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SADDLEPOINT APPROXIMATIONS AND NONLINEAR BOUNDARY
CROSSING PROBABILITIES OF MARKOV RANDOM WALKS

BY HOoCK PENG CHAN! AND TZE LEUNG LAI?
National University of Singapore and Stanford University

Saddlepoint approximations are developed for Markov random walks S,
and are used to evaluate the probability that (j — i)g((S; — $;)/(j — i)) ex-
ceeds a threshold value for certain sets of (i, j). The special case g(x) = x
reduces to the usual scan statistic in change-point detection problems, and
many generalized likelihood ratio detection schemes are also of this form
with suitably chosen g. We make use of this boundary crossing probability
to derive both the asymptotic Gumbel-type distribution of scan statistics and
the asymptotic exponential distribution of the waiting time to false alarm in
sequential change-point detection. Combining these saddlepoint approxima-
tions with truncation arguments and geometric integration theory also yields
asymptotic formulas for other nonlinear boundary crossing probabilities of
Markov random walks satisfying certain minorization conditions.

1. Introduction. Let {S,:n > 1} be a d-dimensional random walk with
Markov-dependent increments. In this paper, we study boundary crossing prob-
abilities and asymptotic distributions of the scan statistics maxj<k<p 1S, — Skl
More generally, for g : R? — R define
(1.1) My = max (J—Dg((S; =S/ — 1)),

I<i<j<n:j—iel,

(1.2) Tczinf{n: max  (n—k)g((S, — Sx)/(n —k)) >c},
k<n:n—kelJ(c)

where J, and J(c) are subsets of {1,2,...}. The special case g(x) = ||x|| and

Jn = J(c) ={1,2,...} corresponds to the usual scan statistics. Under certain

conditions, we show that there exist ¢ € {0,...,d} and r > 0 (depending on g)

such that

(1.3)  e~/"(c/r)?/?T. has a limiting exponential distribution as ¢ — oo,

(14) M, — r{logn + (q/2)loglogn} has a limiting Gumbel-type distribution

asn — oQ.
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In the case of a one-dimensional random walk with i.i.d. increments and
g(n) =, (1.4) with ¢ = 0 has been established by Iglehart (1972) in the con-
text of longest waiting times in a GI/G/1 queue and by Karlin, Dembo and
Kawabata (1990) in the context of high-scoring segments in a DNA sequence.
The corresponding result (1.3) in this case follows from Theorem 2 of Siegmund
(1988) in his analysis of the CUSUM charts in quality control. Assuming the i.i.d.
increments of the random walk to be standard normal random variables, Sieg-
mund and Ventrakaman (1995) subsequently also established (1.3) with r =1
and ¢ = 1 for the case g(u) = /2, which is associated with the generalized
likelihood ratio control chart. The asymptotic theory concerning (1.1) and (1.2),
which is presented in Sections 4 and 5, unifies these previous results and also
leads to definitive solutions of a variety of change-point detection problem; see
Chan and Lai (2002) for details. Of particular interest in these applications are
(i) the extension of i.i.d. to Markov-dependent increments for the scan statistics
(so that more general stochastic systems can be treated), and (ii) suitable choice
of g and J,, or J(c¢) in (1.1) or (1.2) to achieve both statistical and computational
efficiency.

A unified approach to derive (1.3) and (1.4) is given in Sections 4 and 5. It
is based on integrating saddlepoint approximations for Markov random walks
with respect to certain measures over tubular neighborhoods of g-dimensional
manifolds in R¢. Saddlepoint approximations for the density function of S,
with i.i.d. increments were introduced by Daniels (1954) in the case d =1 and
by Borovkov and Rogozin (1965) for general d; see Jensen (1995). Hoglund
(1974) and Jensen (1991) extended these saddlepoint approximations to S, =

"1 f(Xi, X;—1) for certain uniformly recurrent Markov chains {X;}. By
integrating the saddlepoint approximations of the density function of S, over
certain subsets B of R?, Borovkov and Rogozin (1965) and Iltis (1995) derived
asymptotic approximations of the large deviation probabilities P(n~'S, € B).
Our derivation of (1.3) and (1.4) involves deeper geometric integration ideas that
incorporate both the critical temporal and spatial components of the problem
in some g-dimensional submanifold of RY, where ¢ is the same as that in
(1.3) and (1.4). A brief overview of our method is given in Section 4, and the
details of the argument are given in Section 5.

The saddlepoint approximations developed in Sections 2 and 6 for Markov
random walks are much more general than those in the literature. First, the Markov
random walks we consider do not need to be of the form 7 | f(X;, X;—1).
Secondly, whereas previous results assume the X; to be uniformly recurrent so
that the “tilted transition kernel” [see (2.5) in Section 2] has nice analytic and
boundedness properties, the uniform recurrence assumption is too restrictive in
applications and Theorem 2 in Section 2 is able to dispense with this restrictive
assumption. Ney and Nummelin (1987) have replaced the uniform recurrence
assumption by certain minorization conditions in establishing the large deviation
principle and characterizing the rate function for Markov additive processes.
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Our saddlepoint approximation in Theorem 2 is based on these minorization
conditions. In the Ney—Nummelin large deviations framework, the events to be
considered require the terminal state X, to belong to a “sufficiently small” set
(or s-set) and the initial state X to belong to a “full set” on which certain
eigenfunctions behave well. Since saddlepoint approximations are much more
precise than large deviation bounds, it is natural to expect that they would at
least require similar restrictions on the initial and terminal states. However, we
are able to remove these restrictions via a truncation argument when we apply
the saddlepoint approximations to analyze boundary crossing probabilities. The
crucial ingredients for truncation argument are provided in Section 3, in which
we show (i) how such truncation can be carried out under finiteness of certain
eigenmeasures and (ii) that the eigenmeasures are indeed finite when certain “drift
conditions” hold, which is the case for many time series and queueing models, as
shown by Meyn and Tweedie (1993).

Because of practical difficulties in requiring the eigenfunctions to behave well
at the initial and terminal states, other approaches to the large deviation principle
for additive functionals of Markov chains have been developed that involve
instead of eigenvalues and eigenfunctions more flexible tools like “convergence
parameter” or ‘“convex conjugate” to characterize the rate function; see, for
example, Dinwoodie (1993) and de Acosta and Ney (1998). On the other hand, this
more flexible approach only gives limits (or more precisely, lim sup and lim inf) of
the logarithms of the probabilities of large deviations of these additive functionals,
but we need the precise order of magnitude of the probabilities to derive the
limiting distributions in (1.3) and (1.4). The methods in Section 3, which enable
us to establish the precise order of magnitude for the large deviation probabilities,
also provide new techniques to analyze the tilted transition kernels and remove
some of the obstacles in applying the eigenvalue—eigenfunction approach of Ney
and Nummelin (1987).

2. Saddlepoint approximations for Markov random walks. Let {(X,,, S,):
n=0,1,...} be a Markov additive process, with X,, being a Markov chain defined
on a general state space X and S, taking values in R?. The additive component S,
of the process is called a Markov random walk, and can be written in the form
S, =So+ & + -+ &,, where for all s € R,

P{(X1,81) € A x (B +9)|(Xo, So) = (x,5)}
= P{(X1, S1) € A x B|(Xo, So) = (x,0)},

which we denote by P(x, A x B). The corresponding m-step transition kernel
will be denoted by P™. We shall assume throughout the sequel that So = 0 and
that {X,} is aperiodic and irreducible with respect to a maximal irreducibility
measure ¢ on X. In this section we give saddlepoint approximations for the
distribution of (X,,, S,). Throughout the sequel we denote the tranpose of a matrix
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by / and the elements of R? by column vectors. We also let |M| denote the
determinant of a square matrix M.

To begin with, suppose &1, &>, ... are i.i.d. with Ee§1 < 00 for some 6 # 0.
Let © = {0: Ee?%1 < 0o} and let ¥ (0) = log(Ee?é1) for 6 € ©. Let T be the
interior of Vi (®). Suppose S, has an integrable characteristic function for some
m > 1. Then for n > m, n=1S, has a continuous density function f,, for which the
saddlepoint approximation

k
QD fuw) =11+ c;@n™ +0m= D) Y /2m) 2|V (u)| =1/ 2e W)
j=I1

holds for all u € I" and k > 1, where the c;(6) are analytic functions of 6,

0, = (Vi) (),

2.2) I(p) = ;ug{Q'M — YO} =0, — Y6,

V() = V3 6,).

The function V is a diffeomorphism from the interior of ® onto I', and 6,, is a
saddlepoint of the function 2 (0) = 6’u — ¥ (). Such saddlepoint approximations
were introduced by Daniels (1954) in the case d = 1 and extended to general d
by Borovkov and Rogozin (1965). The function [/ is called the rate function in
large deviations theory. An obvious analogue of (2.1) also holds for P{S, = s}
when &1 has a lattice distribution and s belongs to the minimal lattice; compare
Jensen (1995).

2.1. The uniformly recurrent case. We first generalize the results to Markov
random walks under the uniform recurrence condition of Iscoe, Ney and Nummelin
(1985): There exist k > 1, b > a > 0 and a probability measure v on X x R such
that

(2.3) av(A x B) < P“(x,A x B) <bv(A x B)
for all x € X, measurable subsets A of X and Borel subsets B of RY.

