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1 Introduction

In the classical theory of attractors, we need to define a semigroup S(t) on a metric space (X, d)
which must be continuous on X (continuity ensures the invariance of the attracting set). We
also need to have a concept of dissipativity and compactness for S(t). Usually, the semigroup
property follows from uniqueness.

Here, we are concerned with a stochastic dynamical system which is obtained from a partial
differential equation perturbed by a random forcing term. It is dissipative but does not pro-
duce regularization; the dissipative Euler equation. An existence and uniqueness theorem is
established when the initial data are in W (defined below). Dissipation occurs also in W, but
the continuity of the dynamic is not satisfied. Moreover the compactness of the flow does not
occur with respect to the topology of W, but in a lower sence. In a preceding paper see [3]
and following the approach of [13], we have proved the existence of an attracting set using the
dynamic of the shift operator in the space of paths. Hence, the non-uniqueness problem (we
took only that ug € V, defined below) was bypassed and a continuous semigroup was obtained.
We have also introduced a notion of attractor relative to a pair (d,d) of topologies where the
attractor constructed was d-bounded and d-compact (recall that Euler equation do not produce
regularization), so that we obtain a weak attractor in path space. In this paper, we aim to
construct a stochastic weak attractor in the phase space W for (4.1), where uniqueness holds.
In this way, the dynamic is well defined and enjoys the evolution property. However, we are
not able to prove its continuity. So, the results of [3] concerning the attractor in the weak sense
can not be used here. Notice that in the classical theory of attractors, the continuity of S(t)
is necessary to prove the invariance property of the attractor. Instead of continuity we will
give another property which ensures the invariance of the absorbing set and the existence of a
weak attractor in phase space (for a deterministic dynamical system). Equation (4.1) is non
autonomous, but the general theory for non autonomous deterministic systems can not be used
here. In [4] and [5], attracting sets have been defined as sets that depend on time and attract
any orbits from —oo. Indeed, in this paper we will prove existence of weak random attractor at
time 0, which attracts bounded sets from —oo.

The paper is organised as follows, in section 2 we give the general theory of weak attractor
for deterministic non-autonomous dynamical systems, that we extend to stochastic dynamical
systems in section 3. In section 4 we apply it to the particular case of stochastic dissipative
Euler equation (4.1).

2 Deterministic weak attractor for non autonomous systems

If d denotes the distance on a metric space X, for each pair (A4, B) of subsets of X and each
r € X, we define

A, A) = inf d(@.y),  d(B.A) = inf d(z, A).

Let W be a Banach metric space. We denote by dyy the metric on W. Let us define a mapping
S(t,s) on (W, dyy), —0o0 < s <t < oco. Assume that another metric ¢ exists on W. We introduce



the following concept of continuity for the mapping S(¢, s);

if x,, is dyy — bounded and § — convergent to z in W
then S(t,s)z, is 0 — convergent to S(¢,s)z, for all s <t. (2.1)

We assume that the family S(¢, s) satisfy the condition (2.1) and the following evolution property,

S(t,r)S(r,s)x = S(t,s)x for all s <r <t and for all z € W, (2.2)
Definition 2.1 Given t € R, we say that B(t) C W is a dyy- absorbing set at time t if
1. B(t) is dyy-bounded,
2. VBy dyy-bounded, 3s1(By) such that S(t,s)By C B(t), Vs < s1(By).

Definition 2.2 Given t € R, we say that {S(t,s)},> is dw/d-uniformly compact at time t if
for all B C W dy-bounded, there exists sqg which may depend on B such that

U S(t,s)B

s<sp
is relatively compact in W with the topology §.

Definition 2.3 The family {S(t,s)};, is asymptotically dyy/d-compact if there exists a dyy-
absorbing set at time t, which is §-compact

Definition 2.4 (Weak omega-limit set) For any set B C W, we define the -weak omega-limit

—_——
set of B at time t and write w¥(B,t), as the set Nr<t Us<, S(t,5)B ", where the closure is taken
in the S-topology of W (this set can be empty). It is characterized as follows: x € w(B,t) if
and only if there exists a sequence x, € B and a sequence s, — —oo such that

I(S(t,sn)Tn,z) =0 as n — oo.

