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PIECEWISE CONSTANT TRIANGULAR COOLING
SCHEDULES FOR GENERALIZED SIMULATED
ANNEALING ALGORITHMS

By CEciLE CoT! AND OLIVIER CATONI

Ecole Normale Supérieure

We investigate how to tune a generalized simulated annealing algo-
rithm with piecewise constant cooling schedule to get an optical conver-
gence exponent. The optimal convergence exponent of generalized
simulated annealing algorithms has been computed by Catoni and Trouvé.
It is reached only with triangular sequences of temperatures, meaning
that different finite sequences are used, depending on the time resource
available for computations (expressed by an overall number of iterations).
We show first that it is possible to get close to the optimal convergence
exponent uniformly over suitably bounded families of energy landscapes
using a fixed number of temperature steps. Then we show that, letting the
number of steps increase with the time resource, we can build a cooling
schedule which is universally robust with respect to the convergence
exponent: a fixed triangular sequence of temperatures gives an optimal
convergence exponent for any energy landscape. Piecewise constant tem-
perature sequences are often used in practice: in favourable cases, the use
of the same temperature during a large number of iterations allows
tabulating the exponential penalties appearing in the transition matrix,
thus sparing a significant amount of computer time. The proofs we give
rely on Freidlin and Wentzell’s closed formulas for the exit time and point
from subdomains of time homogeneous Markov chains.

1. Introduction. This paper deals with global optimization algorithms
which simulate Markov processes with a finite but large state space E,
namely, the generalized Metropolis and simulated annealing algorithms.
These algorithms are used to search for global minima of an energy function
U defined on E ([22], [15]). Their laws of evolution depend on a global
parameter T, called the temperature. The marginal distributions of the
simulated Markov chains concentrate around the global minima of the energy
function as temperature is lowered and the number of iterations is accord-
ingly increased.

In the case of the Metropolis dynamic, the temperature is constant during
the relaxation. We establish optimal convergence properties towards states of
minimal energy when T is low enough.

Simulated annealing is a method to speed up the Metropolis algorithm.
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The temperature is gradually lowered as the relaxation proceeds. The perfor-
mance of simulated annealing depends on the way the temperature is cooled
down while the algorithm is running. Good ways to cool down the tempera-
ture depend on some critical quantities related to the energy landscape
(E,U) and the connectivity of the dynamic used.

Among the pioneering works on simulated annealing is the paper by
Geman and Geman [17], which introduced this algorithm as a tool for
statistical image processing and proved convergence results for it. They chose
an annealing schedule of the type T(k) = C/log £ and proved convergence
for C large enough. This cooling schedule is far from optimal, even for an
optimal choice of the constant C. The optimal value for C can be found in
various papers using different methods of proof (see [19], [20], [23], [12], [21],
[30], [3] and [4].

Rates of convergence for simulated annealing algorithms can be estab-
lished in different ways. Two main approaches dominate: the semigroup
approach initiated in [20] and the large deviation approach initiated by
Freidlin and Wentzell in their book about random perturbations of dynamical
systems [16].

The optimal exponent of the convergence rate of decreasing cooling sched-
ules is established in [6] for reversible simulated annealing processes and in
[27] in the general nonreversible case. It is shown in [5] that the cooling
schedules optimizing the marginal distribution after NV iterations are trian-
gular sequences of temperatures (7,Y),_; .y, where all the temperatures
are chosen as a function of the horizon N. Exponential cooling schedules of
the form (T'N) = A(p(N))" are proved to be almost optimal for a proper
choice of the function p(N) in [6], [23] (see also [10]). We propose here two
other types of cooling schedules. They are both piecewise constant triangular
sequences of the exponential form

T . (N) (k—l)/(r—l) N N
-t ) for(k—1)— <n<k—,
r r

Ty = Tmax(N)(T—(N)

k=1,...,r,

where r is the number of temperature steps and N is the total number of
iterations to be performed.

In the first cooling schedule, the number of steps r(IN) = r is independent
of N. We show that in this situation, for a proper choice of T, ,,(N) and
T.in(N), we miss the optimal convergence exponent by a factor which tends
to one when r tends to infinity uniformly on suitably bounded subsets of
energy landscapes.

In the second cooling schedule, we let r(IN) be a function of N. We remark
first that choosing T, ,,(N) and T, ,,(N) as previously, we can, for a suitable
choice of r(IN), get the optimal convergence exponent uniformly on bounded
subsets of energy landscapes. Then we see that taking r(N) a little larger
than necessary, we can let T, (N) = T, be a constant independent of N

max max
and get, for a proper but fixed choice of T, (N), the optimal convergence

in
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exponent for any energy landscape. This is how we build a second cooling
schedule which can be said to be “universally robust” with respect to the
convergence exponent.

