, E,(n)
are generated by a continuous score-function J(u): 0 <u < 1, in the following
manner:

(2.2) E,(i) = J(i/(n+ 1)), i=1,",n.

7
Ani

_anjl)’ i=1"'.’n1

We may also work with E,(i) = J,(i/(n+1)), where the function J,(u): 0 <u <1,
satisfies

(2.3) 1imy o §3 () — J(u)| du = 0.

Assume that Je L', i.e., _[(‘,|J (u)['du < o0, for some positive r, to be specified later
on. Let then

(2'4) Fn=n_lzg=1Fi’ Hn(X)=Fn(X)'—F”('—X), x%o;
(2.5) 1, = [§ J(H,(x)) dF (x).
Note that if the X,; (=X;) are iidrv with a df F(x), independent of n,

then F, = F, H,(x) = H(x) = F(x)—F(—x), x 2 0, and 1, = 7 = [$J(H(x)) dF(x).
Finally, define M(¢) by

(2.6) M(1) = [§{exp [tJ(u)]} du, whenever it exists.
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Then, we have the following theorems.

THEOREM 1. If Je L' for somer > 2, thenlim,_, , (T,—1,) = 0a.s.; if the X,; (= X})
are iidrv, then lim,_, , T, = © a.s. whenever Je L'. .

THEOREM 2. If for some T( > 0), M(t) < oo, V|t| < T, then for everye>0,3 a
p(e): 0 < p(e) < 1, and an ny(e), such that for all n = ny(e),

@7 P{T,—t|>e} S2{p(e))", uniformlyin {Fuy, -, F,}.

The proofs of these theorems are sketched in Section 3. For non-iidrv’s, the task
of establishing the a.s. convergence of sample means of a double sequence of rv’s,
needed in proving Theorem 1, is accomplished by the following theorem whose
proof is givenin the appendix. Herewelet X, = n™' 37 X,;, v& = [2, |x|" dF (),
i=1,,mand 3,7 =n" Y7 WP = [* |x]|"dF(x).

THEOREM 3. For a double sequence {X,,;, X,,, -}, n 2 1, of (row-wise independent)
1v’s, if sup, ¥,") < K < oo, for some r > 1, then for every ¢ > 0, 3 a positive C, and
an ny(€), such that

(2.8) P{IX,,—E)?,J >e} S Cnn% forall nz=nye),

where s=r—1,1 <r=<2,and s=min(r—1, k) for 2(k—1) <r <2k, k = 2.
Note that for iidrv’s, when r > 2, Brillinger (1962) has obtained in (2.8), s = r/2,
whereas our s = r/2 and the result holds even for non-iidrv’s.

3. Derivation of the main results. Define the empirical df’s by
(3']) F'n(x)=n_lz'i.=lc(x_xni)’
—w0<x<o, H(x)=F(x)—F(—x—), x20

b4

and express T, in (2.1) equivalently as
(3.2 T, = [§ J(H,(x)) dF (x).

If we let J,(u) = J(i/(n+1)) for i—1)/n<u<i/n,i=1,--+,n, as JeL! (in any
case), lim,_, . f§ |/,()| du = [§ |J(u)| du < 0. Hence, for every & > 0, there exists a
0 > 0 and an n(e), such that for all n = ng(e),

(3.3) S+ J1-s [Jaw)| du < e/ (=[5 +[1_, |J(w)| du < &/4).

Also, J(u) is continuous on (0, 1). Hence, for every ¢ > 0, there exist d,, §,, where
0<d,<d,/2,6,+0, =4, such that

(3.4) SUP|y| <5, SUPs, <u<1-3 |J(u+v)—J(u)| <e/4.

- Defining then a, =sup {x: H,(x) <6,}, b, = inf {x: H,(x) 2 1-5,}, noting that
dF, < dH,, dF, < dH,, and making use of (2.5), (3.2)-(3.4), we obtain that

(35) ITn_Tnl < ;t=11"(r)’
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where 1,0V = [&+ [ |J(H,)| dF, < [§+[1 -5, [J)| du < &/4, and