Let ® ={6: [y Rra ¢S dv(x, s) < oo} and assume that its interior is nonempty.
For 0 € ©, define the transform kernels Py, Dy by

(2.4) ﬁg(x,A):/dee’SP(x,A x ds), f;@(A)zfze@’sv(A % ds).
R R

Under (2.3), forevery 6 € ©®, avg(A) < 139" (x, A) < bdy(A) and Py has a maximal
simple real eigenvalue e¥® with eigenfunction r(x;6) which is uniformly
positive and bounded. Moreover, ¥ (6) is analytic and strictly convex on Int(®),
the interior of ©. Let I' be the interior of Vi (©) and define 6,,, I () and V (1)
as in (2.2). We shall use Ps to denote the probability measure under which X has
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distribution §, and let P, denote the case for which the initial distribution § is
degenerate at x. For 6 € Int(®), define the Markov additive transition kernel

(2.5) Qo (x,dy x ds) =e VO p(x dy x ds)r(y; 0)/r(x; 0).

The underlying Markov chain {X, :n > 0} associated with this tilted transition
kernel has a stationary distribution which is absolutely continuous with respect
to Vg, and the density function (with respect to 1g) of the stationary distribution
will be denoted by m (y; 6).

THEOREM 1. Assume that (2.3) holds and Int(®) # @.

(1) Suppose v is absolutely continuous with respect to the product measure
Do X A, where A denotes Lebesgue measure on Re. Let v = dv/d(Dg x M), that is,
v(dx x ds) =v(x,s)dVy(x)ds. Assume that there exists 1 < p < 2 such that

(2.6) sup [ee/sv(x, )" ds <oo  for every compact subset K of Int(®).
xeX,0eKk JR?

Then for all sufficiently large n, (X,,n~'S,) has (under P)) a Jjoint density
function f,  with respect to Dy x A and

k
Fax (o) = {1 + > n i (Op x,y) + O(n~*tD)
j=1
2.7
x eI 2RIV G~ 2r (s 00 /7 (93 6,0 )7 (73 0,)

for every k > 1, uniformly for n € C and x, y € X5, where C is any compact subset
of ' and cj(0, x, y) are analytic functions of 0.

(i1) Suppose &\ has a lattice distribution with minimal lattice L (of full rank d)
under Py, for every x € X. Then for every k > 1,

P{Sy=u, X, Edy}

k
= 114D n77ejOupn, %, ¥) + O(n_("“))}
(2.8) j=1

x e ML Q)= 2R |V /) |7V (x5 0ugn) /735 Oupn) )

x (y; Gu/n)df)O(y),

uniformly for x,y € X and u/n € C with u € L, where C is any compact subset
of T', hy is some constant dependent only on the lattice L and c;(0, x, y) is the
same as in (1).

Theorem 1 can be proved by modifying the arguments in Sections 2—4 of Jensen
(1991) who considers sums of real-valued functions g(X,)(= &,) for the case
k = 1. The proof of Theorem 1(ii) uses similar methods and standard arguments
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for the lattice case [cf. Chapter 5 of Bhattacharya and Ranga Rao (1976)]. The
constant A7 in (2.8) is given by the absolute value of the determinant of the matrix
1, ...,nq), whose column vectors form a basis of L in the sense that linear
combinations of 1, ..., ng with integer coefficients span L; see Bhattacharya and
Ranga Rao [(1976), pages 228-231]. Note that in (2.8), the measure on X defined
by P {S, =u, X, € -} is absolutely continuous with respect to vy, so (2.8) can be
interpreted as an asymptotic approximation to the Radon—-Nikodym derivative of
this measure with respect to Dy.

2.2. Regeneration under a minorization condition. Instead of the uniform
recurrence condition (2.3), we now assume the considerably weaker minorization
condition of Ney and Nummelin (1987): There exist k > 1, a probability measure v
on X and a finite measure A (x, -) on R? such that

(2.9 P¥(x, A x B) > h(x, B)v(A)

for all x € X and all Borel subsets B of R? and measurable subsets A of X. An
alternative form of minorization is

(2.10) P“(x, A x B) > h(x)v(A x B),

where v is a probability measure on X x R and 4 is a nonnegative function
on X with [hdg > 0. Under (2.9) or (2.10), Ney and Nummelin (1987) showed
that (X, S,;) admits a regenerative scheme with i.i.d. interregeneration times for
an augmented Markov chain, which is called the “split chain.” Letting w(8, ) =
E vee/sf_f T, where 7 is the first time (> 0) to reach the atom of the split chain, and
assuming that

(2.11) W :={6,¢):w(, ) < oo} is an open subsetofRd'H,

they also showed that ® := {0 : w (0, ¢) < oo for some ¢} is an open set and that for
0 € O, the transform kernel }39 defined in (2.4) has a maximal simple real eigen-
value ¢¥ @ where v/ (6) is the unique solution of the equation w (6, v(0)) =1,
with corresponding eigenfunction r(x;0) = E, exp{0’S; — ¥ (0)t}. Moreover,
Y(0) is strictly convex and analytic on ® and there exists a full set F
[i.e., @(F€) = 0] such that

(2.12) wy(0,8) = En 5707 <00 on W forall x € F;

see the proof of Lemma 4.4 of Ney and Nummelin (1987), where it is shown that
r(x; @) is finite and analytic on ® for all x € F as a consequence of (2.12). Define
0, I () and V (u) by (2.2) for u € I', and Qg by (2.5) for 6 € ®. A minorization
condition also holds for the transition kernel Qy whose associated Markov chain
{Xy :n > 0} has an invariant measure which will be denoted by . The main result
of this section is the following theorem, in which we define

K(u,s):{veRd:ui5v,~§u,~+8f0r1§i§d}
(2.13)
foru e R? and ¢ > 0.
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THEOREM 2. Assume (2.9) or (2.10) and define a probability measure v
on R4 by

¥(B) = /xh(x, B)dv(x)//xh(x, RY) du(x) [if (2.9) holds]

=/ h(x)dv(x,s)// h(x)dv(x,s) [if (2.10) holds]).
XxB X xR

Suppose V is nonlattice and (2.11) holds. Let x € F, where F is a full set satis-
fying (2.12). Then there exist positive numbers &€, with lim,_ o &, = 0 such that
asn — oo and &€ — O with € > ¢,

P S, e K(nu,¢), X, € A
= (e/v/m) e @m) Y ()71 2r (x: 0,))

x {/A(r@; 6,0) " drg, () +o<1>},

uniformly for u € C, where C is a compact subset of I' and A is a measurable
subset of X such that inf,ec year(y; 6,) > 0.

The proof of Theorem 2 is given in Section 6. The minorization condition (2.9)
or (2.10) in Theorem 2 is used not only to invoke the Ney—Nummelin theory
on the eigenvalue ¥ @ and eigenfunction r(x; @) that appear in the asymptotic
formula, but also to prove local limit theorems for the tilted transition kernel via
regeneration arguments. On the other hand, assumption (2.11) is used only to
apply the Ney—Nummelin theory and to ensure that the regeneration times have
finite moments of all orders under the tilted measure. In specific applications (see,
e.g., Example 2 below), one derives the eigenvalue and eigenfunction directly and
can establish finiteness of moments of the regeneration times directly without
appealing to (2.11), so one can apply Theorem 2 even when (2.11) fails to hold
or cannot be verified. Moreover, one can also specify the full set ' on which
the eigenfunction is finite and analytic in 6. In particular, when X, is uniformly
recurrent, F = X and we can dispense with condition (2.11). As will be illustrated
in the proofs of Theorems 3, 5 and 6, Theorem 2 enables us to approximate
probabilities in the same way that a true saddlepoint density (2.7) does but without
any density assumption on the additive component.

3. Finiteness of eigenmeasures, large deviation probabilities and the max-
ima of Markov random walks. Suppose the minorization condition (2.9) or
(2.10) holds. For a measurable subset A of X and x € X, define

T—1

0(A;0) = E, [ > e S"—”W)I{X,,EM}
n=0

3.1

—1
(A 0) = Ex [ Y S"—”W)I{X,,EM}.
n=0
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Then £(-; ) is the left eigenmeasure associated with the eigenvalue e¥(©@); see Ney
and Nummelin (1987). The following result gives upper bounds for certain large
deviation probabilities of Markov random walks in terms of £(- ; 0) and £, (- ; 6).

LEMMA 1. Let A be a measurable subset of X5, 0 € ®, u € I' and F be a full
set satisfying (2.12). For x € F, there exists a constant Kg continuous in 6 and
possibly dependent on x but not on A such that for all c >0 andn > 1,

> PAO'Sy —my(0) > ¢, X € A}
(32) "=
<e “{Kol(A;0) + € (A; 0)},
P{0,(Su/n—p) >0, X, € A}
(3.3)
< e KRG L(A; 0,) + Lo (A; 0,)).

