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CENTRAL LIMIT THEORY FOR THE NUMBER OF
SEEDS IN A GROWTH MODEL IN R¢Y WITH
INHOMOGENEOUS POISSON ARRIVALS
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A Poisson point process ¥ in d-dimensional Euclidean space and in
time is used to generate a birth—growth model: seeds are born randomly
at locations x; in R? at times #; € [0, c0). Once a seed is born, it begins
to create a cell by growing radially in all directions with speed v > 0.
Points of ¥ contained in such cells are discarded, that is, thinned. We
study the asymptotic distribution of the number of seeds in a region, as the
volume of the region tends to infinity. When d = 1, we establish conditions
under which the evolution over time of the number of seeds in a region
is approximated by a Wiener process. When d > 1, we give conditions for
asymptotic normality. Rates of convergence are given in all cases.

1. Introduction. Consider the following spatial birth—growth model in
R?. Seeds are born (or formed) randomly at locations x; at time ¢;,i = 1,2, ...,
according to a spatial-temporal point process ¥ = {(x;,t;) € R? x [0, c0)}.
Once a seed is born, it immediately generates a cell by growing radially in all
directions with a constant speed v > 0. The space occupied by cells is regarded
as covered. Cells and new seeds continue to grow and form, respectively, only
in uncovered space in RY.

The point process ¥ is assumed to be a Poisson process with intensity mea-
sure | x A, where [ is the Lebesgue measure in R?, while A is an arbitrary
locally finite measure on [0, co) such that A([0, c0)) > 0 and

(1.1) o= /Ooo exp{— /Ot o vt — u)dA(du)}A(dt) < o0,

where w; = v7¢/T(1 4+ d/2) is the volume of a unit ball in R?. Tt will be
shown in the next section that u is the intensity of the seeds formed in RY.
Throughout the paper we use A(¢) to denote A([O, £]).

Such a birth—growth process was first suggested and studied by Kolmogorov
(1937) in the case d = 2 to model crystal growth [see Chiu (1995, 1996) for
details of subsequent developments]. Interestingly, special cases of this birth—
growth process when d = 1 have found applications in several different bi-
ological contexts [see Holst, Quine and Robinson (1996) and the references
therein].
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Denote by ® the spatial-temporal point process of the seeds formed, which
is a dependently thinned version of the Poisson process V. For ease of presen-
tation, we consider ¥ and ® as both random sets of points in R? x [0, 00)
and random measures defined on the Borel o-algebra of R? x [0, c0). De-
note by &, the random variables ®({z + [0, 1]?} x [0, o0)), where z € Z¢ and
{z+[0,1]%} = {z + x: x € [0, 1]%}. Then {¢,: z € Z%} is a real-valued station-
ary random field. It is stationary because V¥ is spatially homogeneous, and so
is ®.

For z; and z, in Z%, let d(z, 25) = max; ;g |21(i) — 25(7)|, where 2(7), 1 <
i < d, are the components of z. For I' c Z¢, denote by #(I') the number of ele-
ments in I' and by JI" the set {z € I': there exists 2’ ¢ I" such that d(z, 2’) = 1}.
Let T', 1 Z¢ be a fixed sequence of finite subsets of Z? satisfying the regular-
ity condition that lim,_,  #(JI',)/#(",,) = 0. It implies that the sequence {I',,}
does not increase in only one direction, except in the case d = 1. Define S,, to
be 3°.cr, (&, — p) for each n € N. Let S, = 0.

Quine and Robinson (1990) established asymptotic normality for the num-
ber of seeds in the case d = 1 with a homogeneous arrival rate. Their method
was extended to cover more general arrival regimes by Chiu (1996). Holst,
Quine and Robinson (1996) proved results similar to Chiu’s by considering
an associated Markov process. In this paper we use a completely different
method, based on mixing properties, to establish asymptotic normality in an
arbitrary dimension d > 1 for a very general class of A. In particular, when
d =1, we prove the functional central limit theorem for S,; that is, after suit-
able normalization and linear interpolation, S, behaves asymptotically like a
Brownian motion. Rates of convergence are also discussed.