(3.6) LD =[r+[2|J(nH,j(n+1)|dF, £ [&+ [ [J(nH,/(n+1))| dH,,

G.7) 1,® = B |J(nH,/(n + 1)) - J(H,)| dF,,

(38) (4) ”b" '](Hn) d[F F ]l |n_ ! Zi l(Zm EZni)l

where Z,; = J(H(X,))) if a, < X,; £ b, and Z,; =0, otherwise, for i=1, -, n.
Since, n" 'Y I E|Z,["<n7 Y [9 |J(H,,)| dP,,, S [§[J@w)|"du < oo, for JeL'
by Theorem 3, when r > 2, I, - 0 a.s., as n —» co. When the X,; (= X)) are iidrv,
a,=a=H"'6,) and b,=b= H '(1-6,) do not depend on n, and thus, the
Z,; (= Z,) are iidrv with a df not depending on n. Hence, by the Kintchine law of
large numbers, 1, - 0 a.s. as n — c0.Hence, to prove Theorem 1, it suffices to
show that for every ¢ > 0, I, + I, < ¢/2 a.s. as n— 0. It can be easily shown

that for every 0 < §,’ < d,, as n — 0, sup, |F,,(x) —F,,(x)| < 6,'/2 a.s.; this along
with (3.1) and the fact that (n+1) ~! < 6,—6,’ for n sufficiently large leads to

(3.9) SUP, 5o |[nH,(x)/(n+1)—H,(x)| < 6, a.s. as n— .

Thus, nH,(a,)/(n+1) < d a.s. and nH,(b,)/(n+1) > 1 -5 a.s. (as n — 0), and hence,
by (3.3), (3.6) and (3.9), 1,'® < &/4 a.s. as n — 0. Similarly, by (3.4), (3.7) and (3.9),
I,® < ¢/4 a.s. as n —» 0. Hence the proof is completed.

To prove Theorem 2, we note that by Theorem 1 of Hoeffding (1953) and pro-
ceeding as in Sethuraman (1964), for every 6, > 0,3 a p(6,):0 < p(6,) < 1, and
an ny(d,), such that for all n = ny(5,),

(3.10) P{sup, |nH,(x)/(n+1) = H,(x)| > 6,} < [p(6,)]"
Then, (3.3), (3.4) and (3.9) imply that I, +I1,® > ¢/2, with probability < [p(5,)]"
for all n 2 ny(8,). Also, for all |¢| £ T(> 0),
M,(t) = E[exp(t}i=1 Z,)] = []}-1 E[exp (1Z,)]
(3.11) < [n71 Yoy E{exp(tZ,)}]"
< [0 Xk [3{exp [ (H, ()]} dFi(x)])"
< [fo{exp ()} du" < [M(D)]",

uniformly in {F,,, -, F,,} (as dF, < dH,). Hence, by the same technique as in
Bahadur and Rao (1960), it follows that for all n = ny(e), 1, > ¢/4, with proba-
bility < [p,(e)]", where 0 < p,(g) < 1. The proof of Theorem 2 is then completed

by letting p(e) = max [p(8,), p1(e)].
RemMARK. For E,(i) satisfying (2.3), |T,—n"'Yi_ (X, )J(R,/(n+1))| >0 as
n— o0, and hence, Theorem 1 and Theorem 2 remain valid.

4. Appendix: proof of Theorem 3. We present the proof only for 2 < r £ 4; for
r > 4, the proof proceeds on parallel lines, while for 1 < r < 2, the result follows
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from Lemma 1 of Chatterji (1969). Let ¥,; = X,; or 0 according as | X,;| < n or not,
i=1,""",n,andlet ¥,=n"1Y 7, Y, . Then,

4.1) P[X,# Y,] S P{|X,|>n foratleastone i=1,-"-,n}

= 1-[[i=1[Fu(m) — B — )]
By the Chebichev inequality, sup, 5 o {X"[1—F,(x)] or X’F,(—x)} < v{D, and hence,
4.2) Fo(—=n) EV@n',  1—=F,(n) v®n", forall i=1,---,n.

Also, sup, 7, < K < o0 = v{? < Kn, Vi, and hence, for r > 1 and n 2 2K)/¢~D,
by (4.1) and (4.2),

@3)  P[X,# Y] < 1-T [1-2n""] < 20O V5,0 < 2K/n"
Finally, note that
4.4 |E(Xn— Y..)' <n’! Z:’l=l j|x|>n |x| dF,(x) = jlx[>n |x| dF,,(x)

ST s X[ dF(x) £ Kn=C71;
(4.5) E(Y,—EY,)*=n"*[}i, E(¥,—EY,)*

+Y0ej=1 E(Yu—EY,) E(Y,;— EY, )]

< 16n~CO(n " Y0 E| Y[ +n 27 Tl YR

< 16%,0/n" "+ (3,")*"/n®> £ K*n~¥, K* < o0,
where s is defined after (2.8). Hence, by the Chebichev inequality,
(4.6) P[|Y,—EY,| > ] £ K*/e*n* = K,n""

The proof of (2.8) follows directly from (4.3), (4.4) and (4.6), while the use of the
Borel-Cantelli lemma on (2.8) yields the desired a.s. convergence result.
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