PROOE. Let E® denote expectation under the kernel Qy in (2.5). Let 1y =1
and 7, be the first (regeneration) time after 7,1 to reach the atom of the split
chain. Consider the renewal measure

o
(3.4) Ug(t) =Y Qo.:{0'Ss, — i (0) <1}.

i=1
Since the regeneration times t; divide the Markov chain into independent blocks,
the random variables 6'(S;, — S;,_,) — (ti — ti—)Y (@), i > 2, are iid. By
Blackwell’s renewal theorem,

Us(t) — Us(t — 1) > (ED[0'S, —ty @)1} ast — oo,

when 6’S; — T (0) is nonlattice under Qy ,,. An analogous result also holds in the
lattice case; see Feller (1971). In either case, ag := sup,.g{Us (1) —Up (t — 1)} < 00

and is continuous in 6. Since [r(y;0)v(dy) = Eveelsf_””(e) =1 [cf. Ney and
Nummelin (1987)], it follows from (2.5) that

(3.5) D Pf0'Sy, —Tip(0) €ds) =€ r(x;0) Y Qr0{0' Sy, — i (0) € ds).

i=1 i=1
Decomposing Y00, as 371 + > Z;’f”fl , we have

o
> PO’ Sy —my () > ¢, X € A}
m=0

T—1
(3.6) = Ex|: Z I{G/S,n—mw(9)>c,XmeA}:|
o

0o 00 —1
+/ Z P{0'S;, — i (0) eds}E [ Z L1678, —my (0)>c—s, XmeA}:|
=1

m=0
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7—1
Ex|: Z I{O’S"l—ml//(0)>c,XmeA}i|

m=0

3.7)

T—1

m=0

0o OO T—1
/ Y PAO'S, —Tip(0) € dS}Ev|: > I{O’Sm—ml//(0)>c—s,XmeA}i|
=1

m=0

00 7—1
=/ e ’r(x;0)Ug (dS)Eu|: Z I{G/Sm—ml//(e)>c—s,XmeA}i|
—o0

m=0

[by (3.5) and (3.4)]

< > e Vr 0)[Ug (1) — Up(t — 1]
tec+Z
3.8)

T—1
x EV|: Z I{G/Sm—mW(0)>c—t,XmeA}:|

m=0

T—1 w
<age r(x; e)Ev[ > ( > / et dy)l{xmeA}}
—1

m=0 \weZ,w<0'Sy—my )" "

(setting w =c —t)

T—1
<age™Tr(x; Q)Ev|: > ee/s’"_m“’(e)l{xmefx}}

m=0

= age T2r(x; 0)¢(A: 0).

From (3.6)—(3.8), we obtain (3.2) with Ky = age?r(x; 0). To show (3.3), simply
consider the summand m = n in (3.2) with c =nl(un). O

Lemma 1 enables us to perform truncation by restricting X, to sets A on which
the eigenfunction is uniformly positive so that the saddlepoint approximation in
Theorem 2 can be applied, as we can then apply the bound (3.2) or (3.3) to analyze
the case X, € A°. We illustrate this idea in the following theorem, which Arndt
(1980) and Hoglund (1991) proved for the case of finite X by using other methods
involving Markov renewal theory. Besides using Theorem 2 and Lemma 1, our
proof uses a time-reversal argument, which we generalize from the i.i.d. case [see,
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e.g., Chan and Lai (2000)] to the Markovian setting. This generalization involves
the dual (time-reversed) Markov random walk S, (1) under O, assuming that
there exists a o -finite measure v* on X such that

3.9 P, -x Rd) is absolutely continuous with respect to v* for all x € X.

Clearly (3.9) holds when X is finite, since we can take v*(A) =
Y rex P(x, A x RY). Further discussion of the dual Markov random walk and
the role of assumption (3.9) is given in Section 4.3. Define vV as in Theorem 2
and

G10) yOiw = [ e Qu, {minl6] 5,00 — 0w @,)] > 2 dz,

(3.11) J/(A;M)=/:4("()’;QM))_ly(y;Qu)dﬂeu(y)’ Y () =y (X; w.

If £(X; 6,,) is finite, then so is y () because (r(y; )V dmy (y) = Lgt(dy; 0) for
some constant Lg [cf. Ney and Nummelin (1987), page 581].

THEOREM 3. Let d = 1 and Ej & < 0. Assume (2.9) or (2.10),
(2.11) and (3.9). Then there exists a unique 0* > 0 such that ¥ (6*) = 0.
Let x belongs to a full set F satisfying (2.12). Suppose that V is nonlattice,
2(X;0) < 0o and €,(X;60) < oo for all 6 in some neighborhood of 0*. Let
W =dy(0)/d0)g—g+. Ifa™ < pu* <87, then

Px{maxSn > c} ~ Px{ max S, > c}
n>0

Sc<n<ac
~r(x; 0%)(1 (u*))_ly(u*)e_ce* as ¢ — oo.

PROOF. Since ¥ (6*) = 0and £(X; 0%)+£,(X; 6*) < 00, it follows from (3.2)
with A = X that

0 00
(3.12) Z Px{Sn >c +cl/5} = Z Px{Q*Sn > 0*c +9*Cl/5} =0(e_69*),
n=0 n=0

Let A, = {x:r(x;0%) > w}. Since A, 1 X as w | 0, it follows from (3.2) that for
all n > 0, there exists w > 0 small enough such that

o
(3.13) > P 0"S, > 0%c, Xy € A} < ne~”.
n=0
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Let Tc =min{n > éc: S, > c}. Then by Theorem 2 and (3.12),
PX{TC <ac, X7 € Ay}
= (14 o(1))
x 3 [ X PdsieKEtze Xpedy)
c/u*=c3<n=<c/u*+c3/3 A‘”zesZ,0§z§c1/5
X Py{mirll Su((c +2)/n) > Z} + 0(8_69*)’
m>

(3.14)
= (14 o(1))

o3
« Z / /0 ()~ 2=l (e+)/m)

c/p,*—c3/5§n§c/p,*+c3/5

X !V((c+z>/n)r1/2[w]

(¥ Oc+2)/n)
x Py {m;l} gm((c +z)/n) > Z} dz d”9<c+z>/n »)

+o(e™).

Since I (u*) = 0*u*, d1 () /dpuly=p> = 6* and d>I () /d p?| =y = (V (1) 7,
we have uniformly for [n — ¢/u*| < APand0<z<cl/d,

nl((c+2)/n) =nl (") + (c +z = np*)0* + (c +z —nu*)?/(2nV (u*) + o(1)
= (c+2)0* + (c —np*)*/ (2nV (1)) + o(1),

with (¢ + z)/n — w*. Therefore the double integral in the RHS of (3.14) is
asymptotically equivalent to

(B.15)  (u*/2me)! e T IV GO (v () T (e 67y (A 1) /67,
r\e/calilg (3.10) and (3.11). Moreover, using a change of variables w = (c —nu*)/
¢/u*, we obtain
> o~ (e=ni*)?/2nV (1)
c/ur—c35<n<c/u*+c3/5
(3.16) ~ 12 ()32 / X w2V gy
—00
= QreV () P2

Since I(u*) = 6*u*, (3.13)-(3.16) yield the desired conclusion for
Py{maxsc<p<ac Sn > ¢} by letting n — 0 (and therefore w — 0).
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To prove the desired conclusion for P, {max,>o S, > c}, it suffices to show that

(3.17) Px{ max S, > c} + Px{ max S, > c} = 0(e—c9*).
n<c/u*—c3/5 n>c/u*4c3/5

Let0) < 6* <6, besuchthat g = (1/u*+c 2" Land ur = (1/pu* —c=2/7) 71,

where u; =dy(0)/d6]g—g,. Then by Lemma 1,

Px{ max S, > c}

nEC/M*_CS/S

(3.18) <pf _max | (028, - mp ) > 2 - v /1)

n<c/u*—c3
< e~V Ky 0(; 02) + £,(X; 62)).

As shown by Ney and Nummelin [(1987), pages 579 and 580], if £(A;0)
[or £4(A;0)] is finite on an open subset of ®, then it is an analytic function
of 6 on this open subset. Therefore by continuity, Ky and £(X, 0), £,(X, 0) are
bounded in some neighborhood of 6*. Let h(u) = I()/u. Then dh(w)/du =
(10, — I(1))/u? = ¥ (6,)/1?, which is negative for 0 < u < u* and positive
for pu > p*, recalling that ¢ (0*) = 0 = ¥(0) and 6,+ = 6*. Hence h(u) >
h(u*) + L(w — p*)? for some L > 0 when g is close to u*. Therefore, for ¢
large enough,

02 = Y (02)/ 12 = 1 (u2) /2 = T () /1" + Lz — p*)* = 0" + Lt
for some positive constants k and L, and therefore Pe{max, ./, «_3/5 Sp > ¢} =

—cO*

o(e™“") by (3.18). A similar argument can be applied with 6>, u, replaced by
01, 11 to bound the other probability in (3.17). U

We next establish in Theorem 4 finiteness of £(X; 0) and £, (X; ) under “drift
conditions” of the type in Meyn and Tweedie (1993). Let C be a measurable subset
of X such that

(3.19) £(C;0) <oo and £,(C;0) <00 forall y € X.

Let w: X — [1, 0o) be a measurable function such that for some 0 < 8 < 1 and
L >0,

(W1) E eV Ouxn] < —Pwx)  forallx ¢C,

(W2) sup Ex[ee/gl_w(e)w(Xl)] =L <oo and /w(x)dv(x) < 00,

xeC

where dv(x) = dv(x, RY) when (2.10) holds.
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THEOREM 4. Assume (2.9) or (2.10) and (2.11). Let C be a measurable subset
of X satisfying (3.19), and (W1) and (W2) for some w:X — [1,00),0 < <1
and L > 0. Then £(X; 0) < o0 and £,(X; 0) < oo forall y € X.

PROOF. Let oc = inf{n > 0:X,, € C}, t¢c = inf{n > 1:X,, € C}. We first
show that under (W1),

oc
(3.20) E, [ Y e S"_'“”(e)w(X,,):| <w(x)/B  forallx € X.
n=0

If x € C, then o¢ =0 and (3.20) clearly holds. For x ¢ C, it suffices to show that
(.21) E e 5 Ou(X,)i0oc>n]<(1—p)'wkx) foralln=>0,

where E.[Z; A] denotes E,(ZI4). We can prove (3.21) by induction since
by (W1),

E [ Sr1=0HDV Oy, (X, )00 = n+1]
= B[S O gy (" Ouw(X, )] oc =0+ 1,
< E [ SO (1 — Byw(X,): oc = n].