2. Moments. Let Z(P, t) denote the random region in R¢ x [0, co) which
is covered just before time ¢ by the V-generated birth—growth process.
For each point (x, ¢) in P,

{(x,8) ¢ E(Y, )} ={(x, ) ¢ E(V\{(x, D)}, 1)} = {(x, £) € D},

because the first two events imply that at time ¢ the position x has not yet
been covered by the ¥-generated birth—growth process, and consequently a
seed is formed at (x, t). Therefore, we have

E[£.] = E[ > 1(x. 0) ¢ E(V, t))},

(x, £)eV({z+[0, 1]¢}x[0, 00))

where 1(-) denotes the indicator function. By Mecke [(1967), Satz 3.1] or Mgller
[(1992), equation (3.1)],

EBlel=[ [ E[((x0) g5 U{(x 0} 0)]idx)Adr)
0 Jz4[0,1]¢

_ /°° / E[1((x, £) ¢ E(V, 1) l(dx)A(d).
o Jo,1)
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Note that each (x, t) € ¥ does not belong to E('P, ¢) if and only if
2.1 VY({(y,uw): |y —x| <v(t—u), 0<u<t})=0,

where || - || is the Euclidean distance. Thus,

Ble.) = [ exp - [ wavt(c - wA@n) A = .

where u has been assumed to be finite in condition (1.1).
By observing that

{(x1, t1) € (W U{(x1, £1), (22, t2)}, )} S {(x1, 1) & E(V, )}
and using Mgller [(1992), equation (3.1)], we obtain

(2.2) E[&,(6,-1)--- (£, — D] <p/ T <oco for j=1,2,3,....

Thus, E[£]] < oo for each positive integer j. Let I', +[0, 1]¢ = {z+[0, 1]%: z ¢
I',}. Using Mgller [(1992), equation (3.1)] again, we have

ol Ze(La-1)]
=E > 1((x1, 1) € E(Y, 1))

(xis ti)G\I’({F”-F[O, 1]d}x[0! OO))7 i=152» x13éx2

(2.3) x 1((xg, t3) & E(V, £3))

[o¢] [o¢]
=[ [ [ exp{—A(t)) — A(t2)}
0 JT,+[0,1]¢ JO J|xy—xq|>v|ta—2;], x9€l,+[0, 1]¢

y exp{A(v(tl + t2)2_l)||x1 — % ) }l(dxz)A(dtz)l(dxl)A(dtl),

where A(¢) = 0tv0 w v (t —u)?A(du) and x v y = max(x, y).

Suppose X; and X, are two independent uniformly distributed points in
I, + [0, 1]?. Denote by f, the density of Y = |X; — X,| and let r, =
sup{y: ,(y) > 0}. From (2.3), we have

E[S,(S, — D]+ #(I,)*un? — #(I',)p
o bt ty)
= #(T,)? CA() = Aty) + (LT =Y
A A B B BN R e

x fn(y) dyA(dEz)A(dty)
w2 [ expl-nn) - s + (M)

1—y/v

x fn(¥)A(dty) dyA(dty)
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=#(T)? [ exp{=a(t} [ ()
A [ expl-sAEn) - [T exp{-a)An)

(y/v—t1)v0

+ /( e exp{—A(tz) + A(‘W)}A(dtz)} dyA(dt,)

y/v—t)V(t—y/v) 2v

= #(0,)%2 — #(,)° [ exp{=a(t)} [ exp{-A(t:))
[ o dy MdtAEny)
+HT2 [ exp{=a0)} [ £u(9)

t1+y/v _
<[ ' exp{—A(tz)—i—A(W)}A(dtQ)dyA(dtl),
|t1=y/v] 2v

where x A y = min(x, y). The density f, depends on the shape of I',, + [0, 1]¢
but o2 = lim,_, . var[S,]/#(T,) does not. We can derive o2 by evaluating
the above integrals with T', + [0, 1]¢ and #(T',) replaced by a ball of large
radius R and volume w,R?, respectively. The density of the distance be-
tween two independent uniformly distributed points in this ball is f(y) =
dR™?y? 1B 4,1y, 1/2(1 — ¥%/(4R?)) where B, ,(-) is the distribution function
of the beta distribution with parameters a and b [Kendall and Moran (1963),
equation (2.122)]. Therefore

ot = [ exp{-B()} [ @qv(t + )" exp{-A(t)}A(dE)A(dR)

+ [T expl-aen} [ exp(a) [ 2d vty + 1 - 20
x exp{—A(t)YA(dty) duA(dt,).

