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ON CONVERGENCE OF THE UNIFORM NORMS FOR GAUSSIAN
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We consider the large values and the mean of the uniform norms
for a sequence of Gaussian processes with continuous sample paths. The
convergence of the normalized uniform norm to the standard Gumbel (or
double exponential ) law is derived for distributions and means. The results
are obtained from the Poisson convergence of the associated point process
of exceedances for a general class of Gaussian processes. As an application
we study the piecewise linear interpolation of Gaussian processes whose
local behavior is like fractional (integrated fractional) Brownian motion (or
with locally stationary increments). The overall interpolation performance
for the random process is measured by the pth moment of the approximation
error in the uniform norm. The problem of constructing the optimal sets of
observation locations (or interpolation knots) is done asymptotically, namely,
when the number of observations tends to infinity. The developed limit
technique for a sequence of Gaussian nonstationary processes can be applied
to analysis of various linear approximation methods.

1. Introduction. Let X, (¢),f €[0,T],n > 1, be a sequence of Gaussian zero-
mean processes with continuous sample paths. In the following we deal with
the uniform norm M, (T) = max;c(o,7]|X,(t)| and its asymptotic distribution
and mean as T = T(n) — oo and n — oo. The asymptotic tail distribution
of M, (T) is derived from the Poisson convergence of the associated point process
of exceedances under general conditions. The general class of Gaussian processes
considered is motivated mainly by applications for linear interpolation of a random
process.

For a Gaussian stationary process, the limit distribution of the maximum
max;e[0,7] X (t) [and max;c[o, 771X (¢)|] is known to be of Gumbel type [Cra-
mér and Leadbetter (1967)]. Further developments are given in Pickands (1969),
Berman (1971), Qualls and Watanabe (1972) and Lindgren, de Maré and Rootzén
(1975) assuming that the correlation function r(¢) satisfies the condition

(D r®)=1-—clt|* +o(t|*) ast — 0,
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with ¢ > 0,0 < @ < 2, together with Berman’s condition
2) r(v)logv — 0 as v — 00.

The asymptotic distribution of the maxima for some classes of nonstationary
Gaussian processes are studied in Piterbarg and Prisyazn’yuk (1978), Berman
(1985), Hiisler (1990, 1995) and Briker (1993); see Leadbetter, Lindgren and
Rootzén (1983), Adler (1990) and Piterbarg (1996) for related results and further
references. Limit results for the distribution of the maxima M, (T') of a sequence
of Gaussian processes were obtained in Seleznjev (1991, 1993, 1996), Piterbarg
and Seleznjev (1994), see also Hiisler (1999). They investigate the tail distribution
for the uniform norms of a sequence of certain nonstationary Gaussian processes
which are close to cyclo-stationary processes, that is, with a periodic covariance
function and nonconstant variance [for Gaussian cyclostationary processes, see
Konstant and Piterbarg (1993)]. The asymptotic behavior of the mean EM,, (T') is
far less studied even in the stationary case. The only known result, to the best of our
knowledge, is due to Pickands (1968) for the extremes of independent, identically
distributed random variables; see also Resnick (1987) for a different proof.

On the other hand, these large extreme value results are related to various
random process approximation problems where small random uniform deviations
are of interest. A usual scheme is as follows: for X(7),t € [0, 1], a Gaussian
process, let

(€)) Ly(t)=Ly(X,7) and §,(r)=X(t)— L,(7)

be a random process approximating X and the deviation process, respectively.
Here n is the number of known functionals on sample paths of X [e.g., Fourier
coefficients, values of the process (and/or its derivatives) at interpolation knots].
As arule, the maximal quadratic mean (q.m.) error 0, := max|o, 1](E8£(r))1/ 250
as n — oo. Then after a time and scale transformation, large extreme value
problems arise for a sequence of random processes X, (t) = 8,(t)/o,, T =
gn(@),t €0, T],t€[0,1], T =T(n) — oo [e.g., g,(¢t) = t/n for trigonometric
polynomials and equidistant linear interpolation] and levels u = §/0, — o0 as
n — oo. The overall approximation performance is measured by the maximal q.m.
error o, the distribution and the mean of the deviation in the uniform norm,

P{ max |§,(7)| < 8} =P{ max | X, ()] < u}
7€[0,1] tel0,T]

and

» 1/p » 1/p
L,)=(E ) =o,(E X > 1
ep(Ly) ( f?[%,xl]' n(T)] ) an( tg[l&z}]l n ()] ) , p=1,

respectively. This relationship between extreme value and approximation problems
is considered in Belyaev and Simonyan (1979) (for regression broken lines), in
Seleznjev (1991) (for trigonometrical polynomials), in Seleznjev (1993, 1996) and
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Piterbarg and Seleznjev (1994) (for piecewise linear interpolation with equidistant
knots). Hiisler (1999) shows that these results hold under less stringent conditions
on the correlation function. The next important question for interpolation is how
to set interpolation knots (or design points) in an “optimal” way [see Seleznjev
(2000)]. A number of results are obtained about optimal designs for certain
classes of stochastic processes satisfying Sacks—Ylvisaker conditions [Sacks and
Ylvisaker (1966)]. These conditions imply that a process is locally like the
Brownian motion. For processes satisfying Sacks—Ylvisaker conditions, Su and
Cambanis (1993) and Miiller-Gronbach (1996) study optimal designs for the
best linear unbiased estimators, or BLUEs, and piecewise linear interpolators
with respect to the integrated quadratic mean error, that is ( f[o,l] EX2(t)dt)!/2.
The order of the minimal errors is n~!/2. Miiller-Gronbach and Ritter (1997)
investigate the mean weighted uniform norm for Gaussian (Sacks—Ylvisaker)
processes with the minimal errors of order (logn)!/?n~1/2. Ritter (1999) contains
the most recent results and a very detailed survey of the approximation problems
for stochastic processes. Optimal designs for Hermite spline interpolation of
random processes with locally stationary increments are studied in Seleznjev
(2000) with respect to the integral g.m. p-norm, (f[o’l](EXz(t))p/2 dn'/P. The
addressed problems arise in various practical areas, namely, in numerical analysis
with realizations of stochastic processes [see Wahba (1990) and Weba (1992)],
in simulation studies [see Eplett (1986) and Sacks, Welch, Mitchell and Wynn
(1989)], in earth sciences [see Cressie (1993)].

Our aim in this paper is to extend some extreme value and approximation results
of Seleznjev (1991, 1996, 2000), Piterbarg and Seleznjev (1994) and Hiisler (1999)
to the case of general Gaussian processes and to apply these results to linear
interpolation and optimal design problems. In order to demonstrate this general
approach, the piecewise linear interpolation of a Gaussian process with locally
stationary increments is considered with respect to the mean uniform norm. For

a piecewise linear interpolator L, with interpolation knots 7, k =0, ...,n, we
have,
T — T T — Th—1
Ly(t)=X(tp-) ——— + X(m) ——,
“4) Tk — Th—1 Tk — Th—1
Telny_1,wl,k=1,...,n.

This widely used method provides the best rate of approximation for some
classes of continuous functions [see Seleznjev (1989), Buslaev and Seleznjev
(1999) and Seleznjev (1999)]. While piecewise linear interpolation is studied, the
proposed technique for a sequence of Gaussian nonstationary processes and the
corresponding maxima behavior can also be applied to various linear interpolation
methods (e.g., interpolation splines for random functions).
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For the sake of simplicity we denote also by M, (A) = maxsecz | X, ()], A C
[0, T], which should not be confused with M, (T) = M, ([0, T]). Let |J]| be
the length of an interval J. The following function s, (1) := u®exp{—u?/2} is
frequently used in extreme value theory for Gaussian processes. Also ¢ and ¢
denote the standard Gaussian distribution and its density function, respectively.
For two sequences a, and by, let a, < b, if there exist positive constants ¢y and
¢y such that c1b, < a, < cob,; similar notation will be used for two sequences of
arrays ag,, and by ,, k=1,...,n.

The paper is organized as follows. In Section 2, we consider the problem of
asymptotic behavior of the associated point process of exceedances (Poisson limit
theorem) and the tail distribution and the mean of the uniform norms for a sequence
of nonstationary Gaussian processes. The convergence for a sequence of means
is derived from the Poisson limit theorem and the bounds of Theorem 3. These
limit results allow us to study the linear interpolation error in the uniform p-norm
and to construct an asymptotically optimal design sequence for a continuous and
square mean differentiable process in Section 3. Section 4 contains the proofs of
the statements from Sections 2 and 3.

2. Limit theorems for the uniform norm. Let X,(z),t € [0,T], be a
Gaussian zero-mean process with variance and correlation functions anz(t) and
ry(t,s), respectively, for each n > 1. We consider a sequence of processes
{X,(#)}n>1 with continuous sample paths and assume that 7 = T'(n) — oo as
n — o0o. Assume that for every n there exists a partition of [0, T'] of successive
intervals Ji , = [tk—1,n, tk,n] such that 0 < A} < |Jy ,| <h3 <00, k=1,...,n,
with [0, T] = Uj<x<p Jk,ns to,n =0, 1y, = T. Note that nh] < T < nh3.

First we consider the convergence of the point process of exceedances to a
Poisson process. We introduce the following general conditions for a sequence
of Gaussian processes.

The first condition describes the behavior of tail distribution of local maximum
M, (Ji n). It is well known that in many cases the asymptotic behavior is mainly
determined by the value of o , := max;e, , 0n(1). We denote by 0, = max o »
and ug, = u/ox . If o, > 0, we norm the processes X,(¢) without loss of
generality in such a way that o, = 1. Let upin , := ming uy , — 00 as n — 00.

C1. Assume that there exists a positive constant a such that for all n,
5) P(M, (Jin) > ) = crontta i) (1 + €n)
for all k <n, where c¢ , <1 and
sup{lex.nl, k=1,...,n} =0 as u — o0.