Ifoc < t,let Ty, ..., Ty denote the times of visits to C before 7. If o¢ > 7, set
M = 0. Let Ty be the time of the first visit to C at or after time t. Then

—1 M
(322) €(C;0)=E, [ 3O x, € c} = E( > eG'STm—TmW)),

where Y™ | =0 if M = 0. Moreover,

oc
6(X;0) < E, ( > ee/sn—"¢(9)>

n=0

M
+ Ev|: Z (ee/STerl_(Tm"‘l)w(e) 4+ 4 ee STm-H _Tm+l¢’(9)):|

m=1

oc
_E, ( S e sn—nw(9)>

n=0

(3.23)

M c
L Ev|: 3 ST Oy ( 3 Sn—nwe))]
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If z € C, then by (3.20) and (W2),

c
EZ |: Z 30 Sn_’”//(e)w(xn):|

n=1

ac
(3.24) =E, { @5V O Ey, [ 3 e Sy (Q)w(Xn)} }
n=0
< E[" "V OuwX))/B<L/B.

Substituting (3.20), (3.22) and (3.24) into (3.23) and noting that w(X,) > 1 and
X1, € C, it follows that

M
£(X;0) < E{ > e “”(L/ﬁ)} + [wedve /5
(3.25) =
— {LE(C; 0) +/w(x)dv(x)}/,3.

We can bound £, (X;60) in a similar way, with £(C;6) in (3.25) replaced by
£,(C; 0) and Jw(x)dv(x) replaced by w(y). O

EXAMPLE 1. If the uniform recurrence condition (2.3) holds and Int(®) # &,
then the eigenfunction r(x; @) is uniformly positive and bounded on X and
£(X; 0) < oo for all 6 € ®, by Lemma 3.1 of Iscoe, Ney and Nummelin (1985).
Moreover, (W1) and (W2) are satisfied with w =1 and C = X, L =1 for every
0 € 0.

EXAMPLE 2. Consider the vector autoregressive model,

(3.26) Xiv1=HX; +Ziy1, IHIl = “SIHIP1 IHx| <1,
x|=

where Z; are i.i.d. nondegenerate d x 1 random vectors such that A(¢) :=
Ee'lZ1ll < oo for all t > 0 and Z; has an absolutely continuous component (with
respect to Lebsegue measure ) in the sense that P(Z; € A) > [, g(z)dz for
some positive continuous function g. Suppose the conditional distribution of &,
given Xy, ..., X, has the form Fx, , x, such that for every 6 € R, there exists a
positive constant py for which

(3.27) /ee/s dFyy(s) <explpa(lxll + Iy} Vx,yeR%

Suppose furthurmore that for every compact subset C of R, there exists a finite
measure vc with compact support K¢ such that

(3.28) inf Fy y(B) >vc(B) forall B C K.
x,yeC
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Let C = {u:||u] < N} and w(x) = e¥ Il for some y and N to be specified later.

Since g is positive and continuous, § := inf{g(z — Hx) : x € C and Hx +
7€ C}>0.Since P{Hx + Z| €dz} > g(z — Hx)dz, it then follows from (3.28)
that for all x € R,

(3.29) P{(X1,61) € AX B} > 8lixecy (AN C)ve (BN Kc),

and therefore the minorization condition (2.9) holds with i(x) = §A(C)vc(K¢) X
I{xecy- Moreover, by (3.27),

E.[e" " w(X))] < Eexplpp(Ix| + 1Hx + Z1 ) + v IIHx + Z1 ]}

< Alpo +y)exp{loe (1 + | HI) + v I H|[1llx]l}.

Since ||H|| < 1, we can choose y large enough so that 2p9 + Y ||H|| < v, and then
(W1) is satisfied if N is chosen large enough. Since C is compact and A(- N C) has
support C, (W2) also holds for sufficiently large L.

For the special case §; = X;, Fy , is degenerate at y and (3.27) holds trivially
with pg = ||@]]. Although (3.28) no longer holds, we still have in place of (3.29)
the minorization condition,

(3.30) P {1 =X1€ A} > 0lxec)M(ANC).

Let J(®) = log(Ee??1). Then ¢ (©) = J((I — H)7'0) and r(x;0) =
exp{0'(I — H)~! Hx} satisfy

/e_WGH%P(x, dy xds)r(y;0)/r(x;0)= E(e_‘”(e)+9/(l_H)7lZ‘) =1,

and it can be shown that ¢¥ @ is indeed the maximal eigenvalue and that a scalar
multiple of r(x; ) is the eigenfunction in the Ney—Nummelin framework. Note
that r (x; 0) is finite and analytic in 6 (and x). Moreover, the regeneration time t
under the minorization condition (3.30) has a finite moment generating function in
some neighborhood of the origin [cf. Meyn and Tweedie (1993), pages 364—-370].

4. Nonlinear boundary crossing probabilities for Markov random walks.
In this section, we first generalize Theorem 3 to nonlinear boundary crossing
probabilities. Specifically, instead of the maximum of a one-dimensional Markov
random walk maxsc<p<aqc Sn, We now consider maxsc<p<qc 1€(Sy/n), where
S, is a d-dimensional Markov random walk and g : ' — R satisfies certain
regularity conditions described below. Here and in the sequel we use the same
notation and assumptions as those in Section 2.2. We next extend the method to
analyze the boundary crossing probability

4.1) Px{ | max (n—k)g((Sy — Sk)/(n —k)) > ¢ for some n < ,Bc}

as ¢ — oo, which plays a key role in the derivation of the main results (1.3) and
(1.4) in the last part of this section.
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4.1. Generalization of Theorem 3 to nonlinear functions of mean vectors. In
the case of i.i.d. &,, asymptotic approximations to Py{maxs.<s<qc n€(Sy/n) > c}
were recently developed in Chan and Lai (2000). Under certain assumptions,
this probability is shown to be of the order Ac?/?¢~¢/" as ¢ — oo, where r =
SUPG—1 <g(u)<s-! g(w)/I(), g is the dimension of the submanifold of I at which
the preceding supremum is attained and A is a constant that can be expressed
as an integral over the manifold with respect to its volume element measure.
We can extend this result to Markov random walks satisfying the minorization
and nonlattice conditions of Theorem 3, for which we still have the saddlepoint
approximation given in Theorem 2, analogous to the i.i.d. case considered in Chan
and Lai (2000) under the following assumptions on g:

(A1) g is continuous on I' and there exists g9 > 0 such that

sup g/ I(n)=r < oo.
a~l<g(u)<s=T4g9

(A2) infg(u)>3_1+80 I(u) > ér)~! and limsupﬂ_)ar g(w)/I(n) < r, where
oI" denotes the boundary of I'.

(A3) M, o5 = {u:oz_1 < g(p) < 871 + & and g(w)/I(u) =r} is a smooth
g-dimensional manifold for all 0 < ¢ < g9, where g <d.

(A4) g is twice continuously differentiable in some neighborhood of My « s
and o ({:g(pn) = 8§~! and g(w)/I(n) =r}) =0, where o is the volume
measure of Mg, 4 5.

(AS) infueny,, M, Vo), > 0 with p(u) = I() — g(u)/r, where
T, denotes the d x (d — g) matrix whose column vectors form an ortho-
normal basis of the orthogonal complement 7 M= (u) of the tangent space
TM(w)of M := My o s at . In the case d = g, we set |l'I/MV2,0(M)l'IM| =1,
and (AS) clearly holds under this convention.

THEOREM 5. Let a > § > 0. With the same notation and assumptions as
in Theorem 2, suppose that g satisfies (A1)—(AS), with g(E;&) < oY, and
that £(X;0,) < 00, £x(X;60,) < oo for all @ € D, where D is a compact
neighborhood of {i: 1 () < (8r)~1). Then

Px{ max ng(Sn/n)>c}

dc<n<ac
—e/r —(gq/2+1
~ (/22 [ (i 0,0y o1 gu) "
< |V ()|~ VA, V2 p T, | do (),

where y (1) is defined in (3.11).
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In view of (A2), {u:1(n) < (8r)~'} is compact and therefore indeed has
a compact neighborhood. Note that Theorem 3 is in fact a special case of
Theorem 5 with g(u) = p for which ¢ =0, r = 1/6*, M = {u*} and VZp(u) =
dzl(u)/d,u2 = (V(w))~!. Theorem 5 is a generalization of Theorem 1 of Chan
and Lai (2000) to the Markovian setting. Let Tc =min{n > dc:ng(S,/n) > c}. It
follows from Theorem 2 and arguments similar to those in Section 3 of Chan and
Lai (2000) that

PX{TC <ac, X7 € Ap)

= (1 + 0(1))(0/27Tr)51/2e—C/r/Mr(x; QLL)V(ACO; M)I(M)_(q/2+l)
< |V ()|~ V2 p )T, | ™2 do? (),

where A, = {x :7(x; 0,) > w for all © € D}. The following lemma, which will be
proved in Section 5 and which is a nonlinear analogue of Lemma 1, then allows us
to prove Theorem 5 by letting A = A¢ and w — 0 in the lemma.