In particular, if A(d¢) = Adt, where 0 < A < oo, then writing vy, =
wgv?/(d + 1),

S (1)
p= ;
(2.4) (d+1)yy @D \d+1
0'2 =M — Il +Iz,

A d rd j+1 d+1—j
e £ ()
(d+1),ycll/(d+1) jard Jj d+1 d+1

o0 tq 00
L= [ rexp{—yat{™} [Texplyay™} [ 2d(d + 1)

x (t; + ty — 2y)% L exp{—y 31} dt, dy dt,.

where
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When d = 1, we can obtain an analytic solution by means of the transforma-
tion u = (ty — ¥)/v/2,w = (ty + y)/+/2 and a series expansion, giving

Iy =— /oo A exp(—Avt?) Z(—Z)j(/\vt%)j/zL,{z) dt,
0 — J!
Jj=1

A
= 7T—log2.
v

For d > 2 we can write I, in a form suitable for numerical integration as
follows. 1/(d+1 1/(d+1 1/(d+1
Put u = yd/( * )(tl —y),w= yd/( * )(tz —y)and x = yd/( * )y. Then

_2d(d + 1))

Iy = 1/(d+1) Kq,
Ya

where
Ko= [ [ [ 4wy exp{—(u+ 2" + 2 — (w4 )1} du duw dx
o Jo Jo

and (2.4) gives

9 A 1 & /d J+1 d+1—j
=— {92 DK, — —— r I .
MRS dd+ DK, =5 2 ()M g5 dr1

J=1

By means of substitutions like @ = (u 4+ x)?*!, K, can be reduced to an
integral of the variable x alone, the integral containing distribution functions
of gamma variables. In this form the integral can be readily evaluated using
an S-Plus program. The numerical values to three decimal places for d = 1,
2, 3 and 4 are as follows:

d 1 2 3 4
K, 0.307 0.213 0.195 0.207

o2yY VN 0342 0439 0515 0.579.
Hereafter we consider only the class of A with 2 > 0.

3. Mixing coefficients. Denote by (Q, o7, P) the probability space in-
duced by {&,: z € Z9}. For TO), T® ¢ 79, let d(TW, T®) = inf{d(z;, 25): 2; €
o, =1, 2}. Define the mixing coefficients to be
ag (k) =sup{[P(A; N Ay) — P(A))P(Ay)]: A; € 0(&,: 2 e TW), #TW) < q,

#I'®) <b, TV, 1) > £},
where £ € N, a,b € NU {oo} and o(&,: z € I') is the o-algebra generated by
{,:z€l'}.

We impose the following condition on A to govern how fast it goes to infinity.
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CONDITION 3.1. There exists a constant M < oo such that
{A(t+c) — A(t) + 1H{A(s +¢c) — A(s) + l}exp{— /Ot wavi(t — u)dA(du)} <M
for all 0 < s <t < oo, where ¢ = W/v.

In this section we derive an upper bound only for a; ;(k).
Consider ¢, and ¢, such that d(¢, ,&,)) > k. For each A; € o(¢,,), there

exists an index set <J; of nonnegative integers such that A; = ., Agj ) where
AY — (¢, = jyandi=1or2 Let

[P(AT N AY") — P(AY")P(AL"Y)] = B, ().
Then, for any A; € 0(¢,,), i = 1 and 2,

3.1 P(A, N Ay~ P(ADP(A0)| < 3 3 By ()

n=0 m=0

Note that
P(A{" N AJ") - P(AT)P(AL")

= P( U A(l"))P(A;’")) - P( Ua®™n Ag’”)).
n>1 n>1

Hence we obtain BO,m(k) = 2311 Bn,m(k): Bn,O(k) = ?no=1 Bn,m(k) and
Bo.o(k) < Xoi1Yp—1Bn m(k). Consequently, it suffices to consider only

2;1.0:1 2;7.01:1 Bn, m(k) because

(3.2) > 2 Bum(R) =43 3 Bum(k).
n=0 m=0 n=1m=1
Let T; = inf{t: (x,t) € ¥ N{{z; +[0, 1]9} x [0, 00)}} and let X; be the posi-
tion of the seed corresponding to the birth-time T';, for i = 1 and 2. Because ¥
is a Poisson process which is spatially homogeneous, T'; and T, are indepen-
dent whenever z; # z,. They have the same distribution function F which is
given by

(3.3) F(t)=1—exp{—-A(t)} fort>0

and zero otherwise. The random positions X,; are uniformly distributed in
z; +1[0, 1]%.