The second condition allows us to formulate our results for random processes
with a general structure of a maximum variance set. It describes the distributional
approximation of a maxima of X, (¢) defined on a continuous time interval and
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on a discrete but dense enough lattice. For any sufficiently small 0 < § < h}/2,
let JP = (t—1n + 8, tk,n — 8) with 1 <k <n, J!, C Jiu. For a,y > 0, define

Gkn = yu,zi/a. We select y =y (n) - 0 asn — oo. For every ¢ > 0 and J C
[0, T'], denote by Py {M,(J) > u} :=P{max; ey | X,(iq)| > u}.

C2. Assume that for some positive 8, 0 < B < oo, suchthata > 2/0 —2/8 — 1
(2/B =0 for B = 00), and for all sufficiently large n, there exist S = S(u) > 0
and subintervals J{ , C J,f’n with #{igk., € J{,} < Su,%’/f_z/ﬂ such that for

all k <n,
0 <P{M,(J,) > u} — Py (M(J,) = u} < g1(v, Hita(ug.n),
0 <P{My(Jin) > u} —P{M,(JP ) > u} < g2(8) 1ta(upn),

where g((y,S) —>0and S — Sy <oco asu — 0o, y — 0, and g,(§) — 0 as
5§ — 0.

The next assumption is based on CI and controls the stabilizing rate of
levels uy , so that the number of intervals with “large” deviations of X, tends
to be “regularly” distributed on [0, T'] [cf. with the standard Poisson assumption in
Leadbetter, Lindgren and Rootzén (1983)].

C3. Assume that u — 0o as n — oo so that for any Borel set A C [0, 1],

(6) Z Cik.nta(Uk ) = V(A) <00 asn — oo.
JknCT-A

Obviously v(A) is a finite measure on Borel subsets of [0, 1]. Without loss of
generality we can suppose that v([0, 1]) = 1. Finally we assume a mixing property
of the processes X, (Berman’s type condition).

C4. Assume that for some b > max(1,2/a — 2/8 — a) the function p(v) :=
sup{|r,(t,s)|, |t —s| > v,n > 1} is such that p(v) < 1 for all v > 0 and

p(v)(logv)? — 0 as v — 00.

In linear interpolation problems, where «, 8 are smoothness parameters, [see
Seleznjev (1993, 1996), Piterbarg and Seleznjev (1994) and Hiisler (1999)], we
canputb=1anda =2/a —2/8 — 1 in C4. Hence this assumption is the known
Berman’s condition for asymptotic results of extremes of Gaussian processes.
Conditions C1, C2 have a general form and can be used both for stationary and
nonstationary cases with various structures of maximum variance set. One can
find verifications of C1 and C2 for stationary Gaussian processes in Piterbarg
(1996); in fact the proof is a repetition of the original Pickands’ proof of C1
[see also Leadbetter, Lindgren and Rootzén (1983)]. Taking into account further
applications for linear interpolation problems we give also the following sufficient
conditions A1-A3. In these problems, usually, the time interval [0, T] can be
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divided into subintervals Ji , in such a way that the maximum variance set consists
of a single point. In order to prove the implication A1-A3 = C1, C2, one can use
the arguments from Seleznjev (1993, 1996) and Piterbarg and Seleznjev (1994),
where this statement has been proved for the most frequently used cases @ <
and @ = B, respectively. For a fixed interval, conditions of such type have been
introduced in Piterbarg and Prisyazhn’uk (1978).

Let 0*(¢) be a continuous function, 0 < o*(t) < 1, t € [0, 00), with a sequence
of distinct maximum points {¢:0*(t) = 1} = {fmax.k  fmax k+1 — max.k < 1, k =
1,2,...}. Let n = ny be the number of points #yax x in [0, T']. For every k, we
introduce also the intervals I,f’n = {t:|t — tmax.k| < 8}, I,f’n C Jk.n, and 1(8) :=

Uk<n I,f’n = 1 (8, n) being dependent on 7.

Al. For every k, on(t) = 0k 0™ (t)(1 + €,(2)), t € Jk.n, Where sup{|e,(?)],t €
[0, T1} = o(1/logn) as n — oo, and o *(¢) can be expanded near fpax x in the
following form:

o*t)=1—(ar +yO)t — tmaxkl?,  ax=<1,8>0,

with max{|y ())[.t € I . k=1,2,...} =o(1) as § > 0.
A2. Forevery k,

rn(t, ) =1= (ben+ya(t,9))t —s%  tsell, 0<a<2,

where sup, {|y.(t,s)|,t,s € [(§),n=1,2,...} =0o(l) as 6 — 0 and by , —
br > 0asn — oo uniformlyink =1, ...,n.

A3. There exist positive r and C such that for any ¢,s € [0,T] and all n,
E(X,(t) — X, (5))* < C|t —s|".

Now we formulate the first main result of the paper, a Poisson limit theorem for
the number of large maxima. Let N (-) be a Poisson point process on [0, 1] with
the intensity measure v(-) and for any Borel set A C [0, 1], the point process of
exceedances N, (A) :=#{k: M, (Jkn) >u, Jyn CT - A}.

THEOREM 1. Suppose that a sequence of Gaussian processes Xy,
n > 1, satisfies C1-C4. Then the point process of exceedances N, converges in
distribution to a Poisson point process N as n — o0.

Consider now the related problem of asymptotic behavior of the tail distribution
and the mean of the uniform norm for a sequence X,,(¢), n > 1, and an increasing
time interval [0, T'], T — oo as n — oo. Suppose a regular behavior of o; , and
cin,1=1,...,n,as n — oo. Let [r] denotes the integer part of r.

CS5. There exist continuous positive functions c(s) and o (s), s € [0, 1], with
sup,¢o,170 (t) = 1, such that

Ofnsl,n =0 (s) +o(1/logn) and cpus)n =c(s) +o(1)

as n — oo uniformly in s € [0, 1].
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For a Borel set A C [0, 1], denote
Ia(u) = Ia(u, c(t),o(1))
= /A c(t)o (1) “exp{—u*(1 — a2(1))/2a%(1))} dt.

The following condition supposes a regular (Laplace-like) behavior of o (¢) near
the points of its maximum.

C6. Assume that Ijo 1j(u) ~ cu™" as u — oo for a positive ¢ and some « > 0.

Let u =u, = b, + x/b,, x € R. The above conditions provide exact asymptotic
behavior of the norming values b,, of this sequence u,,.

PROPOSITION 1. Let C1, C3 with A =10, 1], and CS5 hold. Then
(7 b, ~ (210gn)1/2 asn — oo.

If in addition C6 holds, then
® b, = 2logn)'/? + (210gn)_1/2<% loglogn + log(c2(“_")/2))

+o((2logn)~1/?).

REMARK 1. (1) One can generalize C5 using permutations, namely, assuming
that for any n there exists a permutation 7, of indexes 1, ..., n such that

On,[nsl,n = o(s)+ O(I/IOgn) and Crylnsl,n = c(s) +o(1)

uniformly in s € [0, 1] as n — oo.

(2) By Proposition 1 we may interpret C3 and C6 as a variant of a standard
“stabilizing” condition for Poisson approximation [cf. Leadbetter, Lindgren and
Rootzén (1983), Theorem 12.3.4].

3) If S :={s €[0,1]:0(s) = 1} is a finite set of isolated points s, and if o (-)
can be approximated near the points s by o () = 1 —const |t — s |** (1 +0(1)) as
t — sk, with positive ay’s, then the standard Laplace technique gives Ijo 17(u) ~
cu™* as u — oo, for some « > 0, and C6 follows. If S; contains at least one
interval, then Ijo,1)(u) ~ ¢ as u — 00, where ¢ = fsl c(t)dt > 0and k =0.

Taking into account C5 and C6, the following theorem is a straightforward
consequence of (Poisson) Theorem 1 and Proposition 1.

THEOREM 2. Suppose that a sequence of Gaussian processes X,, n > 1,
satisfies C1-C6. Then for any x,

lim P{M,(T) < b, + x/b,} =exp(—e™ ) asn — 0o.
n—o0
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The following auxiliary result, the domination theorem, gives us necessary
bounds in the moment convergence theorem for maxima (Theorem 4). Instead of
Berman’s condition C4 with b = 1 we assume a weaker condition.

C4.1. Forsome L >0andall v > 1, p(v)logv < L.

THEOREM 3. Suppose that a sequence of Gaussian processes X,,n > 1,
satisfies C1-C3, C4.1 and C5. Then there exists a function M(x); x € R, such
that for some ¢ > 0, ffooo eg""M(x) dx < oo and for all x > 0,

) P{M,(T) <by —x/bp} = M(—x), P{M,(T) = by +x/bp} = M(x).

COROLLARY 1. Under the conditions of Theorem 3, the statement of
Theorem 3 holds also for max;cjo,71 X (t).

THEOREM 4. Under the conditions of Theorem 2, for any p > 1,
(EMn(T)"’)l/’7 =b, —i—cgb;1 +0(b;1) asn — oo,

where c, = [ x d exp(—e ™) is the first moment of Gumbel distribution.

It is well known that ¢, = 0.5772... (Euler’s constant) [see, e.g., Johnson and
Kotz (1970)]. Our derivation shows that (EM,,(T)?)!/? = b, 4+ c,b;' 4+ O(b;?)
where the constant ¢,, depends on n and converges to the Euler constant c,.

3. Linear interpolation of a Gaussian process in the uniform norm. We
apply Theorems 1, 2 and 4 to a sequence of random deviation processes when
the number of interpolation knots tends to infinity. In interpolation problems,
we assume that X (¢),t € [0, 1], is interpolated at distinct design points tx(n),
O0<k<n,withT,={tg=0<71() < <1,(n) = 1}, or knots. The set of
all such designs 7, with (n 4+ 1) design points is denoted by D,. Usually we
suppress the argument n for the design points 7y = 73 (n) from 7,,, k =0, 1, ..., n.
Let h(t),t € [0, 1], be a positive continuous density function and a sequence of
designs {7} },>1 be such that

(10) '/Orih(t)dtzi/n, i=1,...,n.