LEMMA 2. Under the same notation and assumptions as in Theorem 5, there
exists a constant L such that for all measurable subsets A of X,

P.{ max ng(Sn/n)I{XneA}>C}

Sc<n<ac

4.2)

< Lct?e7C/ sup[€(A; 6,,) + €:(A; 0,)].
nebD

EXAMPLE 3. Let S, = X1 + --- + X,,, where X; is the autoregressive se-
ries (3.26). Assume the Z; to be normally distributed with mean 0 and covariance
matrix ¥. Then () =0'VO/2 and u = Vy(0) = VO, where V = (I — H) ' x
(I — H) ' Let g(u) = ' V~1u/2. Since g(n) = I (1), (A1)—(A5) hold with
r=1,g=dand M = {iu:a~' < I() <8~'}. Hence by Theorem 5,

Px{ max S;V_lSn/2n>c}
dc<n<ac

~ (c/2m) 2|V |~ 1/2

"I—H) s —(d/2+1
g 00 G0) P

4.2. Overview of the method to analyze the boundary crossing probability (4.1).
We now proceed to analyze the boundary crossing probability (4.1) which, unlike
that in Theorem 5, involves two time indices i and j. To fix the ideas, we first
assume that the &; are i.i.d. with a common density function (with respect to
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Lebesgue measure) that is continuous and bounded on RY. Letting S, x = Sy — Sk
for n > k, (2.1) gives the saddlepoint approximation

P{S;i/(j —i) € dp}
4.3)
= (14 0()(( — )/27) 2|V ()| 20D gy

as j —i — 0o, where the o(1) term is uniform over compact subsets of I'. Let
4.4) B.={(,)):0<i<j<PBc,éc<j—i<ac}.
Define an ordering < in B, by
4.5) (k,n) < (i, j) < either()n < jor(ii))n=jand k <i.
The boundary crossing probability (4.1) can be expressed as
Y PG =Dg(Si/G—D) > e

(i,j)€Bc
(4.6)

(n—k)g(Snx/(n—k)) <c V(k,n)< (@, j)}.

Replacing g by g/r, we shall assume without loss of generality that »r = 1. Let
t=[c"*], Bey ={G,j):t <i<j<Pc,dc+2t<j—i<ac—t}. Define

fi,j)ydu=P{S;;/(j—i)€dull{j—ig(uw)>c)

S
””‘k> <V (k,n) < (i, j) with

4.7) X P{(n - k)g<

n —

S.‘
max(j —n, |i —k|) ft‘j ili :M}.

Large deviation bounds can be used to express (4.6) as
L q/2+1 ,—c
4.8) /d S fwdu+o(ct/ e,
(i,J)€Bc;

Simply denote M., s by M, for notational simplicity in this subsection. To
evaluate the integral in (4.8), we use a Laplace-type asymptotic formula

@ [ > fuwdu~ | S i,
R i)eBe, Uer1210g0.c=V/2 (i, j)€ Bes

where U, . is a tubular neighborhood of M, with radius n. We call

(4.10) Upe={u+viueM, veTM u)and |v| <n)

a tubular neighborhood of M, with radius 7 if the representation of the elements
of U, ¢ in (4.10) is unique. For the existence of tubular neighborhoods when 7 is
sufficiently small, see Theorem 5.1 in Chapter 4 of Hirsch (1976) and its proof.
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Integrals over tubes can be evaluated by the so-called “infinitesimal change of
volume function” [cf. Gray (1990)]. Note that (4.9) is an extension of Laplace’s
method to approximate an integral whose integrand attains its maximum on a
manifold, instead of at a single point in the classical Laplace approximation
[cf. Jensen (1995), pages 57-62].

From Lemmas 3.13, 3.14 and Theorem 3.15 of Gray (1990), it follows that
as ¢ — 0o,

/, S fwdn

= 1/210gc,c=1/2 (i,j)EBet

@.11)

- L+ v)dv | do ().
/M{./veTMl(u),”U”SC1/210gc Z Jii( ) (u)

(i,j)€Bc,t
To analyze the inner integral in (4.11), use (4.7) and note that given S§;;/
(=D =u Spx=0G =D+ (S — Sk) — S, for (k,n) < (i, j). Since
max  {(S; — S+ 52,}/c 50,
j—n<t,|i—k|<t ’
Taylor’s expansion yields
(n—Kk)g({(j —Du+(Si — Sk) — Sj.n}/(n —k))
= —i)g(w)
4.12) )
—{(Ve)) (Sjn = Si +8K) = (j —n —i + k) (' Vg(u) — g(w))}

+ i jkn (1),

P . .

where max; jyeB,,,j—n<t,|i—k|<t|0i,j k,n ()| — O uniformly in u € U -1 loge,c—1/2-
The uniformity follows from (A4) and the compactness of
(4.13) M*={p:a" <g(u) <87 +&* g(w)/I(w) =r)
for sufficiently small ¢* > 0, which follows from (A2). Note that VI(u) =6,
V2I(n) =V~Yw).For pe M, g(uw)=1(n) and V(I — g) =0 since I — g at-
tains on M its minimum value 0 over {u: ™! < g(u) < 8~! + &9}, and therefore
W'Veg(n) —g(n) =¥ (6y). Let Sy () = >4 _1{0,,& — ¥ (6,,)}. From (4.12) it fol-
lows that uniformly for (i, j) € B.; and u € U.-12 loge,c—1/2 with (j —i)g(u) > c,
the conditional probability in (4.7) is equal to

P{S;n() = Si(u) + Sx(u) > (j —i)g(w) —c YV (k,n) < (i, j) with

max(j —n, [i —k|) <t[8;;/(j —i) =u}+o(1)

= P{Sjn() + Ski(w) > (j —i)g(p) — ¢

foralli <k<i+tand j—t<n<}j,

and — S x(n) > (j —gu) —c

foralli —r <k <il|S;;/(j—i)=pn}+o(),

(4.14)
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noting that in the quantification “V (k, n) < (i, j)” the indices (k,n) with k < i
and j > n are redundant because the required inequality holds for these (k, n) if it
holds for k < i, j =n and for k =i, j > n; see the proof of Lemma 4 of Siegmund
(1988). Let Qg denote the probability measure under which &, &, &, &5, ... are

i.i.d. with Qg{& € dx} = eelx_l/’(e)P{Si € dx}. By Siegmund’s (1988) Lemma 4,
the second probability in (4.14) is equal to

P{I;llngm(u) <= =g +c}
(4.15) -
x s, { (min 5, )+ min 572) > (j = )g40) — ¢ + (1),

uniformly for (i, j) € B.;and u € Uc—l/zlogcvc—l/z with (j —i)g(u) —c > 0, where
SE(W) = Y4 10,6 — ¥ (0,)). Let

@16)  p(usw) = P{ max,0) < —w] 0y, {min$;, o) + min 70 > w}

Note that 3 jyep., = 2sc+2r<m=<ac—t 2i<i<j<fe,j—i=m and that there are
[Bc] —m —t + 1 terms in the inner sum. Putting (4.3), (4.14) and (4.15) into (4.7)
shows that the integral in (4.9) is equal to

{@m)™42 4 0(1)}
x [ > (Be—m)
Uc‘*l/zlogc'.z,'*l/2 Sc+2t<m<ac—t,mg(pn)>c

x m¥ 2|V ()72 W p (s mg () — ¢) dp
4.17)
={@m)" " +o()}e "

~ d
x fu// U (e g(Z))(g(Cu)) /2

c

X [V ()] 712600700 g1 1y L2 }du,
g(1)

using the change of variables w = mg(u) — ¢ to replace the sum by the integral
and noting that the range of the sum can be restricted to c¢/g(n) <m <c/g(n) +
(logc)? because of the exponential decay in e ™/ [so m ~ ¢/g(u) in this
range]. Since M* defined in (4.13) is a compact subset of ' and g = I on
M* D> M+, it follows that uniformly in u € Uc—l/Zlogc’C—l/Z, gw) =1I(n) +
o(1) and therefore fooo (s wye P I/8W) gy = fooo e Yp(u;, w)dw + o(1).
Moreover, since VI = Vg on M, Taylor’s expansion around u € M yields

(4.18) (Tw+v)—gu~+v)}/gu+v)=v'Vp)v/2I () +o(c™h
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—12 [see (4.10)]. Let y(u) = fg e ™ x
p(u; w) dw. Using the change of variables v = IT,z with z € R?~7 and applying
(4.11) and (4.18), we can express (4.17) as

[@r)™ 2 fo(1))e™¢c?/?

uniformly in g =u + v € Up1215g¢ ¢

—d/2—1

x /M(ﬂc /1) W) P WV ) Py ()

4.19)
X exp{—cz/l'I;VZ,o(u)l'qu/ZI(u)}dzda(u)

z€RI74 ||z]|<c™ /2 logc

_ 1 2
~ e 1Byl — cag)e,
where for j =1, 2,

Cag = 2m) 172
(4.20) .
x / (1a0)~ "1V @) VAT, V2 p ) T~y () do (u).
Mo o5

In view of (4.6), (4.8) and (4.9), this shows that the boundary crossing probabil-
ity (4.1) is asymptotically equivalent to e~“c?/2+1 (8 g“oglg — ;ngg) when r = 1 and
the &; are i.i.d. with a bounded continuous density. ’ ’

When {(X;,&;),i > 0} is a Markov chain satisfying the assumptions of
Theorem 1(i), we can replace (4.3) by the saddlepoint approximation (2.7) for
Px{S;j—i/(j —i) €du, X;_; € dy}. The conditional probability in (4.7) now has
the form

P{(n —k)g(Spx/(n—k)) <cV(k,n)< (i, j) with

421 . . .. ~
G20 (=i =KD <118,/ — D) =, X =F. Xj = ).