Recall that for each (x,t) € ¥, (x,¢) € ® if and only if (2.1) holds. That
means for each (x, t) € ® there is a forbidden region R(x, t) in which no points
of ¥ exist. For d = 1 and 2, R(x, t) is a triangle and a cone in R? x [0, c0),
respectively. For {(x(/)), #(/)) € ®: j = 1,...,n}, the forbidden region is just
the union J}_; R(x(/, ¢())). Since ¥ is a Poisson process, for n > 1 and m > 1,

P(AY N AYIT; = ¢;, i =1,2) #P(A|T, = t,)P(AY”|T, = t,)
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only if conditional on {T; = ¢;,i = 1, 2} the forbidden regions for {A(ln) } and

{ Aém)} have a nonempty intersection. This can happen only if v(t;+£5)+2vd >
%k — 1. Hence,

B m(k) < PAY N AT, =¢,, i=1,2)

//11(t1+t2)+2 Yd=k—1
x dF(t1)dF(iy)
(3.4)

B PAY|T, = ¢
/Z’(t1+t2)+2%>k—1 ( 11T 1)

x P(AYV|Ty = t;) dF(t;) dF(t5)].
Consider P(Agn)|Ti =1t;), i =1 and 2. Conditional on {(X;, T;) = (x;, ¢;)},
i = 1 or 2, there are n seeds formed in z; + [0, 1]¢ only if (x;,¢;) & E(¥, t;)

and at least n — 1 more points of ¥ exist in z; + [0, 1]¢ after ¢ but before the
cell generated by the seed at (x;, ¢;) covers z; +[0, 1]¢, which will occur before

t; + ¥d/v. Thus,
P(AYT; =1¢,)
ti
< exp{—f wqv(t; — u)dA(du)}
0

s {A(t; + Vd/v) — At} exp{—(A(t; + Vd/v) — A(t))}

1
Jjzn-1 J:

for i =1 and 2. Hence

>y [

n=1m=1

PAY|T, = ¢
(t1+t2)+2 Vd>k—1 ( 11T 1)

x P(AYV|Ty = t,) dF(t,) dF(t,)
: //v(t1+t2)+2%>k_1{A(t1 +¥/d/v) — Aty) + 1)
x [A(ty + Vd/v) — A(ty) + 1}

t
X exp{—/ wav?(t; — u)?A(du)
0

(3.5)

- /0 " vty — u)dA(du)} dF(t,)dF(ty).

Similarly, consider P(AY n AU|T, = t,, i = 1,2). Conditional on
{(X;,T;) = (x;,t;), i =1,2}, there are n and m seeds formed in z; + [0, 1]¢
and z, + [0, 1]%, respectively, only if at least » — 1 and m — 1 more points of
W exist in {z; 4 [0, 1]} x [t1, &, + v/d/v] and {2y + [0, 1]%} x [tg, ty + V'd/v],
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respectively, and {W(R(x;,¢;) U R(xy, ty)) = 0}. The probability of the lat-
ter is at most exp{— [i™ w 0% (tnax — u)?A(du)} where t,,, = max(ty, ).
Therefore,

2 2 //(t +ty)+2Yd>k 1P(A(1n)mA(2m)|T" =t;, i =1,2)dF(t;)dF(ty)
n=1 m=1 vlirtis k=

= //v(t1+t2)+2ii/3>k_1{A(tl +Vd/v) - A(ty) + 1)

(3.6) x [A(ty + Vd/v) — A(ts) + 1}
x exp{— /Ot“’” g0 (e — u)dA(du)} dF(ty) dF(t,)

//lJ(t1+t2)+2%>k71 (t1,25) (t1) (ty), say.

Under Condition 3.1, there exists a constant M such that I(¢;, t5) < M for all
t1,ty > 0. From (3.4), (3.5) and (3.6), we have

k) <2 I(ty,ty)dF(t;)dF(t
XX bn)<2f [ [0 ) AF () AF ()
(3.7) <4M dF(t)dF(t
- //u(t1+t2)+2{1/3>k—1, >ty (t1)dF(t)
<am (" dF(t)),

(k-1-2 ¥d], /(2v)

where [x], = max(x, 0). Thus, by the stationarity of {£,: z € Z%}, (3.1), (3.2),
(3.3) and (3.7),

(8.8) ay1(k) < 16M<exp{—A<[k_12_U2d\/a]+>} - exp{—A(oo)}) =d'(k),

which tends to zero as k tends to infinity.

