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CONTINUOUS-TIME CONTROLLED MARKOV CHAINS!

BY XIANPING GUO2 AND ONESIMO HERNANDEZ-LERMA
Zhongshan University and CINVESTAV-IPN

This paper concerns studies on continuous-time controlled Markov
chains, that is, continuous-time Markov decision processes with a denumer-
able state space, with respect to the discounted cost criterion. The cost and
transition rates are allowed to be unbounded and the action set is a Borel
space. We first study control problems in the class of deterministic station-
ary policies and give very weak conditions under which the existence of
e-optimal (¢ > 0) policies is proved using the construction of a minimum
Q-process. Then we further consider control problems in the class of ran-
domized Markov policies for (1) regular and (2) nonregular Q-processes. To
study case (1), first we present a new necessary and sufficient condition for a
nonhomogeneous Q-process to be regular. This regularity condition, together
with the extended generator of a nonhomogeneous Markov process, is used
to prove the existence of e-optimal stationary policies. Our results for case (1)
are illustrated by a Schlogl model with a controlled diffusion. For case (2),
we obtain a similar result using Kolmogorov’s forward equation for the min-
imum Q-process and we also present an example in which our assumptions
are satisfied, but those used in the previous literature fail to hold.

1. Introduction. In this paper we study continuous-time Markov decision
processes (CTMDPs), also known as continuous-time controlled Markov chains,
with a discounted cost criterion. A key feature of our control model is that the
cost and the transition rates can both be unbounded, and that the action (or
control) set is a Borel space. Moreover, in contrast to continuous-time jump
Markov decision processes (see Remark 3.1), which can be reduced to discrete-
time problems, our processes can be continuously controlled, and usual policies
such as switching controls are included in our consideration. We first study control
problems in the class of deterministic stationary policies and give very weak
conditions for the existence of e-optimal (¢ > 0) stationary policies. Then we
consider control problems in the class of randomized Markov policies for two
classes of CTMDPs: regular (or nonexplosive) and nonregular. For each of these
classes we give conditions for the existence of (deterministic) stationary policies
which are e-optimal in the set of all randomized Markov policies. We also present
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a new necessary and sufficient condition for a nonhomogeneous Q-process to be
regular.

Continuously controlled Markov processes have been studied by many authors
[2, 7, 10-12, 14, 17, 18, 22, 27, 30]; for the jump case, see, for instance, [3, 8,
13, 15, 19-21, 23, 25, 26, 28, 29]. However, except for [11, 12, 14], all assume
that either the cost or the transition rates are bounded and that the action sets
are denumerable, or even finite, as in [7, 18, 22, 27]. Further, in [3, 7, 8, 10-15,
17-23, 25-30] conditions are given for the Q-processes [i.e., a nonhomogeneous
transition function associated to given transition rate matrices Q(¢), ¢ > 0] to be
regular (i.e., unique and honest), whereas in [2] the treatment is restricted to the
class of deterministic stationary policies. On the other hand, the common approach
in [7, 10-12, 17, 18, 22, 27] to prove the existence of optimal policies is via
Kolmogorov’s forward equation, which requires assumptions on the interchange
of certain integrals and summations. In this paper we use weaker assumptions
to prove the existence of optimal policies using the extended generator approach
instead of Kolmogorov’s forward equation.

As was already mentioned, we first study control problems in the class of
deterministic stationary policies and give very weak conditions under which the
existence of e-optimal (¢ > 0) policies is proved using the construction of a
minimum Q-process (Theorem 3.2). Then we further consider control problems in
the class of randomized Markov policies for two classes of CTMDPs: (1) regular,
and (2) nonregular. In case (1), we first give a necessary and sufficient condition for
a nonhomogeneous Q-process to be regular (see Proposition 2.1). This condition is
different from those in [1, 6, 9-12, 17, 16]. Then, based on this regularity condition
and using the extended generator of a nonhomogeneous Markov process, we prove
the existence of e-optimal stationary policies (Theorem 3.3). This result, which
includes all of the main results in [7, 10-12, 17, 18, 22, 27], is illustrated by
considering the Schlogl model [5, 24] with a controlled diffusion (Example 4.1).
Next we consider the nonregular case (2). In this case, to prove the existence
of e-optimal stationary policies we use Kolmogorov’s forward equation for a
nonhomogeneous minimum Q-process (Theorems 3.4 and 3.5). These results are
illustrated with an example (Example 4.2) in which all of our assumptions are
satisfied, but a Q-process is not unique, and the control set is a nondenumerable
Borel space. Therefore, whereas a Q-process is unique in [3, 7, 8, 10-15, 17-23,
25-30] and the action sets in [17] are finite, the conditions used in the previous
literature fail to hold in our example.

The rest of this paper is organized as follows. In Section 2 we introduce the
control model and the optimal control problem with which we are concerned, as
well as a regularity criterion (Proposition 2.1) for a nonhomogeneous Q-process.
Our main results on the existence of e-optimal (¢ > 0) stationary policies are all
stated in Section 3; see Theorems 3.1-3.5. Whereas these results require lengthy
preliminaries, their proofs are postponed to Sections 5-8. In Section 4 we present
the two examples briefly mentioned in the previous paragraph.
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2. The optimal control problem. The optimal control model we are con-
cerned with is of the form (S, A, {A(i),i € S}, ¢, Q) the elements of which have
the following properties.

PROPERTY M. The state space S is a denumerable set.

PROPERTY M;. The action space A is a Borel space, endowed with the Borel
o-algebra B(A), and for each state i € S, A(i) € B(A) stands for the set of
feasible actions in i. Let

K:={(,a)|i€S, aecA@)}.

PROPERTY M3. The real-valued function ¢ : K — R denotes the cost rate. For
eachi € §, ¢(i, a) is assumed to be measurable in a € A(i).

PROPERTY My. QO = [gq(jli,a)] is a Q-matrix with g(jli,a) > 0 for all
(i,a) € K and i # j, which is supposed to be conservative, that is,

Y q(jli,a)=0 V(i) €Kk,
jes

and stable, that is,

m(i) = sup gi(a) <oo Vies,
acA(i)
where g;(a) := —q(ili,a) = }_ ;4 q(jli,a) forall (i, a) in K. In addition, g (i, -)
is measurable in a € A(i) for each fixed i, j € S.

To introduce the optimal control problem we are interested in, we first introduce
the class of admissible policies.