We still have the Taylor expansion (4.12) which shows that (4.21) is equal to

Pe{Sj () + Sk,i(n) > (j —i)g(p) — ¢
foralli <k<i+tandj—t<n<j,

and — S; () > (j —i)g(n) —c
foralli —t <k <il|S;;/(j—i)=u, Xi =5, X; =y} +o(l),

analogous to (4.14). This conditional probability has a limit (as ¢ — c0), which
involves two time-reversed (dual) Markov additive processes and another tilted
process so that the three processes are independent, as in (4.15). We can also
replace the assumptions of Theorem 1(i) by the considerably weaker nonlattice
assumption in Theorem 2, by using an analogue of Lemma 2, partitioning I" into
cubes and replacing “€ du” in (4.3) and (4.7) by “€ C,,” where C,, denotes a cube
centered at w. Letting the common length of the cubes approach 0, summation over
these cubes can be approximated by integration with respect to d; see Section 5
for details.

4.22)
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4.3. Main results on (4.1), (1.3) and (1.4). Let P(A|x) = P(x, A X R?) and
assume that there exists a o -finite measure v* on X such that (3.9) holds. Under
(2.9) or (2.10) and (3.9), Qy(-|x) is absolutely continuous with respect to v*,
where Qg(Alx) = Qg(x, A X R%). Let 7* (or m;) denote the density function,
with respect to v*, of the stationary distribution of X, under P (or Qy). For fixed
w € I', define three independent Markov additive processes {(X,(,j ), S,(,j )), n=>1}
on X x R? initialized as follows: S(()l) = S(()Z) = S(()3) =0, X(()l) = X(()Z) has density
function 7* and is independent of X(()3) which has density function ngu (with
respect to v*). The transition function of (X ,(lj ), S,(,j )) is absolutely continuous with
respect to v*, with density function p() given by time reversal of the density p
of P for j =1, or gy, of Qp, for j =3; that s,

PV, x5 B) = p(x, y; B)w*(x)/7*(y),
PP, x; B) = gq, (x, y; B)mg, (x) /75 (3).

The transition density p(z) of (X ,(12), S,(lz)) with respect to v* is g0, (x,y; B). Define
S (w) = Y0 16/,67 — w(6,)) and

p(; w)

(4.23) r(X(()l); 0,)

- [r(X(3)‘9 ) (maxnt S’ (0 <=wming=o S’ (0-+Hmingy S,S”(Ww}]’
0 %

which is a generalization of (4.16) from the i.i.d. case to the present Markovian
setting.

THEOREM 6. Let 0 < < o < B. With the same notation and assumptions
as in Theorem 2, suppose that g satisfies (A1)—-(AS) with g(Ez&1) < a1, and
that £(X;0,) < 0o and [€x(X;0,)dn(x) < oo for all @ € D, where D is a
compact neighborhood of {j:1(n) < (8r)~1). Let y(u) = fooo e Yp(u;, w)dw,
where p(u; w) is defined in (4.23), and define {é}g, Cog’zg by (4.20). Then

Pﬂ{ max 5 (n—k)g(Sn,k/(n—k)) >cf0rs0men§,3c}

n—ac<k<n—
— 1 2
~ (e/r)Pee™ /" (Bel) = 63 /7).

The details of the proof, which follows the steps outlined in Section 4.2, are
given in Section 5, where we also make use of Theorem 6 to prove (1.3) and (1.4)
in the following.
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THEOREM 7. With the same notation and assumptions as in Theorem 6,
define T, by (1.2) with J(c) ={j:j1 < J < ja} such that j| ~ éc and j) ~ ac.
Then g“oglg (c/r)1/?e¢I" T, has a limiting exponential distribution with mean 1 as
¢ — 00. Moreover, if J, ={j:n1 < j <ny} with ny ~ drlogn and ny ~ arlogn
in (1.1), then

(4.24) Py {M,, < r(logn + %loglogn> + t} — exp(— ;a({lge l/r)
as n — oo, uniformly in t € R.

We now show how Theorem 7 follows from Theorem 6 in the case where
the &; are i.i.d. The proof in the Markovian setting of the theorem is consid-
erably more complicated and is given in the next section. Let x > 0, m =
(;og}g)_l(c/r)_q/zec/’x, and partition the interval [0, m] into K ~ m/(Bc) disjoint
intervals I, ..., Ix with equal length Sc(1 + o(1)). Then the events

Aj={ max (n—k)g(Sn,k/(n—k))>cf0rs0meneljandn—kelj}

n—ac<k<n—éc

are independent and have the same probability p.. Letting A j denote the
complement of A, it follows from Theorem 6 that

K
P(ﬂf@'):(I—Pa"fve"“"*%exp{— (1= B¢ /r)

j=1

as ¢ — 00. Hence P(U _1Aj) = 1 —exp{—x[1— (,3;“(1)) 1C(z)/r]}. Let

sz{ max (n—k)g(Sn,k/(n—k))>cf0rs0menelj+1 andn—kelj}.
n—ac<k<n-—éc

Then by a similar argument involving a straightforward modification of The-
orem 6, it can be shown that P(U _1Bj) — 1 — exp[— (,B;‘(l)) 1 ( sx/rl
as ¢ — oo for sufficiently large 8 (with ,B > a) Taking B arbitrarily large s1nce

P(JQAJ)SP{TCSW}SP<U )+P<UB)

j=1

it then follows that P{T, <m} — 1 — e~ as ¢ — oco. The corresponding re-
sult (4.24) for M, can then be derived from that for 7, since P{T, < n} =
P{M,, > c}; see the last paragraph of Section 5 for details.
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5. Proof of Lemma 2 and Theorems 6 and 7. In this section we first prove
Lemma 2. The first step of the proof is to show that we can restrict to the event
{S,/n € D} by showing that

5.1 Px{ max ng(S,/n)Iis,/nepe) > c} = o(e™ /).
dc<n<ac

When d = 1, this is an easy consequence of (3.3). Since D is a compact

neighborhood of {u:1(un) < (8r)~1}, there exist a < b such that [a, b] C D and

I(a) > (6r)~Y, I(b) > (8r)~!. Then

Y PASy/neDYV< > [PSu/n <a}+ Pc{Sy/n > b}]

Sc<n<ac Sc<n<ac

< Z (Kle—nl(a) + Kze_nl(h))

n>éc

for some constants K| and K>, by (3.3). Since /(a) and I (b) exceed 6r)1,
(5.1) follows.

For d > 1, we can replace a and b by a finite number of hyperplanes, as will be
shown below. The next step is to cover the compact set D with O(c%/?) cubes of
the form K (i, ¢ 12)in (2.13) and to apply (3.3) when S, /n is restricted to each of
these cubes. The advantage of using these cubes is that g is well approximated by
g(pn) on K(u, =172, Summing (3.3) over these cubes then completes the proof.
We also use similar cubes to prove Theorem 6, which is then applied to prove
Theorem 7. Indeed the saddlepoint approximation in Theorem 2 is phrased in
term of these cubes. Whereas Theorem 2 considers the saddlepoint approximation
under the initial state x that belongs to a full set F', we can easily extend the result
to general initial distributions o that are absolutely continuous with respect to ¢
and such that [ 7(x; 6,) do (x) < oo. Specifically, for such initial distributions, the
saddlepoint approximation in Theorem 2 has the form

Po{S, € K(np, €), X, € A}

(5.2) _ (e/m"e—””“){<2n>—d/2|vw>|—“2 [re e,udom}

x { [ 0:0,0)" o, ) +o<1>}.

We shall use these ideas in the proof of Theorem 6.

PROOF OF LEMMA 2. Let Q = {u € D:g(u) > !} and J. = {u €
12724 K (1, c71/?) N Q # 2} Since h,(0) := 0’ — ¥ (0) is maximized at 6,,
and h,(6,) = I(n), it follows from the compactness of D that there exist
positive constants L and L such that hu(0w) = 1I(n) — Le! for all u e J. and
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w € K (i, c~1/?), noting that 10, — O ll < L2 forwe K(u,c V%) and pu € J..
Therefore, if S,/n € K(u,c™'/?), then 0/, S, — ny(6,) > n(I(Sy/n) — Lc™h).
Hence

Px{ max ng(S,/n)lix,ca,s,/ne) >C}
dc<n<ac
= Z Px{el/LSn - mﬁ(%) > (CI(Sn/n) - L)/g(Sn/n),
HEJe
(5.3)
X, €A, S, /neK(u, c_l/z) for some 6c <n < ac},

< Z e—C(l(M)/g(M))-i-M[KQME(A; 0,)) + £y (A; QM)]
nede

for some constant M independent of & € J.. Approximating the sum by an integral
and using the tube integration techniques of Section 4.2, it can be shown that

Gd) Y e Uwism) / (/2= dW/8W) gy — 0(c4120<IT),
Q.-
nede c

From (5.1), (5.3) and (5.4), (4.2) follows.