From the technical point of view, we first prove results about the rate of
convergence of the generalized Metropolis chain in the spirit of [8]. This proof
rests on Freidlin and Wentzell’s closed formulas giving the mean value of the
exit time from subdomains of the energy landscape and the invariant distri-
bution. Then we apply these results to each step of a piecewise constant
cooling schedule. The purpose of each step is to reach with a probability close
to one a state below a given energy level, which has to be linked in a proper
way with the temperature. The best strategy would consist ideally in tuning
the temperature as a function of the maximum energy barrier which has to
be jumped over to get down from one target energy level to the other. This
strategy, however, requires a precise knowledge of the energy landscape and
would lead to nonrobust choices of the temperature sequence. In order to get
a robust cooling schedule, needed for practical applications, we proceed as if
the energy landscape were of homogeneous difficulty. The difficulty of the
energy landscape is by definition the inverse of its optimal convergence
exponent. It is the maximum ratio between the depth of the cycles (see [16])
of the state space and their ground state energy above the minimum, the
cycles containing the global ground states being excluded. To choose a robust
cooling schedule, we proceed as if all the cycles had the same ratio. This leads
naturally to considering a geometrical sequence of target energy levels,
corresponding to a geometrical sequence of temperature. The nice thing in
this construction is that the sequence of target energy levels is not a parame-
ter of the cooling schedule; it is only a tool in the proof and, as it turns out, we
can show that the same sequence of temperatures gives an optimal conver-
gence exponent for different energy landscapes by tuning the target energy
sequence differently, as a function of the real (changing and unknown)
difficulty. We show in this way that the chain reaches lower and lower energy
levels with an almost optimally close-to-one probability, until it reaches a
global ground state.

In all this discussion, convergence rates are measured by the rate of
decrease of the probability to be above a given energy level after a given
number of iterations. Although it is not the only possible notion of conver-
gence (the minimum energy level reached along the whole trajectory could
also be considered), it has proved to be a meaningful one to compare algo-
rithms in full generality, that is, without making special assumptions about
the state space.

2. Formalizing the problem.

2.1. The generalized Metropolis chain. Let E be a finite space. We
consider a family of time homogeneous Markov chains on E, %= (EV,
(X,)nens &, Pg)y e, indexed by a positive parameter B, called the inverse
temperature.
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More precisely, we consider the coordinate process (X,), <y, on E" defined
by X,(x) = x,, for any x € EV. We define & = ¢(X, ' (#(E)), n € N), the o
field generated by (X, ). We consider a family of probability distributions (Py)
on (E", %) indexed by . Under each distribution P, the coordinate process
is a Markov chain. The Markov chain ((X,), P,) is entirely characterized once
we give its initial law Pj ° X ! e.#,(E) and its transitions kernel pplx, y) =
Py(X, =yl|X,_,=2x).

We suppose that the transitions of P; are “rare,” meaning thereby that
they obey some large deviation principle with speed B, and rate function
V:E X E - R, U{+x}, namely that the following hypothesis LDP (a) holds
for some positive constant a:

(1) VY(x,y) €EXE, VBeR,,
aexp(—BV(x,y)) <pg(x,y) <a 'exp(—BV(x,y)).

The rate function V is often called the communication cost function. We
assume also that V is irreducible, which means that

Va,y€EXE, ig,...,i,, ig=x, i, =y,
V(ig,i1) + - +V(i,_q,i,) <.
Under these assumptions, ((X,,), P,) is called a generalized Metropolis chain.
It is a family of irreducible Markov chains indexed by B8 € R, . To charac-
terize the corresponding family (ug); <, of invariant probability measures,

let us introduce, following [16], for any subset W of E, the set G(W) of all
oriented graphs over E such that the following hold.

1. There is no arrow starting from the points of W.

2. Each point of E \ W is the initial point of exactly one arrow.

3. There is no cycle in the graph or equivalently, for each point x in £\ W,
there is a path in the graph leading from x to W.

Then, if we put ps(g) =11, , e, Ps(u,v), g € G(W), the invariant proba-
bility measure u; can be expressed as

deG((x)) pﬁ(g)
ver Lgeauy Ps(8)

Mﬁ(x) = 5

which proves the following lemma where V(g) =X, , c,V(u,v). (It is a
special case of Lemma 3.2, page 178 of [16].)

LEMMA 2.1. There is a positive constant b depending only on a and |E|
such that for any x € E, any B € R,,

(2) be PV < g < b le UM,
where

U(x) = min V(g) — min min V(g).
g€ G({x) yE€E geG({y)
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Lemma 2.1 is an approximate Gibbs formula in which U plays the role of a
“virtual energy function.”

It is also possible, and often easier, to characterize U in terms of paths.
This is the weak reversibility condition of Hajek [19] and Trouvé [28]. Let
U: E — R be any candidate energy function. For any x, y € E, let

Fx’y = {(’yi)::()’ re N*? Yo = X5 VY =y}’
be the set of all paths joining x to y. Let

Hy(x,y) = min max U('Yifl) +V(vio1 %)
vel,, i=1,...,r

be the elevation function corresponding to U. It is proved in [27] that
U=U-U,, if and only if the elevation function corresponding to U is
symmetric:

(3) HU(x’y)=HU(y’x)’ x,y €E.