DEFINITION 2.1. Let F be the family of functions f:§ — A such that
f(@) € A(@@) for all i € S and let ® be the family of functions m;(B]|i) from
S x B(A) x [0, 00) to [0, 1] such that:

1. for each i € S and ¢t > 0, m,(-|i) is a probability measure on B(A) with
T (A@)) =1;

2. foreachi € S and B € B(A), t — m;(B|i) is a Lebesgue measurable function
on [0, 00).

Then a family m = {m;,t > 0} in ® is called a randomized Markov policy. If in
addition there is a function f € F such that m;(-|i) is concentrated at f (i) for
all i € § and ¢ > 0, then 7 is said to be a (deterministic) stationary policy or a
switching control because it prescribes a control only at times when the system
changes its state. In the latter case 7 will be identified with f, and so F will be



366 X. GUO AND O. HERNANDEZ-LERMA

regarded as the family of stationary policies. The class of randomized Markov
policies is denoted by IT,,.

For each policy m = (74, t > 0) € I1,,,, the associated transition and cost rates
are defined, respectively, as

2.1) qij(t,m) :=/ q(jli,a)m(dali) fori,jeS, t>0,
A

2.2) c(t,i,m) :=/ c(i,a)m(dali) forieS, t>0.
A

In particular, when w = f € F, we write g;; (¢, w) and c(¢, 1, w) as g(j|i, f(i)) and
c(i, f(i)), respectively.

Let Q(t, ) :=[gq;;j(¢t, )] be a transition rate matrix. Any transition function
P(m):={p(s,i,t, j,m)}, possibly substochastic, with transition rates g;; (¢, ) is
called a Q-process. To guarantee the existence of such processes we will restrict
ourselves to control policies in the class IT defined as

I1:= {7 €I, : g;j (¢, ) is continuous in 7 for each fixed i, j € S}.

Observe that IT contains F and, on the other hand, by Property My, Q(¢, ) is
conservative and stable. Hence, for each 7 € I, the existence of a Q-process is
indeed guaranteed, but, as is well known [1, 6, 9, 16], it is not necessarily unique.
We shall denote by Q(r) the set of all possible Q-processes associated to w € I1
and denote by

PMs, 1, ) i= (p™(s, i 1, jom), i, j€S)  fort>s>0

the minimum Q-process in Q(w), where p™P(s,i,t, j,w) is the transition
probability from state i at time s to state j at time ¢ and satisfies that for
alli,jeSandr>s >0, p™(s,i,t, j,m) < p(s,i,t, j, ) for any Q-process
{p(s,i,t, j,m)}. For future reference it is convenient to recall that the minimum
process can be constructed as follows [1, 6,9, 16]. Fort > s >0,n >0 and u > 0,
let

(2.3) D(u, ) := diag(q;(u, ),i € S) with g; (u, ) := —q;i (u, ),
2.4) Po(s,t, ) :=A(s,t,m) = diag(exp(— /Zqi(u, n)du),i € S),
(2.5) Puii(s,t,m) = /t A(s,u,)(Qu, )+ D(u,n))P,(u,t,7)du.
Then

oo
(2.6) P05 t, 1) =Y Py(s.t,m).
n=0
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In the remainder of the paper, a real-valued function on S is regarded as a
column vector, and operations on matrices and vectors are all componentwise.
Moreover, [ is the identity matrix, and 1 and 0 are the vectors with all of its
components 1 and 0, respectively.

As mentioned in the Introduction, there are many sufficient conditions for a
Q-process to be regular, that is, P™"(s, ¢, 7)1 = 1 for each r > s > 0. Here we
obtain the following general results.

PROPOSITION 2.1.  For any policy w € I1:

(@) P™n(s,t, ) = [! PMN(s,v,m)Q(, m)dv+1Vt>5>0;
(b) the corresponding Q-process is regular if and only if

(2.7) [/t Pmin(s,v,n)Q(v,n)dv]1:0 Vi>s>0;

(©) lff: P™in(s v, m)g (v, m)dv < 0o forallt > s >0, then (2.7) holds, where
q (v, ) is the vector with components q(v, t)(i) :=q; (v, ) foralli € S.

PROOF. See Section 8. [

Note that Proposition 2.1 gives conditions for a nonhomogeneous Q-process to
be regular. These conditions are different from those in [1, 6, 9-12, 17, 16].

Now we define the discounted cost criterion V,,, where o > 0 is a given discount
factor.

Foreachw €I1,5s >0,i € §, and each P(w) :={p(s,i,t, j,m)} in Q(x), let

o0
@8 ValP@)si)i= [ e DY ps, it jomet, ot
§ jes

Then, for a given family [MCTII,ieS ands > 0, the minimum value function is
defined as
V.7@s,i):= inf V(P /).
(s, 1) o, w(P(m),s,1)
mell
[Obse_rve that in this definition it does not suffice to take the infimum over all
7 € TI because the discounted costs Vy(Pl(7), -, -) and V,(P%(x), -, -) may
differ for two different Q-processes PY() and P2(r) associated to the same
policy 7.]

DEFINITION 2.2. For each ¢ > 0, a policy 7* € I is called e-optimal in IT if
there exists a Q-process P (n*) € Q(rr*) such that Vo (P (*),s,i) <V, 7(s,i)+¢
forall i € S and s > 0. A 0-optimal policy in IT is said to be optimal in IT.
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Foreachw € Il,i € Sand s > 0, let

(2.9) Vo (7, 5,1) = Vo (P™ (), 5, 0),
(2.10) V(s i):= flIelg Vo (f,s,1),
2.11) VE@) == V0, 1).

For a stationary policy f € F, the associated minimum Q-process is homogeneous
[see (2.3)—(2.6)] and so we have V,,(f,i) := Vo (f,0,i) = V4(f,s,i) forall s >0
and i € S. Therefore, by (2.9)-(2.11),

(2.12) V7(0,i) =V (s,i) > Vin(s, i) Vie Sands > 0.

In Theorems 3.3-3.5, we show that in fact the equality holds in (2.12). To do so,
we will use several combinations of the following conditions.

ASSUMPTION 1.  For each w € 11, (2.7) holds.
ASSUMPTION A. c(i,a) is nonnegative for eachi € S and a € A(i).

REMARK 2.1. (a) Obviously, under Assumption A, by (2.9) and the definition
of the minimum Q-processes we have inf, ey V, (T, 5,i) < Vi (P (), s, i) for all
ieS, s>0, P(mr) € Q(@r) and w e I1. Hence, from now on we can restrict
ourselves to the class of the minimum Q-processes { P™"(s, r, ), w € IT}.