Definition 2.5 (Global weak attractor) We say that A(t) C W is a dy /0 global weak attractor
at time t if it verifies the following properties:

(i) A(t) is not empty, it is dyy-bounded and 6-compact,

(ii) A(T) is invariant by S(t,s), i.e. S(1,5)A(s) = A(T) for all 7> s > t,

(iii) for every dyy-bounded set B C W, lims_,_~ 6(S(t,s)B,A(t)) = 0.

Theorem 2.6 Let {S(t,s)},5, be a family of mappings on a metric space (W,dw). Let & be

another metric on W, such that S(t,s) : W — W werifies (2.1) and the evolution property, for
all t > s. Assume that at time t, there exists a dyy-absorbing set B(t), that it is 6-compact.

Then, there exists a dyy/d global weak attractor A(t), and A(t) = Upew w®(B,t) . (the union
is taken over all dyy-bounded sets B)




Proof. Here, we must prove (i), (ii) and (iii) of definition (2.5).

(i) Notice that if there exists a dyy-absorbing set B(t) at time ¢, then the set w®(B,t) C B(t)
is non-empty, dyy-bounded and J-compact, as a consequence also A(t), being the union over
dyy-bounded sets.

(ii) Let us first prove that S(7,s)A(s) C A(7). Let us take y € A(s). By the caracteriza-
tion of LA(s), there exists a dyy-bounded set B,, C W, a sequence y,, € w®(B,,t) and a sequence
S$p — —oo such that y, —>fHOO y. This yields that

5
Yne N, Vsg<s, y, € U S(s,s")By, .

s'<sq
Hence, Vn € N, Vsg < s, dsi < sg, zﬁ € B, such that

S(s, sk)zﬁ —>i_>oo Yn.
By (refevolution) and (2.1), we have that
S(7,8)S(s, s1) 28 = S(1,s1)2F = S(7,8)yn.
We deduce that
S(7,8)yn € ﬂ U S(T,T)Bn6 C U ﬂ U S(T,’I“)Bé.
s0<T r<so BCW so<r r<so

On the other hand
S(Tﬂ S)yn _>?1~>oo S(T7 S)y’
which implies that S(7,s)y € A(T).

Now let us prove that S(7,s)A(s) D A(r). Taken z € A(7), there exist a dyy-bounded set
B, C W, a sequence y,, € wa(Bn, t) such that y, —9 2 and there exist a sequence yﬁ € B,, and
a sequence sp — —oo such that

S(7,56)yn —° Y-

On the other hand, there exists a dyy-absorbing set at time ¢, that is B(t), so also at time s > ¢
(take S(s,t)B(t) = B(s)), which attracts all bounded sets of B,, of W, i.e.

S(s, sk)yﬁ —dw On € B(s).

The absorbing set being d-compact, the mapping S(7, s) is also d-compact, hence there exists a
subsequence S(s, sp)y¥ | such that

S(S, Sk’)yﬁ/ o ¢TL
Thus, ¢, € w’(By,s). By the evolution property (2.2) and the (2.1) we get
S(r,su)yp —° S(7,5)bn.

Hence S(7,8)¢n = yn. Since B(s) is é-compact, there exists a subsequence ¢,, —° ¢ and
¢ € A(s) and finally S(7,s)¢ = z. Hence z € S(1,s).A(s).



(ili) We argue by contradiction. Assume that there exist ¢ > 0, a dy-bounded set B and
sequences s, — —oo and x,, € B such that

5(S(t, sp)xn, w’(B,t)) > €>0, as s, — —o0.

Since there exists a dyy-absorbing set at time ¢, B(t), there exists a sequence y, € B(t), such
that
dw(S(t, sp)Tn,yn) — 0, as s, — —oc.

B(t) being a dé-compact set, there exists a subsequence y,, — y and
3(S(t, sny)Tn,,y) — 0.

This yields that y € w?(B,t), which contradicts the hypothesis. |

3 Stochastic weak attractor

Let (W, dy) a complete metric space and (£2, F,P) a probability space. let us define another
metric 6 on W. We consider a family of mapping {S(t, s.w)}isg ,eq : W — W, satisfying for
P-a.e.w € Q the properties (2.1) and (2.2).

Given t € R and w € Q, we say that B(t,w) is dyy-bounded absorbing set at time ¢ if for all
dyy-bounded set B C W, there exists so(B), such that

S(t,s,w)B C B(t,w)), Vs < sp.