REMARK. A sufficient condition to have (3) is that V x,y € E, V(x, y) <
© = V(y, x) < », and that V(x, y) = (U(y) — U(x))* whenever V(x, y) < .
This is the case for the “classical” Metropolis and simulated annealing
algorithms, the first ones which have been studied.

2.2. The generalized simulated annealing chain. Let (B) = (B,),cn
be an arbitrary nondecreasing sequence of inverse temperatures.
We consider the corresponding nonhomogeneous Markov chain % = (EV,
(X,),en»> B, P g,) on E with transitions defined by

PpyX,=y1X, , =x) =an(xa ¥),

where ( pB)B cr, 1s a family of transition matrices satisying the same
hypothesis as in the previous paragraph.
We call # a generalized simulated annealing chain.

3. An upper bound for the marginal distributions of the general-
ized Metropolis chain. We will find the time needed for the generalized
Metropolis chain to reach the basin of attraction of the global minima of U.
For this purpose, we will first prove a general lemma about the entrance time
in arbitrary subdomains of E. From this we will get an upper bound for the
marginal distributions of the generalized Metropolis chain. It will allow us to
give its optimal rate of convergence.

For any subset A of E, we let 7(A) be the first hitting time of A:

7(A) = inf{n e N| X, € A}.
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We let

H(A) = in H;(x,y) - U
(4) = max min, Hy(s,9) = U(x)

1
= max lim —log E;(7(E\A) X, =x)
— 4o ﬁ

x€A B
=max min V(g) - min V(g)
x€A geG(E\A) g€ GUE\A) U{(x))

be the depth of A (see [27], [29], and [6], [8] or [11] for further explanations).
It is clear from this definition that the depth of a domain is a nonnegative
quantity.

We recall (see [16], page 182) that

Lyemaleca, (avpy Pe(8)
deG(A) pﬁ(g)

Ey(r(A) 1X,=x) = ,

where G, (W) is the set of graphs g € G(W) which lead from x to y, when
x € E\W and y € W, and where, by convection, G, ,(W) = G(W).

LEmMA 3.1 (Estimate for the entrance time in an arbitrary subdomain of
E). There exists a positive constant ¢, depending only on a and |E|, such
that, for any proper subdomain A of E, A +# E and A # &, any n € N, any
inverse temperature 3> 0,

xI;lg.i(A Py(t(A) >nl|X,=x) < exp(—|cnexp(-BH(E\A))|),

where |r| = max{n € Z | n < r} is the integer part of the real number r.

Proor. Let ACE, A+E, A+ Let neN, and 8> 0. For any
integer k&,
)ln/kJ

P.(r(A)>n|X, = _( P(r(A)>Ek|X, =
xréli}i‘A p(7(A) >nlX,=x) < ygg@ 5(T(A) | Xo =)

1 ln/k]
< (g max, Eg(7(A) 1 X, =y)) :
Using the hypothesis about the upper bound and lower bound of the

transition kernel (1), we see that for some constant C depending only on a
and |E|,

max E,(1(A)|1X,=y) < Cexp( BH(E\A)).

yEE\A
From this we get an upper bound for the law of entrance in the subset A,
independent of the initial point:

max Py(r(4) > n X, =) < exp({%Jlog(% exp( BH(E \A)))).
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Choosing the least integer & such that 2 > C exp( BH(E \ A) + 1), we get

Jnax, Py(7(A) > n|X,=x) <exp(—|ncexp(—BH(E\A))])
where the constant ¢ = 1/(eC + 1) only depends on the cardinality of the
state space and on the constant a. O

The next lemma will use the first critical depth of the energy landscape,
which is defined to be H(V) = H(E \ argmin U).

LEmMMA 3.2 (Upper bound for the marginal distributions of the generalized
Metropolis chain). There exists a constant d > 0, depending only on a and
|E| such that, for any inverse temperature 3 > 0, the generalized Metropolis
chain Py satisfies the following condition: for alln € N, and all y € E,

n
max Py(X, =y |1 X, =x) < exp(— {E exp(—,BHl(V))J) + dexp(—BU(y)).

xeE

COROLLARY 3.3 (On the probability of failure of the minimization). There
exists a constant d’' > 0, depending only on a and |E|, such that for any
energy level m> 0 and any inverse temperature [ > 0, the generalized
Metropolis chain (X)), cn satisfies, for all n € N,

n

Iglea};( Py(U(X,) =2nlX,=x) < exp(—{? exp(—,BHl(V))J) + d’ exp(—pBn).

REMARK. A similar result could have been obtained using spectral gap
estimates. For instance, it is well known that in the reversible case, that is,
when

Iu‘B(x)pB(x’y)=/“L/3(y)p3(y’x)7 x,yEE,
we have

u(A)

|‘PB()(n614|)(0=x)_/J“B(‘A)|S [.L(.’)C)

1/2
) exp( —cn exp(—BA)),

where ¢ depends only on a and |E| and where

A = max Hy(x,y) = U(x) = U(y) = By(V).