(b) If the Q-process associated to a given policy is regular, then, without loss of
generality, in (2.8) we may replace the cost rate ¢ with ¢ + k for any constant k.
Therefore, under Assumption I, the condition “c > 0” in Assumption A can be
weakened to “c is bounded below.”

ASSUMPTION B. There exists f € F such that, for all m € 11, i € S and
t>s5>0:

(i) > pminGs,ist, j.m)Va(f, j) < 003
jes
.. . —at min . . N
(ii) [lim e gp (s,is1, j,m)WVa ([, ) =0.
J

REMARK 2.2. (a) Assumption B implies that for all # € 1, i € § and
t>s5>0,

Y pMs, it j,m)VE(j) <00
jeS

and

lim ™ 37 p™(s i1, jo 1) Ve (j) =0,
JjeS
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(b) By Remark 2.1(a) and Definition 2.2, if V,,(f, i) = oo, then such a policy
f is not optimal. Thus, without loss of generality, from now on we will further
assume that V, (f,i) < oo foreach f € Fandi € S.

(c) It is trivially verified that each of the sets of hypotheses in [7, 10-12, 18,
22, 27] ensures that our Assumptions A, B and I hold. Moreover, we do not require
the assumptions on the interchange of integrals and summations used in [7, 10-12,
18, 22, 27, 30]. Finally, observe that Assumption B holds if either c is bounded or
the hypotheses in Lemma 4.1 are satisfied.

ASSUMPTION C. Foreachi, je€ S, (i) A(i) is compact and (ii) the functions
c(i,a),q(jli,a) and Zjesq(jli, a)Vy (f, j) are continuous in a € A(i) for some
feF.

REMARK 2.3. (a) By Lemmas A.2 and A.3 in [4], Assumption C implies that
foreachi € S, Zjesq(jli, a)Vy(j) is continuous in a € A(i).

(b) Assumption C is similar to the compactness—continuity conditions used for
discrete-time Markov decision processes; see [3, 15, 17, 23, 25].

3. Existence of optimal policies. In this section we only state our main
results; the proofs are presented in later sections (as indicated below). The first
of these results gives two equivalent forms, (3.1) and (3.2), of the so-called
(a-discounted cost) optimality equation.

THEOREM 3.1. The two optimality equations

(3.1)  au(i) = ig{,)ic(i,a)+Zq(j|i,a)u(j)}, i €S8,

jes

32 /) = inf
G2 ui= nf,

c(i,a) 1
+ q(jli,a)u(j) ¢, i €S,
{oz-i—qz'(a) a+61i(a)]§
are equivalent, in the sense that if a real-valued function u on S satisfies one of
them, then it satisfies the other.

PROOF. See Section5. [J
REMARK 3.1. The optimality equation (3.2) for our control model is different
from that for jump Markov decision processes (see, e.g., [3, 23]) because of the

denominator « + g;(a).

THEOREM 3.2. (a) Suppose that inf,cayc(i,a) =:c(i) > 0 for all i € S.
Then:
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(a1) V satisfies the optimality equation (3.1) and
(ap) for each ¢ > O there exists a stationary policy which is e-optimal in F .

(b) If Assumptions A and C hold, then there exists a stationary policy which is
optimal in F.

PROOF. See Section5. O

REMARK 3.2. (a) Theorem 3.2 gives, in particular, conditions for the
existence of stationary policies optimal in F C II. Examples for which all
hypotheses in Theorem 3.2 are satisfied are easily given.

(b) If, in addition, Assumption I holds, then the conditions “c(i) > 0 for all
i € §” in Theorem 3.2(a) can be weakened to “c(i, @) is bounded below;” see
Remark 2.1(b).

The following result gives conditions for optimality in all of IT and for the
equality in (2.12).

THEOREM 3.3. Suppose that Assumptions 1, A and B hold.
(a) Iijesq(jli, a)Vy(j) is bounded in a € A(i) for eachi € S, then:

(@) Vy@)=Vy(s,i)=Vin(s,i) foralli € S and s >0, and
(ap) foreach e > 0, there exists a stationary policy which is e-optimal in T1.

(b) If in addition Assumption C holds, then so does (a1) and, moreover, there
exists a stationary policy which is optimal in T1.

PROOF. See Section 6. [

REMARK 3.3. Theorem 3.3 is similar to the one obtained for discrete-time
Markov decision processes (see, e.g., Theorem 7.3.6 in Puterman [23]). However,
we need here the additional Assumption B because without it we can only obtain
Vi >TV}; [with T asin (5.13)] instead of Vi1 > T V,n1. The latter inequality is
obvious in the discrete-time case.

The proof (in Section 6) of Theorem 3.3 uses the extended generator of
a nonhomogeneous continuous-time Markov process. However, in the following
results we will eliminate Assumption I, so that the Q-processes may be nonregular
(i.e., we might have P™"(s,¢,7)1 # 1; see, e.g., [1, 6]), and the extended
generator approach is no longer applicable. Hence, we now replace Assumption I
with the following.

ASSUMPTION I'.  There exists a policy g € F such that foralli € S,t > s >0
and € I1,
t

(3.3) > Pk gk (L )| Vi (8, ) du < o0,
5 kes jes
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REMARK 3.4. (a) Each of the sets of hypotheses in [7, 10-12, 17, 18, 22, 27]
implies Assumption I'.

(b) Examples are given in [11, 12] for which Assumption I’ holds, and in which
the transition and cost rates are both unbounded.

THEOREM 3.4. If Assumptions 1, A, B and C hold, then:

(a) VJ satisfies the optimality equation (3.1),
(b) Vi) =Vin(s,i)foralls>0andi € S and
(¢c) there exists a stationary policy which is optimal in T1.

PROOF. See Section 7. [J
Without Assumption C, Theorem 3.4 becomes as follows.

THEOREM 3.5. If Assumptions I', A and B hold, and c(i) = inf,c (i) c(i, a)
>0 foralli €S, then:

(a) V satisfies the optimality equation (3.1),
(b) V;(@i) = Vin(s,i)foralls >0andi € S and
(c) for each ¢ > 0, there exists an stationary policy which is e-optimal in I1.