To prove (5.1) for general d, note that by compactness, there exists € > 0 such
that {;0: () < 8r)~' +3g} C D.Let G = {u: 1 () = (8r) ' + &}. The tangent
space TG(un) of G at p is a hyperplane that is orthogonal to VI(u)(=6,),
and therefore TG(u) = {y:60,(y — ) = 0}. Let B(u) = {y:10,(y — n)| < ¢}.
Then {B(u):u € G} is an open cover of the compact set G and therefore there
exists a finite subcover {B(u;):1 <i <k}. Let H; = {y :%i (y — ni) > 0}. Since
0u; = VI(u;), it then follows that if ¢ is chosen sufficiently small, then D¢
[on which 7(-) exceeds (8r)~! + 3¢] is contained in the union of the half spaces
Hy, ..., Hi. Therefore

k
Y. PdSy/neDYs Y Y P(Sy/neHi)

sc<n<ac Sc<n<aci=l1

k
= Z ZPx{%i(Sn/” — i) >0} =o0(e”/")

n>g§ci=l1

by (3.3), recalling that I (u;) = @¢r)y ' 4+e O

PROOF OF THEOREM 6. The basic ideas of the proof have been given in
Section 4.2. Here we provide some of the details, using the same notation as that in
Section 4.2 and still assuming that r = 1. Let K, = K (u, €[qc]), Where ¢, is given
in Theorem 2. The analogue of (4.7) for the present Markov case is

Frjix 5 ) dv*(y) dv*(F)
(5.5
= Px{Xi € di}Py{Sj_i € K(J'_i)“, Xj_,' € dy} X [(4.21)],
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where “S;;/(j—i) = u”in (4.21)is replaced by “S; i € K(j—iyu.” Recall the time-
reversed Markov additive processes (X Y (1)) and (X, (3) S,(,3)) and the (forward)

Markov additive process (X (2) S,(lz)). Analogous to (4.15) for the i.i.d. case, the
conditional probability in (4.22) is equal to

Px{ minS,(,?)(M) +minS,(nz) >((—i)gu) —c,
m>1 m=>0
(5.6)
maxS(l) <—(G—-Dgw +ecxy =y, x{P=xP = } +o(1),

fory,ye X, Sct+t<j—i<acandp €Ug.ipyg. ~1/2- Let
Py w)

1
g6 ,
T L (x®; 6, manz S o< mingzo 857 Go)bming ) 857 G0>w)XpT €A |

where A, = {x € X:r(x;0,) > n for all u € D}. Then p,(u; w) = p(u; w)
as n — 0, where p(u; w) is defined as in (4.23).

Letting w = (j —i)g (1) — ¢ and multiplying the conditional probability in (5.6)
by r(¥;6,)/r(y;6,), integration with respect to n*(?)ngﬂ(y)dv*(y)dv*(y)
over (y,y) with y € A, yields p,(u; w). The factor r(y;6,)/r(y; 6,) above
comes from the saddlepoint approximation in Theorem 2 applied to P3{S;_; €
K-y Xj—i € dy} with y € A,,. We can sum up these appr0x1mat10ns of (5.5)
over 4 € s[ac]Z and (7, j) € B¢ such that 1nfveK(J onU — ig(s/(j—i))>c
(for a lower bound), or such that sup, g i (j—i)g(s/(j —i)) > c (for an upper
bound). Using the fact that

sup  (j —)|g(s/(j — 1) — g(w)| = O(eqacy),

S€K(j—ijn

and replacing the sum 8fiac] D peeqzd DY Jra div as gjqe; — 0, we can use

arguments similar to those of Chan and Lai [(2000), page 1652] to show that

> PG —i)g(Si;/(j—1) >c, XjeA,and
(i,/)€B:
(n—k)g(Snx/(n—k)) <c ¥ (k,n) <, j)}
is of the order ¢?/2*1e _C(ﬁf(l) (2)) but with p, (u; w) replacing p(u; w) in

the definition of y () that appears in the right-hand side of (4.20) defining ;(J )
By Lemma 2,

dc<n<ac

Py max ng(Sy/m)(x,eas) > c} <4, c1?e™

where §,, — 0 as n — 0. Theorem 6 then follows by letting n — 0. [
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PROOF OF THEOREM 7. By (2.11), there exists « > 1 such that E, k" < oo.
Hence by Proposition 15.1.2 and Theorem 15.1.5 of Meyn and Tweedie (1993),
there exist A > 0, 0 < p < 1, a full set F and a measurable function V : X —
[0, 0o) such that [V (x)dm(x) < oo and
(5.7 1P (x,) —w()]| < Ap"V(x) forallx € Fandn > 1,
where ||w|| denotes the total variation norm of a signed measure w.

Let h > 2A > 0 and b(n) = r(logn + %log logn). Partition the interval [0, n]
into subintervals with alternating lengths (2 — A +0(1))b(n) and (A +o(1))b(n),
so that there are K ~ n/(hb(n)) “long” subintervals labelled as Ji, ..., Jx and

K “short” subintervals labelled as I, ..., Igx. Let ¢ = b(n) + o(1) so that n =
[ec/’(c/r)_q/z]. Letn>0,A,={x:V(x) <n},and

Cr={G —Dg(S;i/(j — i))l{(xi,xj)eA%} <b(n)+t
foralli < jandi, j € Ji}, k=1,....K.

Making use of (5.7), it will be shown that if Arlog(1/p) > 1, then
K
(5.8) Pr(CiN---NCg) =[] P(C)| >0  asn— oc.
k=1
Moreover, by arguments similar to the proof of Theorem 6 in which g is replaced
by & — A, it can be shown that as n — oo,

K
59 ] Pe(Co— exp{~[(1 = a/meR , —h7'eR /rle/m),
k=1
inwhichg(e) W asn— oofort=1,2, and th
o,8,n w5 asn—ootorf=1,2, and that
1Sk2K P”{i,jgg,)fq(j = 08(8i/G = DM (x;.x;)243) > () +t}
(5.10)
< (B1 + o(1)he(n)c' WP H A0/,
[ hax P {(j —)g(S}i/(j —i)) >b(n)+1forsomei € Jy Uy, j¢& Ji}
<k<
5.11)

< (By + 0(1)) Ac 4/ D+ g=(cx/r

uniformly in ¢ € R, where B and B; are constants and €(n) — 0 as n — oo. Re-
calling that K ~ n/(hb(n)) and (c¢/r)4/>ce™¢/" ~ n~'b(n), the desired conclusion
for M, follows from (5.8)—(5.11) by taking &, h/A and n arbitrarily large.

To prove (5.8), first note that

Pr(Cr) = Pr(CelCiN - NCr) P (Cr N ---N Cr—y)
(5.12)
+ Py (Cl(C1 N -+ Cre 1)) P ((Cr N -+ N Cr—1)).



422 H.P. CHAN AND T. L. LAI

Since there is a distance of at least (A +o0(1))b(n) between J; and the subintervals
Ji, ..., Jr—1, it follows from (5.7) and SUPyca, V(x) < n that

| P2 (Ckl(C1 N -+ N Crm1)€) — Pr(Cr)| < ApptAtoibim,
Combining this with (5.12) yields
| Pz (Ck|C1 N == N Cr—1) — Pr(Ci)|Pr(C1N---N Cr—1)
< AppB+eWPWp ((cyn---NCrp)).

Therefore | Pz (Ci N -+ N Cx) — Pr(Ci) P (Ci N -+ N Cr—y)| < AnpAtonbe
for 1 <k < K. This implies by an induction argument that

|Pr(C1N---NCk) — Pr(C1)--- P (Ci)| < AK np AT0bM — (1)

if 1+rAlogp <O.

Given ¢ > 0 and r > 0, define n(t,c) = [tec/’(c/r)_Wz/;‘a({’lg]. Note that
PelT. < n(t,¢)} = Pr{Muq.o) > ¢} and that ¢ = b(n(1, ¢)) — rlog(t/¢L) +
0(1). Since Py {Mo(r.c) > ¢} = Prl{Mu(r.e) > b(n(t, ¢)) — rlog(t /¢4 +o(1)) —

1 — exp(—t), it then follows that P, {T. < tec/r(c/r)_Q/z/gof}g} —1—e" as
c—o0. O

6. Proof of Theorem 2. As we consider in Theorem 2 Markovian rather than
independent increments of §,,, we cannot express the characteristic function of S,
as a product of n characteristic functions. We introduce instead an additional
variable v in Lemma 4 to capture the relationship between n and the regeneration
times t,,. This leads to an identity (6.5) from which the characteristic function (6.6)
of S, is derived by Fourier inversion in v. We shall assume the minorization
condition (2.9) in the proof of Theorem 2, as the proof under (2.10) is similar.
The tilted kernel Qg defined by (2.5) then satisfies a similar minorization
condition,

(6.1) Qp(x, A x B) > hg(x, B)vg(A),

where hg(x, B) = [/, ee/s_’“/’(e)h(x, ds)]/r(x;0) and vy(dy) = r(y; 0)v(dy).
We preface the proof of Theorem 2 by the following two lemmas, the first of which
is the same as Lemma 3.3 of Ney and Nummelin (1987) but with (6.1) in place of
the original minorization condition (2.9).

LEMMA 3. Let 0 =0, and E ©) denote expectation under the kernel Qg
in (2.5). Then

62 w=EPS/EDTr. VO, =EP{S:—tw) (S —tw)}/ED .

0
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LEMMA 4. Let a(t,v) = EY) it Setiv , b(t,v) = (9) el'SHVT (1 p) =
QST o Sitivng(X,)] and d(e,v) = EPTYI) ”S"+'”"g<xn)], where
gisa bounded measurable function on X. Then:

. 0), iy .

(@) d(r.v) =302 E (e 8 X ly<eye™” |

(i) a(, v)b" (1, v)e(t,v) = Y02 EX (e 51 (Xa) Ifr, ) <n <t a))e™  for
m=>0,

where 11 = T and 1, is the first (regeneration) time after t,,— to reach the atom
of the split chain.