In order to replace A by H,(V) and to cover the nonreversible case, it is
necessary to use some technical tricks, such as pasting some states together
and considering a new process based on a symmetrized transition matrix (see
[14], [13], [18], [24], [25], [26] or [8]). There are also some minor differences
between the results we give here and those obtained by the spectral gap
approach, since we avoid here an extra (1/u(x))'/? term. On the other hand,
in some situations, Poincaré estimates for the spectral gap give a better
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control on the dependence of the constants with the size of the state space.
The dependence in |E| given by the Freidlin and Wentzell approach is crude;
this is why we did not make it explicit in this paper.

ProOF OF LEMMA 3.2. Let B = argmin U be the “bottom” of E,let n € N,
B> 0and y € E\ B. We have
max Py (X, =y | X, =x)

x€E

< P B)>nlX,=
Jnax Py(r(B) > n|X, =x)

+ ) max Py(X, =y, X, 5 =2,7(B) <nlX,=x).

2€B x€E T

Using Lemma 3.1 to estimate from above the law of the entrance time in
the bottom of E, we find

max Py(X, =y | X,=x) < exp(— | ncexp(~BH,(V))])

+ max P(X,=ylX,=2).
zeB,keN B( k Y 0 )

We can transform the second member of the upper bound, using the
following remark: let

Py(X, =t1X,=2)

fu(2) = , teE.
pg ()
Each f,,,(«) is a convex combination of f,(¢), ¢t € E. Indeed, we have
pg(t) . pg ()
Y () ps(t,u) = fuea(u) with 3 pg(¢,u) =
teE g g () i teE ? pg(w)
Thus we find
1
max f,(t) < max fo(t) = ()
and therefore for any y and z € E,
Mg(y)
P(X,=ylX,=2) < ——.
B( 0 ) MB(Z)

After using the lower bound and upper bound of the invariant measure (2)
stated in Lemma 2.1, we finally find the expected upper bound of the
probability of failure:

max Py(X, =y X, =x) < exp(—[nc exp(—BHl(V))J)

x€eE
+ b2 max exp(—B(U(y) — U(2)))

< exp( — \% exp( _BH1(V))J) + dexp(—BU(y)),
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where the constant d only depends on the cardinality of the state space and
on the constant a. The corollary is straightforward. O

4. A lower bound for the marginal distributions of the generalized
Metropolis chain. In this paragraph, we will use the decomposition of the
state space into cycles introduced by Freidlin and Wentzell. Let us recall that
I c E is a cycle if it is a component of one of the equivalence relations

Z,={(x,y) €E*:Hy(x,y) <A U{(x,x):x €E}, AER.
For more details on the cycle decomposition, see [8], [27-29] or [11].

LEMMA 4.1. There exists a constant C > 0 depending only on a and |E|,
such that for any cycle 11 of E, there exists an inverse temperature 3, such
that for any B = B,, any n, and any x € 1I,

Py(r(EN\TI) >n|X,=x) > %exp( —Cn exp(—BH(II))),

where, as in the previous section, H(II) is the depth of 1I.

COROLLARY 4.2. There exists a positive constant K depending only on a
and |E|, there exist an inverse temperature B3, and n, € (U(E) \ {0}) such that
for any B > B,, any n € (U(E) N 10, n,), any n,

max P,(U(X,) = n1X, =x)
x€E

1

> E(exp(—[Kn exp(—BH,(V))]) V exp( —Bn)).

Proor. Let II be a cycle in E such that Il N B = & and H(II) = H(V).
Let 7y = min, . ; U(x) and let II = E\ II.
We have for any x € II, any € (U(E) N 10, n,D,

Py(U(X,) 21X, =x)=Py(r(Il) > n | X, = x).

So, with a direct application of Lemma 4.1, we get a first lower bound:
1
P, (U(X,) =2nlX,=x) > ol exp(—Cn exp(—BH,(V))).

Another lower bound can be obtained, using the fact that

Mg(y) = ) /*Lﬁ(x)PB(Xn =ylX,=x)

x€E

IA

max Py (X, =y | X, =x)

xeE
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and the lower bound (2) for the invariant probability at temperature g.
Indeed, we get that for some constant 4 > 0 depending only on a and |E|,

max P,(U(X,) 2 nlX,=x)= )} maxPy(X,=ylX,=x)
x€E x€E
¥, Uly)=n
> bexp(—,B min U(y)).
v, U(y)=n

We end the proof by choosing the constant in the corollary to be equal to
K=Cvb'l O

_ Proor oF LEMMA 4.1. Let Il be a cycle in E and x a point in II; let
IT = E\ II. We have

Py(r(Il) <n|X,=x) < ;nelg Py(r(I) <nlX,=y)
+max Py(X, oy #¥ 1 Xo = ).
yell

Then we use the property of cycles, which states that we visit with a large
probability any point before leaving; this proves that, for 8 large enough, we
have