PROOF. See Section7. [

4. Examples. In this section we give two examples to illustrate our results
presented in Section 3.

EXAMPLE 4.1 (A controlled Schlogl model). The Schlégl model [5, 24] is a
model of a chemical reaction with diffusion in a container, and it is a typical model
of nonequilibrium systems. Here we are interested in the following optimal control
problem.

The container is supposed to consist of a finite number of small vessels
numbered 1,2,...,|E|. Let E :={1,2,...,|E|}. The states of the system are
vectors i = (i(u),u € E), where i(u) > 0 is the number of particles in vessel u.
Thus, the state space is S := Zf | In each vessel u € E, there is a reaction
described by a birth—death process, whose birth and death rates are given,
respectively, by the first two lines in (4.2), where the A’s are given positive
constants, and e, € § is the unit vector with components J,, the Kronecker delta,
for k=1, ..., |E|. On the other hand, between any two vessels, say # and v, there
is a diffusion with rate p(u, v). Here we interpret the transition probability matrix
a:=[p(u,v):u,v e E] as the control parameter, which takes value in the action
space A(i) = A for all i € §, that is, A consists of all the transition matrices
a =[p(u,v) :u,v € E]. Moreover, when using the diffusion rate p(u,v), the
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decision maker incurs a cost ¢(u, v) > 0, so that the total cost when the state is
i € S and the control action is a € A turns out to be
c(i,a):= Y i()pu,v)é(u,v).
u,vek
To summarize, let
M\ (n — k)11 ifn>

@ b(n. k) = {n.[k.(n o, 1fn_lf,

0, otherwise,

be the binomial coefficient. Then our Schlogl model with a controlled diffusion
can be expressed as (S, A, ¢, @), with S, A and c as in the previous paragraph, and
Q-matrix [¢g(j|i, a)] defined as follows: for j #i and a = [p(u, v)] in A,

Mb(i(u),2) + As, if j=i+e,,

@2 qUlia = | P2b03) FhaiG, ity =i e,
i(w)p(u,v), if j=i—e,+ ey,
0, otherwise,

and gi(a) == —q(ili,a) =3 ;4 q(jli, a).
To prove the existence of an optimal policy 7* we will use the following result
from [12].

LEMMA 4.1 ([12], Lemma 2). Consider the general control model in
Section 2 and suppose that there exist nonnegative functions wi, wa, ..., wy on S
such that for each i € S and a € A(i), W(@i@) := w1(@) +--- + wy(@) = 1 and,
moreover,

(4.3) Y qUli.@w,(j) Swus1G)  forn=1,....N -1,
jeS

(4.4) > q(li,a)wy(j) <0.
jes

Then, foranyw € I1,0<s <t <ooandi € S,

N
. 1
4.5 PMNG t )W < t —s)k=Dw,
(4.5) (s, 1,7) _I;(k_l)!< 5)
[eo) . N
(4.6) [ ey War < (Zw") w.
5 k=1

REMARK 4.1. Lemma 4.1 may be used to verify Assumption B and the
finiteness of Vy(f, ) if |c(i,a)|C < W(i) for all i € S and a € A(i) and some
constant C.
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PROPOSITION 4.1. For the Schlogl model with a controlled diffusion, As-
sumptions 1, A, B and C hold. Therefore (by Theorem 3.3), there exists a stationary
policy optimal in T1.

PROOF. To verify Assumption I we will use Lemma 4.1 with N =2, w (i) :=
Y ueE i(u)3, and wy(-) = a constant K specified below. Thus, note that for all i € §
anda € A,

> qili,ywi ()

jes

< Y b (i), 2) + Aa][3i )* 4 3i(u) + 1]

uekE
+ Y [rab(i(w), 3) +A3][—3i(w)* +3i (u) — 11 +41E| Y (i()* +i(u)?)
uekE uekE
=: Y [=322i ()’ + B1(w)i w)* + - + Ba(w)i(u) + Bs(u)],
uekE

where i(u) > 3 for each u € E and the S (u) are fixed constants independent of
a and i. Since the set {i € S:i(u) <2 for some u € E} is finite because of the
finiteness of the set E and ZMGE[—Skzi(u)S + Br(w)i () + - + Ba(u)i(u) +
Bs(m)] < 0 when i(u) is sufficiently large, straightforward calculations yield a
constant K > 0 such that

Y qGli,wi(j)<K  VieSandaeA.
jeS
Let wy, = K. As the Q-matrix is conservative, Zjesq(jli, a)wy(j) = 0 for all

ieSanda e A. Hence, by Lemma 4.1, forany r € [1,0<s <t <ooandi € §
we have

P™™ (s, 1, m)(wy + wa) < (1 + (1 — ) (wi +wy),
which together with (4.2) and (4.1) gives

. .
/ P™ (s, v, m)ymdv <50 +---+ k4)/ P™(s, v, m)(wy + wy) dv < 00,
) S

where m (i) is the function in Property My (see Section 2). Thus, Assumption I
follows from Proposition 2.1(c).

On the other hand, since E is finite, |c| := }_, ,ep C(u,v) is finite and
so is c(i,a) < |c|lwi(i). This inequality, together with Lemma 4.1, yields
Assumptions A and B. Finally, using again that E is finite, the action space A
is compact. Thus, Assumption C is obviously valid. [
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EXAMPLE 4.2. Consider a controlled pure-birth process with state space
S =1{0,1,...}, and action sets A(i) = A, a nonempty compact metric space. The
cost rate is given by c(i, a) := (1/2i+1)r(i,a), where r(i,a) is a nonnegative,
continuous and bounded function. For any i € § and a € A(i), let

q(i+1|i,a):=—q(i|i,a):=2ih(a) and g¢q(jli,a):=0 if j#£iori+1,

where A is a continuous function on A and i(a) > 0 foralla € A.
For Example 4.2 we can derive the following conclusions.

PROPOSITION 42. Forany m eIl and 0 <s <t < oo, if i > j, then
pP™(s,i,¢t, j,m)=0.

PROOF. For given m € I, 0 < s <t < oo and n > 0, let P,(s,t, ) :=
{pffj(s,t,n) :i,j € §} be as in (2.4) and (2.5). By the construction of

P™in(s i1, j, 1) [see (2.4)—(2.6)], it suffices to prove that
4.7 pffj(s, t,m)=0 Vn >0, wheni > j.