Such a sequence of designs {7, (h*)},>1 is called a regular sequence generated by
h(-) and denoted by {7, (h*)},>1 = RS(h) [Sacks and Ylvisaker (1966) and Su and
Cambanis (1993)]. We define asymptotic optimality of the sequence of sampling
designs T, by

Tinlg ep(Lu(X,T)) ~ep(Ly(X, T))) asn — 0o.
S n
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Henceforth, we deal with regular sequences of designs and consider the problem of
constructing an asymptotically optimal density for piecewise linear interpolation
of a given random process.

Let X(¢),t € [0, 1], be a Gaussian process with zero mean and almost sure
continuous sample paths. Denote by X the q.m. derivative of order m,
X© = X. We consider both continuous (m = 0) and g.m. differentiable
(m = 1) cases. Introduce the following conditions for the incremental variance (or
structure) function dy ) (¢, s) := E(X ) (1) — X (5))? and its partial derivatives
d}((lz,’,g)(t, §) = 8p+qu<n1) (t,s)/0Pt 09s. We give the conditions in a common form
for both cases, m = 0, 1. The continuity modulus of a function f(¢), t € [0, T], is
defined as

w(fO.x)= sup ()= fE)I.
t,s€[0,T],|t—s|<x
B1. There exists a continuous positive function C(z), ¢t € [0, 1], with continuity
modulus w(C(-),x) = o(1/logx) as x — 0 such that for all ¢, s € [0, 1],
O<a<?2,

dym (t,5) =C@)|t —s|*(1+ f(t,s)) with f(¢,s)log|t —s| =o(1)

ast—s — 0.
B2. For all ¢,s € [0, 1], t # s, there exists a continuous derivative d)((l(’,,})) (t,s)

with d}((l(’,,}))(t, |t —s>¢=0() ast —s — 0. If m = 0, then there exists

d$"0(t,s) for all 1,5 € [0,1], t # s, with d\" V¢, 5)|t — s]'""* = O(1) as
t—s5s—0.

REMARK 2. Condition B1 implies that the process X " has locally stationary
increments, that is,

(11 lin%)dx(m) (t+s,1)/|s|“=C() uniformly in ¢ € [0, 1].
Nard

This condition is similar to local stationarity introduced by Berman (1974) for a
standardized random process.

EXAMPLE 1. Let B,(t),t € [0,1],0 < o < 2, be a zero-mean fractional
Brownian motion with E(By (f 4+ 5) — By (1))? = |s|% where Cp,(t) =1. A simple
nonstationary example of a process with locally stationary increments is a time
and/or scale transformation of By ():Y (t) = b(¢t)By(a(?)) + m(¢), if a’(-) > 0,
b(-) > 0 and m(-) are Holder continuous with the exponent y > «/2, then Cy (¢) =
b(1)?|a’(t)|%. More examples can be found in Hiisler (1995) and Seleznjev (2000).

In order to apply Theorems 2 and 4, we introduce the following time
transformation of the interval t € [0, 1] into ¢ € [0, n]:

t=k—1+(t —tw-1)/h,

12
(12) Te[n—1,wl, k=t — -1, k=1,...,n,
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and a sequence of scaled deviation processes X, (t) := 8,(t)/on, t € [0, n],
T € [0, 1]. We assume that the points t; belong to a RS(h) design T, = {79 =
0 <1t <--- <71, = 1}. This design generates the corresponding design for the
interval [0, n], namely, {to =0<# <--- <t, =n}, where ty =k, k=0,...,n.
Let the sequence of levels u = u(n) = §/0,, — 0o as n — oo. For the sake of
simplicity, we use the following common notation for the continuous (m = 0) case
and differentiable (m = 1) one.

For the continuous case, let
(13) S@t) := so‘l(t“(l — 1) +t(l =% —t(1—-1)), t €[0,1],

where s¢ is a normalizing constant such that max;c[o,1] S(¢) = 1. Denote by o the
unique solution of the equation o (3 — «)2!=% = 1 over the interval [0, 2] (ag &
0.2052). It is shown in Seleznjev (1996) that for 2 > o > «g, S(¢) has a single
absolute maximum at the point = 1/2, so that 5o =2"% —272. If 0 < a < ag
then there exist two maximum points of §(¢), t1, b =1—1#,0<# < 1/2.

For the differentiable case, let

S(t) =55 t(1 =) (1 =2 — (1 = 0)* ™) /((a + D(a +2)),

(14 te[0,1],

with s the normalizing constant such that again max;¢jo,17S(¢) = 1. It is shown
in Piterbarg and Seleznjev (1994) that S(¢) has a single absolute maximum at the
point r = 1/2 with s = (1 —27%)/(4(a 4+ 1) (a + 2)).

We let, form=0orm=1,

o(t) =0 ' CO)'2h(r)~ "2 where

15
(15) o0 = max (C(6)/2h ()~ m+e/2),
1€[0.1]

so that max;c[o,1)0(t) = 1. In Section 4.5 we show that B1 and B2 imply con-
ditions A1-A3 for the correponding sequence of Gaussian processes. Therefore
there exist ¢k, 0k,n and ag > 0 such that C1 holds, that is,

P{ max |8n(r)|>8}

T€[Tr—1,Tk]
=P X, (t
(16) { max, 13,001 u]
u Ay I/t2
:ck,n( ) exp{— 5 }(1+0(1))
Ok,n Zak,n

as u — oo. We also show that in both cases, m =0, 1, o[,5),» =0 (s) +0(1/logn)
and c[ps).n = Ao + 0(1) as n — oo. The constants Ay, a, are defined for the
continuous case, in Seleznjev (1996) and for the differentiable case, in Piterbarg



UNIFORM NORMS FOR GAUSSIAN PROCESSES 1625

and Seleznjev (1994), respectively. The integral /4 takes the form [I4(u) =
Ay [qo(t) % exp{—u2(1 — az(t))/(Zaz(t))} dt and the following condition is a
special case of C6 for the function C(7) in B1 and the design density /(7).

B3. There exist ¢ > 0 and y such that for any Borel set A C [0, 1] and some
nonnegative A(A), u? I4(u) — cA(A) as u — oo, with A([0, 1]) = 1.

Obviously A is a finite measure on Borel subsets of [0, 1]. Denote

vn = 2logn)? + (2logn) % ((ay — y) loglogn + log(c2\~7)/2)),
From B3 it follows after a straightforward calculation that
(17) nv® I (v,) exp{—v2/2} — A(A) as n — oo.

Note that under the assumptions of this section and due to the above mentioned
regularity properties of o (s), (17) is equivalent to C3. This follows similarly to the
proof of Proposition 1.

Again it is convenient to define the corresponding point process of exceedances.
Let for any Borel set A C [0, 1], N;f be the time-normalized point process of
§-exceedances,

Ny (A):=N,(n-A):=#lk: : max ]|8n(r)| > 8 and [tp—1, ] C A}.
Tk—1,Tk

Let N be a Poisson point process on [0, 1] with the intensity measure being equal
to A(-). It has been shown in Seleznjev (2000) that o, is of order n—(mta/2)
asn — oo, m = 0, 1. As an application of Theorems 1, 2 and 4 we get the
following results.

THEOREM 5. Let X(t), T € [0, 1], satisfy B1-B3 for the continuous case
(m = 0) or for the differentiable case (m = 1). Let p > 1. Then:

. 1
(i) o0~ sy

(if) P{maxceo, 118, (0] < 00y +x/va)} — e asn — o0;
(iii) For any design sequence T, = T,(h),n > 1, such that w(h(-),x) =
o(1/logx) as x — 0,

2
oon~ Mt/ g5 — oo;
o

ep(Ln(X, ) = 00 (n + Co/va + 0(1 /1)) ~ 55/ *50(2 logn) '/ 2n =4/

as n — oo;
(iv) If 8§ = 0, (vy + x/vn), x € R, then N converges in distribution to the
Poisson point process N as n — 00.

Note that the assertion (i) has been proved in Seleznjev (2000) and is stated here
for completeness.
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Theorem 5 provides the solution for the optimal regular sequence problem. It
follows directly from Theorem 5(iii) that

ep(Ln(X, T (1)) ~ 0 (T, (h)) (2logn) /2,
where 0,(T,(h))? = max(o, 1] Ed, (7)? for a given generating density i(-). There-
fore
ep(Ln(X» T, (h*))) N 0y (T (h™))

(18) : .
infrep, ep(Ln(X,T))  infrep, 0 (T (h))

asn — o0o.
Piecewise linear interpolation is the simplest case of Hermite spline approxima-
tion. The optimal sequence of designs for the L error,

on(T(h))? = max B(X (1) - Ln(m)%,

has been investigated in Seleznjev (2000). Applying the corresponding result [Se-
leznjev (2000), Theorem 2] to the right-hand side of (18) we obtain straightforward
the following solution to the optimal design problem for the norm e, (L, (X, T)),
p>1. Let Cpy = fol C(t)Y/@m+®) gz Assume that SUpy (myep, Wh(), x) =
o(1/logx) asx — 0.

THEOREM 6. Let X(t), t € [0, 1], satisfy B1-B3 for the continuous case
(m = 0) or for the differentiable case (m = 1). Let p > 1. Then the regular se-
quence {T,},>1 = RS(h*), where h*(t) = C(t)l/(2m+“)/Cm,a, is asymptotically
optimal with

ep(Ly(X, Ty (h*)) ~ s,/ 2CInte/? . Qlogm) 2=+ asn — oo,

EXAMPLE 2. Leta(?),t €0, 1], be an increasing continuously differentiable
function, a(0) = 0, a(1) = 1, with positive derivative a’(z) such that w(a’(-), x) =
o(1/logx) as x — 0. Then for time-transformed fractional Brownian motion
By (a(t)), Theorem 6 yields h*(¢) = a’(t).