We say that {S(¢, s.w)};s, ,eq 18 asymptotically dyy/d-compact if there exists a measurable set
Qo C 2 with measure one, such that for all ¢t € R, and all w € €y, there exists a dyy-absorbing
set B(t,w), d-compact.

Let us denote by B(W) the o-algebra of the metric space W. Let us give the following theorem
(see [16])

Theorem 3.1 Let X, X9 two metric spaces such that X1 C Xo with continuous embedding.
Then
B(XQ) ﬂXl C B(Xl)

Let us denote by H the separable metric space such that

W CH,

with continuous embedding. The metric § is the metric endowed on H and W is closed in H.
Assume the following condition

(M) for all ¢t € R, x € W, the mapping (s,w) — S(¢,s,w)r is measurable from
(=00, 1] X Q, B((—00,]) x F — (W, B(H)W).



As in section 2, we define the random weak omega-limit of a bounded set B C W at time t as:

wa(B,t,w) = ﬂ U S(t,s,w)B6

Tt s<T

and

§
At,w) = U W(B,t,w) .
BCw

The set A(t,w) will be called the random attractor. As in section 2, we give the following
theorem

Theorem 3.2 Assume the condition (M) holds, assume that for each t € R there ezists a mea-
surable set €y C Q with measure one, such that for all w € € there exists an absorbing set,
d-compact. Then for P.a.e. w € , the set A(t,w) is a measurable global weak attractor, i.e.

(i) A(t,w) is not empty, it is dyy-bounded and J-compact,
(ii) S(7,s,w)A(s,w) = A(T,w) for all T > s >t,
(i) for every dyy-bounded set B C W, lims_,_~, 6(S(t, s,w)B, A(t,w)) = 0.

(1v)A(t,w) is measurable with respect to the P-completion of F.

Proof. (i), (ii) and (iii) are consequences of theorem of section 2.

(iv)We say that a family A(¢,w) of closed subsets of W is measurable if and only if for all z € W,
the multifunction w — §(z, A(w)) is measurable (see [6]).

For all x € W, we have

Oz, At,w)) = inf §(z,w’ (B, t,w))

= inf infd(x,S(t,s,w)B).
BCW s<t

The norm |- | being the norm endowed by H, (W, |-|) is a normed subspace of normed separable
space (H,|-|), hence OV, | -|) is also separable. By the assumption (M), for all £ € R and for
all y, in a dense subset of B C W, the function

(57 w) - 5(567 S(t7 S, w)yn)
is measurable. By the property (2.1) and the separability of (W, | - |)
(5,0) — 8(z, S(t, 5)B)

is measurable. On the other hand, for each oo € R
{w € Q.inf 5(x, S(t.5)B) < a} — Tlo {(s,w) €] — 00, ] x O, 5(z, S(t,$)B) < a} |

where Ilg is the canonical projection from R x €2 in (2. We deduce by the projection theorem
(see [6]) that the set

{w € Q,irégé(x,S(t,s)B) < a}

6



is measurable with respect to the P completion of F. By the separability of (W, |-|), we conclude
the measurability of the set

{w € Q, inf infd(z,S(t,s)B) < a} .
BCW s<t

This complete the proof. [ |

4 Application to stochastic dissipative Euler equation.

4.1 Mathematical setting and notations

We are concerned with a stochastic dissipative Euler equation for an incompressible fluid in an
open bounded domain D of R?, i.e.

du+ ((u- V)u+ xu)dt = (=Vp+ f)dt + dW, (4.1)

where w is the velocity of the fluid, p the pressure, f the external force, W is a Wiener process
on a complete probability space (2, F,P) (with expectation denoted by E). The constant x will
be called the sticky viscosity. The term —yu does not correspond to a constitutive equation and
does not introduce the smoothing effects of the Navier-Stokes term Awu. For other comments
see [10]. The velocity field u is in addition subject to the incompressibility condition

V-u(t,x) =0, teR, z€D, (4.2)

the boundary condition
u-n=0 ondD, (4.3)

and it satisfies the initial condition
u(to) = ug,- (4.4)