We will prove (4.7) by induction. From (2.4)—(2.6), it is obvious that (4.7) is valid
for n = 0. Suppose now that (4.7) holds for some n > 0. Fori > j, from (2.5) and
the induction hypothesis we get

t u
p{f]“(s,t,n)=/ ZGXp<—f qi(v,n)dv)qik(u)pi’,j(u,t,n)du
N k;ﬁl N

t u
=/ exp(—/ qi(v,n)dv>q,~,,~+1(u,n)pf’ﬂ,j(u,t,n)du=0,

which means that (4.7) holds for n + 1, and so is forall n > 0. [

PROPOSITION 4.3. Assumptions ', A, B and C hold and, therefore, Theo-
rem 3.4 is applicable to Example 4.2.

PROOF. Obviously, Assumptions A, B and C hold. To verify (3.3) first note
that taking ¢ € F and i € S, by (2.8), (2.9) and Proposition 4.2 we have

&) .
Vo(@,1) = Va(8,0,i) = /0 S emepmin, i 1, j. §)e(j. &) dr
jeS

et
) = e 01,8 g I
J=t

</°°Ze—“’—1 e =10 o
— Jo 2j+l1 o2t ’

j=i
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Now let ||| := max{h(a) : a € A}. Then, forany 7 € [1, 0 <s <t and i € S,
from (4.8) we have that

t .
Yo P i u, k) Y lguy (u, )| Ve (@, J) du
5 kesS jes

! : 2|~

5/ mem(s,i,u,k,n)ZkHWdu
K o

(4.9) kes

? . 41\ h|r
< mem(s,i,u,k,n)wdu
S kes o

All7 Nl I
<——(t—s5)<00
o
Hence Assumption I’ holds. [

PROPOSITION 4.4. For any f € F, a Q-process associated to Q(f) is not
unique.

PROOF. Note that Q(¢, f) = Q(f) is a pure-birth Q-matrix and that
> 1 ad 1
(4.10) < — < 00
; qi (f) ; 2'min{h(a) :a € A}
By (4.10) and Lemma 2.1.1 in [2] (or Theorem 12.8.1 in [16]) we obtain that a
Q-process corresponding to Q(f) is not unique and so it is not regular. [

REMARK 4.2. Propositions 4.3 and 4.4 show that for Example 4.2 our as-
sumptions are satisfied, whereas the conditions in [3, 7, 8, 10-15, 17-23, 25-30]
fail to hold because the hypotheses in these references except [17] guarantee the
regularity of a Q-process, whereas in [17] the feasible action sets are finite.

5. Proof of Theorems 3.1 and 3.2. The proof of Theorem 3.2 is based on the
following lemma.

LEMMA 5.1. If Assumption A holds, then for each f € F:
(a) Vy(f, 1) is the minimal nonnegative solution of the equation
(5.1) au@) =c(i, FO) +Y_q(jli, fF@)u(),  ieSs;
jes
(b) if a nonnegative real-valued function u on S satisfies
au(i) = c(i, D))+ Y q(jli, FO)u(j)  Vies,
JjeSs
then u >V, (f).
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PROOF. Choose an arbitrary f € F. By Property My, g;(f) < oo. Thus we
see that (5.1) and

c@, f(@) 1

(52) u@)= + i, f@)ulj), [ €S,
ai(f) +e qi<f>+a§q” oG
where g; (f) := —q(ili, f(i)), are equivalent in the sense that they have the same

real-valued solutions u(-).
Therefore, we may consider (5.2) instead of (5.1). Let §;; be the Kronecker delta
and let

LT -
(n+1) o +qi(f) orn
(5.3) ¢ij (f):= X .
m[ 'f*lgq kli, £ ()] (f)}, forn > 1.

Note that ¢i(;')( f) is nondecreasing in n. As c(i, a) is nonnegative, by Assump-
tion A, from the theory of continuous-time Markov processes (e.g., see pages 121—
122 in [1]) and the Fubini theorem we have

Valf.i) = / —atpming i, g, fre(i. £())de
(5.4) Jes

jeS
By (5.4) and the monotone convergence theorem, we have
(5.5) Vo(foi) = Tim 365 (Fe(i, F()).
jes
For any n > 1, from (5.3) we can derive that

> oi (e f())

jes

_ 1 .. . . (n) . .
(5.6) —j;m{@u +kZ#q(k|z, FD)ey] (f)}C(J, F)

c(i, f@) 1 o " -
= k , . , ’
a+qi(f) +a+q,-<f>,§,."( i f<’>)[j§% (fre(j fu))}

and letting n — oo in (5.6), from the monotone convergence theorem we obtain

L@, f@) 1 e g :
V(X ’ = ’ VO[ ’ .
(f:D) a+q,-<f)+a+qi<f>§"(f" FO)Vaf. )

Thus {Vy(f,i),i € S} is a nonnegative solution to (5.2).
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Now, let u be a nonnegative solution to (5.2). To prove that Vy(f, i) < u(i) for
all i € §, by (5.5) it is sufficient to show that

(5.7) S o (e f()) <ul) Vi jeSandn> 1.
jeS
This is true for n = 1 because g (j|i, f(i)) > 0 fori £ j and u(j) > 0, and so
e, ) 1
u) = qu(f);q Jli. f@)u())
= SCTD) 56Dl £0).

Tatal) 4

To prove (5.7) by induction, suppose that it holds for some n > 0. Then, by (5.6)
and the induction hypothesis, we have

> o (e £(U))

jes
c(i, f(@)) e (m) C s
= kli, : )
P a+qi<f>,§,“’( i f<z>)j§¢k, (Nelis f(D)
< BT S g (klis £@)ulk) = u(i).

Cataqi(f) at+aqi(f) i

Hence (5.7) is valid for n 4 1 and (5.7) follows. This completes the proof of (a).
(b) Under the condition in (b), there exists a nonnegative real-valued function g
on S such that

LGS e |
S e a+q,(f)j§qj|l fOup. ies.

From part (a) we have that

u@) = Y- tim ¢ (Ne(i, £(D) + ()]

JjeS
>y lim ¢ (Ne(is () = Valf i)
jes
for all i € S, which yields (b). U

We are now ready for the proofs of Theorems 3.1 and 3.2.