REMARK 3. Let us compare the above results for piecewise linear estima-
tors (PLE), with those for best linear unbiased estimators (BLUE). Until re-
cently, BLUEs have been investigated only for Gaussian processes satisfying
Sacks—Ylvisaker conditions [see Miiller-Gronbach and Ritter (1997) and Rit-
ter (1999)]. The Sacks—Ylvisaker conditions imply that the process is q.m.
Holder continuous with exponent 1/2, that is, « = 1. They hold for processes
with covariance functions R(z,s) = (|¢|* + |s|* — |t — s|*)/2 for o =1 (e.g.,
Brownian motion) or R(z,s) = exp{—|t — s|%} with « = 1 and do not hold if
0 < a < 2, a # 1. Miiller-Gronbach and Ritter (1997) show that BLUEs
and PLEs have the same optimal approximation performance and find that
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the minimal error for weighted Brownian motion C(t)!/?By(t),t € [0, 1], is
ep(Ly) ~ 1/2(fy C(t)dt)'/*2logn)'/>n="/2 which corresponds with Theo-
rem 6, for « =1, m = 0, and sg = 1/4. Moreover, BLUEs require the precise
knowledge of the covariance function and tedious calculations with inversion
of the covariance matrix. Thus, simple and nonparametric linear interpolators
are helpful at least as for obtaining the upper bounds for approximation errors
for BLUEs.

4. Proofs.
4.1. Proof of Theorem 1 (Poisson limit theorem). The following construction
[similar to Hiisler (1990)] is used for the proof. Let 4 € N and
an =3"""ty min
depending on n. Define for i > 1,
Ihp={1<k=<n:ap <upn=<aps}
and

fi=Y centl,exp(—ui /2.

kely
Thus 3 ;> fn=0(1) by C3.If I, , = & for some h, then f, =0. Let
G = {h: fp > exp(—aj}/6))

be the sets of a certain weight in the last sum. In Berman’s comparison lemma
we want to consider only the discrete time points igx , which belong to some J,f "
where k € I, , and h € G. This is possible since

0 <P{max |X,()| <u,1<k=<nke| ] Ihn
te‘llf,n heG

—P{ max 1 X, (@) <u,l §k§n}

teJy,
=< Z Z P{ max | X, (t)| > u}
(19) h¢Gk€]h_n te‘]]f.n
<C Y fisC Y exp(—a;/6)
h¢G, f3>0 h¢G, f>0
<C > exp(-9""'aj/6)
h:h¢G, fy>0

<C Y exp(-9""'ai/6) =0(1)
h:h>1
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as n — oo, with C some positive generic constant (as convention), for any a € R,
since we are using that a1 = u, min — 0.
The proof consists of the following approximations:

P{ max | X, ()] fu}
t<T (n)

=P{ max | X,(®)| <u,l §k§n}

t€in

= P{ max | X, ()| <u.k € U 1,1,,,}

te"k,n heG
(20)
+ > g@)ckauf ,exp(—ug ,/2) +o(1)
keUheG Ih,n
=P{ max_[X,(Gigen)| <u.ke ] Inn
9k € heG
(21)
+ Y g1y S)crnuf ,exp(—ui ,/2) + 0(g2(8)) +o(1)
keUheG Ih,n
2 = ] P{, max | X,(igin)| < u} +0(81(y. S) + 82(8)) + o(1)
k€Uneg Thn lq}c,ne"km
@ = ] P{, max X, (1) su} +0(81(y. 5) + 82(8)) + 0(1)
keUhEG Ih,n 1Gk,n€Jk,n
:expi—(l +o(1)) Z Ch,nU exp(—uﬁ’n/Z)}
(24) keUneg Tnn

+ 081y, S) +82(8)) + o(1)
(25)  — exp(—v([0, 1])) =exp(—1) asn — 0o.

Relations (20) and (21) [taking into account (19)] are implied by C1 and C2 as in
Seleznjev (1993, 1996), Piterbarg and Seleznjev (1994) or Hiisler (1999). We are
going to prove (22) by Berman’s comparison lemma. (23) and (24) followed by
similar arguments from C1 and C2. Relation (25) is implied by C4.

Now we show the approximation (22) by Berman’s comparison lemma. We
use the general form of this lemma given, for example, in Hiisler (1983) and
Leadbetter, Lindgren and Rootzén (1983) with different boundary values u; =
u /0, (iqk,n)- The separation of the points igx , and jqx ,, with k < k', is at least
h} + o(1) for sufficiently large n. We have by denoting vy = uy,, = u/oy , and
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ra(i, J) :rn(iQk,naJQk/,n):

P{ max |X,(qgkn)| <u, keUIhn}

1kn €I heG
@ — I P{ max |Xn<iqk,n>|5u}
kEUhEG Ih,n l(]k ne-]]( n

e
<Cc ) 2 X 'r"<l’f)'exp<_2(1+r—n(i,j)))

kfk/EUhEG Ih,ll iqk,ne‘]l:in J'Qk/,ne‘ljj/’,,

2 2
. Y%tV
<c Y > 2 |rn<l’1)|e"p( 2(1+rn(i,j))>'

k<k'€Upeq Ihn idkn€lf, jau 1€}
This sum is split up by considering now the terms with 4 < b’ € G,
2., .2
o Vi + v
Sw= Y X X L tilen(-55 ).
Kelpn Kl iqrn€lf, jaw ,€ 77 , nt, J
By the stated separation we have |r,, (i, j)| < 8o < 1 for some 8y depending on A7.
Then define yo > 0 (large) and y (h, h') = exp(max(ay, anp)? /4) to split the sum
Sp.p into S}(; v With @, j such that |jqr » — iqinl < y0, S}(lzgl, with i, j such that

Y0 < ljgkn — iqeal < y(h, 1), and S), with i, j such that | jq » — iqal >

y(h, h). 4
We approximate each partial sum S}(l] })l,, j =1,2,3, separately. For the first
partial sums we derive for any /, using C2,

vy + vy
P DD B U eXp( 2(k1+51;)>

h':h<h' kel lf]k,ne‘lk,n Kk
2/a—=2/B\2 vl%
< C Sv 8o ex ( )
k;}m (y0) (Svy, ) p (1 + 8o)

since there are at most a finite number C(yp) of k" with jg , € J} | such that
|jqx' .n — iqk.n| < Yo for fixed igk , (denoted by Y-*), and vx < vy. Thus this sum
is bounded by

21 =38
3 Clw)SPufe 7 eXP(‘M)UZ” aAIB4— C(y0) S fi 0(1)
G 2(1+ 8o)

uniformly in k and h, since vg > u, min — 00. Hence adding these terms results in

> Sip=0S*Y fi=o(1)
h

h<h’
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as n — oo for any fixed large S.

The second partial sums are handled in a similar way replacing §g by §1 = p(»0)
and C(yp) by O(y (h, h')) (the sum is denoted again by >_*). §; can be made small
by taking yy large. Take yp such that §; < 1/6. For fixed h < h’ with h, h' € G,

S(Z)

* 2 2/a—2/B UI% + U/%/
=81 ) D O(S*(weww) )eXP(—m)
kelpa kel 1

v,f, + aﬁ, )

=68 ) O(V(h,h/))(vkah/)z/“_z/ﬁeXP<—2(1+51)

kely
a2, (1 —28)

—v2/2 4ja—4/B—a
_ Oo(s? a,—F /2% (
(S9) Z v e a, exp >

kelp

)y

= O(S?) fu fway) 3

ai(1/6 —281)
)

4/a—4/B—a exp(—aﬁ'(l —25—1/3— 1/2)>

= 0(S?) fi firay* P~ exp(—

=o(D) fufw
uniformly for any &, A’ by the choice of y (h, h’) and yy such that §; < 1/6. Hence

adding these sums,
> oS =oMY. Y fw =o0(1)
h n

h<h'eG
as n — oo, for any S.
Finally we deal with the last partial sums S }(1321, in a similar way. C4 implies

27 sup |y (t, s)|(log un,min)b —-0 asn — oo.

‘I_S‘>un,min

Let 82 = SUpy, > (1) |72 (, 5)|, depending on h, i'. For fixed h < h' € G,

2 2
; _ 2 +12)(1 = 8)
S D D
kelpnk'ely ,

<552 Y e Ul 307 TP exp(9a7sy /2)

kely
2 — —
x Y e_”k’/zv,‘(’/?)a}z/a 2P “ exp(9a3.82/2)
Kely,

< C8:82 fir frrayl* P exp(9a.82)

=o(1) fu fir
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uniformly in A, h’ since 82aﬁ, = o(l/logy(h,h’))aﬁ, =o0(1) for b > 1, and

similarly, 82a2//°‘_4/’3_2a =o(1) for b >2/a —2/B — a. Sum these terms to get
> s =0)Y. fufw=o0(1)
hh'€G o

as n — o0o. .
Adding the three sums of the partial sums S}(lj })w j = 1,2, 3, together implies
our claim

P{ max |X,(1)] < u} — exp{—v([0, 1]} asn — oo.
te[0,T (n)]

The above proof is given for the whole interval [0, T'(n)] using the intervals J .
It can be adapted easily for any Borel set T (n)A C [0, T (n)] (with A C [0, 1]) by
restricting the derivation on intervals Ji , being subsets of T'(n) A. It implies that

P{ max |X,(1)| < u} ~ expi - Z Ck,nuz,n exp(_l’tl%,n/z)
teT(mA k<n:Jen,CT(n)A
— exp{—Vv(A)}

asn — 0o.
This implies finally that the point process N, converges to a Poisson point
process N with intensity defined by v.

REMARK 4. We might also define the point process with respect to i , €
T (n)A instead of J ,; however, they do not differ asymptotically.