Let us introduce some functional spaces. Let V be the space of infinitely differentiable vector
fields u on D with compact support strictly contained in D, satisfying V - u = 0. We introduce
the space H of all measurable vector fields u : D — R? which are square integrable, divergence
free, and tangent to the boundary

2
H= {ue [LQ(D)} - V-u=0in D, u-n:OonaD};
the meaning of the condition u -n = 0 on D for such vector fields is explained for instance in

[14]. The space H is a separable Hilbert space with the inner product of [L? (D)]Q, denoted in
the sequel by < .,. > (norm |.|). Let V' be the following subspace of H:

2
V—{ue {HI(D)} ; V-u=0in D, u-n—OonaD};

The space V is a separable Hilbert space with the inner product of [H 1(D)}2 (norm || . ).
Identifying H with its dual space H', and H' with the corresponding natural subspace of the
dual space V', we have the standard triple V' C H C V' with continuous dense injections. We



denote the dual pairing between V and V' by the inner product of H.

In what follows, we will denote by d the metric endowed by V and by ¢ the metric endowed
by H. Let us denote by |- |, the norm endowed by the Lebesgue space LP(D), when p # 2
From now on , we will assume that W (¢) is an infinite dimensional Brownian motion of the form
W(t,w) = 372, 0;8;(t,w)e; where {3;} is a sequence of real independent towsided Brownian
motions on the probability space (2, F, P), and we will assume the the following regularity space
on W; the process W = W (t,w) w € Q, is an H- valued process such that for P-a.e. w € ,

W(,w)eC (R [HD)PNOV) (4.5)
with the mapping (t,w) — W (t,w) measurable in these topologies, and
VAW =0on R x 0D, (4.6)

where

VAW = DiWy — DyWi.

The condition (4.5) can be written in this form
o0
Z )\?0]2- < 00, (4.7)
j=1

where {);}, and {e;}, are respectively the eigenvalues and the eigenfunctions of the linear
operator A defined below.

Let us introduce the unknown v = u — z (in spite of v = u — W, the reason is that we want to
use the ergodic properties of z), where z is solution of the following linear stochastic equation

dz + (x + @)zdt =dW, a >0 (4.8)

so that v is solution of the deterministic equation

d
d—:—f—(v—i—z)-V(v—Fz)—kxv:—Vp-i—f-i—az. (4.9)

4.2 Approximation scheme

Let us approximate (4.9) by the dissipative Navier-Stokes equations

Pt (v+z) V+z)+Vp=vAv—xv+ f+az, in(t,T)xD

V-v=0, in (ty,T) x D
VAv =0, on (to,T) x 0D (4.10)
v-n =0, on (tg,T) x 0D
’U’t:to = Utgy, in D

with v > 0. We have denoted by V A v the vorticity, defined as
V Av = Oqvy — O109.

Let us define the continuous bilinear form on V

alu,v) = /D V- Vo — /a k(@)u(o) - v(o)do,

8



where k(o) is the curvature. We set
D(A) = {ue VN (HD)?,V Aulgp = 0},
and define the linear operator A : D(A) — H, as
< Au,v >= a(u,v), for all u,v inV.

Let us also define the trilinear form on V
b(u,v,w) = / (u-V)v-w.
D

We define the bilinear operator B(u,v) : V x V. — V' as < B(u,v),z >= b(u,v.z) for all
z € V. Note that B verifies < B(u,v),z >= — < B(u, z),v > and < B(u,v),v >= 0, when u,
v and z are in suitable spaces (see for instance [14]).

We will write (4.10) in the following abstract form

d& p—
{ e 4+ vAv, + B(vy + 2,0, + 2) + X0, = f + az, (4.11)

Ull(t(]) - /Uto )

t € [to,T). Now, we consider the classical Faedo-Galerkin approximation scheme, we obtain the
following problem

{ dz% + vAv,, + PnB(UnV + Zn, Uny + Zn) + XV = Pof + azy, (4 12)

Unw(to) = Ppug,-

where P, is the orthogonal projector in H over the subspace spanned by eq,e9, ..., €,, the first
n eigenfunctions of A, i.e.

n
Pn:c:z<:c,ei>ei, r € H.
i=1
We can look for energy estimates satisfied by v,,,. We multiply (4.12) by v,, and integrate over
D; by using the incompressibility condition,

|b(fUm/ + Zn, Uny + Zn, Um/)| = |b(fUm/ + 2Zn, Zn, Um/)|
’/ Unu'vzn'vnu‘"i_‘/ zn'vzn'vnV’
D D