PROOF OF THEOREM 3.1. Letu:S — R be a solution of (3.2) and choose
an arbitrary i € S. Then, for any a € A(i) we have that
c(i,a)

5.8 j
(5.8) u(l)§a+qi(a)+a+q,( )ng ,a)u(j).
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Recall from Property My that m (i) := sup,,. A gi (@) < o0. Then, since
(5.9) lu(i)gi(a)| < lu@)|m(i) < oo,
(5.8) can be rewritten as

au(i) <c,a)+ ) q(jli,au(j)  YaeA@),
jes

which yields

(5.10) oau(i) < 1nf c(i, a)—i—Zq(]ll a)u(j)g.
jes

Now choose an arbitrary ¢ > 0. Then, by (3.2), there exists a; € A(i) such that

. c(i,a;) 1 . .
u(i) > Tt + a+qi(ai)§q(1|l,az)u(1) —e.

Therefore, by (5.9),

au(i) = c(i,a) + Y q(jli.a)u(j) — (e + gi(ar))
jes

> inf {C(l a)+2q(1|l a)u(])} —e(a+m(i)),

acA(i) ies

and letting ¢ — 0, we obtain

(5.11) au(l)> 1nf :C(l a)—i—Zq(]ll a)u(])}

jes

By (5.10) and (5.11) we obtain that u satisfies (3.1). The converse, that (3.1)
implies (3.2), is proved similarly. [J

PROOF OF THEOREM 3.2. We will prove (a) and (b) together. By the
condition c(i) > 0 for all i € S, we have c(i, f(i)) >0 foralli € Sand f € F.
Then Lemma 5.1(a) yields

e, Q) 1

Vo(f,i) = Ve

CO= e a+%<f>]§q”l TN
_ <G f@) > q(jli, fFO)VEG)

Cata(f)  atalf) i

) c(i,a)
> 1n +
acA() | a +gi(a) « +qz( )

Y aqGli.a)ViG) -
J#
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Hence

. c(i,a)
5.12 V*(@i) > inf + i,a)V;
( ) “()_aeA(i)ia-l—q,-(a) oz-l—q,(a)127,5;6](]| ) (J)}
To prove that in fact (5.12) holds with equality, let M(S) be the family of
nonnegative functions v on S, and let 7 : M (S) — M(S) be the operator defined
by

c(i,a)
T = aéﬂfo{a Ta@ Tataq (a) ;q(”‘ ")”(”}

(5.13)
ViesS, ve B(S).

Obviously, T is monotone, and by (5.12) we have V; > T V. Let up := V,; and
up =T"ug forn>1.Then V) >u;>--->u, >--->0and so u, | u for some
function with Vj > u > 0, which implies that

(5.14) V@) > u@i) > Tu(i) Vies.
On the other hand, for any a € A(i),i € S and n > 1 we have

u(i) <upy1() =Tu,(Q)

. c(i,a)
(515) B aEHA(l) o +ql(a) o +ql( )Jé%q(.]h a)un(J)

c(i,a)

S e @ a+q,( )Zq(Jll a)un ()

JF
Now take f € F such that f(i) = a. Since u, (i) < V(i) < Vy(f, 1), it follows
from Assumption A, Lemmas 5.1(a) and (5.2) that

S qGili @un() < 3 q(ilis FO)Valf, ) < (@+gi(H)Valf i) < 00
J#i J#i

foralln > 1andi € S. Thus, letting n — oo in (5.15), the dominated convergence
theorem gives
c(i,a)

u(i) < Tt @ + aw( )ng ,a)u(j).

As this holds for all a € A(i) and i € S, we have u < Tu. The latter inequality
and (5.14) imply that ¥ = Tu. Summarizing, u satisfies (3.2) and VJ > u.
Therefore, to prove V' = TV, we only need to prove that u > V.
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Choose ¢ > 0, and for each i € §, let ¢; be such that 0 < ag; < min{ae, c(i)}.
Then, as u = Tu, from (3.2) we obtain that for each i € S, there exists f.(i) € A(i)
such that
aE;

i fuli) |1 o
S ataitty " aran 21U O =

— C(i’ fs(l)) — g N . '
T ata(f) | atalf ;q(le, £ ))u(j).

u(i)

Noting that c(i, f:(i)) —ag; > 0 and ¢; < ¢ for all i € S, by Lemma 5.1(b) we
have

u(i) > Vo(fe,i) — e > Vi) —e.

Therefore, f. is e-optimal in F' and also, letting ¢ — 0, we obtain that u(i) >
V> (i) forall i € §; thatis, u > V. This completes the proof of parts (a;) and (az).

By the proof of part (a), there exists a solution u of (3.2) that satisfies u < V.
Then, under Assumption C, there exists f* € F such that

_ G0 S qGili, fu(j)  Vies.

u(i)=
a+qi(f*)  a+aq(f*) i

By Lemma 5.1(b), we have u > V,,(f*) > V. Hence u = V,(f*) = V,, which
implies that f* is optimal in F. [

6. Proof of Theorem 3.3. We first introduce some general terminology and
results on a noncontrolled, nonhomogeneous continuous-time Markov process that
are needed to prove Theorem 3.3.

Let p(s,i,t, j), defined for r > s > 0 and i, j € S, be the nonhomogeneous
transition probability function of a Markov process. We denote by M the linear
space of real-valued functions v on § := [0, 00) x S such that

(6.1) Y pls.ivt, Pl )l < oo
jes

foreach s <t and i € S. For each 7 > 0 and v € M, let T,v be the function on S
defined by

(6.2) Tiv(s, i)=Y p(s.i,s+1, v(s +1, ).
jes

By the Chapman—Kolmogorov equation, {7;} is a semigroup of operators on M.
Let My be the subset of M consisting of those functions v € M for which the
following hold:
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(@) lim; o T;v(s, i) = v(s, 1) forevery (s,i) € S:
(b) there exists fy > 0 and u € M such that

T |v|(s, i) < u(s,i) V(s,i)eS and 0<r<p.

Finally, let D(L) be the set of functions v in My for which the following
conditions hold:
(a) The limit

(6.3) Lv(s, i) :zlifl(}t_l[]}v(s,i) — (s, )]
t

exists for all (s, i) € S;
(b) Lv € My;
(c) there exist g > 0 and u € M such that

T Tu(s i) —v(s )| <u(s.i)  VY(s,i)eS, 0<1<t.

The operator L in (6.3) will be referred to as the extended generator of the
nonhomogeneous continuous-time Markov process or the semigroup {7;}. The set
D(L) is called the domain of L.