4. Central limit theorem. We prove the central limit theorem for S, in
an arbitrary dimension d > 1 in this section.

LEMMA 4.1 [Bolthausen (1982)]. Suppose that {&,: z € Z} is stationary. If
Y1k e, (k) < oo for a+b <4, a; (k) = o(k™?), and E|£,|*? < oo and
Yorq k¥ ey 1 ()T < oo for some 8 > 0, then Y- ,.z4 |cov(£,,, &,)| < 00 and
ifo? =Y, cov(&,, €,) > 0, then the distribution of S, /V#(T,)a? converges
weakly to the standard normal distribution as n — oo.

In order to use this lemma to show the asymptotic normality of S,, we have
to know upper bounds of a; (k) and «, ,(k) for a +b < 4.
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LEMMA 4.2. Under Condition 3.1, for all k,a,b € N,
a, p(k) < abd'(k).

PrROOF. Consider ') = {z: j € J,} for i = 1 and 2 such that d(I'V, T®) >
k,where J; ={2j—1: j=1,...,a'}, Jo=4{2j: j=1,...,0'},a, b eN,a' <
a, b’ < band all z; are distinct. Let AE") = {§,, = n}, where n is a nonnegative
integer and i = 1 and 2. For each A; € 0(&,: ze TW), A, = Uffzo(AEn) N Bgn))
for some BE”) € o(&,: zeTW\ {z;}). Let

P(AY N Ay n B n BY) —P(AY 0 BYYP(AS N BY)| = v, m(k).
Then, in view of (3.2), (3.7) and (3.8), it suffices to show that

22 Yum(R) a3 30 Bo (k).
n=1m=1 n=1m=1

Let T; = inf{¢: (x,t) € ¥ N {{z; +[0,1]¢} x [0,00)}} where j € J; U J,.
Similar to the argument in Section 3, forn > 1and m > 1, P(A(ln)ﬂA;m)ﬂB(ln)ﬂ
BYIT; =t;, jeJiUdy) £ PAYNBY|T, =¢t,, jed)P(AT'NBY”|T; =
t;, J € J3) only if the forbidden regions intersect, that is, if v(¢; +¢ j2)+2<'73 >
k — 1 for some j; € J; and jy € J,. This pair (j;, jy) can be any one of the
a’'b’ elements in the set {(ji, jo): j; € J;, i = 1,2}. Since P(Agn) N A(zm) N
B nBY|T;=t;, jed Udy) <PAYNAYIT,; =t;, jed Ud,) and
PAYNBM|T, =¢,, jed;) <P(A"M|T,;=¢,, jed;) fori=1and?2, from
(3.5), (3.6) and (3.7), the result follows. O

LEMMA 4.3. Under Condition 3.1, for all k € N,

@ oo(k) < Y 241 Rd1d/ (h).
h=Fk

PROOF. We use the same argument and notation as in the proof of Lemma
4.2 except that b = co. Now J; = {1} and J, = {2,4,6,...}. Let J<2h) =
{J: d(z1, zj) = h} for all integers h > k. Then the number of elements in J (Zh)
is (2 4 1)¢ — (2 — 1)?, which is less than 27°~149~1, The forbidden regions
intersect only when v(t1+tj)+2{1/3 > h—1forsomet; € J(jh) and i > k. There-

fore, from (3.5), (3.6) and (3.7), XX v, m(k) < X502, {24 TR Y B, ()},
and the result follows. O

REMARK. Lemmas 4.2 and 4.3 are quite similar to Bradley (1981),
Lemma 8. However, in our context Bradley’s lemma is not applicable because
his condition, that the o-algebras o(fzj: Jj € Jgh)) be independent, is not
fulfilled.
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Now we impose one more condition on A.

CONDITION 4.1. For sufficiently large % € N,
> hi e/ (h) = o(k~47T)
h=Fk

for some 7> 0.

From (2.2) and Lemmas 4.2 and 4.3, if Condition 4.1 holds, which implies
that «'(k) = o(k~2¢+1-7), then all the requirements of Lemma 4.1 are met
when (1) 7>0and § =5if d > 2 or (2) 7 = ¢ for some &€ > 0 and § > 2/¢ if
d = 1. Thus, the following central limit theorem is obtained.