4.2. Proof of Proposition 1. Using C3 with A = [0, 1], and C5, for x =0 and
therefore u, = b,,, we have

n—1
> ckn(bu/oin) exp{—b3/ 20} )]}
k=0
n—1 2 2
2 1 e, b(l—Gk’)
:ane bn/z _Tnex {_%}
(28) k=0 n Uk,n O_k,n
2
= nb“e_blzl/z/1 Cn.ln] exp{—b—’%i1 — Tintl.n }dt
n 0 0'[6;”]’” 2 J[%lt],n
1 ot b2(1 -0l )
:nbze—bﬁ/l/ L)exp{—nz—[m]’n}dt(l-i-o(l))
0 O’“(t) 2O—[nt],n

as n — oo. By assumption C3, the limit of the left-hand side of (28) equals 1;
hence the same holds for the right-hand side. For the integral, using C5, we have
/1 c(t) { bl = 0f)
expy —————
0 o4(r)

oy }dz = Ij0.17(bn) exp{b? o(1/logn)}
[nt],n
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as n — oo. Taking the logarithm in (28) and dividing both parts by logn, we get

b} log by, log 10,11 (bn 1
iy %0 a1ty 4 O A0NGR) oD
2logn logn logn logn

(29)

Consider Ijo,11(bn). Note that b, — 00 as n — oo. Take arbitrarily small ¢ > 0
and denote A(s) = {r:1 — o2(t) < &}. By continuity of o (¢), |A(e)| > 0, and for
some positive constants Co, C1 and C3,
c(t) { b2(1 — o%(1))
X _—
202(t)

Co>1 b, 2/
0 = 110,11(bn) ) 09(0)

Using this and (29), we get

}dt > C|A(e)|e=C2#0n.

. 2 .. 2
2> hrllll)solipbn/logn > l}ln_l)géfbn/logn >2 —2Css,

which gives the first assertion of Proposition 1. Using now C6 we have (x = 0),

1 t b2(1 —o?
/ c(t) exp{— n( . [nt],n)}dt
0 Ga(t) 2O—[m],n

=Ijo ll(bn)eh,%oa/logn) :Cb;K(l +0(1))ebgo(1/1ogn)

as n — oo. Since already bﬁ ~ 2logn, the right-hand side equals cb, (1 + o(1))
as n — oo. Thus, from (28) we have that b,, is a root of the equation

1+ 0(1) = cnb;*ble /2(1 + o(1))
and it is easy to verify that b, is as indicated in Proposition 1.
4.3. Proof of Theorem 3 (Domination theorem). The proof is organized as
follows. First we derive the upper tail estimation, that is, the second inequality
in (9). Then we prove the first inequality in (9), splitting up the interval [0, co) into

three intervals, [O, Bbﬁ), [Bbﬁ, 1.9bﬁ) and [1.9b£, 00), with 1.9 > B > 0, using
separate arguments for each interval. Recall that for all n, max|<x<, ok, = 1.

4.3.1. Upper tail estimation. For all large enough n, using C1, we have

P{ max | X, ()| > b, —I—x/bn}
te[0,T (n)]

n—1
< ZP{ max ]|Xn(t)| > b, +x/bn}
k=0

L€ty tiy1
n—1 2
b b
522 Cka’n (bp + x/bp)" exp{—i( n+XZ/ n) }
k=0 Uk,n 2Gk,n

Ck _ _
<2n Il?ax T"b,‘; exp{—b,%/Z} e <const-e ",
<n
k,n

by Proposition 1, so the second part of (9) holds.
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4.3.2. Lower tail estimation. Introduce a standardized form of the process
X, (), X,,(t) = X,(t)/0,(t) and consider the set

A=Am)=[0,T(n)]N{t:0,() > 1/2}.

For x > 0 we have

{ e X001 <=2/

<P{X,(t) < 0,(t)"" (by — x/b,) forany t € A(n)}.

Let k=[n%],0<d <1,1=[n®], 0<d <dy; we specify the constants
d; and d, later on.

Denote
Jk+D+k—1
A =1t k+1),n0 Ukt +k,n] = U [fin, tiv1,n], j=0,1,2,...
i=j(k+I)

and introduce independent copies Y, (), t € Aj, of )A(n(t), teA;, j=0,
respectively. Let ¥ be a Gaussian standard variable independent of Y, ;, j > 0.
Consider the Gaussian process

Zp(t) =1 = x (DY, () +xDY, relj,j=0,

where x (1) = L/log(lh}) € (0, 1) for large enough n. Note that x (/) also depends
on n. We have

on,z(t,8) =BZy(1)Z,(s) Z1a(1,5).
Indeed, for ¢ and s belonging to different A ;, we have
on,z(t,8) = x () Zra(t,5).
For t and s from the same A,
pnz(t,5) = (1= xD)rat,s) + x D) =ralt,s) + xD(1 = ra(t, $)) = ra(t, 5).

Using this and Slepian’s inequality, we get for any x > 0,

P{X,,(t) <o) <bn . %) forany f € A(n)}

A _ X
< P{Xn(t) < o,(1) 1<bn — E) forany t € A(n) N (L]J Aj>}
*

bn) forany t € A(n) N (UAJ>}

sP{znm < anu)—l(bn -
J
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3 o on@) T by = x/by) — /YD)
_/HP{Yn,J(t) < e

i
foranyr € A(n) N A; }(p(v) dv

—x+/dy/L/2+4/L]d;
(30) < / o) dv

—o0

+00
“
—xJ&[L/2+4V/T]d
X ]‘[P{X,,(z) < by —x/(2by)

J

by — x /by —vo, 1)/ x () ]
VI=x@

foranyt € A(n) N Aj}qo(v) dv,

+ [—bn +x/(2by) +

where in the case A(n) N A; = & the corresponding probability is assumed to be
equal to 1, and » is sufficiently large.
Now we prove that as far as

- x [do 44 L
v=—= = —,
- 2V L d>

the term in the last square brackets is nonpositive for any ¢ and j. By algebraic
manipulations, this holds if and only if

1 1 by(1—1—x(0))
31 —x— |1 —= /1= )|+ .
Gh vz xanuwx(l)bn( 2V X”) on VX D)

Recall that we consider positive x. For all sufficiently large n, the coefficient of
—x is bounded from below by some positive d3 because x (/) = L/log(h} [n2])

and by Proposition 1 we have b% < 1.1- (2logn) for all sufficiently large n. The
second term in the right-hand side of (31) is bounded from above by

b4\/logn . \/L/ log(h[n®]),

for some positive d4, because o, (¢) > 1/2 and

x ()
-1l —x()=—"F""F——.
VIm O=1 =0
Thus (30) is bounded by

x [do L
32 Q| —=,/—+4|— P X by —x/2by .
o o374 TP, 0 <
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The first term here is integrable on [0, co) and independent of 7, so it may serve
as a dominating function. For the second one in (32), we have

l_[P{ max X,,(t)gb,,—x/(zbn)}
j

teA(mNA

(33) =exp{Zlog<1 —P{ max X, @) > b, —x/(2bn)})}

I teAmNA;

gexp{—ZP{ max X, () > by —x/(2b,,)”,
J

teAm)NA;

because log(l — x) < —x for all x € [0,1). Recall that the corresponding
probability is assumed to be zero in the case A(n) N A; = @.

From now on we consider only nonempty sets A(n) N A ;. We are in a position
to derive a lower bound for the probability

(34) P{ max X,() >b, — x/(2bn)}.

teAMmNA;
We consider the probability for the case j = 0. The derivations for j > 0 follow
the same steps.

4.3.3. Estimation for the first interval. Suppose now that x € (0, Bb2], 0 <
B < 1.9, selecting the value B below. Note that

2

b
b, —x/(2by,) > b, — le;’ =b,(1 - B/2) —

as n — o0o. Below we write simply #; instead of ¢#; ,. By Bonferroni’s inequality
we have

P{ max X, () > b, — x/(2bn)}
teA(n)NAyg

=P{ max Xn(t)>bn—x/(2bn)}
reA(n)N[0, 1]

k—1
>)'P max  X,(t) > b, —x/(2b }
Bl ,;0 LEA(n)ﬂ[ti,ziH] n(0) n /(2by)

k—2
— ZP{ max X, (t) > b, — x/(2by),
i=0

teAm)N[t;,ti41]

35 max X, (@) > b, — x/(2bn)}

teAmNti41,ti421



1636 J. HUSLER, V. PITERBARG AND O. SELEZNJEV

- Y P{ max X, () > by —x/(2by),
1jil=j+2 teA(m)N[t;,ti41]

max X, () > by, —x/(2bn)}.
te ANy, 4411

Consider now the second sum in the right-hand part of (35). Similarly to (20),
from C1, C2 [directly, without (19)], we get for the ith term

P{ max X, (t) > b, —x/(2by), max X, () > b, —x/(2bn)}

teAm)N[ti,ti11] teA(m)N[ti41,ti42]

(36) _ p{ max X,(t) > b, —x/(2b,), max X, (t) > b, — x/(2bn)}
teAmNJ? teAmNJP,,

+(0(82(8) + g1(y, 8)) + o)) (1a Wi n) + tatit1.0)),

where now
Uin =07, (bn —x/(2by)).