The extended generator L is in fact an extension of the well-known weak
infinitesimal operator of {7;} and it has essentially the same properties. For
instance:

LEMMA 6.1. (a) Ifv e D(L), then Tyv(s,i) —v(s,i) = fé T,(Lv)(s,i)dr.
(b) For each v € D(L) and a > 0, let vy(s,i) := e “v(s,i). Then vy is in
D(L) and
Lvg(s, i) =e *[Lv(s,i) —av(s,i)]  VY(s,i)€S.

(c) Let g;j(s) := limy o[p(s,i,s + h,j) — 8jl/h. If v(s,i) has a partial
derivative vg(s, i) with respect to s and if there exists u € M such that |v(s,i)| +
|vS(Sv l)| S M(S, l)v then

Lu(s, i) =vs(s, D)+ Y _qij()v(s. j) V(s i) €S.
JjeS
(d) If v(s,i) = v(i) is independent of s, and ZjeS qij(s)v(j) converges and is
finite for eachi € S and s > 0, then

Lu(s,i) =) _qij(s)v(j)  V(s,i)€S.
jes

PROOF. Parts (a) and (b) come from Lemma 2.1 in [14], for instance, and parts
(c) and (d) follow from Proposition 14.4 in [14]. U

LEMMA 6.2.  Suppose that JoT e ¥ Trc(s, i) dr exists for every a > 0 and
(s,i) € S, and let u be a function in D(L).
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(a) Suppose thatlim;_, o e *' T;u(s,i) = 0 for every (s, i) € S.
(ap) Ifau(s,i)=c(s,i)+ Lu(s,i), then

[e.e] -
u(s,i):/ e “T.c(s,i)dr V(s,i)eS.
0
(ap) Fixe=>0.Ifau(s,i) <c(s,i)+ Lu(s,i) + € for every (s,i) € S, then
o -
u(s,i) 5/ e Tre(s,i)dr +a e V(s,i)eS.
0

(b) Similarly, for a given € > 0, if u is nonnegative and au(s,i) > c(s,i) +
Lu(s,i) — ¢ for every (s, i) € S, then

o -
u(s,i)zf e Toe(s,i)dr —a e V(s,i)eS.
0

PROOF. (aj) Suppose that u € D(L) and « > 0. Then, by Lemma 6.1(b), the
function uy (s, i) := e *“u(s, i) belongs to D(L) and satisfies

Luy(s,i)=e *[Lu(s,i) —au(s,i)].
Thus, Lemma 6.1(a) applied to u, yields
Tiug (s, i) —ug(s, i) = /(;te_“(ﬁr)Tr[Lu(s, i) —au(s,i)]dr,
which we may rewrite as
(6.4) e " Tu(s,i)—u(s,i)= /Ot e “"T.[Lu(s,i)—au(s,i)]dr.

Hence by the hypotheses on u and (6.4) we get (aj).
(ap) From (6.4) we have

t
e " Tiu(s, i) —u(s, i) > —/ e YT [c(s,i)+eldr
0

(6.5)
t o0
> —/ e_“rTrc(s,i)dr—/ e “edr,
0 0
that is,
t

(6.6) e " Tiu(s, i) —u(s,i)> —/ e Toc(s,i)dr —a ls.

0

Thus, (ap) follows from (6.6), letting  — oco.
(b) As in (6.5), we can obtain

6.7) e M Tu(s, i) —u(s,i) < —/l e "T.lc(s, i) — e]dr.
0
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Moreover, since e ¥ T;u(s, i) > 0, from (6.7) we have

t t
—u(s,i) < —/ e “"T.c(s,i)dr +/ e edr
0 0

t
< —/ e Toc(s,i)dr +a s,
0
which yields part (b). O

Now we give our proof of Theorem 3.3, where for any given 7 € I1, we denote
the above p(s,i,1, j), M, Ty, D(L), L by p™"(s, i, ¢, j, ), M, T]", D(L™), L™,
respectively.

PROOF OF THEOREM 3.3. (a;) Under Assumption A, by Theorem 3.2 we
have

(6.8)  aVy(i)<c(,a)+ Zq(j|i, a)Vy(j) Yac A(i)andi € S.

jes
Using the condition in (a), for any € I1, from (6.8), (2.1) and (2.2) we obtain
(6.9) aV;(i)§c(t,i,n)+2q,~j(t,n)Vj(j) VieSandt >0.

jes

By Assumption B(i) and Remark 2.2(a), Vf € M7, whereas by the conditions
in (a) and Property My as well as (2.1), Zjesqij(t,n)vof(j) < 00. Then by
Lemma 6.1(d), V; € D(L™). Furthermore, by Lemma 6.2(a) and Lemma 6.1(d),
from (6.9) we have V(i) < fooo e " Trc(s,i)dr = Vy(m,s,i) forall i € S and
s > 0. Therefore,

(6.10) V3(s,i) = Vi) = Vin(s,i) VYieSands >0,

which yields (ay).
(a2) As in the proof of Theorem 3.2(b), there exists f, € F such that

611 Vi@ =c(i, fe@)+ D q(ili, e@)VS() —ae  Vies.
jes
Hence, by Lemma 6.2(b), (6.10) and (6.11), under Assumption B we have
Vo (fe,s,1) < VJ(s,i) + & = Vin(s,i) + ¢ for all i € § and s > 0. Therefore,
part (az) follows.
(b) Since, under Assumption C the condition in part (a) is satisfied, (6.10) holds.
Moreover, Theorem 3.2(b) gives the existence of f, € F such that

(6.12) VED) =c(i, @)+ Y q(jli, fD)VEG) Vies.

jes
By Lemma 6.2(a), (6.10) and (6.12), under Assumption B we have V,(fs, s, i) =
VZ(i) = Vin(s,i) foralli € S and s > 0, and (b) follows. [
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7. Proofs of Theorems 3.4 and 3.5. Let B(S) be the family of functions
u: S — R such that |u(i)| < c(u)V};(i) for all i € S and some constant c(u)
that may depend on u. Obviously, V5 € B(S). Furthermore, by Assumption B(ii),
(2.10) and (2.11), if u is in B(S), then

(7.1) Jim e T pmingg T 7)ul=0 Vmxellands>O0.
— 00

LEMMA 7.1. Foranymw €Il,t>s >0 and u € B(S), under Assumption I
we have:

(@ Q@ ,m)1=0; .
(b) P™n(s, 1, m)[Q(t, m)u] = [P™"(s, 1, ) Q(t, 7)]u for a.e. t > 0;
(©) ZPmin(s,t,m) = P™i(s, 1, 7)Q(t, 7) for a.e.t > s.