THEOREM 4.1. Under Conditions 3.1 and 4.1 where 7> 0ifd >2o0r 7> 0
if d = 1, the distribution of Sn/\/ #(T',,)02 converges weakly to the standard
normal distribution as n — oo.

Conditions 3.1 and 4.1 are fulfilled (for any 7) when, for example, A(¢) ~ K¢/
for some positive K and 1 < j < oco. If A(0c0) < 00, then Condition 3.1 holds,
but Condition 4.1 requires a fast convergence of A(¢) — A(oco). Consider, for
example, A(¢) = AT(a)™* f; y* 'e~? dy for some positive finite « and A so that
A(oc0) = A. Then there exists a ¢, such that

exp{—A(?)} — exp{—A} = exp{—A}(exp{A — A(£)} — 1)
< 2exp{—A} (A — A(t)) for ¢t > ¢,
= O(t* 'exp{-t}).
Thus, by (3.8), this A satisfies Conditions 3.1 and 4.1 for any 7.
5. Functional central limit theorem. In particular, we consider d =1

in this section, and so 02 = ¥,_;cov(&, &,). For each n € N, for ease of
presentation we assume #(I',)) = n and define

W, (t, ©) = Sy (0)/V o?n forte[0,1] and w € Q,

where | x| is the greatest integer not exceeding x. The function w — W, (-, w)
is a measurable mapping from (Q, &7) into (D, 2), where D is the space of
functions on [0, 1] that are right continuous and have left-hand limits, and
2 denotes the Borel o-algebra induced by the Skorokhod topology [see, e.g.,
Billingsley (1968)]. Let

a(k) = sgg“P(Al NAy) —P(AP(Ay)|: Ay € o(£,: 2 < n),

Ayeo(é,:z>n+k))
for £ € N. Note that a(k) < a,, (k) for all .
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LEMMA 5.1 [Herrndorf (1984), Corollary 1]. If there exists some 8 > 0 such
that Y32, a(k)?/?+® < 0o and E|&,|?*? < oo for all z € Z, and var[S,]/n — o2,
where 0 < 02 < oo, then W, converges in distribution to the standard Wiener
measure on D as n — oo.

In view of this lemma, we should find an upper bound for a(%).

LEMMA 5.2. Under Condition 3.1, for each k € N,

ak) <Y (r+ D (k+r)=Y Y d(h).

r=0 r=k h=r

PROOF. We use again the same argument and notation as in the proof of
Lemma 4.2 except that '™ and I'® have to be in the form {z € Z: z < n} and
{z € Z: z = n + k}, respectively, for some n € Z. Now J; = {1,3,5,...} and
Jy=12,4,6,...}. Conditional on {T'; = ¢;: j € J;Ud,}, the forbidden regions
intersect only when v(¢; +¢; )+ 2v2 > k4 r — 1 where d(zj,z)=k+r
for some r e NU {0} and j; € J;, i = 1 and 2. For each such r, the number of
elements in the set {(j1, j2): d(2;,,2;,) =k+r, j; €J;, i =1,2}is at most
r + 1. The statement is now obvious. O

If Conditions 3.1 and 4.1 hold for 7 = 1 + & for some & > 0, then by Lemma
4.1, var[S,]/n — 02 < co. Moreover, by Lemma 5.2, a(k) = Y02, o(r=27%) =
o(k~17%/2). Thus, the requirements of Lemma 5.1 are met whenever § > 4/e.
Hence, we have proved the functional central limit theorem for S, in one
dimension.

THEOREM 5.1. For d = 1, under Conditions 3.1 and 4.1 where 7 > 1, W,
converges in distribution to the standard Wiener measure on D as n — oc.

6. Rates of convergence. In this section we assume that
(6.1) A(t) ~ Kt/ for some positive K and 1 < j < oo,

or
yaflefy

I(a)
Either (6.1) or (6.2) implies that o/(k) = O(e **) for some positive finite p.
Thus, by Lemma 5.2, when d = 1, a(k) = O(e™**).

Denote by G, the distribution function of S, /\/#(T', )02 and by G the stan-
dard normal distribution.

t
62  Al)=A fo

dy for some positive finite « and A.