. 1
min Py (X, o) =51 Xo =x) > 5.
yell

We use the remark that

2 _ _ 1
EO Py(7(T) > kn | Xy = x) > Eg(r(IT) | X, = x);,

and that
—+ oo _ + o _ k
Y PB(T(H) >kn|X0=x)s Y (I;lal%(PB(T(H)>nIXO=y))
k=0 k=0'Y<

1
< —
min, .y Py (7(I) <n|X,=y)

so that, using the expression of the expectation of the exit time out of Il given
by Freidlin and Wentzell and the hypothesis (1) about the lower bound and
upper bound of the transition kernel, we find that there exists a constant
¢ > 0 depending only on a and |E| such that

n

in Py(7(I1 X, = —
i'rflélﬁ B(T( ) =nlX y)smaxxenEB(T(H)lX():x)

< ncexp(—BH(II)).

Finally we find a lower bound for PB(T(ﬁ) >n|X,=x) of the form 3 —
nc exp(—BH(IT)) when B is large enough.
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Using the Markov property, we have for any integer k&,

— _ [n/k]
Py(r(T) >n X, =x) > (ﬁigpﬁ(r(n) >kIX, =x))

We end the proof by choosing k& = [(1/4c)exp( BH(II))], so that for 8 large
enough we have

n 1
[Ehog(g — kc exp( —BH(H))) > —(log4)(1 + 4cnexp(—BH(II))). O

5. Optimal rate of convergence of Metropolis algorithms. We de-
duce from these bounds the optimal convergence rate of the generalized
Metropolis dynamic.

THEOREM 5.1 (Optimal convergence rate of the generalized Metropolis
algorithm). For any state space E, any irreducible function V defined on E,
for any transition kernel satisfying (1), the associated generalized Metropolis
chain is such that there exists a constant d > 0, depending only on a and |E|,
such that for any n > 0 and any N, putting

N
B(N) = H(V) (logg — 1og( H(V) logg + 1|1,
we have
d77 n/H(V)
max Py (U(Xy) 211X, =x) < d(m log N)
An immediate consequence is that
dn n/H(V)
égf(; max Py(U(Xy) =2nlX,=x) < d(m log N)

Furthermore, there exists another constant d' > 0, depending only on a and
E, there exists m, € (U(E)\ {0} (depending also on V), such that for any
0 <m<mny, ne URE), for N large enough, we have

d,n n/H{(V)
gr;f(‘) IESE{PB(U(XN)2n|X0=x)2d’(WlogN) .

So, for the best temperature and the worst initial point of the Metropolis
dynamic, the speed of convergence is at best of order ((1/N)log N)"/ "),
When n € U(E) is small enough, the convergence speed obtained with B(N)
is almost optimal for the large deviation criterion

_ Yl
S H(V)'

1
Vm = jog v 108 max By (U(Xy) = m 1 X, = x)
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ProOOF. The upper bound is deduced from Corollary 3.4 and the lower
bound from Corollary 4.2. The inverse temperature B(N) has been chosen
such that both terms in the upper bound of Corollary 3.4 are of the same
order. In the case of the lower bound, to deal with the case when B8 < B, in
Corollary 4.2, we remark that the second term of the lower bound given in
Corollary 4.2 holds without condition on 8. O

6. Rate of convergence of simulated annealing with a piecewise
constant triangular cooling schedule. The theorems of this paragraph
will be derived from the following technical proposition.

PROPOSITION 6.1.  For any a and E, there exists a constant ¢ > 0 such that
for any irreducible rate function V defined on E, any transition kernel
satisfying (1), any n > 0, any couple of integers r, N, such that r divides N,
any decreasing sequences (M\,),_o  ,_1, Mp—o ,_1, ARy increasing se-
quence (y,),_, such that:

..........

..... r—1»
Q) n_y < m
() A, =@ +Dmy,_, forallk=1,...,r, where

H,(x, - U(x
D =D(E,V) = max min o(, ) ( ),
x€E\B yeB U(x)

the generalized simulated annealing chain stopped at iteration number N
with cooling schedule

BY = kﬁ< k 1E k= -1
n Yk - nﬁ( + )r, 0,...,r y

satisfies
Puny(U(Xy) = nl X, =x)

< (1 + g exp(—y1( A — 710)))

X

N
—exp(—y Hy(V))

exp(— + c exp( _3’0770))

r—1 N
+ Z (1 +c - eXP(_?’k(Vk - 77k—1)))
k=2

X

N
exp( - \; eXp(_'Yk—l/\k—l(]' + 1/D)_1)J)
+c exp( —7k1”7k1))

+exp + cexp(—Y,_1M_1)-

N -1
—\; exp(—%ﬂ)\r—l(l + 1/D) )J

We will deduce from this proposition the two following theorems.
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THEOREM 6.2. For any a and E, there exists a constant ¢ > 0 such that for
any irreducible rate function V defined on E, any transition kernel satisfying
(1), any constants d, H and D satisfying d > ¢, H > H(V) and D < D(E, V),
for any constant 0 < n < H(V)/D, for any integers r, N such that r divides
Nand N/r > d, the generalized simulated annealing chain stopped at time N
with cooling schedule