X
< Slowl® + COOVanllznls + lon[*[VanlS)-

IN

On the other hand there exists an arbitrary € > 0, such that
/ ko)u(o) - v(o)do < e || u | +Coof?. (4.13)
oD
Therefore,
|a(vn1/uvm/)| < |V’Um,|2 + €|vvnu|2 + Ce|7)m/|2-
Using the above estimates, we get

1d —X
§E|Um/(t)|2 + v(l - 6)|an,,(t)|2 < T|Umj(t>|2 + C€|vm,(t)|2

+ CONFOP + [z (O3 Vza @ + v (O Vi (1)[5),



for an arbitrary € > 0.
We integrate over (tg,t). For all v < 1, and in particular for e = 1/2, we obtain

t t
o + v [ Vo ()Pds < onslt0) P+ (—x+20Ca) [ Jon ()P
to

to

b 000 [ (TR + Va0 Plan(s) o) + len(o) s
+ /t: o (8) 2]V 2 (5) 2. (4.14)

Applying Gronwall lemma, we get
2 5 [ (CLOow)+ V2 (5)2)ds ¢ 2 9 2
o ()7 < o (to)["e’o 00 | (FF + alzn(s)]
0

t
- |Van(s)Plzn(s) 2 )e)s (CLlenHITE @R g (4.15)

where C1(x,v) = —x +2vC} 2.

Inequality (4.15) implies that vy, remains in a bounded set of L™ (to,T; H), for every T" > 0.
Then we go back to (4.14) which shows that v, remains in a bounded set of L?(tp,T;V). On
the other hand, we get from the equation and the estimates below proved that 875% is bounded
in L?(tg, T;V"). Hence by a compactness argument, we obtain that

Vpy — vy, in L*((to, T) x D) strongly,

Uy — vy, in L?((tg, T;V) x D) weakly,

so that we can pass to the limit on n (see [14]), and we obtain that v,, verifies the equation
(4.11) in the sence of distributions. Moreover (v, ) belongs in C([to, T]; H) N L%(to, T; V).
Let us denote by E =V Au, F=VAf, 2,=V Az, g=VAW and set § =& — 2., we have

{ Ay + v ABy + Bunu, By) +xBy = Fat + oz — (uy - V)a, (4.16)
Bu(to) =V Auy(to) — 2r(to)-
From the incompressibilty condition, we have that
< B(uy, 8,), By >=0.
We multiply equation (4.16) by (3, and integrate over (to,t), and we obtain
BOF + x [ BPds + 20 [ 15,(6)Pds < |5(00)?
+ Cx) /t:(!F(S)\2 +alz(8)? + [un ()2 V2 (5)[2)-

Hence, by Gronwall inequality, we have

1B, (O < 18y (to) PeX(710)

+C(x) /tt(lF(S)l2 + 0z (8)7 + () [V 2 () 2 Je XU ) ds. (4.17)

0
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Now let us introduce the elliptic problem

Au, = —V+E,,
u,,|3D =0, (4.18)
£V’8D =0.

Where V+ = (D, —D1). We multiply the first equation by w, and integrate over D. By an
integration by parts and using the estimate (4.13), we have for an arbitrary e > 0 (in particular
for e = 1/2),

[V, ()] < C(luy (1) + 1€ ()]?)- £ € (0, T).

Collecting the estimates (4.15) and (4.17), we have that
t

I ®) <] eotto) I? @O0 37 [ fo) o0 s (a19)
to

The estimates (4.19) and (4.14) show that v, remains uniformly bounded in L*>(to,T;V) N

L?(to,T; V). By the same argument used before, we prove that agt" is bounded in L2(to, T;V").

Hence by a compactness argument, we can extract a subsequence (also denoted v,,) such that

v, = vin L*((ty, T; V),
and
v, — v strongly in L*((tg, T) x D).

Therefore, we can pass to the limit on n in the equation (4.9) and v satisfies (4.9) in the
distribution sence.
Let us give the definition of global weak solution.