THEOREM 6.1. If (6.1) or (6.2) holds, then for d > 1,
(6.3) sup|Gn(x) —G(x): x e R} = O(#(l"n)_l/2 log® #(T,)).
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Furthermore, when d = 1,

log®#(I',)
VET,)(1 + |«
PrROOF. Ford > 2, (6.3) follows from (2.2), Lemma 4.2 and Takahata (1983),

Theorem 1, whereas for d = 1, (6.3) and (6.4) follow from (2.2) and Tikhomirov
(1980), Theorem 4. O

(6.4) |G, (x) — G(x)| = O( > for each x € R.

In order to obtain a rate of convergence for the functional central limit
theorem, we need to consider a smoothed version of W,. For each n € N we
assume #(I',)) = n and define

Sin(@)  nt —|nt|
’ [nt]
W.(t, w)= + S, w)— S (o
for ¢t € [0,1] and w € Q. That means W/, is the random polygonal line with
nodes at (j/n,S;/vo?n), j =0,...,n. Thus, W, belongs not only to D but
also to C, the space of bounded, continuous, real-valued functions defined on
[0, 1].

Let P, and W be the distributions of W/, and the standard Wiener process
on D. Denote by L(-, -) the Lévy—Prokhorov distance between two probability
measures defined on the Borel o-algebra of the metric space C with the sup-
norm. The following theorem follows from (2.2) and Utev (1985), Corollary 7.2.

THEOREM 6.2. If (6.1) or (6.2) holds, then
L(Pn, W) — O(n71/4+£)’

where ¢ > 0.

REFERENCES

BILLINGSLEY, P. (1968). Convergence of Probability Measures. Wiley, New York.

BOLTHAUSEN, E. (1982). On the central limit theorem for stationary mixing random fields. Ann.
Probab. 10 1047-1050.

BRADLEY, R. C. (1981). Central limit theorems under weak dependence. J. Multivariate Anal. 11
1-16.

CHIU, S. N. (1995). Limit theorem for the time of completion of Johnson—Mehl tessellations. Adv.
in Appl. Probab. 27 889-910.

CHIU, S. N. (1997). A central limit theorem for linear Kolmogorov’s birth—growth models. Stochas-
tic Process. Appl. 66 97-106.

HERRNDORF, N. (1984). A functional central limit theorem for weakly dependent sequences of
random variables. Ann. Probab. 12 141-153.

HoLsT, L., QUINE, M. P. and ROBINSON, J. (1996). A general stochastic model for nucleation and
linear growth. Ann. Appl. Probab. 6 903-921.

KENDALL, M. G. and MORAN, P. A. P. (1963). Geometrical Probability. Griffin, London.

KoLMOGOROV, A. N. (1937). On statistical theory of metal crystallisation. Izvestia Academy of
Science, USSR, Ser. Math. 3 355-360 (in Russian).

MECKE, J. (1967). Stationére zufillige MafBle auf lokalkompakten Abelschen Gruppen. Z. Wahrsch.
Verw. Gebiete 9 36-58.



814 S. N. CHIU AND M. P. QUINE

M@LLER, J. (1992). Random Johnson—Mehl tessellations. Adv. in Appl. Probab. 24 814-844.

QUINE, M. P. and ROBINSON, dJ. (1990). A linear random growth model. J. Appl. Probab. 27 499—
509.

TAKAHATA, H. (1983). On the rates in the central limit theorem for weakly dependent random
fields. Z. Wahrsch. Verw. Gebiete 64 445-456.

TIKHOMIROV, A. N. (1980). On the convergence rate in the central limit theorem for weakly de-
pendent random variables. Theory Probab. Appl. 25 790-809.

UTEV, S. S. (1985). Inequalities for sums of weakly dependent random variables and estimates
of the convergence rate in the invariance principle. In Limit Theorems for Sums of
Random Variables (A. A. Borovkov, ed.) 73-114. Optimization Software, Inc., New York.

DEPARTMENT OF MATHEMATICS SCHOOL OF MATHEMATICS AND STATISTICS
HONG KONG BAPTIST UNIVERSITY UNIVERSITY OF SYDNEY

KowLOON TONG N. S. W. 2006

HoNG KOoNG AUSTRALIA

E-MAIL: snchiu@math.hkbu.edu.hk E-MAIL: malcolmg@maths.usyd.edu.au