By = kﬁ< k 1E k= -1
N Vi " n<(k+ )r’ 0,...,r ,

. 11 N ﬁ (k/r)—1
+ R JR— —_
7D D *®rd ||| wD

1 N
Ve = 5 |log - — log

satisfies

rd (H/UD)7 /rD~
max P Z) X > ” X =X < d)

X1+ —log

D

1 N (1+1/D)(I‘T/7IQ)71”
(rd )) ’

Two noticeable choices for the number of steps r are worth being mentioned:

() If we choose r = D 'log(H /nD)/D log N, then the probability of fail-
ure is at most of order O(log N)*3+¥V/DN=1Y/D_ For this first optimization, the
number of steps increases like log N and their length increases like N /log N.

(i) If we choose r = [log(H/mD)/log(1 + a)| independently of N (where
a > 0 is a small parameter), the probability of failure is at most of order
(1/N)1/D(1+oz)(10g N)I+1/D)/A+a),

REMARKS. (i) In order to get the optimal exponent of convergence, we need
not know the exact value of D, H,(V) and ¢, but only some bounds for these
quantities. This shows that this type of cooling schedule is robust. However,
this is still only a theoretical result, since it says absolutely nothing about the
way to estimate the constant ¢, and therefore to choose the constant d which
is a parameter of the schedule and plays an important role in the upper
bound given for the probability of failure. The equations show that the
estimation of H can be very rough, since it is “killed” by a 1/r exponent. As
for D, since D(E,V) is a supremum, it is easy to see that, in the case when
D > D, the theorem still holds with D replaced by D.

(i1)) We can understand from this theorem why simulated annealing speeds
up the Metropolis dynamic.

When the parameter r is properly chosen, the main exponent of the
probability of failure (namely 1/D or 1/D(1 + «)) does not depend on the
precision 1 with which we want to get close to the minima of the energy U,
whereas in the case of the Metropolis algorithm, this exponent is equal to
1n/H (V) and tends to zero when 7 does.
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In the case when we want to find out an exact ground state, simulated
annealing will be asymptotically faster then the Metropolis algorithm when
the level n being next to the ground state energy level (which we set to zero
by convention) is such that n < H{(V)/D. Indeed in this case, n/H,(V) is the
optimal convergence exponent for Metropolis and

1 1/D 1 n/H(V)
— << —)
v =l

when N is large.

THEOREM 6.3 (Universally robust cooling schedule). With the same nota-
tions, for any a > 0 and E there exists a constant C > 0 such that for any
irreducible function V, any vy, > 0, any parameter ¢ > 0, any large enough M,
putting

—1-¢ k
Y = vo(1 + (log M) )
r= l(log M)1+2£J’
N = Mr,

we have

rfeaé; P(BN)(U(XN) >nlX,=x) < M-Y/PC1+1/D)(Jog M)z(1+g)+1/p’

and therefore

max P g (U(Xy) = 11 X, = x) < N-VPCA+1/D)(Jog N> HeX1H1/D),

REMARK. We state this less precise theorem to show that it is possible to
get the optimal convergence exponent with a fixed cooling schedule, indepen-
dent of the energy landscape, when the number of steps r is allowed to be a
function of N. However, it should be noticed that it is a somewhat theoretical
result, since the minimal value M, of M, for which the bound given in the
theorem starts to hold, depends on the energy landscape (that is on a, E and
V).

ProoOF OF PROPOSITION 6.1. Let us fix N and d > 0.
Let us put A, = +o and introduce the events

N N
B, = {U(Xn) +V(X,,X,,)<h,neNkE—<n<(k+ 1)—},
r r

Ay =By, N {U(X(k+1)(zv/r)) < ”Ik}-

and the short notation Py for P ;.
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For any initial point x in E,

Py(U(Xy) 2 11X, =x) < Py(U(Xy) 21, | X, = x)

r—1

sl—PN( N Mle():x)

k=0

k-1

&N ) 1 Xy=x
1=0

+ PYO(VQ?O | X, = x)

r—1
< ) Py

k=1
Applying Corollary 3.4 to the finite generalized Metropolis chain
(X,)o<n<n,r» We know that there exists a constant ¢ depending only on |E|

and a such that

+ ce” VoMo,

N
P,(U(Xy,,)>mo| X, =2x) < exp(—{; exp(—y,Hy(V))

Furthermore, for £ > 1,
Py (g, %1 | Xy = x)
= Py( By, Lys- sy 1 1 Xy = x)
+ Py (U(X i 1xvym) = s Brs oo os 21 1 Xy = ).
And for all y € E,
PN(X(k+l)(N/r) =Y, By Aoy 1 | Xy = x)

= max  Py(Xgivw/m =Y B | Xow)ry = 2)
2, U(z)<my_4

_ N
= o, Bl Xy =yn(C) > 1K =2),
where C, denotes the smallest cycle containing z such that A, < H(C,) +
U(C,), and 7(C,) denotes the exit time from C,.