PROOF. (i) follows immediately from the definition of d (¢, v). We next show
that

o0
(6.3) a(t,v)b™(t,v) = ED (5] o emy)e form > 0.
X { m+1 }
n=0

The case m = 0 follows from the definition of a(#, v). Noting that

0
Y ED (" s, =n)e b (2, v)
n=0

_ Z E(G) it S"I — n} znv Z E(G) it' Sk I{r:k})eikv

o0

=3 > ED (S g, =) EY (¢ i)

£=0 n+k=¢
> /

— ilv (0)( it'Se

- Z e Ex (e I{Tm+2:e})’
=0

we obtain (6.3) by induction. Part (ii) follows from (6.3) since

a(t,v)b™(t,v)c(t, v)

_ Z E(Q) it Snl ‘[m+1 n mv Z E(Q) it Skg(Xk)I{k<‘[})elkU

o0
=Y e Y EO(" S g, ) EQ (" g (X <ry). O
£=0 n+k=¢

PROOF OF THEOREM 2. Let g:X — [0,00) be a bounded measurable
function and define

O it it's
64)  gupt) = EOV el S1g(X,) = / ¢ ¢(3) Qg o1 Xn €dy, Sy €ds).
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By Lemma 4 with 6 =6,

o0 o0
d(t,v)+ Y alt, v)b" (¢, v)e(t, v) = Y EP [ g(X,)]e™
m=0 n=0

(6.5)
= Z Qn,u(t)eim}-

n=0

Since ffn e~V dy = 0 unless £ = 0, it follows from (6.5) that

1 T .
C]n,u(l‘)zg/_ﬂe " d(t, v)dv
(6.6)

+ Z g/ e "a(t,v)b"(t,v)c(t, v)dv.
m=0

-7

Let Z, be a random vector independent of {(X,, Sy):n > 0} and having
probability density function @ ~¢K (z/2a) with respect to Lebesgue measure,
where

K(z) = 2m) %((sinz1)?/z3, ..., (sinzg)?/z3)  forz=(z1,...,za).
The characteristic function of Z,, is k(«t), where k(1) = ]_[‘;:1 (I—Ju ) iaf flull <1
and k(1) = 0 otherwise; see Stone (1965). By the Fourier inversion formula,

[ 809Q0,.c1X € v, 8,4 iZo € Kl + Vs, 0]

6.7) .,

d —iwtj
w —is't 1—e J i At ( ¢ )
= ) e k(ot - 1, dt
<27T> /Hatllsl ( ){]l;[l it } In.p Jn

[cf. Stone (1965), page 548]. Let ¢, denote the d-variate normal density function
with mean 0 and covariance matrix V () and let 65“ ®H=/ elir's ¢u(s)ds. We shall
show that

6.8) e Vg, (t/m) = (1+0(1)u(r) / g(y)dmg, (y) +o(n™)

uniformly in ||7]| <n'/1 and € C, and that for any § > 0,

(6.9) sup |Gn. (D] = 0(n™%).

n=23<|t|<8~1, ueC

Since |1 — e™™| < min(|u|,2) and (1 — e™™*)/(iu) — 1 as u — 0 and since
du(s) = Qn)~4 f“t”Snl/lO e_"s/’au(t) dt + o(1) uniformly in s and in p € C, it
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follows from (6.7)—(6.9) that as n — 00, w — 0 and & — 0 such that o > §n~1/2,

[ 900,.41X €dy. 51+ ViZa € Ko+ Vs, o)
(6.10)

=wd{¢u<s> [, +o(1>}

uniformly in s and in u € C. Making use of (6.10) and an argument similar to the
proof of Lemma 2 of Stone (1965), it can be shown that for any 6 > 0 and n > 0,
there exist ng and wq such that for all n > ng, sn=1/2 < w < wy, neCands e RY,

6.6 [ g, ) -}
©.11) < [ 80)Qu, 1 Xs € dy. Sy € K+ s, o)

swd{ms)/g(y)dm(y) +n}.

Let ny = 1/k = ;. Then there exist n; and wy such that (6.11) is satisfied for all
n>ng, n P <w<wpands € R?. Without loss of generality, we can assume
that ny is nondecreasing and wy /ny > 8. For ny <n < njyy, set &, = &. It then
follows from (6.11) with s = 0 that as n — oo and € — 0 such that ¢ > ¢,,,

[ 80000, {X0 €. S, € K, )
(6.12)

_ (e/ﬁ)dm(m{ [ srdm, 0+ o<1>}

uniformly for u € C. The desired conclusion then follows from (2.5) and (6.12)
with g(y) = r(x; 0,) Iiyeay/r(y; Op).
It remains to prove (6.8) and (6.9). To simplify the notation, we shall write Qp, x

simply as Q, and use EXQ to denote expectation under Q,, E to denote E,SZ)

with 6 =6, and Q to denote the corresponding probability measure. Let ky =
[(n — n2/3)/E1'], ky =[(n + n2/3)/E1'], where [-] denotes the greatest integer
function. Because W is an open set by (2.11), it follows from (2.12) that for every
r > 1, there exists a constant B, for which E XQT’ and Et" are bounded by B,. In
view of the compactness of C, the bound B, can be chosen independent of i € C.
Noting that 7,, — 71 is a sum of (m — 1) i.i.d. random variables with finite rth
moment Et”, we can then apply Markov’s inequality to show that

0. {t1 = Vn}=o(n™9),
(6.13) 0.t =n}=o0(n™?),

Orlt, <n}=om™)
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uniformly in p € C. Since [7_e " d(t,v)dv = 27TExQ(ei’/5"+i””g(Xn)I{n<fl})
by Lemma 4(i), it follows from (6.6) and (6.13) that uniformly for u € C,

6.14) g = Y. 271/ ~IMa (e, v)b™ (1, v)e(t, v) dv + o(n”Y).

ki <m=<k,

We shall assume « = 1. If « > 1, we can use similar arguments for n = km + r
with 0 <r <« — 1 fixed and m — oo. Note that [b(t, v)| < X2 1|E(e” "Sult = n)|
O(t =n) < |E(e"! 'S [t =1)|Q(r =1)+ Q(tr > 1), and that for the split chain
under Q, Q(t =1) = [ hg(x, R%) dvg(x) > 0. Since

E(Sr=1)= {// o hg (x, ds)dve(x)}///hg(x ds) dv(x)
= [ v,

where Vy(ds) = el's dv(s)/ Jrd e¥'s dv(s) has the same support as ¥ and is
therefore nonlattice, it then follows that |b(z, v)| < 1 if ¢ # 0. Therefore, for every
0<38 <1, max{|b@,v)|:8<|t]| <8~ ', |v|<7m) <.

Using the change of variables m = (n+z4/n)/Et and w = v4/n in (6.14) yields
the representation g, , (t/+/n) =1+ 11+ o(n~%), where

= 2, 2n1ﬁ e (G R)

|z|<n'/®

Hzl s Zﬂf I ~/— 7)1{”(%, %>
(2o

1710 and |w| < n'/10. Then as n — oo,

First consider the case ||[f|| <n

a(t//n,w//n) — 1,
(6.15)

T—1
c(t/N/n,w//n) — E[Zg(Xn)} = Ef/g(y) dmg, (y),
n=0

where the last equality follows from Pitman’s (1975) identity. By Lemma 3,
ES;/Et = u. Using a Taylor expansion of E exp{i[(t'//n)(S; — ES;) +
(w/4/n)(t — E7)]} and writing m = (n + z4/n)/Et with |z] < n'/®, we obtain
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that

m
bm< ) ~ el Wt Fiw( /it by ZL Var(t'S; +wrt) + 0(1)}
n n

(6.16)

"Tn

&

Var(t'S; + wt) }

“eXP{il/M(ﬁ+z)+iw(ﬁ+Z)_ i

Let C; = (Cov(S;.1, ), ..., Cov(S;.4, 7))". By (6.15) and (6.16),

- ﬁ[ET / g(y)dmy, (y)]eiﬁf’ﬂ—f’@ovSr>t/2Er

6.17)

)

<,1/10
el <nl/® wl=n

{'Crw w2 Var(t) } 4
Et 2ET

exp{iwz -
The integral over w in the RHS of (6.17) is asymptotically equivalent to
[ { (izET —1'Cy)? ” 00 izEt  1'C; \*Var(r)
expy ——— / expy—|w — + dw
2Var(t)Et —0 Var(t) Var(r) 2ET

2nEt {(izEt — ﬂcr)z}
expy —————
Var(7t) 2(E 1) Var(t)

and therefore the sum in the RHS of (6.17) is asymptotically equivalent (with
Az=Et//n)to

(zE‘r+ltC )? iy
V(Er)Var(r)/ " (E7) Var(t) +”“Z}d2

2 /n {t/MC;t t’,u//tVar(t)}
= X - )
Et P Et 2ET

in which the integral can be evaluated by completing the square. Substituting this
into (6.17) yields

6.18) L= (1 + o(1))el” 1=V (wi/2 / () drg, (¥)

1/10

uniformly in ||7]| <n and p € C, noting that by Lemma 3,

Cov(S; —ut) Cov(Sy) 2uCl , Var(t)
= - + pup .

\% = —
() Et Et Et Et
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For sufficiently small 7] and v, use of Taylor’s expansion of b(¢, v) as in (6.16)
shows that |b(r, v)| < 1 — B(||t]|> + v?) for some 8 > O. Combining this with
maXs /<51, v| < |b(r, v)| < 1 as established before then shows II = o(n %) and
also (6.9). Therefore, from (6.18) and the decomposition g, ,(t/ Jn) =1+1+

o(n=%), it follows that g, ,(t//n) = (1 + 0(1))eiﬁ“/taﬂ(t)fg(y) dmg, (y) +
o(n~%) uniformly in ||#]| <»'/1% and u € C, proving (6.8). O
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