Definition 4.1 We shall say that a stochastic process u(t,w) is a global weak solution of the
equation (4.1) over the time interval (to,T) if for P a.e. w

u(.,w) € Clto, T; H) N LS. (to, T; V) N L (to, T; V),

< ult) — ulty), 6 > +X/tt <u(s),6 > +/t < Bu(s), uls)), 6 >

to

= /tt<f(8),¢>+<W(t)_W(t0)7¢>v

0

forall g €V and for all T >t > ty.
As a consequence, we give the following theorem

Theorem 4.2 (a) Assume that (4.5) and (4.6) hold. Assume that uy, € V and f € L*(to, T, V).
Then, on each interval (to,T') there exists at least a weak global solution for (4.1) with the initial
condition u(ty) = uy, satisfying for P- a.e.w € Q

u('aw) € C[t07 T]a ) H) a LQ(t07 T; V)

11



Moreover, u is measurable in these topologies and satisfies for P-a.e. w € Q and for allt € (to,T)
u(.,w) € L®(ty, T; V),
t — 2
() — (O] < lulto) — 2(to)[2eo XTIV

t t, 22
+ OO0 [ (F@F + a2z + V2 laf el X, (4.20)
0

E(t) — 2, (8)]* < [€(to) — 2 (to)[PeX(710)
t
+ C(X)/ (IF]? + o?|2)? + [u)?|Vz |2 ) e X do. (4.21)
to

and
IVu(t)* < CIE@)? + [u(t)]*. (4.22)

(b) If in addition for given v € (0,1), 3272, )\?JWJJZ < 00, and &, € L*(D) and f € L>®(D)
then, P-a.e.w €
§(,w) € L¥(D x (to,T)),

and the solution is unique. Moreover it is progressively measurable in these topologies and it
satisfies for all P-a.s.w € Q and for all t € (to,T)

‘f(t) - zr(t)’oo < ‘f(to) — Zr(to)’wef)((t*to)

t
+ / (Floo + alzr]oo + tloo| Vzr|oo)e X do, (4.23)
to
and
4 4 1/4
Vu(t)|o < [u()|wra < C (IEOI + [u)lf) ", (4.24)

where z is solution of problem (4.8).
Proof. (a) Proved above.

(b) To prove (4.23), we use the maximum principle on the scalar equation (4.16), where the
Galerkin approximation is used. We obtain (4.23) for v, which is also true for v (when v goes
to 0).

The first part of the estimate (4.24) is given by the continuous embedding W'4(D) c L>(D).
We have to check an estimate for [Vul|s. Write the equation (4.18) as

—D}u; = Dj¢.

Here, we use the summation on repetitive indices. Multiply the above equation by \Vu]Quj, and
integrate over D. By integration by parts, we have that

< D2Vl uy >= —1/3/ |Vu|4++1/3/ k(0)ul?|Vul?.
D oD

12



The boundary integral is estimated as

IN

CLIVuP =120 | [ul?|111/2(0D)

| IVulP|] ful?]

1/2 1/2
= (Lrvart) " (Ll va [ apivee)
D D D

Using two times the Holder inequality and Young inequality, we obtain that for an arbitrary
€ > 0, it is less than |u|] + €|Vu|}. now we turn to the second term of the equation. By the
boundary condition £|spp = 0, and for an arbitrary real number € > 0, we get

| k@)l VP
oD

IN

< DRIV > = [ [6RITuP

A

€13 + €| Vuli.

Collecting all the estimates, we obtain (4.24).

Uniqueness.The proof of uniqueness is given in [2] for xy = 0, but it readily extends to x # 0.
Measurability. When u, € V, the processes v, (t,w) are progressively measurable in H, by
construction. Analyzing the limiting procedures in the previous steps we deduce that also v(t,w)
is progressively measurable in H and so u(t,w) being the difference of two measurable processes
v(t,w) and z(¢,w). The embedding of V' in H being continuous, we can deduce the progressive
measurability of the solution in V. Moreover when &, € L°(D), the mollification of the
Navier-Stokes solution is progressively measurable in the space of mollifers (the operation being
continuous), yielding the progressive measurability in the required topology for its pointwise
limit. This completes the proof. [ |

4.3 Existence of stochastic weak attractor

For sake of simplicity, we assume that f € V. We recall that in this section, we are dealing with
the metrics dyy, d and § introduced in section 2, i.e. d is the metric endowed by V, § and dyy
are the ones endowed respectively by H and W. The metric dyy is defined by

dw(f,9) = d(f,9) + doo(V N [,V N g),
where d, is the metric of L>°(D). We denote by |.|yy the norm induced by W. We denote by
W ={f €V, such that VA f € L>(D)}.
We define the family {S(t,s,w)};>  peq PY

Stys,w): W — W

us(w) — u(t,s,w)

Lemma 4.3 The family of mappings {S(t,s,w)}tzs,weﬂ associated to the Euler equation (4.1)
verify for P.a.e. w € Q the evolution property (2.2) on W and the condition (2.1).