Observe that U(C,) = 0, since if we had U(C,) > 0, then we would have
also U(C,) + H(C,) < U(z)1 + D) < m,_1 + D) < A,. This would contra-
dict the definition of C,. Note that C, is a cycle of communication level at
most equal to A,. We need to control the probability of paths of length N /r
which do not get out of C,. Consider the Markov chain (Y), . , defined on the
restricted state space C,, whose transition matrix P(Y, =y, 1Y, _; =y;) =
q(y4, ¥y) for any y,, y, in C, is defined by

Py (Y1, 92)> when y; # y,,

q(y1,92) = 1-X, cc.q(y1,y3), otherwise.

This new Markov chain is simply the previous chain (X)), ., reflected on the
boundary of C,. Merely by the fact that for any y,,y, € C,,

0 =p,, |CZ><CZ(y1y yg) <q(y1,52)
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we can write
_ N
P, Xy, =,7(C.) > — 1 X =2 <P(Yy,, =y|Y,=2z).

Furthermore, the new transitions ¢ obey some large deviation principle with
rate function V restricted to C, and the chain (Y,) is irreducible. Thus, since
C, is a cycle of minimal energy, the energy of (Y,) is exactly U restricted
to C,.

Applying Lemma 3.2 to (Y,), we see that there exists a constant ¢ > 0,
depending only on a and |E| such that

PN(X(k+1)(N/r) =Y, B Ay s 1 |X0=x)

+ cexp(—v,U(y)).

N
< max exp(—{; exp(—vy,H,(C,,V))

2, U(2) <,

Furthermore, we see that H,(C,,V) < (1 + 1/D) '),, coming back to the
definition of H,(C,,V) = max{H(C),C cycle, C c C,, U(C) > 0}, and observ-
ing that for any cycle C strictly included in C,, with positive energy, we have
H(C)1 + 1/D) < H(C) + U(C) < A,. Thus, bounding H,(C,, V) in the previ-
ous inequality, we find

PN(X<k+1>(N/r)=y,gk’MOa---’%kq |X0=x)

N 17!
Sexp(—lzexp(—yk/\k(l—kﬁ) )|)
+ cexp(—y,U(y)).

For the same reason, there exists a constant c(a, | E|) such that we have also

Py(U(Xps iy r) = Mh> Bys Loy | Xp=x)

oo | Zef a5 |

+ cexp(—y,m)-

Furthermore,

PN(‘%:”MOMH’Mkfl |){0 =x)

= Z PN('%_jk |Xk(N/r)=Z)

2, U(z)<mj_y

XPN(Xk(N/r) =2,%,.. % 9, By 11X, =x)
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and

PN(*@_% IXk(N/,)=z)

(k+1)N/r)
< Z P‘Yk(U(Xn) +V(Xn’Xn+1) > /\k |Xk(N/r)=z)
n=k(N/r)
(E+1)N/r)
= )y X Pyk(Xn =ulXyn/m = z)pvk(u, v)
n=k(N/r) Uw)+V(e,v)>2,
(k+1)N/r)
My, (1)
=< Z Z & p'yk(u’v)'

= hQV/r) U@+ V054, Hr(Z)

Thus, applying inequalities (1) and (2) on the transition matrix and the
invariant measure, we finally find that there exists a constant ¢ only depend-
ing on a and |E| such that

— N
Pyk(,%’k | Xy /m = z) <c— exp(—v,(A, — U(2))).

We then deduce that for a constant ¢ big enough, for any z such that
U(z) < my_y,

Pyk(‘%e | Xy yry = Z)PN(Xk(N/r) =2, 80, g, By1 1 Xy = x)

)l

+cexp(—v, ,U(2))

N N
<c - eXP(_Vk(’\k - U(Z))){GXP(_ [; eXP(_7k1)\k1

N N 1\7!
<e— exp(—v, (A — nk_l)){exp(—[; exp(—yk_l)tk-l(l + 5) )|)

+c exp( _Vk—f’lk—l)}-

Thus for a constant c(a, | E|) big enough,

P, (B, Ay, %1 | Xy = x)
N N 1)1
=c - eXP(_Yk(’\k - nkfl)) exp| — e exp _')’k1)‘k1(1 + 5)

+c exp( _'Yklnkl))'
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Finally, we find the following upper bound of the probability of failure: for
any initial point x in E,
Py(U(Xy) =nlX,=x)

r—1

N
< X {C - exp(—v,( A — M-1))

k=1

X

|

N 1
exp| — |-~ exp _7k1/\k1(1+ D

+cexp( —vk-mk_l))

N 1 1
— — J— + JR—
e eXp| —Vx k(

-1
+exp

D

+ ceXp(—vknk)}

+ exp + cexp(—Yomo)- U

N H,(V
—exp(—y Hy(V))
PrOOF OF THEOREM 6.2. Let us define, in order to simplify formulas,

1 N
a=——[log — — (1 + D)log
pD

1 11 N
+_ —_
D Ogrd ’

rd D
i 1/r
(3
and put
o
nk_y_k’
Ay = +,
1 1 N
A = V_k(l + 5)(logﬁ —log(1 + a)|.