For the first term in the right-hand part of (36) we have

P{ max X,()>b, —x/12b,), max X,(t)>b, — x/(2bn)}
teAm)NJ? teAmNJY,

< P{ max ()A(n ) + )A(n(s)) > (O’i;ll + al.:_ll’n)(bn - x/(2bn))}

(t.9)EAMNIPx I,

< P{ max (R (1) + Xn(5)) > 2by — — }
(t.9)eAMNIPxJ? by,

The variance of the Gaussian field X n(t) + X »(s) in the last probability does not
exceed 2 + 2p(26), thus this probability, by Fernique’s inequality, is bounded for
some C and py, 1 > p; > p(28), from above by

(bn — x/(2by))?
CeXp{_—1+,01 }

Notice that from C1, symmetry of Gaussian distributions, and continuity of X, (¢)
it follows that

P{M, (Jxn) > u}= 2P{ max X (1) > u}(l + € )5
teJin ’
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with the same properties of € ,’( ,- Therefore, summing, we have for the second sum
in the right-hand part of (35),

k—2
ZP{ max X, (t) > b, — x/(2by,),
i=0

teA(n)N[t;,tiy1]

max X, () > b, — X/(an)}

teA(m)NIti 41,421
k—1
S0 ZP{ max  X,() > by — x/(zb,»}
i=0

(37

teAm)N[ti,ti11]

(bn — x/(zbn>>2}

+C(k—1)exp{— s

The terms of the third sum in the right-hand side of (35) can be bounded in a
similar way directly, without the passage to Ji‘s, for some C and the same p; by

P{ max X, (t) > b, —x/(2by), max X, () > b, — x/(2bn)}

teAm)NIti,ti41] teAm)N[t,t141]

(by — X/(an))z}

Note that since § < h}, we have p(h}) < p(8). So, for sufficiently small §,

P{ max X, (t) > b, —X/(an)}
teA(n)NAg

teAm)N[t;,ti41]

lk—l
(38) =5 ;)P{ max  X,(t) > by —x/(2bn)}

(bn - x/(an))z }

= ex"{_ 20+ 1)

Using C1, we have for sufficiently large n,

P{ max X, () > b, — x/(2bn)}
teltitip11NA(n)

Lcig

=5 _a
201.’"

a L (b — 2by, 2
(b — x/(2by)) exp{—EW}

Gi,n

I i o [ 1 (ba—x/@by))
=258, =/ G00) exp{_iaza/m — e/ logn }
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where the sequence €, — 0 as n — 0o and does not depend on i. Continuing, the
last term is larger than

1 (by = x/(2by))?

lC"’"(b— (2by))* {———(H*)}
2 e On =X/ Ch0) ey =5 T o2(i/n)logn

\n

1w —x/(2by))*  blen(l —x/(zb,%»Z}

1 Cin _ a
> — (by —x/(2by)) exp{ ) o2(i/n) 204(i/n)logn

—20°

in

(bn - x/(an))z
202(i/n)

1¢ a
> 5(;&" (by —x/(2by)) exp{—

in

} exp{—e, (1 — x/(2bﬁ))2},

where €, = 8bﬁen/logn — 0 as n — oo. Recall that o (¢) > 1/2 on A(n).
Now we return to [#;, t;+1] from [#;, t;41] N A(n). We have

P{ max X, (@) > b, — x/(2bn)}
telt,ti11NA(m)

=P{ max Xn(t)>b,,—x/(2bn)}

telti,tiv1]

—P{ max X, () <b, —x/12by),

telti,tip11NA(n)

max X, (t) > b, — x/(2bn)}»

telt;, ti11]NAC (n)

where A€(n) =R \ A(n) = {t:0,(t) <1/2}. Using Fernique’s inequality, we get
for arbitrary € > 0 and some constant C3, that the last probability does not exceed

P{ max X, (t) > b, —x/(2bn)}

relt; ti411NAC (1)
21/2+¢) |

This bound is uniform since h3 > #;y1 — t; > h}. Choosing 2¢ = p;/2, hence
from (38),

<Cj exp{—

P{ max X, () > b, —x/(an)}
teA(n)NAg

teft,tiy1]

k—1
> % ZP{ max X, (t) > by —x/(2bn)}
i=0

(bn — x/(2by))? }

— C3k% ex {—
3 p 1 o1
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Thus for all sufficiently large n,

P{maxXn(t) > b, —X/(an)}

telAg

=

(by — x/(2by))" exp{—e., (1 — x/(2b2))*}

- Cin (bn_x/(zbn))z
3 exp{_ 202(i/n) }

{_ (bn — x/2b,%)}
1+

— %(bn — x/(2by))" exp{—el (1 — x/(2b2))*}

_ 2
(bn — x/(2by)) }dt

(k—=1)/n |
X n/o (c([nt]/n) + o( ))exp{— 202 (nt]/n)

_ 2
_ C3k2 exp{— (bn — x/(2by)) }

1+ p1
2
CZS (by — x/(2by)) }dl‘

L= By o [
=B/ expl—ein [ cwexpf =N

201 _ 2
—Cgkzexp{—ibn(1 B/Z)}

1+ p1
because from C5,
(39) lo(t) — o ([nt]/n)| = o(1/logn),

and bﬁo(l/ logn) — 0 as n — 00, by Proposition 1. Continuing with the lower
approximation, we have

/ (k+D/n _ 2
> %bz(l - B/2)ae—€nn/ o exp{_w}m
0

202(t)

2
(bn — x/(2bn)) }dt
202(1)

1 a a —¢ (kD) /n
— gbn(l — B/2)% "n/

(k=1)/n

c(t) exp{—

b2(1 — B/2)?
—C3kZexp{—7”(1+pl/) }

(k+D/n — 2
zc/bﬁn/(; ! c(t)exp{—%}dt

)
/y.a
—c'byn

ba(l — B/2>2}

! exp{—lbz(l — B/2)2} — c3k2exp{—
2" 14 p1

n
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(k+1)/n by, — x/(2b,))?
:c’bﬁn/o c(t) exp{—%}m

ba(l — B/2>2}
1+ p

where ¢’ and ¢” are constants. Thus we have for general A ;,

1
— c/’bglexp{—§b§<1 — B/2)2} — C3k? exp{—

P{max X, () > b, — x/(an)}

tEA;
((k+D) j+k+1) /n b — 2b.))2
= C/bzl’l/ c(t) exp{_w } dt
(k+Dj/n 202(1)
1 b2(1 — B/2)?
- C"bﬁleXp{——bZ(l - B/2)2} N exp{—M}‘
2 1+ p

Using the above bounds, we approximate now (34) as

teAmNA;

ZP( max Xn(t)>bn—x/(2l7n))
J

2
(bn — x/(2by)) }dt

> c'bn c(t) expl — BRI

— ”b“ exp{——bz(l—B/Z) }
{ bz(l—B/2)2}
1+ p1
/1.4 b X x2
(40) =< /0 e exp { 202(0) | 202() 8b,2l<72(t)}dt

1
— 'piplmditd exp{—ibﬁ(l — B/Z)Z}

by(1 — B/2)?
— C3n!td exp{—in( /2) }

1+ p1
1
Zc’e_Bz/gex/z[bZn/ c(t) exp{—b%/Zoz(t)}dt}
0
— "pn! =t exp {—(1 —o)(1 — B/2)210gn}
(1-B/2)? }
7logn ,

P1

where the last inequality holds by C1 and C3 with A = [0, 1], for arbitrarily small
positive € and hence for sufficiently large n. Choose now B, 0 < B < 2, dj and d;

— C3n'td exp{ 2(1 —¢)
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with respect to the following restrictions:

(1— B2 > %(1 4o di—d>1—(1— B2,

@1 2(1 — B/2)?
d < ——— —

1<1
1+ p1

and choose « sufficiently small. Thus from the last chain of inequalities we have
for some positive ¢ and ¢, and all sufficiently large n,

42) ZP{ max Xn<t>>bn—x/<2bn>}chex/z—cz,
F teA(m)NA;

and therefore, taking into account (32) and (33),

P{ maX] X, () <b, — x/b,,}

tel0,n

ST R C-SRp £ R x/2)
—d| == —4[— ) +explca —cre
< T 7 plca —ci

which is the desirable dominating function.

(43)

4.3.4. Estimation for the second interval. Now we consider the case x €
[Bbﬁ, 1.9b,%). Let J C [0, 1] be an interval such that o(¢) > 1/2 for all ¢ € J.
Denote its length by |J| > 0. It is obvious that for all sufficiently large n,
oi.n > 1/3 provided [#;, t;+1] C T (n)J (which means [t;/T (n), ti11/T (n)] C J).
The intervals with the last property we will call “good” intervals. The number 7
of “good” intervals is of order n, as n — 0o, that is, n1 < n. We deal only with the
“good” intervals, and renumber them from 1 to ny. Fori =1,2,...,n1, let 7; be
a maximum point of the variance o, (¢) in the “good” interval [#;, ;1 1]. Let ] <ny
with [ < n¢ and k = [n /], where we choose ¢, 1 > ¢ > 0 later. We have

P{ max X, () < b, —x/bn}
1€[0,T (n)]

A

P{ max X,(t) <b, —x/bn}
teT (n)J

= P{maX{Xn(TO)7 Xn (Tk)7 Xn(TZk)a cees Xn(f(l—l)k)} < bn - x/bn}
P{X, (k) < 07}, (by —x/by) foranyi=0,....1—1}

Let Z,Zy,Z1,... be independent, identically distributed Gaussian standard
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random variables, we have by Slepian’s inequality,
P{X,(zik) < 0j ), (by — x/by) forany i =0,...,1—1}

<P{VX(K)Z+V1=x(k)Zi <o (by —x/by) forany i =0,...,1 — 1}

ik,n
< P{maX{Zo, ez < T :/%WZ}
-/ jj)"{% < Gkaltr ;%mv oo
S/_:lx+b(p(v) dv
+/_Z+bilj)P{Z” Sl :/%mv o av
< W(ax —b) +lllj)P{Z,- < it _X/MFM +b) }

where we choose a small a and a large b, to be fixed later, with W(x) =1 — ®(x).
The last term equals
-1

[Tp{21 <b, - x/@b)

i=0
a /X
—x|—1/(2b, —
(44) x[ b il T=x @ 1= X(k)]
bn X
— by - +
[ Oiknv1— x (k) «/I—X(k)“

<{P(Z) <b, —x/Q2b)}),

where the last inequality holds provided both expressions in the square brackets
are nonnegative. The first one is nonnegative if