PROOF. By (2.1) and Property My in Section 2, we have

> [ laGli.lm(dali) = [ PaGli.a)ldali) <2m) < oc.

jes

Hence, by the Fubini theorem and (2.1), for any i € S we have

12 Y qijt. )= / q(jli, a)my(dali) = / (Z q(jli, a))m(dali) =0,
, —Ja A\
jes jes jeSs

which yields (a). Part (b) follows from Assumption I’ and the Fubini theorem.
Finally, part (c) follows from Proposition 2.1(a). [

LEMMA 7.2. If Assumptions I' and B hold, then for any u € B(S), © € I,
s>0ande>0:

(@) ifau<c(t,m)+ Q, m)u fora.e. t >0, then u < V,(m,s) and
®) ifau=>ct, )+ Q(t, m)u —el fora.e.t >0, thenu > Vy(m,s) — a lel.

PROOF. (a) By Lemma 7.1, for T > O we have

T .
f e =) pmingg + mye(t, ) dt
T .
2/ e =) pmince ) ou — Q(t, 7w)ul dt
(7.3) 5

T—s . T—s .
= [/ P™(s s+, m)d(—e *) — / e M dP™ (s, s +1t, n)}u
0 0

—u—e @T=) pmince T 7y,

Letting T — o0 in (7.3), by (7.1) we get part (a). The proof of part (b) is similar.
O
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PROOF OF THEOREM 3.4. (a) Let T be the operator in (5.13). As in the proof
of Theorem 3.2(a), there exists a real-valued function # such that u = Tu and
V¥ > u. To prove that u > V}, we see that, under Assumption C, there exists
f* € F such that

. c(, fr@) - . .
u(i)= Gli, fHu()), ies.
C+ai(f) " at+ail(fo ng S-S
Thus, by Lemma 5.1, we have u > Vo (f*) > V. Hence, Vo (f*) =V, =u and
V satisfies (3.1).
(b) By part (a), we have

aVii) <cl,a)+ Y q(li.a)Vi(j)  YaeA@),i€s,
jes

which gives that, for any 7 € I,
aVy() <c@t,i,m)+ Y qijt,m)Vy(j)  VieSandae.r>0.

jes

This implies, by Assumption I’ and Lemma 7.2(a), that V(i) < V,(x,i) for all
m € I1. Hence, V = Vi1, which yields (b).

(c) In the proof of (a), we have shown that there exists f* € F such that
Vo (f*) = V. By part (b), Vo (f*) = Vin, which means that f* is optimal in IT.
O

PROOF OF THEOREM 3.5. (a) As in the proof of Theorem 3.2(a), there exists
a real-valued function u such that ¥ = Tu and V}J > u. To prove that u > V', by
c(i) > 0 for all i € S, as in the proof of Theorem 3.2, we can derive that u > V
and so VJ =TV}, which yields (a), and also that there exists f* € F such that
(7.4) Va(f* D) < V@) +e Viels.

(b) This can be obtained as in the proof of Theorem 3.4(b).
(c) Part (c) follows from (b) and (7.4). [

8. Proof of Proposition 2.1. Multiplying both sides of the equality in part (a)
by the vector 1, we see that part (b) follows from (a). Moreover, by (7.2),
Q(t, 7)1 =0, which together with the Fubini theorem yields part (c). Hence, we
only need to prove part (a), that is,

(8.1) Pmin(s,t,n)zft P™"(s, v, 7)Qv, ) dv + I.

To get (8.1) we will first use induction and (2.3)—(2.5) to prove that for £k > 0 and
t>s5>0,

/t Pri1(s,v,m)D(v, m)dv
(8.2) ' t
=/ Pr(s,v,)(D(v, ) + Q(v, 7)) dv — Pry1(s, 1, 7).
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Note that by (2.3) and (2.4),
t
(8.3) / AG,u,m)Dw,m)du=1— A(s,t, ).
N
Hence, taking n = 0 in (2.5) we get

/Sl Py(s, v, m)D(v, ) dv
:[[K(A(s,u,n)(g(u,n) + D@, 1)) A, v,n)du]D(v,n)du
:KA(s,u,n)(Q(u,n)JrD(u,n))/ulA(u,v,n)D(v,n)dudu
=/:A(s,u,n)(Q(u,n)+D(u,7't))(1—A(u,t,n))du

= /t A(s,u,)(Qu, )+ D(u,m))du — Pi(s,t, 7).

Thus, (8.2) holds for k = 0. Suppose that (8.2) holds for k = n. Then, by (2.5) and
the induction hypothesis, we obtain

/St Poia(s, v, 7)D(v, 1) dv
:/Sl[/SUA(s,u,n)(Q(u,n)+D(u,n))P,,+1(u,v,n)du]p(v,n)dv
:[tA(s,u,n)(Q(u,n)+D(u,7r))/ut Pyt (, v, 7)D(v, 1) dv du
:/StA(s,u,n)(Q(u,n)JrD(u,n))

x [/t Puu, v, 7)(Q(v. 1) + D(v, 7)) dv — Pn+1(u,t,n)]du
:[ /utA(s,u,n)(Q(u,n)+D(u,7r))Pn(u,v,7T)

x (Q, )+ D(v, 7)) dvdu

- /t A(s,u, ) (Qu, )+ D(u, 7)) Pyy1(u, t, w)du

:/t</v A(s,u,n)(Q(u,n)+D(u,n))Pn(u,v,n)du)
x (Q,m) + D(v, 7)) dv — Pyya(s,1,m)  [by (2.5) again]

= /l Puti(s,v,m)(Qv, w) + D(v, ) dv — Ppyo(s,t,7),
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which means that (8.2) holds for k =n + 1. Hence, (8.2) is valid for all k > 0.
Finally, from (8.2) and (2.6), we can get (8.1) as

> Puyi(s,t,m) = /l > Pu(s,v,m)(Q, ) + D(v, m)) dv
n=0 5 n=0

t o0
- [ Py (s, v, 1) D(v, 1) dv.
S n:()

Hence

P™Ns ¢ )

= /t PNy, 7)(Q(v, )+ D(v, 7)) dv — /t P™ (s, v, 7)D(v, ) dv
t
+/ A(s,v,T)D(v,m)dv+ A(s,t, )

=/t P™ (s v, 1)Q v, w)dv+ I [by (8.3)],

which yields (8.1). [
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