Note that p > 1 and that a < (1/D)log(N /rd) since we chose n small enough
such that H,(V)/n > D. Indeed, we have

1 i N 1 i N
< —1log— < —log —.
“=%D ®d =D %
Note also that A, > (1 + D)y, _; > m,_4, since @ < (1/D)log(N /rd) and that
(m)y, < ,—1 and (A,), _,_, are geometrical decreasing sequences.
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Moreover, n,_; < m, since
a ,  1/D(log(N/rd) — (1 + D)log(1 + (1/D)log(N/rd)))
(1/H)(log(N/rd) — log(1 + (1/D)log(N/rd)))

N-1=_—P =p

<

thus conditions (i) and (ii) given in Proposition 6.1 are satisfied.
Coming back to the definitions of 1, and A,, we check that for any d > c,

rd

1+ a 1+1/D
=4\ 17 (1/D)log(N/rd) )

N N\ /P
. exp( =Y, (A, — mp-1)) =d(1 + a)IH/D(—) exp(ap)

Using the inequality a < (1/D)log(N /rd), we find that

N
- exp( =y, (A, — M-1)) < d.

ol | L= )|

N
< exp(—g exp( vy, Ap(1 + 1/D)71) + 1)

We also have

< exp(—a)

and

exp( - {% exp(—voﬂl(V))J)

< exp(— % exp(—yoHy(V)) + 1)

N N 1 N

< exp ~ g &P —logﬁ+log 1+Blogg +1
1

Sexp[—ﬁlogﬁ} < exp(—a).

Finally, exp(—vy,m,) = exp(—a). Thus, Py(U(Xy) = n|X, =x) <r(1l +
cd)1 + c)e” ¢, and we end the proof of the theorem by changing the value of ¢
into (1 + ¢)2. O
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Proor oF THEOREM 6.3. Let us fix M and vy,. Put
1+ (log M) 7%,

p=
Vi = Yo P"s
= [(10gM)1+2£J,
N = Mr,
with parameter ¢ > 0, and put also
Ay = +o0,
Ak:A/pk’
m = a/p",
with
A ! 1 ! 1 M 1 11 M
= — + — _ = —_—
{1+ 710w =~ toe[ 5 1og .
1 1l M L 11 11 u
= o _— +_ J— .
ayopDogC DogDog)

To justify the tuning of parameters, we need to check conditions (i) and (ii)
of Proposition 6.2. Condition (i), m,_; < n, which can be also written as
a < np"~ 1, is satisfied for large enough M since we have p” = O(M). Condi-
tion (ii), A, > (1 + D)n,_,, which can also be written as A > (1 + D)pa, is
also satisfied. We end the proof by substituting the values of y,, A, and 7,
into Proposition 6.1. O

7. Conclusion. We showed in this paper how to tune piecewise constant
cooling schedules to make the logarithm of the probability of failure after N
iterations have the optimal asymptotic equivalent when N tends to infinity.
Although this asymptotic performance can be achieved by a fixed “robust”
triangular cooling schedule chosen independently of the minimization prob-
lem to be solved, our results should not disguise the fact that in practice and
for a given N and a given energy landscape, a suitable choice of the three
parameters T, . (N), T .(N) and r(N) in the general formula

Tmin(N) (k*l)/(r(N)*l) k 1 N k N
Ty (V) - B Gy =r Ry

can save a lot of computer time.

Beyond the theoretical properties we proved here, the strength of this
widely used type of schedule comes from the fact that it has a simple
parametric form depending on three parameters only. Therefore an interest-
ing direction of research would be to estimate efficient values for T, (N),
T..x(IN) and r(N) from independent trials of length N, using some kind of
stochastic gradient update rule. This makes sense in practice, since the use of

multiple independent trials is known to be efficient in this context, even when

n

T = Tmax(N)(
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an optimal choice of the temperature schedule is known from the beginning
(see [1], and also [7] and [9] for a discussion of repeated optimization
schemes). Another approach to adaptive tuning of the temperature, inter-
preted as an energy transformation, can be found in [7].

Of interest also is the fact that good performances can be achieved with a
choice of (V) independent of N (Theorem 6.2), and that nearly optimal ones
can be reached with a slowly increasing choice of (NN ). This means that each
constant temperature step will be large when N is large, and is of practical
importance when the number of values taken by the rate function V(x, y) is
small. Indeed, in this case, the values of e #V(*%) can be tabulated once for
each step, and this can save a lot of time in the computation of the transition
probabilities. This favourable situation is encountered with the noisy Ising
model (see [2]), and more generally with Potts’ models, widely used in image
analysis applications.
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