L, ax®
2by | bu/T—x ) T—xB) —

b1 ahx®
2 JT—x) JT—xk)
This is true for sufficiently large n provided
abp/x k) 1
S — < _’
J1—xk) 2

or
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which in turn is valid for sufficiently small positive a, since b? < logT and
x (k) = O(1/logn) = O(1/logT). The second expression in the square brackets
is nonnegative if

3by b/ x (k) b/ x (k)
bn_\/l—x(k)—i_\/l—x(k)zo or /1—x(k)—3+ b, >0,

which is true for sufficiently large . Recall that we consider “good” intervals.
We continue the approximation of (44). Since for large n, b, — x/(2b,) >
0.05 b,,, we have,

-1

[]P{z1 <b,—x/@2by))
i=0

< exp{—lP{Zl > bn - x/(an)}}
[
_«/Ebn exp

—%(bn - x/(zbn>)2H

<exp

- ! ( Lo ] x2)+1H
expy————expy | —= X — — —X
=PV Vb, TP\ 2T T e2) T

! , < 1, 1 x2> 1 }}
<expy— exp min ——bi+-x——)+-x

/27 b, xe[B2, 19021\ 2" 47 8b2 4
! LS
<expy— expy—=c1b }ex/ },
P V2rh, P 2"

where ¢ = min{1 — B/4,0.9525} € (0,1). Now choose [ as the root of the
equation

L ey

N 2mh,

that is, [ ~ n‘l < n? < n; (it means that k < n'~¢1), and we have the desired
domination on the interval [ Bb2, 1.952).

4.3.5. Estimation for the third interval. Finally, consider the case x > 1.9b£.
Since o () < 1, we have

Pl max X.0) <b —x/bn} <P{Y < by — x/by),
1€[0,T ()]

where Y is a standard Gaussian variable. Since b,, — x /b, < —0.9b,,,

1 1
P{Y <b, —x/b,} < —ex {—— by, — x /by 2}
{ /bn} J30.95, p 2( /bn)

1
< exp{—zbﬁ +x —xz/zbﬁ}
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for sufficiently large n. In this case we use the inequality

(45) P Sy
—— X — —5 < —0.1x.
2" 2b% ~
Computing the roots of the parabola, we derive that (45) holds if x > (1.1 +
V0.21)b2 and since 1.1 4+ +/0.21 < 1.9, we have for all x > 1.9b2,

P{Y <b, —x/b,} <e ¥,
Thus we have all dominations and Theorem 3 holds.
4.4. Proof of Theorem4. We have

— 1/
(Mn(TZ bn)bn+bn)p> p'

(21,1)7)'17 =
Denote &, = (M, (T) — b,)b,,. We write
(EM,(T)?)"/? = b, (E(14b;%&,)7) /" .

For the function f;,(x) = (E(l—i—xén)p)l/p we have

fi) = (B4 +x8)7) " VPEQ +x6)7 "6, £1(0) = &,
Further,

£1G0) = £1(0) = E(1 + x&)P 7 &, [(B(1 +x£,)7) 7P —1]
+E&[(1+x8,)P7 ! —1].

By Theorem 3, the first expectation in the right-hand part is bounded uniformly
in n. Apply the following consequences of the triangle inequality:

(14 Cx)? =E(1+x§,)? > (1 = Cx)?,
where x > 0 and C = (E|£,|?)!/?, to get for all sufficiently small x,
((E(1 4 x£,)7) TP 1| < Cc(p+ Dx.
To bound the second term in the right-hand part of (46), use the inequality
A+ 0P =1 <27yl + "), pzl-1<y<oco.

(46)

Since by Theorem 3 moments of &, are uniformly bounded, it follows that for some
constant K and for all sufficiently small x, |f,(x) — f,(0)| is bounded by Kx.
From Theorems 2 and 3 it follows that m,, = f, (0) = E§, — ¢, as n — oo. Hence,
by Taylor, with x =b, 2,

Ja () = f2(0) + x£,,(0) + x(f,(0x) — £,(0))
=14+b, % (cc+o(D)+ 0B,  0<6<1,

which implies the assertion of Theorem 4.
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4.5. Proof of Theorem 5. Recall that the normalized deviation process
Xn(t) =0,(t)/0on, T €[0,1], 1 €[0,n],t =k—1+ (T —T)—1)/hr, hi = Tk — T4 —1,
k=1,...,n, and points 7; belong to an RS(h) design 7, = {1p =0 < 11 <

- < 1, = 1}. We denote the variance, covariance, correlation and structure
function of X,, by 0.2(¢) := EX,,(t), R,(t,s), ra(t,s) := Ru(t, )/ (0, ()0 (s)),
and d, (¢, s) := E(X, (1) — X, (s))%, t, s € [0, n], respectively. Let s, (¢) := anzanz(t).
We shall prove that assumptions B1-B3 for the Gaussian process X(t), T €
[0, 1], imply assumptions A1-A3, C4, C5 and C6 for the sequence of Gaussian
processes X, (t) = 6,(t)/o,, t € [0, n]. Due to the time transformation (12), here
we have Jy , = [k — 1,k], k=1, ..., n. Derivations for continuous (m = 0) and
differentiable (m = 1) cases are, to some extent, similar, therefore we will consider
the cases in parallel, within every interval Ji ;.

We begin by verifying the assumptions A1-A3 of local behavior of X,,. First
we investigate the asymptotic behavior of the variance Gf(t). For §,(t) = X (7) —
L,(t), T €[0, 1], in the continuous case (m = 0) we use the explicit formula

0n Xn(t) =8p(v) = X(v) — X (1) (1 — 1) — X (m)t
= (X(@) = X (1)1 = 1) + (X (v) — X (w))t,

which follows from (4), where f :=¢t — (k — 1) = (t — ©%—1)/ hx, T € [Th—1, Tk],

47

k =1, ...,n. In the differentiable case (m = 1), it is more convenient to use the
Peano kernel representation, t € [tx—1, 7¢], k= 1,...,n,
1
(48) 0 X (1) =80(0) = hi [ X (e + b K (0,7) d,
0
where
(49) K(s,t) :=1Ij0,n(s) — 1, t,s €[0,1],

is the corresponding Peano kernel for the two-point piecewise linear interpolation
on [0, 1], I14 51 (-) denotes the indicator function of the interval [a, b]. Equation (48)
follows directly from the definition of quadratic mean derivative X (I)(-). Observe
that

1
(50) '/0 K(s,t)ds =0, te[0,1].

Throughout the proof, the next property of C(¢) will be used:

Cit+s)=C@)(1+0(,59)),

GD 0(t,s)log|s| = o(1) as s — O uniformly in ¢ € [0, 1]

which follows directly from uniform continuity and positiveness of C(¢) and B1.
In order to ease the presentation, we introduce the following O-o notation which
is similar to the standard one. Let 0, (1) denote any sequence 6 ,(¢) such that

(52) max{l@k,n(t)|,te[k—l,k],k:l,...,n}—>0 asn — oo
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and 0, (38,) = §,0,(1) as usual. Let I,f’n ={v:jv—(tmax + kK —1)| <6}, § > 0,
where fnax denote the maximal point(s) of the function S(¢) (there are one
or two maximum points) introduced in continuous and differentiable cases in
(13) and (14), respectively. Denote by o (1) any sequence 6k ,(t, s) such that

(53) max{|6ka(t. ). t,s€ll, k=1,....,n,n>1} >0 ass—0

(i.e., uniformly in all neighborhoods of variance maximal points). Uniformly
bounded classes O, (1) and O; (1) are introduced in a similar way.

Consider first the continuous case, m = 0. Then q.m. deviation s,(t),t €
[k — 1, k], can be represented as follows:

54 s =dx(t,u—1)A —1) +dx (v, )t —dx(tp—1, )t (1 — 1),

where again f =1 — (k — 1) = (t — t%—1)/ hx, 0 <t < 1, as above. From B1 we
obtain

(55) sn(t) = C(te)h§soS@)(1 + 0,(1/logn)),

where S(v), v € [0, 1], is defined by (13). Denote by 8 = B(«), where B(ap) =4
and B(«a) = 2, otherwise. Then the function S(v) can be represented by straight-
forward derivations near the maximum point(s) #max in the following form:

S)=1— (04 + y )|V — tmax|?,

where y (v) — 0 as v — fyax, and

(@3 —a)2!=% — 1) /s0, if @ > a,
oa=13a2" (1 —a)2—a)(7—a)/Bso), ifa=ag,
— 8" (tmax) /2, if o < ag.

In the differentiable case, m = 1, we introduce the following auxiliary random
process, ¥, () = XD (hyt +14-1),7 €0, 11,1 € [k— 1, k], and write dy, (v, u) :=
E(Y,(v) —Y,(u))?, v, u € [0, 1]. Then (48) and B1 imply [for details see Seleznjev
(2000)] that q.m. deviation can be evaluated for ¢ € [k — 1, k] as

1,1
s,,(t):h%/Z/ / (dy, (v,0) +dy,(w,0) — dy, (v, w))K (v,1)K(w, 1) dvdw
0 JO
1 1
. 2+o o o _ (o4
s = CON [ [ o+l =10 - i)
x K, t)K (w, t_)dvdw)(l + o0n(1/logn))

= s0C (z)hi ™ S(7) (1 + 0,(1/logn)),

where S(v) is defined by (14). It follows from (14) that S(v) = S(1 —v); v € [0, 1],
maxjo,1] S(v) = §(1/2) = 1. The function S(v) can be represented around the
maximum point fyax = 1/2 in the following form:

SW)=1— (04 + ¥ () (v = fmax)?,
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where y(v) — 0 as v — fax, and oy = (1 — (a(a + 1) — 2)2_(“+1))/s0. The
integral mean value theorem and the definition of the RS density /() imply that

67 hy = 1/(h(wg)n) for some wy € [tx—1, k], k=1, ...,n.