13



Proof. The evolution property is obvious, by the uniqueness of the solution in WW. Now let us
fix w € Q and let us take ¢t > s. Take a sequence u} such that it is P.a.e. w € € dyy-bounded
and J-convergent to us. From the estimates of section 3, we deduce that u™(t) is P.a.e. w € Q
dyy-equibounded and that u™ € L>°(0,T; V)N W42(0,T; H). On the other hand, we have from
the equation (4.1) that P.a.e. w € Q

[(u"(t) —u"(s)) — (W(t) — W(s))|
/] ]dr—i—/ | — xu"(r)+ f(r ]dr—i—/ |W (r)|dr

< (Ju" |L°°0TV)|U | oo 0,758 + [0 | oo (0,7 m) + [ f] 4 W oo (0,1,m0)) [t — 5]
§C|t—5|.

for all T > t > s > ty. From Ascoli-Arzela theorem, there exists a subsequence uy, (t) 0-
convergent to u(t) uniformly on [tg, 7. |

We will prove the following lemma

Lemma 4.4 Let v € (0,1) be fixred. For any e > 0, there exists ag > 0 such that for all a > «yp
E|2(t) |tz (py2 < €

forallt € R.

Proof. The process z(t) = [*__ elt=)(=x=®) g (s) solution of (4.8) is an ergodic and stationary
process with continous trajectory in (H*(D))2.

249
Elz(t)[{p2epye = ElA= 2(t)
2
= 237e(t*S)(*xfa(,jejcwj(S)
2
< 78)(fxfa)ajdgj(s)
%t
< Z/—oo )\?+'Ye2(t75)(7xfa)0]2-d$
)\2+'Y 2
X—I—a Z
Write N
1 ¢ 2y 1 24y52 1 i 24,2
Mo 2V T e =Y T e

Using the condition (4.7), we can choose « such that the first term of the right hand of the above
equality is less than €¢/2 and N such that the second term is less than €/2. This completes the
proof. [ |

14



Lemma 4.5 There exists an absorbing set at time 0 wich is d-compact.

Proof. By previous lemma, in particular for t = 0, we can choose a such that

X+ Elz(t)fpe < -3

By the ergodicity of z we have that
L0 2
[ el = BlzO) s 2 10— o
0

So for w € Q there exists 7(w) < 0 such that

0 9 %
/to (=X [0 Brasn Y < =X (=s), ¥t < 7(w),

Moreover, by the continuity of the trajectories of z

0
sup [ (= Ja(r) aen ) < Cw) < 0
7(w)<s<0 Jo

for some constant C'(w).
Therefore for ¢ = 0, the estimate (4.20) and (4.21) yield

[u(0) = 2(0)* < |u(to) — z(to)?eX (o) TC)
0
+ C(X)/ (17 + @®[z(r)|* + [V2(r)*[z(r) |3 )Xo CWdr, (4.25)
to
Since |2(s)|3;5+, has at most a polynomial growth, when ¢y — —oo, the right hand side of (4.25),

(4.21), and (4.23) are almost surely bounded. Collecting all the estimates of theorem 4.2, there
exists a random constant r(w) such that P.a.e. w € Q

[u(0)3y < r(w).

We deduce the existence of a dyy-bounded and d-compact random ball which absorbs dy-sets
of W at time 0 from —oo. [ ]

As a consequence we give the following theorem

Theorem 4.6 Under conditions of theorem 4.2, there exists a random weak attractor for (4.1)
at time 0, which attracts bounded sets from —oo.

Aknowledgments. Thanks to Franco Flandoli from the University of Pisa for stimulating
conversations and remarks on preliminary versions of this paper.
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