Therefore, both for continuous and differentiable cases, we obtain the following
representation:

su(t) = n~ MO C()h(T) "M 58(7) (1 + 0, (1/logn))  asn— 0o

uniformly in t € [0, 1], m = 0, 1. Observe that the above functions of t describe a
global behavior of s, () whereas S(7) describes the behavior of s, () within Ji .
In particular,

o, = sé/zaon_(m+“/2)(1 +o0n(1/logn)) ~ s(l)/zaon_(er“/z) asn — o0o.
Moreover,
02(1) = 05 2C(r)h(t) " IS(T) (1 + 0,(1/logn)), telk—1,k,

and Theorem 5(i) follows. Hence in both continuous and differentiable cases,
Al holds for a one-periodic function o*(¢), t > 0, which coincides with +/S()
for t € [0, 1], where S(¢) and sg are defined above in Section 3 differently for the
cases m = 0, 1. Furthermore, oy , = a()_lCl/z(tk)h(tk)_(m+“/2).

We turn now to the verification of A2. Represent the correlation function r,, (¢, s)
in the following form:

_ 2
(58) r(ts) =1— dy(t,s) 4 (on(t) — on(s)) , t.s €[0.n],

20y (t)on(s) 20p(t)on(s)
Consider first the continuous case and let og < o < 2, that is, S(v), v € [0, 1], has
the unique maximum point #n,x = 1/2. For the case op > o > 0, arguments are
similar. It follows directly from (54) and B2 that for all ¢, s in a §-neighborhood of
max +k—1,t,sefv:lv—k+1/2| <8};8 >0,

$u (1) = s () = helr = s|(|d5" (hicCt +v1) + 71, )|

+ a0 (he( + v2) — . Tk)|>0s,t(1)
+ hElt —510;,(1)
= |t — s|hf O5,(1),

(39

where 0 < |v1|, |v2] < |t — s|. Therefore, for points ¢, s near the maximum points
fmax + k — 1 with some positive C,

(0(1) = 04())*/ (204 ()ou(5)) < C(t — ).
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Further, using (47) and B1 we obtain for d,,(¢,s),t —5 =1 —s,

o2dy(t,5) = B(X (hif 4+ tr—1) — X (45 + 1_1)
+ (-5 (X (to1) — X (w))°
(60) = dy (hif + i1, S + Tem1) + [t — 5| @D Vo (1)
+ 1t — s]*h% 05.. (1)
= C(tk)hz‘|t — slo‘(l + os,;(l)).

Finally, applying (59), (60) and the above estimates for s, (¢), we obtain from (58)
that

r s =1 C(m)h |t — s1%(1 + 05,,(1))
61) e 202 (02 (tmax) + 05.4(1))
=1—|t _Sla(bk,n +0s,t(1)),

+ (1 —5)205,4(1)

where by , = 50" /24 o(1) as n — oo. Thus A2 follows in the continuous case.
In the differentiable case, write first with v =5 — ¢,

1
(62) sn(t—i-v)—sn(t):v/o s;,(t+vu)du.

Apply (56) and (49) for every k for the auxiliary process Yy, to get for any 7 in a
neighborhood of fmax +k — 1 = k — 1, that

1 rl /
s (1) = —h,%/2</0 /0 dy, (v, w)K (u, 1)K (w, 1) du dw)

1 rl
©3) =h§<f0 /0 (dyn(u,w)—dyn(t_,w))K(w,t_)dudw>

= s0C (t)h ™ (S' (1) + 0a(1)).
It follows from (62) and (63) with S"(1/2) = 0 that
(64) sn(t) = su(s) = (t —$)hy 04, (1),

and therefore

(00 (1) — 00 (5))* /204 (D)o (s)) = (1 — 5) 2051 (1).
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For the second term in the right-hand side of (58), we have for any ¢, s, v=1y5 — ¢
in a neighborhood of fipax +k — 1,

) 1l
dn(t,S):]’lk/2</0 /(; an(u,w)(I[E’;](u)—v)(I[§,;](w)—v)dudw)
1,1
— 22 /2( / f (2dy, ( + vit, w) — dy, (u, w)
0 Jo

—dy,(t +vu,t +vw))du dw)
1,1 B
=(r— S)Zh%/z(/o /0 (2dy, (t, w) — dy, (u, w))dudw + os,,(l))

1 1
=(r— s)zh%/2(/0 /O (2dy, (1/2, w) — dy, (u, w)) du dw + os,,<1))

65) = =)y (ba+ 0s.(1),
where b, — by = 27* — 1/(¢ + 2))/Q2(x¢ + 1)) > 0asn — 00, 0 < ¢ < 2.
Hence, A2 holds for X,,(¢) in both cases where m =0, 1.

In both cases where m = 0, 1, condition A3 follows from the definition of the
normalized deviation process X, (¢). For example, consider the case m = 0 and
k = 1. Then there exists K > 0 such that for any ¢, s € [0, 1],

(E(X,(1) — X())?)"?
(66) <o, ((B(X D) = X (119)*)"? + (B(La(D) = Ly(15)%)?)
<o, (dx (5, D) P 4+ 17 = 5ldx (h1,0)'/%) < K|t — 5|2,

A similar argument works for the differentiable case m = 1.

Now we turn to conditions C4—C6 of a global behavior of X,. Verification
of condition C4 repeats similar steps in Seleznjev (1996) [cf. (A4) and (AS),
respectively]. Henceforth, the following properties of regular designs will be used,
which follow directly from the definition,

(67) T =1 =< (j—i)/n, Jj>1i,
and for every finite ko,
(68) i — 1= —Dhi(14+0(1)) asn — oo,

uniformly in |j —i| < kg < co. Write R, (¢, s) in the following form, ¢, s € [0, n]:
Ru(t,s)o7 = 1/2E; 5[dx (hi, T + Tiy—1, hiy + Thy—1)
+dx (hi, & + Tk =1, Py + Thy—1)
—dx(hi, & + k1. hign + Tky—1)
—dx (hi, T + =1, hiyS + Tho—1) ],

(69)
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where t =t +k; — 1,5 =5 + kp — 1, and &, n are independent standard Bernoulli
random variables with “success” probabilities P{§ = 1} =7 and P{n =1} =5,
respectively, and E; ; is the corresponding mathematical expectation. In the
differentiable case, (48), (50), (68) and B1 imply

Ry (t,$)02 = hy, hiy /2 /01 /Ol[dxm(hklv + Thy—1» Thy—1)
+dxm (T =1, by w + Tiy—1)
—dy) (Thy =15 Thp—1)
—dy ) (hi, v+ Th 1, Ay + Thy—1)]
x K, 1)K (w, §)dvdw

1 rl1
(70) :C(Tkl)hil_m/2</0 /0 (|v+k1—k2|a+|w+k2—k1|a
— v —w+ki —ka|* — k1 — ka|*)
X K(v,f)K(w,E)dvdw)

x (I +o(1))
as n — oo, uniformly in 7,5 € [0, 1], |k; — k2| < ko < oo. Note that, for any
ky > ki,
1l )
—/ / lv—w+k —k|*K (v, 1)K (w, 5)dvdw
0 Jo

7D = 1B [l — n— ko + 17 4 |E ke — 1 — s

— €k —n— kT — |t —sPH],
where ¢1 4 = 1/((a + 1) (o + 2)). Denote ¢y o = 1/2. B1, (69) and (70) imply

Cla) " "R (1, 5)
— R(t,s)
= cmoBr 5[t —n— ko + 1P 1€ 4 kg — 1 —s]HE
— 1§ ki = — ko — |1 — 5P
as n — oo, uniformly in 7,5 € [0, 1], |k; — k2| < ko < 00, m =0, 1. Denote by
Z(t),t € [0, ka], the Gaussian process with mean zero, covariance and correlation

functions R(t,s) and r(t, s), respectively. For the continuous case, Z(¢) can be
representedas t =7 +k — 1,

Z(t) = ¢/ (Ba(t) — E; By (€ + k — 1),
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and for the differentiable case, (70) implies

1
Z(t) = c}{jfo By(v+k—1)K(v,7)dv,

with the fractional Brownian motion B, (¢). The process Z(t) is nondegenerate
[see Seleznjev (1996), for the continuous case, and Piterbarg and Seleznjev (1994),
for the differentiable case, respectively]. It means that for any ¢ > 0 there exists
81 > 0 such that for the correlation function r (¢, s) we obtain

[r(t,s)] <é1 <1 uniformly for |t — 5| > €.

This implies for sufficiently large n, for any positive K and ¢ > 0 that there
exists 8 such that |r, (¢, s)| < 82 < 1 uniformly for K > ¢t — s| > ¢. Furthermore,
in both cases, m =0, 1, we have

ra(t, )|t —s7% =o0(1) ast — s — 00
uniformly in 7. In the case m = 0, (69), B2 and (67) imply that
|Rn(,s)]

1 7 -
= 253l |[Bi 5[0 = )G —m)

x d$V (th, + 615 = Dy Ty + 0207 — $hgy)]|
=< Cl (hkl hkz/ar%)|tk2 — Tk |Ol—2 =< C2|t - Sla_za

for sufficiently large |t — s|, where t =7 — (k; — 1), 5 =s — (kp — 1). In particular,
we have that there exists C > 0 such that for |t — s| > C,

(72) |ra(t,8)| <d<1 uniformly in 7.

Thus, C4 follows. By using (70) and B2, similar arguments work for the
differentiable case, m = 1.

Assumption C5 follows from (55) in the continuous case and from (56) in the
differentiable case, with o (1) = o, ' C(1)/2h(1)~"+/2) /2,1 € [0, 1].

Assumption C6 is implied by B3.

Finally, assertions (ii)—(iv) of Theorem 5 follow from the corresponding
assertions of Theorems 1, 2 and 4.
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